Journal of Mathematical Analysis and Applications 231, 255-265 (1999)
Article ID jmaa.1998.6224, available online at http://www.idealibrary.com on IIIE)’LI@)

On a Riemann-Liouville Generalized
Taylor’s Formula*

J. J. Trujillo

2d by Elsevier - Publisher Connector

M. Rivero

Departamento de Matemdtica Fundamental, Universidad de La Laguna,
ES-38271 La Laguna, Tenerife, Spain
E-mail: MRivero@ull.es

and

B. Bonilla

Departamento de Andlisis Matematica, Universidad de La Laguna,
ES-38271 La Laguna, Tenerife, Spain
E-mail: BBonilla@ull.es

Submitted by H. M. Srivastava

Received April 30, 1998

In this paper, a generalized Taylor’s formula of the kind

()= Y ay(x = @) 4 T, (x),
j=0

where a; € R, x > a, 0 < a < 1, is established. Such expression is precisely the clas-
sical Taylor’s formula in the particular case « = 1. In addition, detailed expressions
for T,(x) and q;, involving the Riemann-Liouville fractional derivative, and some
applications are also given. © 1999 Academic Press
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1. INTRODUCTION

The ordinary Taylor’s formula has been generalized by many authors.
Riemann [6], had already written a formal version of the generalized
Taylor’s series:

00 pmtr

fx+h)y= 3 TmtrsD)

m=—0o0

(D7 (%), (1.1)

where for « < 0, D4f(x) = I;*f(x) is the Riemann-Liouville fractional
integral of order —a. This fractional integral operator is defined for g8 € R™,
a € Rand x > a as follows:

IEf(x) = / (x — 0F (), (L.2)

F(B)
and forn e N and (n —1) < o < nis D¢f(x) = D"I!~f(x), where D
denotes the classical derivative. Moreover, I0f(x) = f(x).
The proof of the validity of such an expansion for certain classes of
functions was undertaken by Hardy [4], both for finite and infinite a.
Afterwards, Watanabe [8] obtained the following relation:

n—1 (X __xo)a+k

fy=

m@iﬁ*"f)(xo) + Ry (1.3)
k=—m

with m < a, x > xy > a, and:

= (DI )+ iy [, G 07O 0

On the other hand, a variant of the generalized Taylor’s series was given
by Dzherbashyan and Nersesyan [3]. For f having all of the required con-
tinuous derivatives, they obtained:

_ " (D“f)(0)

- L "(x = )oY (D@) Y1)
0= T T an ¥ * ey Jy &0 @00
(1.4)
where x > 0, ag, @4, ..., @, IS an increasing sequence of real numbers such

that 0 < oy —ay 4 <1, k=1,...,mand D@ f = [} () pliea g
In this paper, under certain condltlons for f and « e [0, 1], the followmg
generalized Taylor’s formula:

n

f(x) = Z

G D R 9
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is obtained, with

D(an+l)af(§)

Rl D= T3 Dat 1)

(x—a)me a<é<x
¢; =T(a)[(x — a)"*DI*f(x)](a*), Vj=0,...,n

and the sequential fractional derivative is denoted by
D' =D®..7.. DY, (1.6)

where n € N, according to the definition introduced by Miller and Ross [5].
Also a generalized mean value theorem and some applications of above
generalized Taylor’s formula are given.

2. DEFINITIONS AND PROPERTIES

Let Q be an real interval and « € [0, 1].

DEFINITION 2.1.  Let f a Lebesgue measurable function in (2, « € [0, 1)
and x, € . f is called a-continuous in x, if there exists A € [0,1 — «) for
which g(x) = |x — xo|*f(x) is a continuous function in x,. Moreover, f is
called 1-continuous in x, if it is continuous in x;.

As usualy it is said that “f is a a-continuous function on Q if f is
a-continuous for every x in ,” and it is denoted:

C.(Q) = {f € F(Q): f is a-continuous in Q},
and so C;(Q) = C(Q).

DEFINITION 2.2. Let a € (). The function f is called a-singular of order
a if
x—a |x — a|0‘—1
Leta € R*, a € Q, E an interval, E C Q, such that @ < x, Vx € E. Then
we write

Mo(E) ={f € F(Q): I¢f(x) exists and it is finite Vx € E}

=k <ooand k #0.

«Do(E) = {f € F(Q): D f(x) exists and it is finite Vx € E},

where F() stands for the set of real functions of a single real variable with
domain in Q.

Some properties of the Riemann-Liouville derivative and integral opera-
tors will be extensively used. They are collected in the next two propositions.
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ProrosITION 2.1.  Let « € [0, 1], [a, b] C R. Then
() If f € C(a,b]) and f € ,1,((a, b]), then

DeISf(x) = f(x), Vx e (a,b]. (2.1)
@iy If f, D%f € C((a, b)) and D% f € ,1,([a, b)), then
( )a 1

I'DSf(x) = f(x)+ k——=——, Vxe(a,b], (2.2)

[(a)
where
k= -T(a)[(x —a)~f(0)](a*) = —[I;~*f(0)](aD). (2.3)

Proof. (i) It follows from its corresponding ordinary case (a = 1).

(i) First, it is assumed that I¢DSf(x) = f(x) + ¥(x), where ¥(x)
is a suitable function. From this D¢¥(x) = 0 and then ¥(x) = k[(x —
a)*~1/T(a)]. Therefore

k=—T(a)lim,_,.[(x — a)'"{f(x) — I7DGf(x)}]
= —T(@)[(x — @) f(x)](a*).

PrROPOSITION 2.2. Let € [0,1], m € N and f a function. If one of the
following conditions is satisfied,

(i) feL(a,b)and (m+1l)a > 1.
(i) feC,(a,b])with0<1l—-(m+1a<y<Ll

(i) feC,((a,b]) with0<1—(m+1)a <y <1landitis a-singular
of order «,

then the relation:
STV () = IS (x) = IPIAf(x), Vx € [a,b] (2.4)
holds true.
Proof.  See Bonilla-Trujillo-Rivero [2] and Samko-Kilbas—Marichev [7].

3. A GENERALIZED MEAN VALUE THEOREM
THEOREM 3.1. Let a € [0,1] and f € C((a, b]) such that
Da¢f € C([a, b]). Then

(x —a)*
MN(a+1)’

F(x) =[x =)= f(0))(a")(x — a)*™* + D f(€) Vx € (a, b]

(3.1)

with a < £ < x.
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Proof.  Since
D) = 5 [ (6= 0 D0,

by using the integral mean value theorem, we have

(x—a)*
I(a+1)’

where a < ¢ < x. Now (3.1) is obtained from (2.2).

15D f(x) = Df () 5——

Remark 3.1.
(i) Ifb=a+hand f e C((a,a+ h]) such that
Da¢f € C([a, a + h]), then

[43

flact ) = [ F@H + DOy

witha<é<a+h.
@ity If f e L(a,b) and D%f € C([a, b]) then (3.1) holds almost ev-
erywhere in (a, b].
(iii)  Another variant of the above theorem can be given as follows:
(x—a)
INa+1)’

with a < ¢ < x, under the same conditions for f as those in Theorem 3.1.

f(x) = U f)(a)(x — a)* ™ + DG f(§) 5~ Vx € (a, b],

COROLLARY 3.1. Let o € [0, 1] and g € C((a, b)) such that
Di[(x — a)*"*g(x)] € C([a, b]).
Then

[Da((x — a)**g(x))I(§)

T(a+t1) (x—a), Vxe(a,b] (32)

g(x) =gla") +

for some &, a < & < x.

Proof. The function f(x) = (x — a)*'g(x) satisfies the conditions of
the above theorem. So

[Da((x — a)* *g(x))1(§)
INa+1)

f(x) = gla™)(x —a)* ™ + (x —a)*

and (3.2) is obtained.
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COROLLARY 3.2. Let a € [0,1]. Let g be a continuous function on
(a, b), differentiable in the ordinary sense when x > a and such that
D2[(x — a)*1g(x)] € C([a, b]). Then

Dg((x — a)*'g(x))(a™) = T(a +1)Dg(a™). (33)

Proof.  Applying the above theorem to the function
f(x) = (x — a)**g(x), we obtain

DEf() = f(‘”)lj L) — [(x — ) F()](a*)(x — )]
= D) - s

Now, (3.3) is obtained by taking limits when x — a™*.

COROLLARY 3.3. Let a € [0, 1]. Let g be a continuous function on (a, b]
such that g(a™) = g(b) and

Dg[(x — a)**g(x)] € C([a, ]).
Then there exists ¢, a < & < b, such that [D¥(x — a)*1g(x)](¢) = 0.

Proof. It follows from Corollary 3.1.

4. A GENERALIZATION OF TAYLOR'S FORMULA

PROPOSITION 4.1.  Set a € [0,1] and m € N — {0}. Let f be a function
such that
(i) DIef and ngﬂ)af are continuous in (a, b],
(i) D" f 4 1 ([a, BI),
(iii) If a <1/2 and (m + Da < 1, then Dflmﬂ)af is y-continuous in

a,withl—(m+Da<y<1 or DE,mH)af is a-singular of order «.
Then

(x _ a)(m+l)a—1

ma ~ma m+1)a ~(m+1)a
O R R e O CTTR

Vx € (a, b].
(4.1),
where ¢,, = T(@)[(x — a)' =D f(x)|(a*) = I--“DIf(a*).

If m =0, and f is a continuous function such that D% f € C((a, b]) and
Def e ,1,([a, b]) then, (4.1) also holds.
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Proof. For m = 0 see Samko-Kilbas—Marichev [7]. For m > 0, we find
from (2.4) that
1Dy f — 1D = 1Dy — Il DD,
Now (4.1) follows from (1.6), (2.1) and (2.2).

THEOREM 4.1. Set @ € [0,1], n € N. Let f be a continuous function in
(a, b] satisfying the following conditions:
() Vji=1,...,n DJf € C((a,b]) and DY f € ) ([a, b]).
(i) Dflnﬂ)af is continuous on |[a, b].
>iii) If @ <1/2 then, foreach j € N,1 < j < n, such that (j + 1)a < 1,

DfljJrl)af(x) is y-continuous in x = a for some y, 1 — (j+1a <y <1, or
a-singular of order a.

Then, Vx € (a, b],

ci(x — a)(j+1)a—l

f(x) :,;)]F((J'T)a) + R, (x, a), (4.2)
with
_ DIV f(¢) (1)
R,(x,a) = m(x —a) , a<és<x (4.3)

and for each j e N,0 < j<n,
¢; =T(@)[(x — @) *DEf(x))(a*) = [N DI f(a*).  (4.4)
Proof. By using (4.1), for j =0, ..., n, it follows that

(x — a)(H—l)a 1

_ ¢ (n+l)a ~(n+1)a
f) = jzo—r((ﬂ)a) 1D (),

Applying the integral mean value theorem, we have

n+l)a ~(n+1)a ¥ n+1)a— n+l)a
4(1+)D51+) f(x):m/ (x—t)( +1) lD(a+)f(t)dl

(”""1)0‘]0(6)/‘ (.X t)(n+l)a ldt

(x _ a)(n+1)a
I((n+1)a+1)

with a < ¢ < x, and so (4.2) is obtained.

= DI (8)
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COROLLARY 4.1. Set a € [0, 1] and n € N. Let g be a continuous function
on (a, b] such that the function

fx) = (x = a)* *g(x)
satisfies the conditions of the above theorem. Then, Vx € (a, b],

PRI

Z —F((j D) + R (x, a) (4.5)

with

[DUD(x — @) 1g(x)](€) (x—a)y™™, a<é<x

R, a) = F(n+1)a+1) -0

and where
¢j = T(@)[(x — a)' *DJ(x — a)* 'g(x)I(a*)
= [l;*Di(x — a)**g(x)](a*)
foreach je N,1<j<n.
Proof. It follows from the above theorem.

Remark 4.1. In a natural way, all functions f(x) satisfying the condi-
tions of Theorem 4.1 could be expanded in a generalized Taylor’s series as
follows:
> c¢i(x —a)

_ _ a—1
1) = (6= 0" S e e

with ¢; given above, holds for all x € (a, b], where the series converges and

(4.6)

lim R, (x,a)=0.

n—00

The functions which can be expanded as in (4.6) will be called a-analytic
inx=a.

5. APPLICATIONS

1. Let us consider the fractional differential equation:

Dgy(x) = Ay(x), (5.1)

where 0 < a <1, A a real number and x > 0.
It is assumed that y(x) is 0-singular of order «, and continuous Vx > 0.
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Since DL*y(x) = My(x), ¥j € N, and Vx > 0,
xU+Dea
PTG+ Dar )
We obtain
yU+Da-1

Y = Z GG+ D)’

where ¢y = ['(a)[x'*y(x)](07), ¢; = M e

Then
M xie
x) = ¢cox® ! _—
y( ) 0 ZF((]—{—]_)(X)
which converges Vx > 0.
If it is assumed that
1
I' 1-a —
RGN = ry

it may define the a-exponential function:

x_ P 1 _ afl a
Z Vi D = Eeal)

where E, 5(z) is the Mlttag—Leferr function.
The general solution of (5.1) is then, y(x) = ke*.

2. Let us consider now the fractional differential equation

D y(x) = —y(x)
with 0 < a < 1, x > 0 and D3a = D§Dg [see (1.6)].

263

(5.2)

(5.3)

Assuming that y(x) is 0-singular of order « and continuous Vx > 0, then

Vn e N,

Dy(x) = y(x), Dy y(x) = Dgy(x), Dy P y(x) = —y(x),

4n+3)a a
D" y(x) = —D§y(x)

and using the generalized Taylor’s formula, we obtain

§(x) = cox™t Y (1)
n=0

—F((Zn T l)a) + Clx"‘*l nX:%)(_ )n

(A) Ifitis assumed that

[x'“y(x)](0") =0 and [x'"“Dgy(x)]}(0*) =

y2na 00 x(2n+l)a
T((2n+2)a)’

1
()’

(5.4)
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it may define,
L ] x(2n+l)a a1 5
H — a— _1 n — a— E _ (04
Slna(x) X rg( ) F((2n+2)a) X 2a,2a( X )
which converges Vx > 0.
(B) If it is assumed that
—a 1 —ano
[x'~y(x)](0") = @) and [x'~“Dgy(x)](0*) =0
it may similarly define:
1w x%ne 1 2
— ya— _1 n — ya— E _ e
Cosa(x) X rg( ) r((2n+1)a) X Za,a( X )

which converges Vx > 0.
The general solution of (5.2) is y(x) = ¢ySin,(x) 4 ¢,€08,(x).
The above functions satisfy the following relations:

ix —ix ix —ix
e —e e —|—ea

sin =-<—%_ cos = ¢
and

e = c0os,(x) + isin,(x), sin3(x) + cos?(x) = eFe ™

o

(5.5)

(5.6)

just as in the ordinary case, where i is the complex imaginary unit (i? = —1),
using the notation of Euler, and e!* is the natural extension of (5.2) to

complex values of A.
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