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1. INTRODUCTION

Consider the nonlinear boundary value problem

% = flx,y.t,€) =filx, 1, ) + filx. 1, )y

(L.1)
€ % = g(x, ¥, 1, €) = gy, 8, €) + g%, 2, €)y
for 0 <t < 1 where
ay(€) 2(0; €) + ax(€) ¥(0; €) = ofe) (1.2a)
and
by(e) %(1; €) -+ by(e) ¥(1; €) = Ble). (1.2b)

Here, x and y scalars, € is a small positive parameter, the f; and g, are infinitely
differentiable with respect to x and #, and the f;, g;, 4;, b;, @ and § all have
asymptotic power series expansions valid as ¢ — 0.

Our object is to prove the existence of solutions of the boundary value
problem (1.1)~(1.2) when the “reduced” system ((1.1) with € == 0) has a
solution that satisfies one of the limiting boundary conditions and to determine
asymptotic expansions for these solutions which are valid throughout the
interval 0 <{# <{ 1 as e— 0. Under appropriate hypotheses, we will show
that the solutions converge away from ¢ = 0 to the solution of the “reduced
boundary value problem”

d:
S = filoa 1, 0) + fleto, £,0) 30 (1.32)
0 = gy(%0, £ 0) + £o%0, £, 0) 3o (1.3b)
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where
b1(0) xo(1) -+ b5(0) yo(1) = B(0). (1.4)

Nonuniform convergence (or “boundary layer” behavior) will then generally
occur at £ =0.
We shall assume that

&%, 1 0) < —x <0 (H1)

for all x and for 0 < # << 1. Then,

Yolt) = —gi(%o > 2, 0)/gx(*0 . 1, 0) (1.5)

and x,(¢) satisfies the terminal value problem

dx
7;1 = f(xﬂ a.'yO’t,O)

(1.6)
5,(0) xo(1) + 85(0) 3o(1) = B(0).

We shall assume that

problem (1.5)-(1.6) has a solution  xy(t) for0<Ct<<1 (H2)

such that
5;(0) + 55(0) gufxo(1), ¥o(1), 1, 0)/galxo(1), 1, 0) 7 O. (H3)

Similar two-point boundary value problems were discussed by Harris [2]
and Macki [3]. Both authors were forced by their construction procedures to
limit the size of the boundary layer jump (i.e., the difference between the
limiting value o(0) prescribed by (1.2a) and the limiting value

2:(0) %4(0) + 54(0) ¥o(0)

attained by the solution of the reduced problem (1.5)-(1.6)). However, an
analogous two-point problem for second-order scalar equations was solved
in O’Malley [4] without such a limitation using a simplified version of the
Visik and Lyusternik approach (see Visik and Lyusternik [6], Vasil’eva [3],
and Wasow [7]). Here, we have been able to construct an asymptotic solution
for the problem (1.1)—(1.2) and to prove its asymptotic correctness. It should
be noted that hypothesis (H1) need only hold for x in a neighborhood of
x4(t), but to keep the presentation relatively simple we shall not alter (FH1).
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2. PRELIMINARY TRANSFORMATIONS

In order to obtain an asymptotic solution (X(¢; €), Y(¥; €)) of the system (1.1)
which satisfies the boundary condition (1.2b) prescribed at ¢ = 1, we formally
set

<«

X(t;e) =) x(t) "

= @.1)
Y({; ¢ = 72_:0 yult) €&
Then,
FE5 0, Y(t5 9.9 = T A
B (2.2)
X5, Y({Es€),t ¢ = kgo gi(f) €
where
Jo(#) = f(%e(2), yo(2), £, 0) 2.3)
g()(t) = g(xo(t)s yo(t), t, 0)
and fork > 1
f lc(t) = f m(xo(t)a Y O(t)’ t: 0) xlc(t) +f 2(,700(1), ta O) y Ic(t) + Pk——l(t) ( ) 4)

&i(?) = gu(xo(2), Yo(t), £, 0) x1(2) + £a(%6(2), £, 0) y4(2) + Gr—a(?)

where P, and g;_, are determined in the obvious manner in terms of those
¥; and &; with § < k. Substituting into (1.1) and formally equating coefficients,
we ask that

dx,
7;— = f(x()sy03 t,O)
(2.5)
0 = g(x() 9y0 £l ts 0)
andfor k> 1
d.
= fld) (2.62)
alt) = 2, (2.6b)

dt
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Likewise, from the boundary condition (1.2b), we ask that

51(0) x5(1) -+ 52(0) 3o(1) = B(0) 2.7
and fork > 1

5(0) (1) + 5(0) 3a(1) = By 2.8)

where Bi_1 becomes known successively in terms of the coefficients of
ﬁ(e) by(e), and by(€) and those x,(1) and y,(1) for j < k.

Thus, we take x,(t) to be a solution of the terminal value problem (1.6)
and

Yo(8) = —g1(*o(2), 2, 0)/ga(o(2), 2, 0)-

We then proceed to obtain higher order coefficients x,, and y;, as the solutions
of linear terminal value problems. First, note that (2.6b) can be rewritten as

i(t) = A(2) %4(2) + Br(?) 29
where
A(t) = —go(x0(2), 3o(2), 2, 0)/ga(%6(2), 2, 0)
and
By 4(2) = [ dj:;;—l - {Ik-1(t)] /gz(xo(t), £, 0).
Thus, (2.6a) implies
B o M) 1) + Nesl®) 2.10)
where
M (t) = f a:(xo(t)’ Yy O(t)a t, 0) +f 2(x0(t)’ t, 0) A(t)
and

Nia(t) = foloo(t)s 2, 0) By_o(t) + Pra?)-
Lastly, the boundary condition (2.8) yields the terminal values x,(1) since
b,(0) — b,(0) A(1) +# O

by hypothesis (H3). Thus, the functions #,(f), y,(¢) may be determined
successively and we have:



BOUNDARY VALUE PROBLEM 435

Levmma.  Under hypotheses (H1)-(H3), a solution (X(t; €), Y(¢; €)) of the
system (1.1) extsts which satisfies the boundary condition (1.2b) and has the
asymptotic expansion

X(t;e)~ Y milt) &

k=0

Y(t;€)~ Y yuld) €

k=0

as € — O throughout the interval 0 < t < 1.

Proof. 'This result is obtained by standard arguments. For analogous
proofs, see Harris [2], Vasil’eva [5], and Wasow [7].
Now, considering X and Y as known functions,

(6m)=@x—X,y—7Y) (2.11)

will solve the boundary value problem

%‘ =[fiX + &t &) — filX, 1, 6] + V()
X X+ &t ) —fo(X, 8, )] +7fol X + £, 2, €)
e% = (g(X + &1, ¢) —g(X, 8, €)) -+ YD)

X (g2(X + fs Z, E) _gz(Xs t: 6)) + ”igz(X + 57 t: E)

(2.12)

onQ < ¢ < 1 with

a,(€) §(0 ;5 €) + ay(e) (0 ; €) = afe) — ay(e) X(05 €) —ax(e) Y(0; )

2.13
B.(e) &1 5 )+ bf) (1 5 ) = 0. @1
Thus, we may restrict further study to the problem
d
% eret o+t
p (2.14)
¢S] = EG\(£, 1, €) + 1G(§ 1, €)
for0 <t <1 with
ay(€) €005 €) + ay(€) 7(0; €) = ¥(e) (2.152)

by(e) £(15 €) + by(e) n(15 €) = 0. (2.15b)
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Here, the F; and G, are infinitely differentiable with respect to £ and ¢, and
the F;, G; and y have asymptotic power series expansions valid as ¢ — 0.
Moreover,

Gt 1,0) < —x <0 (2.16)

forall £and 0 << < 1.

Under appropriate additional hypotheses, we might expect the solution to
be asymptotically zero as e—0 on any interval [§,1], 8 >0, since
(& 1) = (0, 0) satisfies (2.14) and the boundary condition (2.15b) prescribed
at t = 1. Then, the solution would exhibit boundary layer behavior at x = 0.
In order to investigate the solution in this boundary layer, we “blow up”
the neighborhood of x = 0 (for small values of €) by introducing the
“stretched variable”

r = tle. @.17)

Note that = ranges over [0, o0) as ¢ ranges over [0, 1]. In terms of +, then,
the system (2.17) becomes

d.
Zlg = efFl(f, €T, E) -+ GﬂFz(E: €T, e)

) (2.18)
—dg = £Gy(E, e7, €) + nGy(€, €T, €)

and (since 7 = 0 when ¢ = 0), (2.15a) becomes

() €03 &) + ax(e) 7(0; ) = (o). (2.19)

We seek solutions (£, %) of (2.18)-(2.19) which are asymptotically zero
as 7 — 00. The asymptotic solutions, however, are quite different in the two
cases (a). ay(0) #% 0 and (b) a5(0) = 0. Thus, they will be treated separately.

3. CasE (a): a,(0) #0

Motivated by the solution of the linear problem, let us seek solutions of
(2.18)2.19) of the form

frse) = Iil Eu(r)
- (3.1)
(7€) = kgﬂ ni(7) €".
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Substituting into (2.1) and equating lowest order coefficients, we ask that

%1 10F(0,0,0)

(3.2)

d
77:}7_9’ = 7]002(09 09 0)'

Setting Gy(0, 0, 0) = —c < 0, then,
WD) =m@ee  amd  &0) = "20R0,000 (33

80 both ¢, and %, decay exponentially to zero as 7 — co. Moreover, equating
lowest order coefficients in the boundary condition, we find that

70(0) = %(0)/ax(0)-

From the next highest coefficients, we have

d
_§_ = (0, 0, 0) -+ £F5(0, 0, 0)

+ 70[£:F2(0, 0, 0) + 7F5,(0, 0, 0) + F, (0, 0, 0)]

and
I oy + £6,(0,0,0)
+ MlEGur0,0,0) -+ 7G50, 0,0) + G0, 0, 0]
and
1(0) = ¢/0) — &(0) 6(0) — & O ONas®). ()

In general, for £ > 0, we have

d
._fdl‘:i';_ = nkFZ(Oa 09 0) + Pk-—l(f)

(3.5)

d
= —om + Qual7)

where P;_; and O, are functions which are known successively and decay
exponentially to zero as = — co. Moreover,

71(0) = F2/a(0) (3.6)
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where 7, is known successively. Thus,

) = 2yt | Qs o0 ds
and

Epna(r) = — ?kﬁfc(l(:(,o(;, 2 e —Fy(0, 0, 0) fm

T

< [ " Dpa(s) 79 5] Pyy(r) .

Thus, 7, and £, both decay exponentially to zero as 7 — o0. Summarizing

P ilic sz hacras
Our resuits, we nave:

Tueorem 1. Consider the boundary value problem (1.1)~(1.2) under the
hypotheses (H1)-(H3). Assume further that a,(0) 5= 0. Then, for ¢ sufficiently
small, the boundary-value problem has a solution [x(t, €), ¥(t, €)] such that for
each integer N = 1 ‘

x(2, €) = xo(2) + il (2(t) + Ex(tf€)) € + (2, €)
and
369 = 3 [3u0) +me ()] &+ e isntt 9.

where ry(2, €) and sy(t, €) are both bounded for all t with 0 <t < 1.

Proof. The proof follows more simply, but in the same manner, as the
proof of Theorem 2 given below, and shall be omitted.

The reader should note that the solutions have the asymptotic series
expansions

x(2, €) ~ xo(2) + i (2:(8) 4 &x(t/€)) €*
=1
and
5,9 ~ %, () + mlti) &

Since the coefficients depend on ¢, these expansions are asymptotic in the
general sense of van der Corput (cf., O’Malley [4)).
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4. Case (b): a,(0) =0
Let us suppose that |

ax(€) = €lye) @1

where dy(¢) has an asymptotic power series expansion as € — Q. For y(0) £ 0,
then, we cannot satisfy the condition (2.19) by assuming a sclution (€, ) of
the form (3.1). Instead, we introduce

frig=) &N amd ;9= ) w42
k=0 =1

{This ansatz, too, can be motivated by considering the linear problem.)

Substituting into the differential equation and formally equating coefficients

of powers of ¢, we ask that ‘ »

d

B 0 Fi8,0,0) (432)
dn_.

T =146y, 0,0), (4.3b)
i,

7 = &Ful(€0,0,0) 1y +7Fe(&, 0, 0)

+ [7Falo, 0, 0) + Forléy 5 0, 0)] 4 +Fu(éy,0,0) &
é}f = £Gy(%,,0,0) 13 + 1G5, 0, 0)
+ [7Gad €0, 0, 0) + Gal€5,0, 0)] 71 + Gy(0, 0,0) &,

and, generally, for k > 1,

B e bl 0,001+ micsFilfe, 0,0) + Prsr)  (44)

and

Pt .Gty 0,0) 11 + micaGalle, 0,0) +0usls)  (4.4D)

where P,_; and Q,,_, are known successively.
Now let us assume that for some « > 0,

Gyf£,0,0) < —x @.3)
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and
| Fi(£,0,0)] > « (4.6)
for all values £. Note that (H1) implies (4.5). In addition, (4.6) requires that
[/2(#,0,0) = «
for all values of x. Then, (4.3) implies that

dn_y —_ Gy(£,,0,0) fi_é_tg
dr F2(§0 H 0: 0) dr '

Integrating, then, from = to oo and asking that both &, and 7_, tend to zero
as 7 — o0, we have

£o(n)
0 Gyr, 0,0
7-a(r) = f . F2((r 0, m)‘i (47
Thus, &, must satisfy the nonlinear equation
gy _ Gy(r, 0, 0)
T2 =Fil£,0,0) f 000 (4.8)
for 0 < 7 < o0,
Rearranging (4.4), then, for each & > 1, we have
ey __ 2 £:Gs(0, 0, 0)
=zl Fy(£,,0,0) ) + Gste)
where

G,(&,, 0,
Qk—1 = Qk——l - Ff%j):%) P, k—1

Asking that both &, and #;_, tend to zero as r —> 00, we have

M) = gl & — [ G . 49)

Using (4.3), (4.42), and (4.9), then,

i( f]c ) - kaz(fo > 0’ O)
dr F2(§l) > Os 0) - F2(§0 » 07 0)

+ P o—-1(7)

where

3 . Plc—l ‘oo
Py y = m - J. . Qk—1(3) ds,
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so integration implies

£(0) exp(f§ Gy(£o , 0, 0) ds)
F., 2(50(0)9 0’ 0)

£r) = Fol6(r),0,0) |

+f 0 exp (| Gyl 0, 0) ds) Prsft) drg. (4.10)

Thus, all coefficients in the expansion (4.2) may be calculated directly in
terms of £(r) and the initial conditions £,(0).
Using the boundary condition (2.19) and (4.1), we have

@(0) £0(0) + @(0) 74(0) = #(0)

and for each integer 2 > 1

a1(0) £(0) + @5(0) 12 4(0) = F2

where the §,_; are known successively. Equation (4.7), then, implies that
£,(0) must satisfy the nonlinear equation

%0 Gy, 0, 0)

w(0) &(0) +a(0) [ FEETEdr = ¥(0) (@.11)

while (4.9) implies that successive £,(0) must satisfy

[ + 20 G ] 660 =75+ 50 [ s . @12

Now suppose that (4.11) has a solution £{0) such that

Gy(£0(0), 0, 0)
Fy(£4(0), 0, 0)

Then, we can determine the £,(0)'s successively.

Now observe that all functions £,(r), n;_,(7) satisfying (4.7)-(4.10) decay
exponentially (in absolute value) on the interval 0 <+ <C co. For every
finite value £4(0), | Gy(r, 0, 0)] will be bounded for |7 | << | &(0). Thus,
(4.6)(4.7) imply that | 5_4(0)| is bounded. Moreover, since

a,(0) + @(0) # 0. (4.13)

14(7) = 120) exp [ [ Gul),0, 0) ],

(4.5) implies that 5_,(7) decays exponentially to zero. Likewise, by (4.8) and
sign conditions (4.5)(4.6), we see that | £(7)] decreases monotonically to
zero. Therefore, Fy(£, , 0, 0) remains bounded and (4.3a) implies that d&y/dr
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decays exponentially to zero as = — 0. Thus, so does &y() = fw (déyjdr) dr.
The exponential decay of &, and 5_; implies that of P,,Q,, B,, and Q.
By (4.9)(4.10), then, £, and 7, also decay exponentially as 7 — co. Proceeding
by induction, we show that each &; and 7;_; for j > 0 decays exponentially
to zero.

Finally, we observe that for any value £4(0), the solution of the nonlinear
equation (4.8) can be obtained on the semi-infinite = interval by successive
approximations (see Erdélyi [I] regarding successive approximations and
O’Malley [4] for an analogous problem). Knowing £,(+) enables us to calculate
all other n;_; and £; successively.

Summarizing, we have:

Turorem 2. Consider the boundary value problem (1.1)-(1.2) under the
hypotheses (H1)-(H3) where ay(c) = edy(<). In addition, suppose (H4) there
exists a constant « > O such that

| fa(, 2, 0)] =
for all values of x, and (H5) there exists a finite number X such that

[/ [ + a0 2 E2 R dr = 0) — 0,0 5,0

and

2(%(0) + A, 0,0)
Jo(%(0) + 2, 0,0)

a(0) + a(0) & £ 0.

Then, for e sufficiently small, the boundary value problem has a solution
[%(2, €), ¥(, €)] such that for each integer n >0

w9 = 3 [0 + & (L)] &+ it

k=0

and

30,9 =21 5 [5,0) 4 (1] &+ vt 9

where v,(t, €) and s,(t, €) are both bounded for all t within [0, 1].

Note:

1. Hypothesis (H4) is satisfied when the scalar equation considered in
O’Malley [4] (and elsewhere) is put in system form.

2. Hypothesis (HS5) is automatically satisfied for the problems considered
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in Harris [2] and Macki [3] since, then, (in case (b)) ay(€) = a,(0) = 0 and
a,(0) 5= 0. Note that (H5) implies (4.11) and (4.13).

3. Examples can be easily found for which several values A exist satisfying
(H5). Each such determination A will lead to a different asymptotic solution

of the problem (1. 1)—(1 .2) with £i(0) = A. An example is furnished by the
problem

dy 1 2
€ =5+ 3%y

20, €) + 1(0,¢) =0

#(1,¢) =0
which satisfies the hypotheses of Theorem 2 for the three values A == 0,
A =1, and A == —]. These values of X correspond to the three solutions
—4/2€
x(t, €) = re

V(1 4 A2) — Xeetle

—X(1 + A2) g~tr2

4 =
Y (=T

all of which converge to the trivial solution of the reduced problem for
t>0.

5. ProoF oF THEOREM 2

By Lemma 1, it suffices to consider the problem

43
-tit_ = F(gi M t’ e) = EFI(f: ta G) + ﬂFz(f, ta 6)
d 2.17
e—' = G(&, 1,1, ) = £Gy(£, 1, €) +1Gyf§, 1, €)

for 0 <t < 1 with

a(€) €0; €) + edy(€) 7(0; €) = (e) (2.15a)
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and
Bi(e) &(1; €) + by(e) (1 €) = 0. (2.15b)

Instead, we shall consider an initial value problem for (2.14) where we obtain
the initial conditions from the formal expansions (4.2) constructed above.
Thus, we define A(€) and B(e) to be functions having the asymptotic power
series expansions

A(e) ~ go £x(0) € (5.1)
and
BO ~ 3 0 e (52)

Such functions 4(e) and B(e) exist by the Borel-Ritt Theorem (cf., Wasow [7],
p. 43). Thus, we shall consider the system (2.14) subject to the initial con-
ditions

0;¢) = A(e
£(0; ) = A(e) (53)
7(0; €) = B(e)/e.
Further, for every integer # = 1, let us define
r(t;€) = ). &r) € (5.42)
k=0
and
€ n—-1
15 e) (t ) o ¥ e (5.4b)

=1
where 7 = #f/e. We shall show that a solution (£(Z; €), n(¢; €)) of the initial
value problem (2.14)—(5.3) exists for e sufficiently small so that
£(t; €) = &£(t; €) + *HR,(25 €)

(5.5)
7(2; €)

7(t; €) = -+ €nS,(2; €

where R,(t; €) and S,(¢; €) are bounded throughout 0 <z < 1.
Note that, by construction,

ai) 05 ) + () T8 — () + 0fem),
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Moreover, both £%(2; €) and 5"(Z; €) decay exponentially to zero away from
t=0, so

(@) £2(1; 9 + b0 D = o

for I arbitrarily large. Thus, it follows that the solution (5.5) of the initial
value problem will also asymptotically satisfy the original boundary value

problem (1.1)~«(1.2).
Recall that the coefficients £,(+) and 7,(r) were determined so that

‘i,—g: = eF(£", e, €7, €) I e""H?,n('r, €)

= (1"fe) = G(€, e, er, €) + <" Dn(r, )
where
£2(0) = A(e) — "Hafe)
and

7O _ B g

Here, ofc) and S(c) are bounded and B, and 0, are bounded on every finite 7
interval and they decay exponentially to zero as T — co (since each §; and ;
does so). In terms of ¢ = er, then,

df = F(¢», e, t, €) + B, (t/e, €)

; (5.6)
¢ 5 (07e) = G, n7le, 1, €) + < Oultfe, ).

Thus, (5.5) and (2.14) imply that

entl an F (én + €n+1Rn s ﬂ + EnS'n s t, E)
t €
— F(én, ne, t, €) + e"ﬁn(t/e, €)
and (5.7

entl dS'"' =G (gn + €n+1Rn s ﬁ + G”Sn , e)
i €
— G(&n, e, 1, €) + € Ou(i]e, )
where
R0;) —ofe) and  S,(0;¢) = B(9). (58)

505/8/3-4
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Rewriting (5.7), we have

dR, Su

d y 1),n/€, t €) 'l" 2('5 )
_n(f/if_)+snF(R,,,Sn,t,e)

ds,,

p7 1P ) S Gl 1,9

where the “remainders” F, and G, are defined in the obvious manner.

Since F, # 0, using the first equation to obtain an expression for Sy,
substituting into the second equation, and integrating, we find that S,
satisfies an equation of the form

s = [ Dy i [ [RH(E, e 9

ale) ( 5. 9)
- Ry, S 87,0+ 2 H (2,0, 6)] du + B0
Thus, the first equation can be rewritten as
drR, 1
T + 'G‘P(t’ Rn ’ €)‘Rn
t 5 &2
—\RF, + &F, 4+ ) ER,LH by 2
€ 0 €
where
— Fz(f": t: e-) Ra 2(5 u, 6)
Bt Ry, ) = — =S5 fo Y R (5.10)

is strictly positive since G, < 0 and F, 0. Integrating then, R, satisfies
R,() = ofe) exp (—— f 25, R, 9 d)
+ f exp (— 2 f #(s, R, €) ds)[ R, ()F, (gn, 0

+ e FyRy, Su, vy €) + = ﬁ( ,e)+ﬁ(e)§ (5.11)

R, (») {

42 Fz(f v,e)j L0H (& : <)

+ (R, S, 876+~ H (%5, e)§ du do.
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The vector Volterra integral equation consisting of (5.9) and (5.11) can be
solved by a successive approximations scheme in a straightforward manner.
We note that it is critical that p be strictly positive and that H(u/e, u, €) =
O(e——®u/e), Thus, we are able to show the existence of a solution (€, 9} of the
boundary value problem (2.14)~(2.15) with remainders R, and S, (defined
by (5.5)) which are bounded throughout 0 <C ¢ <C 1 provided e is sufficient
small.
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