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Abstract

In this paper, we develop the left-definite spectral theory associated with the self-adjoint operator A(k) in
L?(—1,1), generated from the classical second-order Legendre differential equation

L)) =—((1 =2)y) +hy =12y (te(=11)),

that has the Legendre polynomials {P,(#)}5°, as eigenfunctions; here, k is a fixed, nonnegative constant.
More specifically, for £ > 0, we explicitly determine the unique left-definite Hilbert—Sobolev space W, (k) and
its associated inner product (-, ), for each n € N. Moreover, for each n € N, we determine the corresponding
unique left-definite self-adjoint operator 4,(k) in W,(k) and characterize its domain in terms of another
left-definite space. The key to determining these spaces and inner products is in finding the explicit Lagrangian
symmetric form of the integral composite powers of /1 x[-]. In turn, the key to determining these powers is a
remarkable new identity involving a double sequence of numbers which we call Legendre—Stirling numbers.
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1. Introduction

In a recent paper [9], Littlejohn and Wellman developed a general abstract left-definite theory for a
self-adjoint, bounded below operator A in a Hilbert space (H,(:,-)). More specifically, they construct
a continuum of unique Hilbert spaces {(W,,(-,-),)},>o and, for each » > 0, a unique self-adjoint
restriction 4, of A4 in W,. The Hilbert space W, is called the rth left-definite Hilbert space associated
with the pair (H,4) and the operator 4, is called the rth left-definite operator associated with (H,A);
further details of these constructions, spaces, and operators is given in Section 2. Left-definite theory
(the terminology left-definite is due to Schiafke and Schneider (who used the German Links-definit)
[16] in 1965) has its roots in the classic treatise of Weyl [20] on the theory of formally symmetric
second-order differential expressions. We remark, however, that even though our motivation for
the general left-definite theory developed in [9] arose through our interest in certain self-adjoint
differential operators (having orthogonal polynomial eigenfunctions), the theory developed in [9] can
be applied to an arbitrary self-adjoint operator (bounded or unbounded) that is bounded below in a
Hilbert space.

In this paper, we apply this left-definite theory to the self-adjoint Legendre differential operator
A(k), generated by the classical second-order formally symmetric Legendre differential expression

(Lilyl(t) = —((1 = )Y (1)) + ky(2)
=—(1 =20 +200/(t) + ky(t) (t€(—1,1)) (1.1)

having the Legendre polynomials as eigenfunctions. Here, £ is a fixed, nonnegative constant. The
right-definite setting in this case is the Hilbert space H = L*(—1,1). Historically, it was Titchmarsh
(see [18,19]) who first studied in detail the analytical properties of (1.1); in particular, he showed
that the Legendre polynomials {P,}°°, are eigenfunctions of a self-adjoint operator in L*(—1,1)
generated by the singular differential expression /1 [ - ].

This paper may be seen as a continuation of the results obtained in [3,6]. In [3], the first three
left-definite spaces associated with the Legendre expression are obtained as well as new character-
izations of the domains Z(A4(k)) and Z(A4;(k)) and a new proof of the Everitt—-Mari¢ result [8].
In [6], the authors obtain further new characterizations of Z(A4(k)), including the one given in [3],
using different techniques than those used in [3] or in this paper; we discuss these characterizations
in Section 3.

Even though the theory obtained in [9] guarantees the existence of a continuum of left-definite
spaces {W,(k)},~o and left-definite operators {4,(k)},~0, we can only effectively determine these
spaces and operators in this Legendre situation for » € N; see Remark 2.1 in Section 2. The key to
obtaining these explicit characterizations of {W,(k)},en and {4,(k)},en is in obtaining the explicit
Lagrangian symmetric form for each integral power /7 ;[ -] of the Legendre differential expression
{Lx[ -], given in (1.1). In turn, the key to obtaining these integral powers is a remarkable, and yet
somewhat mysterious, combinatorial identity involving a function that can be viewed as a generating
function for these integral powers of /1 [ -]. In our discussion of the combinatorics of these integral
powers of /1 x[-], we introduce a double sequence {PS,gj )} of real numbers that we call the Legendre—
Stirling numbers; these numbers, as we will see, share similar properties with the classical Stirling
numbers of the second kind {S§}.
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The contents of this paper are as follows. In Section 2, we state some of the main left-definite
results developed in [9]. In Section 3, we review some of the properties of the Legendre differen-
tial equation, the Legendre polynomials, and the right-definite self-adjoint operator 4(k), generated
by the second-order Legendre expression (1.1), having the Legendre polynomials as eigenfunctions,
including some new properties obtained in [3,6]. In Section 3, we determine the Lagrangian symmet-
ric form of each integral composite power of the second-order Legendre expression (see Theorem
4.2) using some new combinatorial identities (see Theorem 4.1). Lastly, in Section 4, we estab-
lish the left-definite theory associated with the pair (L*(—1,1),4(k)). Specifically, we determine
explicitly

(a) the sequence {W,(k)}>°, of left-definite spaces associated with the pair (L?(—1,1),4(k)),

(b) the sequence of left-definite self-adjoint operators {4,(k)}°, and the domains {Z(4,(k))}52,
of these operators, associated with (L?(—1,1),4(k)), and

(¢) the domains Z((A(k))") of each integral composite power (A(k))" of A(k).

These results culminate in Theorem 5.4.

Throughout this paper, N will denote the set of positive integers, Ny = N U {0}, R and C
will denote, respectively, the real and complex number fields. The term AC will denote absolute
continuity; the notation ACy,.(/) will denote those functions f : / — C that are absolutely continuous
on all compact subintervals of an interval / C R. The space of all polynomials p : R — C will be
denoted by Z. Further notations are introduced as needed throughout the paper.

2. Left-definite Hilbert spaces and left-definite operators

Let V' denote a vector space (over the complex field C) and suppose that (-,-) is an inner product

with norm || - || generated from (-,-) such that H = (¥,(-,-)) is a Hilbert space. Suppose V, (the
subscripts will be made clear shortly) is a linear manifold (subspace) of the vector space V' and let
(-,-), and || - ||, denote an inner product and associated norm, respectively, over V, (quite possibly

different from (-,-) and || - ||). We denote the resulting inner product space by W, = (V,,(:,-),).
Throughout this section, we assume that 4 : Z(4) C H — H is a self-adjoint operator that is
bounded below by kI, for some k > 0; that is,

(Ax,x) = k(x,x) (x€Z(A)).

It follows that A", for each » > 0, is a self-adjoint operator that is bounded below in H by £"I.
We now define an rth left-definite space associated with (H,A4).

Definition 2.1. Let » > 0 and suppose V, is a linear manifold of the Hilbert space H =(H,(-,-)) and
(+,+), is an inner product on V,. Let W, = (V,,(-,-),). We say that W, is an rth left-definite space
associated with the pair (H,A4) if each of the following conditions hold:

(1) W, is a Hilbert space,
(2) 9(4") is a linear manifold of V,,
(3) 9(4") is dense in W,,
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4) (x,x), = K'(x,x) (x€V,), and
(5) () =Uxy) (xeZ(A"), yeV,).

It is not clear, from the definition, if such a self-adjoint operator A generates a left-definite space
for a given r > 0. However, in [9], the authors prove the following theorem; the Hilbert space
spectral theorem plays a prominent role in establishing this result.

Theorem 2.1 (Littlejohn and Wellman [9, Theorem 3.1]). Suppose A : Y(A) C H — H is a self-
adjoint operator that is bounded below by ki, for some k > 0. Let r > 0. Define W, = (V,,(-,-),)

by

Ve =2(4"7) 2.1)
and

(x5, p) = (A%, 47y)  (x,yEV,).

Then W, is a left-definite space associated with the pair (H,A). Moreover, suppose W/ :=(V!,(-,-).)
is another rth left-definite space associated with the pair (H,A). Then V, =V and (x,y), = (x, y),
for all x,yeV,=V/; i.e., W.=W/. That is to say, W,=(V,,(-,-),) is the unique left-definite space
associated with (H,A).

Remark 2.1. Although all five conditions in Definition 2.1 are necessary in the proof of Theorem
2.1, the most important property, in a sense, is the one given in (5). Indeed, this property asserts
that the rth left-definite inner product is generated from the rth power of A. If 4 is generated from
a Lagrangian symmetric differential expression /[ - ], we see that the rth powers of A4 are then
determined by the rth powers of /[ - ]. Consequently, in this case, it is possible to obtain these
powers only when r is a positive integer. We refer the reader to [9] where an example is discussed
in which the entire continuum of left-definite spaces is explicitly obtained.

Definition 2.2. For » > 0, let W,.=(V,,(-,-),) denote the rth left-definite space associated with (H, A4).
If there exists a self-adjoint operator 4, : Z(A4,) C W, — W, that is a restriction of A4,

A f=Af (f€D(4,) C D)),
we call such an operator an rth left-definite operator associated with (H,A).

Again, it is not immediately clear that such an A4, exists for a given » > 0; in fact, however, as
the next theorem shows, A4, exists and is unique.

Theorem 2.2 (Littlejohn and Wellman [9, Theorem 3.2]). Suppose A is a self-adjoint operator in a
Hilbert space H that is bounded below by ki, for some k > 0. For any r > 0, let W, =(V,,(-,-),) be
the rth left-definite space associated with (H,A). Then there exists a unique left-definite operator
A, in W, associated with (H,A). Moreover,

D(Ay) = V2 T Z(A).
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The last theorem that we state in this section shows that the point spectrum, continuous spec-
trum, and resolvent set of a self-adjoint operator 4 and each of its associated left-definite operators
A, (r > 0) are identical.

Theorem 2.3 (Littlejohn and Wellman [9, Theorem 3.6]). For each r > 0, let A, denote the rth
left-definite operator associated with the self-adjoint operator A that is bounded below by ki,
where k > 0. Then

(a) the point spectra of A and A, coincide; i.e., 6,(4,) = g,(A4),
(b) the continuous spectra of A and A, coincide; i.e., a.(4,) = a.(A4),
(c) the resolvent sets of A and A, are equal; i.e., p(4,) = p(4).

We refer the reader to [9] for other theorems, and examples, associated with the general left-definite
theory of self-adjoint operators A that are bounded below.

3. Preliminary information on the Legendre polynomials and the Legendre differential equation

When
A=r(r+1)+k (reNy), (3.1)

the Legendre equation /1 ;[ v](¢) = (A + k)y(¢t), where /1 [ -] is defined in (1.1), has a polynomial
solution P,(¢) of degree r, called the rth Legendre polynomial. For later purposes, we call the term
r(r + 1) in (3.1) the principal part of the eigenvalue 4, =r(r +1) + k.

The Legendre polynomials {P,,}°°, form a complete orthogonal set in the Hilbert space L?(—1,1)
of Lebesgue measurable functions f : (—1,1) — C satisfying || f|| < oo, where || - || is the norm
generated from the inner product (-,-), defined by

1
(f,g)i—/1 fOgn)de (f,g€L*(~1,1)). (3.2)

In fact, with the mth Legendre polynomial defined by

[2m +1wm C1Y@m=2)
Fnlt) = Z i — -2t EN (3-3)

it is the case that the sequence {P,}°°, is orthonormal in L*(—1,1); that is,

(Pmapn) = 5m,n (m,n S NO): (34)

where 0,,, is the Kronecker delta function. The derivatives of the Legendre polynomials satisfy the
identity

& (Py(1))

B = DP@) (mjEN), (3:5)
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where

i)!
c(m,j):z”% G=0.1,....m) (3.6)

and where P4 (¢) is the Gegenbauer polynomial of degree m, defined by

P =0y (Zi) (m:,) (= 1Y+ 1" (meNo; (3.7)
r=0

here

2m + 2j + D)2((m + 2)) 2 (m!)'/?
22+D2(m + )1

km(]): (m,jGNo).

The Gegenbauer polynomials {Pﬁ,{ oy )};O:O constitute a complete orthonormal set in the Hilbert space

1
sz.(—l, 1):={f:(—1,1) — C|f is Lebesgue measurable and /1 | F(O)P(1 — Y dt < oo}

(3.8)
with inner product and norm defined, respectively, by
1 ’ 1 N
(f,g)j:/ SOFA =22yde, | fll= (/ fOP =2y dt) (3.9)
—1 —1
more specifically,

(P, P =S (moneNy). (3.10)
When j=0, these polynomials are the Legendre polynomials and we write P! ’0)(t):Pm(t). Moreover,
in this case, we write L?(—1,1) instead of L§(—1,1) and we will use (-,-) and || - || instead of,
respectively, (-,-)o and || - [|o-

From (3.4) and (3.5), we see that

L d(Pu(1)) d(Pa(1))
/1 de/ dt/

(1—t2y‘dzzmam,n (m,n,j€Ny). (3.11)

We refer the reader to [14] or [17] for various properties of the Legendre and Gegenbauer polyno-
mials.

We now turn our attention to discuss some operator-theoretic properties of the Legendre expres-
sion /L[ - ]; for further information, we refer the reader to paper [5] of Everitt, where an in-depth
discussion of the Legendre expression is made. The thesis [10] of Loveland contains a summarized,
yet detailed, account of the functional-analytic properties of /L[ - ]. Likewise, the thesis [13] of
Onyango—Otieno is an impressive record of the Legendre expression as well as the other classi-
cal second-order differential equations of Jacobi, Laguerre, and Hermite. For a general discussion
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of self-adjoint extensions of formally Lagrangian symmetric differential expressions, the texts of
Akhiezer and Glazman [2] and Naimark [11] are recommended.
The maximal domain A(k) of /4[] in L?*(—1,1) is defined to be

Ay ={f e P(=1L,1)| [, f € ACie(—1,1); ZLi[f1€LP(—1,1)}. (3.12)
The maximal operator Tpma(k), generated by /1 ;[ -] in L?*(—1,1) is defined by

@(Tmax(k)) = A(k),

Tmax(k)(f) = /L,k[f]'

The minimal operator Twin(k) is then defined as Thin(k) = Tj(k), the Hilbert space adjoint of

Tmax(k). This operator Tiin(k) is closed, symmetric, and satisfies Ty, (k) = Tmax(k). The deficiency

index of Tin(k) is (2,2); consequently, from the Glazman—Krein—Naimark theory of self-adjoint ex-

tensions of symmetric operators, Tpin(k) has (uncountably many) self-adjoint extensions in L*(—1,1).
In particular, the operator A(k) : Z(A(k)) C L>(—1,1) — L*(—1,1) defined by

D(AGK)) = {f € A(k)| lim (1-)/'(1) =0},

AR) f =Lkl f] (3.13)

is self-adjoint in L?(—1,1). Furthermore, the Legendre polynomials {P,}°°, are a (complete) set of
eigenfunctions of A(k) and the spectrum of A(k) is given by

o(A(k)) = {r(r+ 1)+ k| reNg}.

We note that A(k) is the so-called Friedrich’s extension; see [12] for further details.
We note that, in [3,6], the authors obtain new characterizations of Z(A4(k)). The following results
are proved in [6].

Theorem 3.1. Let the domain Z(A(k)) of the Legendre self-adjoint operator be as given in (3.13).
Then

(i) f€D(Ak)) if and only if f€ A(k) and f' € L'(—1,1),
(ii) f € 2(Ak)) if and only if f € A(k) and f' € L*(—1,1),
(i) f€D(A(k)) if and only if f € A(k) and f is bounded on (—1,1),
(iv) fe€2(A(k)) if and only if f € A(k) and (1 —*)V2 f' € [*(—1,1),
(V) fE€D(Ak)) if and only if f, ' € ACioe(—1,1) and (1 — ) f" € L>(—1,1).

In (i) above, L'(—1,1) is the well-known Banach space of all Lebesgue measurable functions
f :(—=1,1) — C satisfying f(_l’l) | f| < oo. Property (ii) was first obtained by Everitt and Mari¢
in their unpublished notes [8]; details of this proof can be found in [6] and a partial proof can be
found in [3]. Property (v) of this theorem was first proved in [3] and, by different means, in [6].
We note that other characterizations of Z(A(k)) can be found in [2, Appendix 1].
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For f,g€ 2(A(k)), it is known that

1 1
(/I(k)f,g)=/1 /L,k[f](t)g'(t)dt=/_l{(1 =) f1(OF (1) + kf()F(1)} dt; (3.14)

this is known as Dirichlet’s identity. Observe from (3.14) that

(AR)L 1) 2 k(S f)  (f € Z(A(K))); (3.15)

that is to say, A(k) is bounded below in L*(—1,1) by kI so the left-definite theory discussed in
Section 2 can be applied to this self-adjoint operator. Furthermore, notice that the right-hand side of

(3.14) satisfies the conditions of an inner product. Consequently, we define the inner product (-,-);
on 9(A(k)) x 2(A(k)) by

1
(/59 = /_1{(1 =) ['(OF () + k(D) dr - (f,9 € D(AK))), (3.16)

later in this paper, we extend this inner product to the set V7 x Vi, where V7 is a vector space of
functions (specifically, the first left-definite space) properly containing £(A(k)). This inner product
(+,+)1 is called the first left-definite inner product associated with (H,A(k)). Notice that the weights
in this inner product are precisely the terms in the Lagrangian symmetric differential expression
il - 1; see (1.1) and Remark 2.1.

4. The combinatorics of powers of the Legendre differential expression

We now turn our attention to the explicit construction of the sequence of left-definite inner products
(> )nk (n€N) associated with the pair (L*(—1,1),A4(k)), where A(k) is the self-adjoint Legendre
differential operator defined in (3.13). As we will see, these inner products are generated from the
integral powers /7 ;[ -] (n € N) of the Legendre expression /1 [ -], inductively given by

/i,k[)’] =/L[y], /f,k[J’] =l k(L ilyDs- s /ﬁ,k[)/] = /L,k(/ﬁ,_kl [y (neN).

A key to the explicit determination of these powers of /1 4[] are certain positive numbers {c;(n,k}}}_,,
whose properties are discussed in the following theorem.

Theorem 4.1. Suppose k = 0 and n € N. For each m € Ny, the recurrence relations

n

(m+ j)!

(m(m+ 1)+ k)" = > c¢;(nk)——— (4.1)
2k G
have unique, nonnegative solutions c;(n,k) (j =0,1,...,n), independent of m, given explicitly by

0 ifk=0,
co(n, k) = {k" if k>0 (4.2)
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and
PS\) if k=0
ci(nk):= Zf "\ psi kit k>0 GE{L,....,n}), (4.3)
s=0 S o

where each PSS is positive and given by

J 2 n
() _ IRy, (2}" + 1)(1" + I")
PSP =2 D e TG = 44

Moreover, PS\” is the coefficient of "~/ in the Taylor series expansion of

/ 1 1
- (1<555m): 42

For an explanation of the notation {PS\"’}, see Remark 4.1.
Before proceeding to a proof of Theorem 4.1, we prove the following lemma.

Lemma 4.1. Let ne N, je{l,...,n}, and suppose r=n—j+i for some i €{1,...,j}; ie.,j>n—r.
Then

| s
Z( 1)S((J_S> (j_sj_l>>(s2+s)"—’:o. (4.6)

Proof. If i =, i.e., r = n, the sum in (4.6) can be written as

(2i)' (( >+22( 2 <J+S>> (4.7)

Since <12_1Y> = <2j ) , we see that

Jts

Y 2j '
0=(1—1)2f=2<—1>f<s>—< wZ( 1>S< )

s=0 s=—j

A —1 27 i J o
(S (2) (%) o (1)
S=—j s=1
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e (sen (7))

and this proves (4.7).
Suppose i€ {1,...,j — 1}.

d s 2] 2J 2 n—r
S () ()

J 2i
:Z (D ((s* = 8)"" + (s> +5)") <j—|{s> . (4.8)
s=1

On the other hand,

H 2j
(1Y ST (=1 s = )2 = (s = Y + (s = P + (s = ') ( ! )

s=0

_Z]: -1y 2 nfr_}_ 2+ n—r 2.]
=) (=1)((s" —s) (s +5) )j+s

s=—j
ﬂi( D — s+ sy (4.9)
= 2 K S S S i+s 5 .

consequently, by comparing (4.8) and (4.9), it suffices to prove

2j 2
0=S"(—1P(((s = ) = (s = )" + (s = > + (s =)' ( X )
s=0

or, equivalently,

2j i
0=> (=D'(s—) " ((s—j—D'""+(s—j+ 1" ( :) . (4.10)
s=0

Now (1 — )Y =37 (—=1(¥ )~ so that

2/ 2
(e (1 —17Y =3 (1) ( ) (s = )i,
s=0 S
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In fact, if we introduce the notation t;, =¢ (i =1,2,...), we see that

Un—r—l(t) = (tn—r—l(tn—r—Z(tn—r—3 e (t2(tl(t_j(1 - t)zj ),)/)/ o ')/)/ )/

2/ 2j .
=) -1y ( : ) (s —jy e, (4.11)
s=0

we note that there are (n — r) derivatives taken in (4.11) to define v,_,_(¢).
Similarly, it is straightforward to show that

tz(l‘n,r,I(t,1,,.,2([n,,,3 cee (t3(t2(tlviz—r—1(t)),)/)/ o ')/)/)/

2 2j .
=Y =1y ( ) > (s =)' (s —j — 1Y/~ (4.12)
s=0
and

(tn—r—l ([n—r—Z(tn—r—_’) cee (t2(tl(tzvn—r—l(t))/)/)/ .. -)/)/)/
_ el 1 K 2] Nn—T1 . 1 n—r,s—j 4 13
—Szoj() =Ty (4.13)

where the left-hand sides in both (4.12) and (4.13) each involve (n —r) derivatives. Since v,—,—1(t)
also involves (n — r) derivatives, we see that

2 2j A
ST =T == 1) T (s =1 ( S’ ) £ (4.14)
s=0

involves a total of (2n — 2r) derivatives. Since this sum (4.14) is generated by (1 — ¢)* and its
derivatives, we see that the evaluation of (4.14) at r=1 is 0 since 2j > 2n —2r; i.e., j > n—r. This
completes the proof of the lemma. [

We are now in a position to prove Theorem 4.1.

Proof of Theorem 4.1. From the definition of c¢;(n,k) in (4.1), we see that

co(n,k)=Kk",

(k+2)y'—k"
ci(n, k)= T’
ex(mk) = (k+6)"—3(k+2)"+ 2k

4! ’
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etc. in general, it is not difficult to see that c;(n, k) is unique and given by

1 (2 2j . . n
&/(mk) = ),Z(—)<<r>—<r_1>>(k+(J—”)(J—V+1))
1< v 2j 2j ]
k() (e

( 1)1+j
% (%

r=0

(by Lemma 4.1)

S (e ety ()
_SXO:<Z - +r+1) s a

This proves (4.2)—(4.4). We now prove (4.5). Indeed, we decompose

J

t
]-:[Il—r(r—i—l)t

into partial fractions as
J J
rl_[1 1 —r(r—|— 1)t z:: —r(r—|— 1)t
By letting t = 1/r(r + 1), we find that

_ (=yver+n
(DG )

Substituting the geometric series for each term

1 1
1—r(r+ 1) (‘ < r(r + 1)>

s ((2) (2 ()
:(2i')! Z()( iy (<J2_Jr> B <j _2rj_ 1)) (r2+r)ns> <Z> .
((J'Z—jr> - (j—zrj— 1)) (r2+r)"_“'> (:) i

(4.15)
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on the right-hand side of (4.15), we now see that

! t () D ),
Hl—r(r—kl)t_;nz; T
00 j ;
B —~ (=YY Qr+ D) +r)"\ |,
_n_0<; G+ )+ DG —r) )”
yielding
/ 1 & (&R D+
H1(+1)F<Z R RN L

o
= ZPS,Sj )¢"~J as required.
n=0

Lastly, since the coefficient of each term of the Taylor (geometric) series of 1/(1 —r(r + 1)t) (r =
1,...,j) is positive and each PSS is obtained from the Cauchy product of these positive coeflicients,
it is clear that each PS,(,f) is also positive. In turn, c;(n,k) > 0 for j € {1,...,n} and co(n,k)=k" > 0.
This completes the proof of this theorem. [

We are now in a position to prove the following theorem; recall the definition of 2, see the end
of Section 1, as the space of all polynomials p: R — C.

Theorem 4.2. Let k > 0. For each n € N, the nth composite power of the classical Legendre dif-
ferential expression {1 k[ -], defined in (1.1), is Lagrangian symmetric and given explicitly by

N0 =D (1Y (eim k)1 = 2Y Y)Y, (4.16)

Jj=0

where c;(n,k) is defined in (4.2) and (4.3). Moreover, for p,qc 2, the following identity is valid:
1 n 1

/ 2L LpI(OG) dt =" ci(n, k) / PG — 2y de. (4.17)
—1 =0 —1

Proof. We first establish the identity in (4.17). Since the Legendre polynomials {P,};°, form a
basis for £, it suffices to show (4.17) is valid for p = P,(¢) and q = P,(¢), for arbitrary m,r € N.
From the identity

(1 [Pnl(t) = (m(m + 1) + k)"Pp(1)  (meNy),
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it follows from (3.4), with this particular choice of p and ¢, that the left-hand side of (4.17) reduces
to

(m(m + 1) + k)"0, (4.18)

On the other hand, from (3.11), we see that the right-hand side of (4.17) yields

o [ LEDIEO) g,
j=0 -

d¢

_Z ci(n k) +];, e (4.19)

Comparing (4.18) with (4.19), we see from (4.1) that the identity in (4.17) is valid.
To prove (4.16), define the differential expression

mYI():=_ (=Y (e;(nk)(1 = 2Y YD) (=1 <t <1). (4.20)

j=0
For p,q € 2, integration by parts yields
1
| miploao
—1

+1

n J
D ek Y (=1 (P00 =2y )

j=0 r=1 1

n 1
- Z c;(n,k) / PG ()1 — Y de.
j=0 !

Now, for any p €2 and integer r with 1 <7 < j, (pD(t)(1 —2Y)V=") = P01 — £) for some
pj» €25 in particular,

lir{_gl(pm(t)(l — YW G ) =0 (p.ge?; rjeN, r <))
t—

Consequently, we see that

1 n 1
/ m[p(OG(1) dt =" ¢;(n k) / AOFVO01 =PV e (pge), (4.21)
Jj=0 -

Hence, from (4.17) and (4.21), we see that for all polynomials p and ¢, we have

(/ﬁ,k[P] —mr[pl,q) =0,
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where (-,-) is the usual inner product in L?(—1,1) defined in (3.2). From the density of Z in
L*(—1,1), it follows that

(1 lpl(t) =mi[pl(t) (te(=1,1); peP). (4.22)
This latter identity implies that the expression /7 ;[ -] has the form given in (4.16). O
For example, we see from this theorem that
L1 = (1 =2y = 2k +2)(1 = 2)y'Y + &y,
A1) =—((1 = 2P Y"Y" + ((Bk +8)(1 = £2)*)y")"
—(Bk* + 6k +4)(1—)yY +ky
and
LAl = (1= 2) YOS — (4 +20)(1 — 22 y")" + ((6k* + 32k + 52)(1 — £2)*y")"
—((4K> + 12k* 4 16k + 8)(1 — £2)y') + k*y.

The following corollary lists some additional properties of the Legendre differential expression
Ll -1

Corollary 4.1. Let n€ N. Then

(a) the nth power of the classical Legendre differential expression

fLolyl(0):= — (1= 2)y"(t) +2ty'(1) = —((1 = 2)y'(0)Y

is symmetrizable with symmetry factor w(t) =1 and has the Lagrangian symmetric form

1 olV1() =Y (—1Y(PSP(1 = £2Y y D)7,

J=1

where PS\ is defined in (4.4),
(b) the bilinear form (-,-),x, defined on 2 x 2 by

n 1
(P @i =Y _ c(n. k) / 1 PG -2y dt (p.geP) (4.23)
Jj=0 B

is an inner product when k > 0 and satisfies

(CLilpl ) = (P Oni (g €P), (4.24)
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(c) the Legendre polynomials {P,}>2, are orthogonal with respect to the inner product (-, )ni;
in fact,

" L A
(P> P )nk = Zc/(n,k) / d](z’;.(t)) dj(g;ft)) (1 =2y dt=m(m~+ 1)+ k)"0, (4.25)
=0 !

Proof. The proof of (a) follows immediately from Theorem 4.2 and k£ =0. The proof of (b) is clear
since all the numbers {c;(n,k)}}_, are positive when k > 0. The identity in (4.24) follows from
(4.21) and (4.22). Lastly, (4.25) follows from (4.1) and (4.19). O

Definition 4.1. For each n€ N and j€{l,2,...,n}, the number S, given in Theorem 4.1, is
called the Legendre—Stirling number of order (n, ).

Remark 4.1. Since the Legendre polynomials (x = = 0) are a special case of the more general
Jacobi polynomials {P,(f’ﬁ )};X:)O, we use the notation PSS := P00 in anticipation of a more
general double sequence {P(“’/’)S,(,j '} of numbers, which we call Jacobi-Stirling numbers, that we
believe exist and are connected to the Jacobi differential equation in the same way that the Legendre—
Stirling numbers are connected to the Legendre differential equation. More specifically, we feel that
there are results analogous to Theorems 4.1 and 4.2 and Corollary 4.1 relating these general Jacobi—
Stirling numbers to powers of the classical second-order Jacobi differential equation. This connection
will be considered in the near future by these authors.

These Legendre—Stirling numbers {PS,Sj )} are the analogues of the classical Stirling numbers of the
second kind {S,Sj )} (see [1, pp. 824-825], [4, Chapter V]), which appear in the integral composite
powers of both the classical Laguerre and Hermite differential expressions. Indeed, in [9], Littlejohn
and Wellman show that the integral composite powers of the Laguerre differential expression, defined
by

NLailyI(t) i= 7 exp() — (" exp(—1))/ (1)) + kt* exp(—1) y(1)]
= —0)"(t) + (t = 1 = 0))'(t) + ky(1)

are given by

Las VIO =1 exp(t) Y (=1 (a;(n, k)" exp(—1)y ()Y,

J=0
where
S if k=0
mh={ 0 Tt gk = (j=12....n)
. = . an i\n, = . =1,Z,..., .
ot K it k>0 i Z(”)S,ﬁ-”sks itkso 7 "
s=0 S

With regards to these Laguerre powers, it is worth noting two facts. First, the Stirling numbers of
the second kind {S,SJ )} can be defined (see [1, pp. 824-825]) as the coefficient of "~/ in the Taylor
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series expansion of

J
g (0=]]5 _ln (!t\ < Jl> (4.26)

r=1

second, notice that the principal part of the eigenvalue parameter A, =r + k, namely r, that produces
the Laguerre polynomial eigenfunction L(¢) in the equation

CLaklyI(0) = 2, (0)

appears in the denominator of g;(7).
In [7], the authors compute the integral composite powers of the Hermite differential expression
ul - ], given by

(ualV1(0) := exp() — (exp(—2)y' (1)) + kexp(—1)y(1)]

= —y"(t) + 2ty (t) + ky(2).
They show that, for each n € N,

Al = exp(£) Y (—1Y (by(n, k) exp(—)y ()Y,

Jj=0
where

bo(n, k)

2" 5 if k=0

K" if k>0 Z

0 ifk=0 .
= and bj(n, k)= ! (n
s=0

)ﬂfS$QH if k>0
S

In this case, we note that the number 2" /S is the coefficient of "~/ in the Taylor series expansion
of

Lo 1
hi():=][ — <|z| < 2]> : (4.27)
1

Again, two facts are worth mentioning with regards to this Hermite equation. Indeed, the principal
part of the eigenvalue parameter 4, =27 + k in the Hermite equation /'y [ v](¢) = 4, ¥(¢) is 2r and
this term appears in the denominator of 4;(¢).

Notice that this phenomenon continues with the Legendre equation. Indeed, as noted in (3.1), the
principal part of the eigenvalue parameter for the Legendre differential expression (1.1) is r(r 4 1)
and this term appears in the denominator of f;(¢), the generating function for the Legendre—Stirling
numbers {PS,(,j )},Olio, defined in (4.5). Preliminary research indicates that this phenomenon also holds

for the general Jacobi polynomials {P,(f’ﬂ ) 120

These are intriguing results between the principal parts of the eigenvalue parameters for the Leg-
endre, Laguerre, and Hermite expressions and the generating functions (4.5), (4.26), and (4.27) for
the powers of these differential expressions. There is also some mystery concerning this connection.
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Indeed, in the case of the Legendre expression, the Glazman—Krein—Naimark theory implies that there
is an uncountable number of self-adjoint operators in L?(—1, 1) generated by the Legendre expression
/vl -], each of which has a discrete spectrum. It would appear that only one of these self-adjoint
operators, namely the operator A(k) defined in (3.13), has spectrum {r(r+ 1)+ k|r € Ny}; however,
this property is not established in this paper. Why does f;(¢) involve the eigenvalues r(r + 1) of
this operator A(k) over the eigenvalues of one of these other self-adjoint operators? The answer
could be that this is a new remarkable property of these classical orthogonal polynomials and the
second-order differential equations that they satisfy.

5. The left-definite theory for the Legendre equation

For the results that follow in this section, we assume k > 0, where k is the parameter in the
Legendre expression (1.1). It is also convenient to introduce the following notation; for n € N, let

ACUT D=1, 1)={f 1 (=1,1) = C|f, [, fO7D € ACioe(— 1, 1)}

Notice that if feAC(”_”(—l, 1), then f((¢) exists for almost all 1€ (—1,1).

loc

Definition 5.1. Let k£ > 0. For each n € N, define (see (3.8) for the definition of Lf(—l, 1))

Var={f : (=1,1) = C| f € AC (=1, 1); fP € Li(~1,1) (j =0,1,....,n)} (5.1)
and let (-,-), and | - ||.x denote, respectively, the inner product
n 1
(i =D ) [ FO0F000 =PVt (f.g ), (5.2)
=0 !

(see (4.23) and (4.24)) and the norm || f||,.x = (f,f);{,f, where the numbers c;(n,k) are defined in
(4.2) and (4.3). Finally, let W,(k):=(V,, (s In.k)-

The inner product (-,-),, defined in (5.2), is a Sobolev inner product and is more commonly
called the Dirichlet inner product associated with the symmetric differential expression /7 ,[-] given
in (4.16). ’

We remark that, for each » > 0, the rth left-definite inner product (-,-), is abstractly given by

(f’ g)r,k = /% A dEf’g(k) (f, ge V,:= @((A(k))r/Z))’

where E(k) is the spectral resolution of the identity for A(k); see [9]. However, we are able to
determine this inner product in terms of the differential expression /7 ,[-] only when r € N; see also
Remark 2.1.

Our aim is to show (see Theorem 5.4) that W,(k) is the nth left-definite space associated with
the pair (L*>(—1,1),4(k)), where A(k) is the self-adjoint Legendre operator defined in (3.13). We
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remind the reader that A(k) is bounded below in L?(—1,1) by kI; see (3.15). We begin by showing
that W,(k) is a complete inner product space.

Theorem 5.1. Let k > 0. For each ne N, W, (k) is a Hilbert space.

Proof. Let ne N. Suppose {f,}oo, is Cauchy in W,(k). Since each of the numbers c;(n k) is
positive, we see that { f (myco g Cauchy in L2(—1,1) (for this notation, see (3.8)) and hence there

m=1

exists ¢,;1 € L>(—1,1) such that

f g, in LA(—1,1).

Fix ¢, toe(—1,1) (t, will be chosen shortly) and assume #, < 7. From Holder’s inequality, we see
that as m — oo,

/ £ = g (1) dt = / ) = guin(OI(1 = 2)2(1 = 2)™" dit

¢ 12 1 12
<( / Ifﬁ?)(t)—gn+1(t)\2(1—tz)”> ( / (1—t2>"dr)
¢ 12
— M) ( [ 1790 - g - ey dr) o,

Moreover, since f ﬁ,f = ACic(—1,1), we see that

£ — V(1) = /

to

£y de — / Guir (1) dt (5.3)

and, in particular, g, eLfOC(—l,l). Furthermore, from the definition of (-,-),x, we see that

{fu=D1eo s Cauchy in L2_,(—1,1); hence, there exists g, € L>_,(—1,1) such that
fu= —g, inL_(-1,1).

Repeating the above argument, we see that g, € Ll (—1,1) and, for any t,#; €(—1,1),

loc
15730 - £ = [ D / oLy (5.4)

Moreover, from [15, Theorem 3.12], there exists a subsequence { fu. )} of { £ 1% such that

SoD(t) — ga(t) ae. te(—1,1).
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Choose ) € R in (5.3) such that 1’ f,fk;pl(to) — ¢u(ty) and then pass through this subsequence in (5.3)
to obtain

0n(0) — galie) = / Gun(Ndr (ac. 1€(—1,1)).

That is to say,

gn € ACio(—1,1) and  g,(t) = gu1(t) ae t€(=11). (5.5)

Again, from the definition of (-, ), s, we see that { f° E,f' =2 ol

there exists g, € L2_,(—1,1) such that

is Cauchy in L2 ,(—1,1); consequently,

fU2 g, in L2 ,(—1,1).

As above, we find that g, ; € Ll (—1,1); moreover, for any t,t, €(—1,1)

loc
fﬁ;—”(z)—fﬁn"‘”(tz):/t ff;—2>(z)dz—>/t gn—1(2)dt,

and there exists a subsequence { f S,;’;fi} of {£"»} such that
SO () — gui(t) ae re(—=11).

In (5.4), choose #; €(—1,1) such that f,(,fkﬁ)z(ll) — ¢gu,—1(t;) and pass through the subsequence
{f9=2)Y in (5.4) to obtain

Gor(6) = gor (1) = / a(D)di (ae. 1€(~1,1)).

4]

Consequently, g, ; € AC\)(=1,1) and ¢”_,(t) = g.(t) = gns1(t) ae. t€(—1,1). Continuing in this

loc

fashion, we obtain n + 1 functions g, ;. eLﬁfj(—l, 1) (j=0,1,...,n) such that

(i) S = gojpr in L2_,(~1,1) (j=0,1,....n),

(i) g1 € ACI V(=1,1); g2 € ACT (=1, 1);...3 ¢y € ACioe(—1, 1),
(iii) g}, (1) = gujrr(t) ae. t€(=1,1) (j=0,1,...,n = 1),

(iv) ¢/ =g;1 G =0,1,...,n).

In particular, we see that ffnj) — gﬁj) in Lf(—l, 1) for j=0,1,...,n and g, € V,,. Hence, we see that

n 1 ' '
1fm = arllns = ch(n,k)/1 0 = 0P - £2Ydt -0 asm — .
Jj=0 -

Thus W, (k) is complete and, consequently, so is the proof of this theorem. [

We next establish the completeness of the Legendre polynomials {P,}5°, in each W,(k).
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Theorem 5.2. Let k > 0. The Legendre polynomials {P,}5>
the space W, (k). Equivalently, the space P of polynomials is dense in W,(k).

233

form a complete orthogonal set in

Proof. Let f € W,(k); in particular, ) € L2(—1,1). Consequently, from the completeness and or-

thonormality of the Gegenbauer polynomials {P( ”)} ° o in L2(—1,1), it follows that

Zcm,nP£:°”> — £ as r — oo in L2(—1,1),
m=0

where the numbers {c,,,}°°, C /? are the Fourier coefficients of £ defined by
|
na= [ SOPEV — Y dt (e No)
.

For » = n, define the polynomials

. m—n,n(( B )!)1/2

m=n

Then, using the derivative formula (3.5) for the Legendre polynomials, we see that

i m nn(( B )')1/2(( + )) 2
0 R PO =)

m=n

and, in particular

W—Zcm wnPU 00 i [2(<1,1) (r — 00).

m=n

Furthermore, from [15, Theorem 3.12], there exists a subsequence { p;; UM of {pi™} such that

P — fMU(1) ae te(—1,1).
Returning to (5.8), observe that since

((m = m)) (o + D2
((m +nm)H)12((m — jHNH12
we see that

Cnna((m = WD+ HHT
{ ((m +m))!2((m — HHI7 }E '

—0 asm—oo forj=0,1,....,n—1,

(5.6)

(5.7)

(5.8)

(5.9)

Hence, from the completeness of the Gegenbauer polynomials {P,(nj’j )(t)},?f’:o in L_%(—l, 1) and the
Riesz—Fischer theorem (see [15, Chapter 4, Theorem 4.17]), there exists g; esz-(—l, 1) such that

P =g in L3(=1,1) asr—o0(j=0,1,....n—1).

(5.10)
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Since, for a.e. a,t€(—1,1),

s 0= @ = [ Apwan— [ a0 - 5@ G- oo

a

we see that, as j — oo,
P — [N e (ae re(—1,1)), (5.11)
where ¢; is some constant. From (5.10), with j = — 1, we deduce that
go1(t) = fU7 D)+ 1 (ae. te(—1,1)).
Next, from (5.11) and one integration, we obtain
pU) = fUDW et b e (> oo),
for some constant ¢, and hence, from (5.10),
o) = fU D)+ it + ¢ (ae te(—1,1)).
We continue this process to see that, for j =0,1,...,n — 1,
()= ) + gueyr(1) (2. t€(~1,1)),
where g,_;_; is a polynomial of degree <n — j — 1 satisfying
q:z—j—l(t) = qn—j—2(2).
Combined with (5.10), we see that, as » — oo,
P = D+ g inLX(=1,1) (j=0,1,....n).
For each r > n, define the polynomial
T (2):= pr(t) — gu—1(2),

and observe that, for j =0,1,...,n,

n = p) — g2,
= p’(/) —qn—j—1

— [V in L}(—1,1).

Hence, as » — oo,

n

1
If - ml!nk—ch(n,k)/1 | D) — 221 — Y dt — 0.

j=0

This shows that £ is dense in W,(k) and completes the proof of this theorem. [
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The next result, which gives a simpler characterization of the function space V,, follows from
ideas in the above proof of Theorem 5.2. Due to the importance of this theorem (which can be seen
in the statement of Corollary 5.1), we provide the following proof.

Theorem 5.3. For each ne N,

Va={f:(=1,1) = C| f e AC" V(=1,1); f™ e L2(—1,1)}. (5.12)

loc

Proof. Let n€ N and recall the definition of ¥, in (5.1). Define

VI={f:(-1,1) = C| f e ACU"(=1,1); f e L}(—1,1)}.

loc

It is clear that ¥, C V.. Conversely, suppose f € V! so f™ e L2(—1,1) and f € AC"V(—1,1). As
shown in Theorem 5.2, as r — oo,

D enaPy" — ™ in L(—1,1),

m=0

where ¢, , is the Fourier coefficient defined in (5.6).
For r = n, let p,(t) be the polynomial that is defined in (5.7). Then, for any j&€ Ny, the jth
derivative of p, is given in (5.8) and, as in Theorem 5.2,

P — ™ asr — oo in LA(—1,1),

moreover, for j =0,1,...,n — 1, there exists polynomials g,_,_; of degree <n — j — 1 satisfying
q:t—j—l(t) = gn—j—2(t) with

PP — fO 4+ g, asr—ooin LI(—1,1)
— ¢U )]
Consequently, for each j=0,1,...,n—1, {p(rj) — q;j_)] o, converges in Lf(—l, 1) to fU. From the

completeness of Lf(—l, 1), we conclude that 1) GLJZ(—I, 1) for j=0,1,...,n — 1. That is to say,
f €V,. This completes the proof. [

We are now in a position to prove the main result of this section.

Theorem 5.4. For k > 0, let A(k): 2(A(k)) C L*(—1,1) — L*(—1,1) be the Legendre self-adjoint
operator, defined in (3.13), having the Legendre polynomials {P,}°2, as eigenfunctions. For each
neN, let V, be given as in (5.1) or (5.12) and let (-,-), denote the inner product defined
in (52). Then W,(k) = (Vu,(-,")ux) is the nth left-definite space for the pair (L*(—1,1),A(k)).
Moreover, the Legendre polynomials {P,}>2, form a complete orthogonal set in W,(k) satisfying
the orthogonality relation (4.25). Furthermore, define

An(k): D(Au(k)) C Wak) — Walk)
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by
Au(k) f =0l f] (f € D(An(k)):=Vi2),

where /[ -1 is the Legendre differential expression defined in (1.1). Then A,(k) is the nth
left-definite operator associated with the pair (L>(—1,1),A(k)). Furthermore, the Legendre poly-
nomials {P,}°°, are eigenfunctions of A,(k) and the spectrum of A,(k) is given by

a(A,(k))={m(m+ 1)+ k|me Ny} = a(A(k)).
Proof. To show that W, (k) is the nth left-definite space for the pair (L?>(—1,1),4(k)), we must
show that the five conditions in Definition 2.1 are satisfied.

(1) W,(k) is complete: The proof of this is given in Theorems 5.1 and 5.3.
(i) 2((4(k))") C Wyk) C L*(—1,1): Let f€2((A(k))"). Since the Legendre polynomials
{P,}°°, form a complete orthonormal set in L?(—1,1), we see that

pj— f inL*(—=1,1) (j— o), (5.13)
where

J
PA)=) cnPul?)

m=0

and {c,}°°, are the Fourier coefficients of f in L?(—1,1) defined by
1
on= (P = [ SOPADE (e N0
-1

Since (A(k))"f € L*(—1,1), we see that

J
Zampm - (A(k))nf in Lz(_L 1) (j— 00),

m=0

where

ot = ((AK))" [, Pn) = (f,(A(k))"Pr) = (m(m + 1) + k)'(f, Pn) = (m(m + 1) + k)"cp,
that is to say,

(A(k)Y' pj — (A(K))" [ in L (=1,1) (j — oo).
Moreover, from (4.24), we see that

||p_1 - pr”i,k = ((A(k))n[pj - pr]a pj - pr) — 0 as j,l" — 00,

that is to say, { Pj}f.io is Cauchy in W,(k). From Theorem 5.1, we see that there exists g € W, (k) C
L*(—1,1) such that

pj—yg Wy (k) (j— 00)
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Furthermore, by definition of (-,-),, and the fact that co(n,k) = k" for k > 0, we see that

(pj— 9. 0j — Pk = k"(Pj — 9, p; — 9),

hence
p;—g inL*(—1,1). (5.14)

Comparing (5.13) and (5.14), we see that f =g & W,(k); this completes the proof of (ii).

(ii1) 2((A(k))") is dense in W,(k): Since polynomials are contained in Z((A4(k))") and are dense
in W,(k) (see Theorem 5.2), it is clear that (iii) is valid. Furthermore, from Theorem 5.2, we see
that the Legendre polynomials {P,}>°, form a complete orthogonal set in W,(k); see also (4.25).

(V) (fs ok = K"(f, f) for all f€V,: This is clear from the definition of (-,-),, the positivity
of the coeflicients c;(n, k), and the fact that co(n, k) = k".

V) (fs @i =((Ak))" f,g) for feD((A(k))") and g€ V,: Observe that this identity is true for
any f, g € 2; indeed, this is seen in (4.24). Let f € 2((A(k))") C W,(k) and g€ W,(k); since
polynomials are dense in both W,(k) and L?>(—1,1) and convergence in W, (k) implies convergence
in L2(—1,1), there exists sequences of polynomials { P} and {g;}7, such that, as j — oo,

pr— i Wk, (AG)Y' p; — (AGK)Y'f in LA(—1,1)
(see the proof of part (ii) of this theorem), and
g —g in Wy(k) and L*(—1,1).
Hence, from (4.12),
(AR 1/1g) = lim (AT = lim (pad)ak = (f @i
This proves (v). The rest of the proof follows immediately from Theorems 2.1-2.3. O

The next corollary follows immediately from Theorems 2.1, 5.3 and 5.4. Remarkably, it character-
izes the domain of each of the integral composite powers of A(k). The characterization given below
of the domain Z(A(k)) of the classical Legendre differential operator A(k) was first obtained in [3]
and later, using different means, in [6].

Corollary 5.1. Let k > 0. For each neN, the domain Z((A(k))") of the nth composite power
(A(k))" of the self-adjoint Legendre operator A(k), defined in (3.13), is given by
DAY =Vay = {f : (=1,1) = C| fEACTV(~1,1); fP € L3,(~1,1)}.

loc

In particular,

G(A(k)) = Vs ={f : (-00,00) = C| f €ACLU(—1,1); f" € L3(~1,1)}.

loc
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From Theorems 2.2 and 5.4, it follows that the domain of the first left-definite operator A4,(k) is
given by

G(Ai(k) =V ={f : (—=1,1) = C| f € ACU—1,1);(1 — 2)*2 f" e L*(~1,1)}.

loc

This result is also proved in [3] and [6].
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