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Abstract

This paper deals with certain classes of Cauchy’s solutions of quasilinear second order differential equations in general form,
Van der Pol's differential equation, which is used in the theory of electric circuits, and Lagerstorm's differential equations, which
is used in asymptotic treatment of viscous flow past a solid at low Reynolds number. Behaviour of integral curves in the
neighbourhoods of an arbitrary or integral curve is considered. Obtained results establish sufficient conditions for the existence
and asymptotic behaviour of the observed equations. The obtained results contain the answer to the question on approximation of
solutions whose existence is established. The errors of the approximation are defined by functions that can be sufficiently small.
The qualitative analysis theory and topological retraction methods were used.
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1. Introduction

Many processes in science and technique are described with the quasilinear differential equations whose solution
is not always possible to find, [S]. Methods of qualitative analysis of differential equations allow to determine the
existence and asymptotic behaviour of solutions of these equations, the stability of the solution, and if it is possible
to approximately determine the requested solution, [3],[4]. For example, since introduced in the 1950s by P.A.
Lagerstrom, the model of Lagerstrom’s equation where studied by many authors with the help of variation
techniques ([2],[9]). The authors Popovic and Szmolyan used in [9] geometrical approach. Here we shall use the
qualitative analysis theory of differential equations and topological retraction method ([1],[6], [7], [8], [10], [11],

[12]).
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Notation

IfeC(I)  fcontinuous function on interval /=(a,x)

feC'(I)  fand f continuous functions on interval /

[7eC°(l)  f, f"and /" continuous functions on interval /

Vo=w(ty), tyel

Yo=y(ty), toel

Y'o=V'(tg), tocl

S’(), pe{l2} class of solutions defined on /, which depends on p parameters
(7)) exists at least one solutions defined on /

L;, (i=1,2,3) Lipschitz’s constants

The behaviour of the solutions of quasilinear second order differential equation in general form

V'+P(y,0)y'+ 00y, 1) y=F(y,1) (1
where P, O, F continuous function on Rx/, [=(a,©), a ¢ R, in the neighbourhood of an arbitrary curve are

considered.
As special cases we consider Lagerstrom’s equation and Van der Pol’s equation, [5]. Let

l":{(y,t)eRxI|y:go(t),te[},

where peC*(I), is an arbitrary curve in R/ .

Let 7,75 € C'(I), >0, r5>0 on I and let the solutions y(?) of equations (1) satisfy on /, either the conditions

|)’0_‘//0|Sr2(to)a Yo —Wo| <Ti(ty) ()

or

(yo_l//o)2 (y(')_l//(;)z
+ <lI.
rzz(to) ”12 (to) %)

Using substitution y’= x, where x=x(?) is a new unknown function, equation (1) is transformed into a quasilinear
system of equations

X' ==P(y,0)x—0(y,t)y + F(y.1),
. )
=1

Let (p(t), Y (t),t),t € I, where ¢(t) = ' (t), be an arbitrary integral curve of system (4), and let Q=R’xI. We
shall consider the behaviour of the integral curve (x(2), y(2), t ) of system (4) with respect to the sets:

y=w|< ) }

o={(x.y.t)eQ:|x—p0)| <7 (0),



854

Alma Omerspahic / Procedia Engineering 69 (2014) 852 — 860

cq|b=e®)  -y©F
() (1)

=1 (x,.1)

The boundary surfaces of ¢ and o are, respectively,

H; (x,,)= (1) (x= (1) -1 =0, i=12,

H; (x.y.t)= (-1 (y-y(®)-n@) =0, i=12,
1 (5, 1) = E=2@F L GovOF

K1) r (1)

Let us denote the tangent vector field to an integral curve (p(2), (), t) of system (4) by T.

T(x,3,1) = (= P(r,0) x= Q(,0) y+ F(3,1), %, 1)

The vectors VH}, VH? and VH are the outer normals on surfaces H}, H? and H, respectively:
VH! (t) ( 1),0,(-1)"' ~7), i=12,
VA (0)=10, 1), (-1)y'~ry ), i=12,

[x_j,,y_z.,,,_(x—co) K (—y)r _(x—co)(ﬂ’_(y—w)l//'}

3 3 2 2
h ) h ) h n

%VH (x, y,t)

By means of scalar products:
7 (x,,¢) = (VH!(0), T),
7l (x,y,t)= (VH,.Z (1), T),

7(x,3.1)= G VH(), Tj,

on surfaces H}, H? and H, respectively, we establish the existence and behaviour of integral curves of (4) with
respect ¢ and o.

The results of this paper are based on the following Lemmas (see [6]-[8]).

Lemma 1. If, for the system (4), the scalar productm < 0onH (t¥ <0 on HH UH} UH? UHZ, i=1.2, k=
1,2), then the system (4) has a class of solutions S*(I) belonging to the set o for all tel, i.e. S*(I) € w (S%(I) < o).

Lemma 2. If, for the system (4), the scalar productm >0 onH (t¥ >0 on HH UH} UH? UHZ, i =12, k=
1,2), then the system (4) has at least one solutionon I whose graph belongs to the set o for all tel, i.e. S°(I)
w (S°() c o).

Lemma 3. If, for the system (4), the scalar product 1} < 0 on H} U H3, and m? > 0 on H? U HZ (or reversely),
then the system (4) has a class of solutions S*(I) belonging to the set o for all tel,i.e. S'(I) c o.
According to Lemma 1. the set H (H} U H U H? U H2) is a set of points of strict entrance of integral curves of the
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system (4) with respect to the sets w (o) and Q. Hence, all solutions of system (4) which satisfy condition |y, —
Yol S 1a(ty), 1Yo — Yol < 1i(ty) also satisfy conditions |y (£)-p(¢)| < 1y, [y'(£)-Y'(t)] <1, for every t > t,,
ie. S%(D) c w (S*(D) c o).

According to Lemma 2. the set H (Hf U H} U H? U H2) is a set of points of strict exit of integral curves of the
system (4) with respect to the sets w (c) and Q. Hence, according to T.Wazewski’s retraction method [12], system
(4) has at least one solution belonging to set w (o) for t > t,,i.e. S°(I) € w (S°(I) c o).

According to Lemma 3. the set Hi U H2 is a set of points of strict entrance, and HZ U HZ is a set of strict exit (or

reversely) of integral curves of (4) with respect to the sets o and Q. Hence, according to retraction method, system
(4) has a one-parameter class of solutions belonging to set ¢ for t > tg, i.e. S1(I) c o.

2. The main results

Theorem 1. Let P(y,1),0(,t),F(y,t)e(Rx1) satisfy the conditions:

[P(yy,1)= P(y;) < Ly, = s,
|Q(J’1:t)_Q(yzat]<Lz|y1_yz ; (%)
|F(y1,t)—F(y2,t)<L3|yl _y2|-

where (v, ,1),(y2t) (RxI) and r;,rC'(I), r;>0, ry>0. Then:

a) If'the conditions
(Ll |(P| +L2|‘//|+L3 +|Q|)”2 <r+Pr (6)
K< ™)
are satisfied on HY U H} U H? U HZ, then all solutions y(t) of the problem (1),(2) satisfy the conditions
O -y <r, YO-v'©O|<n, >4 (®)

b) If'the conditions
(Lol + Loly|+ L, +[0l), <~ Pr, )
K<-r (10)

are satisfied on HY U H} U H? U H2, then at least one solutions of the problem (1),(2) satisfies the conditions (8).

c) Ifthe conditions (6) and (10), or (7) and (9) are satisfied on H} U HY U HZ U HZ, then the problem (1),(2)
has one-parameter class of solutions that satisfy the conditions (8).

Theorem 2. Let P(y,1),0(0,t), F(,)e(R<I) and let the conditions (5) be satisfied. Let r1,rcC'(I), r;>0, r>>0 and
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((Ll|§0|+L2|‘//|+L3)722 +‘r12 _Qrzz‘)z < 4"1’”2(})”1 +”1')”2' . (11

Then:
(i)lf

>0, (12)

then all solutions y(t) of the problem (1),(3) satisfy the condition

LO-v@) , GVO-yo) _,
ry (1) (1)

, t>1,. (13)

(i) If
rn<0, (14)

then at least one solution of the problem (1),(3) satisfies the condition (13).

Proof of Theorem 1. We shall consider the equations (1) through the equivalent system (4). Let us consider the
integral curves of the system (4) with respect to the set .
For the scalar product m}(x,y,t) = (VH}(t),T) on H} and m2(x,y,t) = (VHZ(t),T) on H? we have:

7l =) [-Px—Qy+F|+(-1y¢' =1 = Pr, + (1) [- Oy —~w)+ F = Pp—Qu —¢'|- 1/,
7= () x+ ()Y - = (=) (x-p)-r; .

a)  According to the conditions (5) and (9), the following estimates for } on H} and m? on H? are valid,
respectively:

7, <=Pr+|0, +|F - Po—Qw —¢| -1 <-Pr+|0Jr, +(L3 +LI|(/)|+L2|1//|)r2 -r<0,
7l <r-r<0.

Accordingly, set H} U H} U HZ U HZ is a set of points of strict entrance of integral curves of the system (4) with
respect to the sets 6 and Q. Hence, all solutions of the system (4) which satisfy the conditions

|x0 _(Po| <nr(,), |J’o _‘//0| <n(,),

also satisfy conditions

O - <r@), [YO-y@)|<n0), >4,

Since, in view of y'=x, xy-¢p=Vy -, all solutions of the problem (1),(2) satisfy the conditions (8).
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b) According to the conditions (5), (9) and (10), the following estimates for r} on H} and m? on H? are valid,
respectively:

7} 2= Pr+|0((1) ~|F = Pp— 0y =@ =1 = =Pr,=|0lr, (L + Ll + Lly|)s — 1 > 0,

2 '
7w 2-r—r >0.

Accordingly, set H} U HX U H? U HZ is a set of points of strict exit of integral curves of the system (4) with respect
to the sets o and (). Hence, according to T. Wazewski’s retraction method [10], the system (4) has at least one
solutions belonging to the set o for all t € I. Consequently, the problem (1), (2) has at least one solution which
satisfies the conditions (8).

c) In this case H! U H} is a set of point of strict exit, and H? U H2 is a set of points of strict entrance (or
reversely) of integral curves of the system (4) with respect to the sets ¢ and Q. According to the retraction method,
the system (4) has one-parameter class of solutions belonging to the set ¢ for all t € I. Hence, the problem (1), (2)
also has one-parameter class of solutions which satisfy the conditions (8). m

Proof of Theorem 2. Let us consider the integral curves of the system (4) with respect to the set w. For the scalar
product m(x,y,t) = (% VH, T) on the surface H, we have:

r=[-Pr-Qy+ F|F=2 4 x22Y _(x—(f)zﬁ’_(y—l/;)zrz' _(x—go)w'_(y—vzf)v/'_
l’i rz l’i ”'2 ]’i ’/'2

If we introduce the notation

X:x_(ﬁ y y-y
h 4}

we have:

7Z'=|:— —ﬁ})ﬁJ{—Qr—uﬁ}n—r—zw+[—P¢—QW+F—¢']£

g} 4

In view of (5), the following estimates for = on H are valid:

r<|-p-ilxry (Lol + Loy |+ L) 2+ L - 02 |x|v]+ _Zlp,
L ho L non nij L 5

T2 _P_i X - (L1|¢|+L2|W|+L3)r_2+£_Qr—2 |X||Y|+ —r—zl Y?,
L h i hon nij L 5

The right-hand sides of the above inequalities are the quadratic symmetric forms
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2 2
a, X? £ 2a,|X|V|+a,Y?,
where corresponding coefficients a;;, a;,, a,; are introduced.

(i)  Conditions (13) and (14) imply
2
a, <0,a,a,,-a;, >0,
which, according to Sylvester’s criterion, means that m(x,y,t) < 0 on H. Consequently, set H is a set of points

of strict entrance of integral curves of system (4) with respect to the sets w and (). Hence, all solutions of the
system (4) which satisfy the conditions

P )
(on_(po) _l_(yoz_'//o) <1, s
(1) 1, (t)

satisfy the inequality

(x(r);(pa))z+(y(r);w<r>)2 <1 151, (16)
1 () 1 (1)

Since x, — @y = ¥4 — Yy, then all solutions of the problem (1),(3) satisfy condition (13).
(ii) Conditions (11), (14) imply

2
a, >0,a,a,-a;, >0,

which, according to Sylvester’s criterion, means that (x,y,t) > 0 on H. Consequently, H is a set of points of
strict exit of integral curves of the system (4) with respect to the sets w and Q. Hence, according to the retraction
method, the problem (4), (15) has at least one solution which satisfies condition (16). Consequently, the problem (1),
(3) has at least one solution which satisfies condition (13). m

3. The applications

3.1. Van der Pol equation

For the Van der Pol’s equation, [2] :

V' = p(l-®(»))y +y=0, u>0 (17)

and condition
72 () + 2 ()< 0% 1, (1)

we can prove the following:
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If function ®(y)>1, then all solutions of the problem (17), (18) satisfy the condition
2 2 2
y(O+y"(n<In’y,
for te(tho), ty>1.
This result follows from Theorem 2. with r;(¢)=ry(t)=Int.

3.2. Lagerstrom’s equation

In general form Lagerstrom’s equation is given by the non-autonomous second order differential equation:
" n—1 r_
V'+|—+y|y'=0, neN, n>1 (19)
t
The cases n=2 and n=3 represent the physically relevant settings of flow in two and three dimensions, respectively.

For the Lagerstrom’s equation we can prove the following:

Let I be an arbitrary curve and ry, r, ¢C'(LR").

@ If
}’l_l ' n_l '
‘(ij(pw <(7+w]n (gl + ), (20)
n(t) <n(t) 1)

on H} U H} U H? U H2, then all solutions of the problem (19),(2) satisfy the conditions

) - @)|<n®), YO-v'O)|<n@), t>1,. (22)
b If
n-— 1 ' n-— 1 '
(Tﬂ//]ww >(T+V/jn+n+(l¢|+ﬁ)rz, 23)
n(t) <-n() (24)

on H} U H} U HZ U HZ, then at least one solution of the problem (17),(2) satisfy the conditions (22).

¢) If conditions (20) i (24) or (21) i (23) are satisfied, then the problem (17), (2) has a one-parameter class of
solutions that satisfy the conditions (22).

4. Conclusion

This paper deals with existence and behaviour of integral curves of second order quasilinear differential equations
in general form. As special cases Van der Pol's differential equation and Lagerstorm's differential equations are
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considered. The obtained results establish sufficient conditions for the existence and asymptotic behaviour of the
observed equations in neighbourhoods of an arbitrary (or integral) curve in definition domain.

Also in this paper, is presented a topological retraction method as a very useful method of qualitative analysis of
differential equations.

The results also contain an answer to the question on approximation of solutions y(t) whose existence is
established. For example, the errors of approximation for solutions y(t) and derivative y'(t) in Theorem 1. are
defined by the function r;(¢), and r,(¢), which tend to zero as as t—o and r;’(¢) < 0, (i=1,2), t ¢ I. For example,
we can use 7,(f) = ae” and r/(f) = fe™ ,s > 0, p > 0 and with parameters a and f that can be arbitrary small. In
that case curve I represents a good approximation of solutions y(t) in c.

The obtained results also give the possibility to discuss the stability (instability) of solutions of the system (4). For
example, under the conditions of Theorem 1. a), every solutions of (4) with initial value in @ is r-stable (stable with
the functions of stability 7; (¢), (i=1,2)), if r;(¢) tends to zero as t—oo and r;’(¥) < 0, (i=1,2), t € I. However, if we
consider the case b), then it is established solutions in w is r-unstable in case where r;’(f) > 0, t ¢ L.

The next step would be a numerical simulation of solutions in observed domains and comparison with obtained
results.
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