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1. INTRODUCTION

In this paper we consider the question of existence and uniqueness of
positive, radially symmetric solutions (or, briefly, p.r.s. solutions) of the
equation

Au+fu)=0 in R <|x|<Ro, xcR*, N>3 (L.1)

subject to one of the following sets of boundary conditions:

u=0 on x| =R, and |x| =Ry, (1.2a)
u=0 on|x|]=R, and =0 on|x|=R,, (1.2b)
cr
du
i on |x| = R, and u=0 on |x| = Ry. (1.2c)

Here r = |x| and d/0r denotes differentiation in the radial direction.
We assume that

FeCYR), f(1)>0  for 1>0 and f(0)=0. (1.3)
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This condition on f will be assumed throughout the paper, without further
mention. In addition, one or more of the following conditions will be
frequently assumed.

{A-1) fis nondecreasing in (0, oc);
(A-2) lim,_, f(t)/t=o0;
(A-3) bLim,_4 f(2)/t=0.

The Dirichlet problem for Eq. (1.1) in general bounded domains has
been intensively studied in recent years. When f is superlinear (ie., it
satisfies condition (A-2)) the existence of positive solutions has been
proved under various sets of assumptions, always including a restriction on
the growth of f at infinity (see e.g, [AR], [BT], [L1]). It is known that
such a growth condition is, in general, necessary for starlike domains [P}
In the case of the annulus, such a growth condition is not necessary.

When the domain is a ball or an annulus, one may consider in particular
radially symmetric solutions, in which case the problems mentioned above
reduce to problems in o.d.e. Thus, in terms of the variable

E=[(N=2)r"=2]"! (14)

Eq. (1.1) obtains the form

W(€)+p(E) fu(E) =0, <g<i, (11y
where
2N-2
pE)=[(N-2)¢] %, =22
(15)

éi:[(N_z)Rz{v_zj_l’ l:07 1’

and the boundary conditions become

u(Eo)=u(¢;) =0 (1.2ay
w(o)=u(,) =0 (1.2bY
u(&o)=u'(¢,)=0. (1.2cy

In this, or other equivalent forms, these problems have been investigated
by many authors (see [N7], [C1], [Ni], [NN] and the references
mentioned there). We note that the Emden—Fowler equation, which has
received particular attention, is of the form (1.1)".

A general existence result for o.d.e. problems as above was first obtained
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by Nehari [N], assuming that f is a continuous function, positive on
(0, o0), satisfying the condition,

36> 0 such that f(z)/¢' *° is monotone increasing in (0, c).  (1.6)

Nehari’s result was obtained by a variational method which has many
interesting applications. This method is briefly described in the last section
of the present paper where it is used in deriving an uniqueness result.

In order to state in a concise form the existence results obtained in the
present paper, we shall denote by Ex(a) (resp. Ex(b), Ex(c)) the statement:
“Problem (1.1), (1.2a) (resp. (1.2b), (1.2c)) possesses a p.r.s. solution in
every annulus 0 < R, < |x| < Ry < c0.” We have the following results:

I. Assuming (A-3): Ex(a)<> Ex(b) = Ex(c);
II. Assuming (A-1)-(A-3): Ex(a), Ex(b), Ex(c) are valid.

Furthermore (for each of the problems mentioned above) if we assume
(A-3) and a stronger form of (A-1), the existence of a p.r.s. solution in
a given annulus implies the existence of p.r.s. solutions in every larger
concentric annulus.

Conditions (A-2) and (A-3) are in a sense necessary in II. Thus, if there
exists a constant M such that f(7) < Mt on (0, o), then (given R|) there
will be no p.rs. solution of our problems for R, near to R,. On the other
hand, if there exists a positive constant ¢ such that f(z) > ct on (0, «o) then
(given R,) there will be no p.r.s. solution of our problems for R, sufficiently
large. However, condition (A-1) is not necessary. In fact, using the
methods of the present paper, one can establish existence under a condition
slightly weaker than (A-1).

The existence results presented in this paper are obtained by a “shooting
method” (as in [C1], [CM], [Ni]) combined with comparison results and
estimates for eigenvalue problems in ordinary differential equations.

It is known that, under conditions (A—1)}-(A-3), problem (1.1), (1.2a)
may have more than one p.r.s. solution (see [NN]). In some special cases
it was shown that this problem also possesses positive solutions which are
not radially symmetric (see [BN], [C2]). Uniqueness results for problems
(1.1), (1.2a) and (1.1), (1.2c) were obtained in [Cl] under various
additional conditions on f. Improved versions of these results and other
uniqueness and nonuniqueness results for problem (1.1), (1.2a) were
obtained in [Ni] and [NN].

In contrast to the above, uniqueness of p.r.s. solutions of problem (1.1),
(1.2b) can be established merely under the assumption (see [M])

(A-1)"  f(z)/t is strictly increasing in (0, oo).

Our discussion of the uniqueness question may be divided into three
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parts. First, we provide a proof of the uniqueness result for problem (1.1),
(1.2b), different from the proof in [M1], which yields additional infor-
mation on the solutions. For instance, we show that, with R, fixed, the
solution decreases as R, increases. Second we show that some of the uni-
queness and nonuniqueness results that were obtained in [NN] for
problem (1.1), (1.2a) are also valid for problem (1.1), (1.2c). These obser-
vations and some heuristic arguments have led us to the conjecture that
uniqueness (in every annulus) in problem (1.1}, (1.2a) implies uniqueness
(in every annulus) in problem (1.1), (1.2¢) and vice-versa. A proof of the
first half of this conjecture (assuming that f satisfies (1.6)) is given in the
final section of the paper.

2. ExiSTENCE THEOREMS: PART I

In this section we shall establish the existence of solutions for problems
(1.1}, (L.2a) and (1.1), (1.2b). For this purpose we shall examine the family
of solutions of the initial value problem

u” + pf(u)=0, for £<é, 21
(2.1
u(&,)=0, u'(é)=—b,  where b>0.

Here ¢, is a positive number that will be kept fixed throughout the present
section.

2.1. Forevery b>0, problem (2.1) has an unique solution u{-, b) whose
maximal domain of definition in (0, &,) will be denoted by (Z(b), &,). A
function u« is a solution of (2.1) if and only if it satisfies the integral
equation

W) =bE -0~ [ =D p0 fu e, E<a QD)

From (2.2} it is clear that if u is a positive solution in some interval (o, &,)
with « > 0, then
u()<b(& —~¢) in (& &) (2.3)

Therefore if «>0 the above solution can be extended to the left of «.
Denote

Eo(b) =inf{Zo> E(b): u(E, b) >0 in (Lo, &)}

By standard results in o.de., limsup, _,, &(b) < &(by) for bo>0 and the
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functions (&, b) — u(&, b) and (&, b) —u'(¢, b) are continuously differen-
tiable in the set

{(&,b):5>0,¢>&(b)}.

By the implicit function theorem, the function b — £,(b) is continuously dif-
ferentiable in the neighborhood of every point >0 such that y(b)>0.
(Observe that at such a point u'(E4(d), ) >0.)

From Eq. (2.1) and the positivity of f, it is clear that u(-, b) is concave in
(&o(b), £)).

2.2. ProprosITION. If b>0 and u(-, b) is defined and positive in (0, &,)
then lim, o, (&, b)=0.

Proof. Since u is positive and concave in (0, &,), lim, _ o, u(¢, b) exists
and is nonnegative. If this limit is positive, there exists ¢>0 such that
c < f(u(é, b)) in (0, &), where &' =&, /2. Hence, by (2.2),

e[t p)di<hE ~o)~ue ), VEe(.)

However, in view of (1.5), this is impossible.

2.3. PROPOSITION. For every b>0 there exists an unique point t(b) in
(Eo(b), &,) at which u attains its maximum over this interval. The function
b — t(b) is continuously differentiable in (0, o).

Proof. The first statement is obvious. (When &y(b)=0, use 2.2.) The
second statement follows from the implicit function theorem.

The next two results provide certain estimates involving t(b) and
u,,(b) :=u(z(b), b). We shall need the notation

A= f(s)ds
0
2.4, PROPOSITION. For every b>0,
B/2p(c(5)) < Flun(b)) < %1202, (24)

If Eo(B) >0 and a :=u'(&qy, b) then
a*2p(&o) < F(u,,(b)) < @*/2p(c(b)). (2.5)
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Proof. Let u(¢)=u(&, b) and denote
1,(E) :=u'(8)*/2+ p(&) F(u(&)),
(&) :=u'(£)*/(2p(&)) + F(u(&)).

Then I1(€) <0 and IL,(£)>0 in (&4(b), &;). These inequalities imply (2.4}
and (2.5).

2.5. PrOPOSITION. If f satisfies (A—1) then for every b>0

U(b)> (& — (b)) b/2. (2.6)
Furthermore,
lim u,(b)=x (2.7)
b— o

Proof. Let u=u(-,b), Since u"(&)= —p(&} f(u(}) 1s monotone
increasing in (1, £,), the function —u' is concave in this interval. Moreover,
—u'(¢)>01n (t, &), —u'(¢,)=> and u'(t)=0. An elementary property of
concave functions yields

u(r)= [ (=u) 2> (~uw(ED)NE —T)2 = (&~ )2

Now suppose that there exists a sequence {b,} with &, —> oo such that

{,,(b,)} is bounded. Then, by (2.4), p(z(b,)) — oo, so that z(b,) — 0. But
this is impossible in view of (2.6).

2.6. For reference we mention the foliowing immediate consequence of
Theorem 3’ of [GNN, p. 2231].

<)

Vb >0, (2.8}
Note that Theorem 3’ of [GNN] applies to the solution u(-, b) of Eq. (2.1)
in (&4(h), &) because fis positive and p is decreasing.

Next we shall examine the behaviour of £,(b) and t(b) as & —» 0 and as
b — oo. Our aim is to show that the range of £y(-) and z(-) is the entire

interval (0, &,). Clearly this will imply the existence of positive solutions to
problems (1.1)’, (1.2a)" and (1.1)", (1.2b)".

2.7 LeMMA.  Assume (A-3). Then

(i) lim,_,Eo(b)==0;
(ii) If B is a bounded set in (0, ) the set {&y(b):be B} is bounded
away from &,
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Proof. Let b be a positive number such that £4(5) >0 and consider the
eigenvalue problem

¢"+p(l)4=0 in (So(d), &)

2.9
¢(§o)=¢(§1)=0- (29)

Denote by A, =41,(b) its first eigenvalue and let ¢, be a corresponding
positive eigenfunction. Then, with u=wu(&, b) and g(¢) :=f(¢)/t we have

0= Jl $1(u” + pf(u)) d€ = Fl (@1u+ pf(u) ¢,) d¢

Lo

= [ (et =) pupy

Hence, A,(b) <sup,.;,, &(u(&, b)) <supo<, s g(f). Therefore, by (A-3),
Ai(b)— 0 as b—0. Moreover, {1,(b): be B} is bounded. These two facts
imply the statements of the lemma.

2.8. LeMMA. Assume (A-3). Then

(i) lim,  ,t(b)=0
(i) If B is a bounded set in (0, o), then the set {1(b): be B} is boun-
ded away from &,.

Proof. From (2.3) and (2.4),
b*/2p(1(b)) < Flu, (b)) < F(b¢;),  Vb>0.
By (A-3)

F(f)/IZSf“ftf(S)S"ds—»O as t—0.
0
Consequently

1/p(t(b)) < 2F(bE,)/b> -0 as b—0.

This implies (i). Statement (ii) follows from 2.7(ii) and 2.6.

2.9. LEMMA. Assume (A-1), (A-2). Then

(i) lim, ., 2(6)=¢4,
(it) lim, _, . &(B)=<,.
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Proof. In view of 2.6, statement (ii) follows from (i). To prove (i), sup-
pose there exists a sequence {b,} with b, —> o such that &, —1(b,)>a>0
for all n. Then by (2.6),

u,(b,)=ab,/2, n=1,2,.. (2.10)

Setting g(s} :=f(s)/s,

F(t)>ftv g(s) sds > h(1) - 328

where (1) :=nf,, .., g(s). Hence, by (2.10),
F(u,(b,)) = h(ab,/2) 30>b%/32.
From this inequality and (2.4) we obtain
h(ab,/2) <16/(3a’p(&,)),  n=1,2,..

By (A-2), h(t)—> a0 as (- co. Therefore {b,} must be bounded, in
contradiction to our assumption.

2.10. LeMMA. Assume (A-3). Let E={b>0:¢(y(b)>0} and suppose
that E is not empty. (Note that E is an open set.} If J is a connected
component of E, say (b, b"), then imy, _ .., Cy(b)=0.

Proof. f b’ =0 the result follows from 2.7(i). if 6’ > 0 then (since b' ¢ E)
Egld)=0, so that u(-,h)>0 in (0, ¢,). Now, if the conclusion of the
lemma does not hold, it is easily seen (using 2.7(i1)) that u(-, b") must
vanish at some point in (0, &), thus arriving at a contradiction.

As a consequence of Lemmas 2.7-2.10 we have

2.11. THEOREM. Assuming (A-1), (A-2), (A-3), each of the problems
(1.1), (1.2a) and (1.1), (1.2b) has at least one positive radially symmetric
solution for all R,, Ry such that 0 < R < Ry < 0.

2.12. Remark. An examination of the proof shows that the following
result also holds.

Assume (A-3). Consider problems (1.1), (1.2a) and (1.1), (1.2b). If for
one of these problems it is known that it has a positive, radially symmetric
solution in every annulus 0 < R, < |x| < Ry < 00, then the same is true w.r.t.
the other problem.

For instance, consider the case when the existence result is known for
(1.1), (1.2b). Then there exists a sequence of positive numbers {b,} such
that t(b,) — &, and hence, by 2.6, £o(b,,) — &,. Let £ be as in 2.10 and let J,
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be the connected component of £ which contains b,. Then, since £y() is
continuous on .J,, 2.10 implies that the range of &,(-) over J, contains the
interval (0, &,(b,)). Since &y(b,) — &,, the range of £,(-) over E is (0, &;).

3. ExiSTENCE THEOREMS: PART 11

Here we deal with the existence of positive solutions of problem (1.1),
(1.2¢c). We shall establish the following result.

3.1. THEOREM. Suppose that problem (1.1), (1.2a) has a positive, radially
symmetric solution for every R,, R, such that 0 < R, < Ry < 0. In addition
assume (A-3). Then problem (1.1), (1.2c) has a positive radially symmetric
solution for every R,, R, as above.

3.2. For the proof of the theorem we consider the family of solutions of
the initial value problem

v"+pf(v)=0 for &, <&, o)
(&) =0, V(&) =a, where a>0. ’

Here &, is a positive number that will be kept fixed throughout the present
section. For every a > 0, problem (3.1) has an unique solution v(-, a) whose
maximal domain of definition in (£, o) will be denoted by (&,, &(a)). A
function v is a solution of (3.1) if and only if it satisfies

ré

v(&)=al¢—&o)—| (E—1)p(1) fo(1)) dr. (3.2)

<o
Therefore, if v is a positive solution in some interval (&,, f) we have

v)<al€—4&) in (o, B). (3.3)

Hence if f < oo, the above solution can be extended to the right of S.

If v(-,a) vanishes somewhere in (&, &(a))—which certainly happens
when &(a) < co—we denote by &,(a) the first zero of v(-, a) to the right of
£s- We denote by D the set of points @ > 0 for which &,(a) is defined.

Since »(-, @) is concave in every interval in which it is positive, it is clear
that ae D if and only if there exists a point t,(a) such that v'(z¢(a), a) =0.
This point is unique. By standard results in o.d.c., the set D is open and
&1(+), To(+) are in CY(D).

3.3. LemMA. Under the assumptions of the theorem, there exists a
sequence {a,} in D such that ¢\(a,)— &, and a,(&,(a,)— &y) — .
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Proof. Given &, >¢&, let u=u(é; &y, £,) be a positive solution of the
problem

u"+pof (u)=0 in (&, &),

(3.4)
u(&o) =u(&;)=0.
Denote by 4, =4,(&,, &) the first eigenvalue of the problem
"+ Apd=0 in (&g, &)y
¢ po 05 1) (3.5)
$(&o) = (1) =0.
As in the proof of 2.7 we obtain

Ao, 1) < Sl{pv g(ulg; &y, &4)) (3.6)

where g(t) :=f(t)/t. Since 4,(&,, &;) — oo when &, — £+ and g is bounded
in bounded sets (see (A-3)), we deduce that supy, .- <, u(&; &, &) — oo as
& =&y Choose a sequence (¢,,} such that &,,—&+ and a
corresponding sequence of solutions {u,} of (3.4) (with &, =¢, ). Then, in
view of the previous argument and (3.3), the lemma holds with a,, := u/(&,).

34 LeMMA. Assume that D is not empty. Let (da',a")} be a connected
component of D.

(i) If a'=0 and (A-3) holds or a’ >0, then

lim 1y(a)=co. (3.7)
a—a +0
(i) If a" < oo then
lim <4(a)= 0. 3.7y
a—a"—0

Proof. 1t is easily verified that (3.7) holds when &’ >0 and that (3.7}
holds when a” < o0. Accordingly, we describe only the proof of (3.7) in the
case @’ =0, assuming that (A-3) holds.

Given a number 7> &,, consider the eigenvalue problem

Y +pupy =0 in (&, 1),

(3.8)
Y(&o)=0,  yY'(r)=0.
Suppose that v is a solution of,
)+ =0 in (&,
"+ pf(v) (S0 T) (3.9)

v(£y) =0, v'(t)=0.



332 BANDLE, COFFMAN, AND MARCUS

Let y, = 1 (&, 7) be the first eigenvalue of (3.8). Then, as in 2.7, we obtain

sup  g(v(&)) = (o, 7). (3.10)

ESE S

Now suppose that there exists a sequence {a,} € D such that a, » 0+ and
{to(a,)} is bounded. By (3.3) and the definition of 74(a) we have

sup  v(¢, a)<a(ryla) —&y), YaeD. (3.11)
fosi<E(a)
Hence,
sup v(& a,)—0 as n—o
(Z0.Z1(an))

Therefore, by (3.10) and (A-3),

hm ﬂl(fo: Tl)(an)) = 0

"= 0

But this is impossible when {7,(a,)} is bounded.

3.5. Proof of Theorem 3.1. Let {a,} be as in 3.3 and let J, be the con-
nected component of D containing the point a,. Then, by 3.4 the range of
7o(*) over J, contains the interval (£,(a,), «©) and by 3.3, &,(a,) - &,.
Therefore we conclude that the range of 74(-) is (&,, o) and this implies
the statement of the theorem.

4. EXISTENCE RESULTS: PART III

Suppose that f satisfies (A-1) and (A-3) but not (A-2) and that
g(t) :==f(r)/t is bounded. (4.1)

Then for each of the three problems treated here, there are no positive
radially symmetric solutions in sufficiently thin annuli. This is easily seen
using estimates (3.6) and (3.10).

In this section we consider all three problems, without assuming (A-2),
and prove the following result:

4.1. THEOREM. Suppose that [ satisfies (A-3) and

(A-1)  g(r)= f(2)/t is strictly increasing.

For each of the problems mentioned above, if there exists a positive radially
symmetric solution in a certain annulus 0 < R <|x| < Ry < o0, then such a
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solution exists in every annulus centered at the origin, which contains
R, < |x| <R,.

The theorem is proved through a series of lemmas.

42. LEMMA. Under the assumptions described in 4.1 the following
statements hold.

(1) Problems (1.1Y, (1.2a) and (1.1), (1.2b)’ have positive solutions in
every interval Ey< &< &, with E,€(0, &,].

(1)  Problem (1.1), (1.2¢c) has a positive solution in every interval
Eo<E< & with &, <E,.

Proof. We prove the statement concerning problem (1.1, (1.2a)". The
other statements are proved in a similar way.

Let {u(-,b):5>0} be the family of solutions of (2.1). By assumption
there exists b* such that &y(b*)=¢,. Let E= {b>0:&,(b)>0} and let £*
be the connected component of E which contains o*. E* is an open inter-
val, say, (', 5”). By Lemma 2.10 we have

im &y(b)=0.

b— b+

Since () is continuous on E¥, it follows that its range over E* contains
the interval (0, &, ].

4.3. LemMMA. Let u, and u, be two positive solutions of u" + pg(u) u =0 ir
(Eo, 1) such that uy>u, in (&y, &,). If g satisfies (A-1Y, then the following
situations are impossible:

(1) w(&o)=u (&) =0,
(i) (o) =ui(E,) =0, and u5(&)
(ii1) ) (&o) =ui(&1) =0, and u3(¢,)>0.

Proof. Integration by parts yields

<0,
=0

& &1
| (s —usuy) de = iy — s, (42)
o £o
In view of our assumptions,
Z & .
J, i —wtun) de= [ Lglun) —gla) ] puss dE>0. - (43)
Lo 0

However, in each of the cases (i)—(iii), the right-hand side of (4.2) is non-
positive, thus contradicting (4.3).
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44. LemMA.  Under the assumptions of 4.1, the following statements hold.

(i) Given &> &, there exists £ye(Ey, E\) such that the problems
(L.1Y, (1.2a) or (1.1), (1.2b)’ have positive solutions in the interval (&, &, ).

(ii) Given &y (0, &) there exists & € (&, &,) such that problem (1.1),
(1.2¢)’ has a positive solution in the interval (&,, £1).

Proof. Again we prove statement (i) for problem (1.1), (1.2a)". The
other statements are proved in a similar way.

For 6> 0, let u(-, b) be the solution of (2.1) with &, as previously defined
and let i(-, b) be the solution of (2.1) with ¢, replaced by &,. Denote

a* :=u'(&,, b*) (differentiation w.r.t. &)
with b* as in 4.2. By Proposition 24,
a* = b*. (4.4)

Let Z,(b) be defined as in 2.1 and 7(b) and u,,(b) as in 2.3 w.r.t. 4(-, b). By
Proposition 2.5, lim, _, , @,,(c) = 0. Choose ¢ >0 such that

i, (c)>a*E,. (4.5)
We claim that
&ole) = &o- (46)
Suppose that this is not the case. We define a function v in (£y(c), &) as
follows:
(IO 2 o
where u,, = i1,,(c) and T=17(c). Since u(-, ¢) is concave, we have
@ c)zo(€) in (Ele), &) (4.8)

By (4.5) and the negation of (4.6)
$o+ ¢y « (€1 Co
u( ! )>a <_._2 )

v(&)>v*(E)  in (Lo, &i) (4.9)

Hence,
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where

a*(&—&) in (&, (&1 +E0)/2)
a*(&—&) in (&, +&0)/2, &)

By (4.4) and the concavity of u(-, b*),

(0=

u(g, b*y<o*(€)  in (&, &) (4.10)
Now, by (4.8)-(4.10),
IJ(C‘:, c')>u(',b*) in (609 é])

But, by Lemma 4.3(i) this is impossible. Therefore (4.6) holds and
statement (i) is proved for the problem (1.1), {1.2a)".

5. UNIQUENESS RESULTS: PART 1

It is known that under appropriate conditions on f, Ry, R; problem
(1.1), (1.2a) has at most one positive radially symmetric solution (see
[C1], [Ni], [NN]). For instance, this is the case if f satisfies condition
(A-1Y (see 4.1) and Ry/R, <(N—1)""¥=2 (see [NN, Theorem 1.7]). It
can be shown that a similar result holds for problem (1.1}, (1.2c). A proof
will be given below.

On the other hand, it is known (see [NN, Theorem 1.107) that for
functions f of the form f(f)=t"+e&? (1<p<(N+2)/(N-—2)<g< w,
0 <e¢) problem (1.1), (1.2a) has at least three positive radially symmetric
solutions, provided that (for R, fixed) ¢ and R, are sufficiently small. Tt is
easy to see that the proof of [NN] yields also the same result for problem
(1.1), (1.2¢).

These observations raise the question of a possible relation between
uniqueness for problem (1.1), (1.2a) and (1.1}, (1.2¢). This relation will be
discussed in Section 6.

In contrast to the above, it can be shown that, if f satisfies condition
(A-1Y, problem (1.1), (1.2b) possesses at most one positive radially sym-
metric solution, for all Ry, R,. This uniqueness result was established in
[M7]. We supply here a different proof which yields additional information
on the solutions (see Theorem 5.1 and Lemmas 5.2-5.4).

5.1. THEOREM. Suppose that f satisfies the condition
(A-D)" f(1) =z g(t) =f(1)/1, 0<t < 0,

and the inequality is strict for a sequence t,,— 0. Then problem (1.1), (1.2b)
possesses at most one positive, radially symmetric solution. Further, suppose

505/69/3-4
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that u* (resp. u**) is a solution of this type in the annulus R, <|[x| < R*
(resp. R, <|x|<R**). If R*¥<R** then u**<u* everywhere in
R, <|x| < R*.

Remark. Note that (A-1)' implies (A-1)".

The proof of the theorem is based on several lemmas.

52. LeMMA.  Let {u(-,b):b>0} be the family of solutions of (2.1).
Denote w := 0u/db. Then for every b >0,

w(é, b)>0 forall £e [1(b), ¢y), (5.1)

with 7(b) as in 2.3.

FProof. The function w satisfies the conditions
w(é,,0)=0,  w'(£,b)=-1 (52)

Therefore w(-, b) is positive in some left hand neighborhood of &,. If
w(-, 8)> 0 in the whole interval (£,(b), £,) there is nothing more to prove.
Otherwise, let o =wa(b) denote the largest value in (&4(b), £,) for which
w(-, b) vanishes. We have to show that a(b) < t(b).

Note that w(-, b) satisfies,

w"+ pf (u) w=0 in (o, &) (53)
w(e)=w(&;)=0and w>0 in (o, &) -
for o =a(b). Furthermore, if v = — (du/dé)(-, b),
v+ pf (u)o=pflu)<0 in (1,&)),
(5.4)

v>0 in (Ta él]a
for T=1(b). Now if 7(b) < a(b), (5.3) and (5.4) lead to a contradiction.

5.3. LEMMA. Assume (A-1)". Let w(-, b) be defined as in 5.2 (with b > 0).
Then there exists a point y(b) in (t(b), &,) such that

<0 m (y(6) &)
w'(é b) { =0 for &=9y(b) (5.5)
>0 in [t(b), y(b)).

Proaf. Since w satisfies (5.3) it folows that w is concave in [z{#), £, ].
Therefore it is sufficient to show that w'(z(4), b) > 0.
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In view of (A-1)", (5.1) and (5.3), w =w(-, b) satisfies

w" + pg(u) w<0 in (t(b), &)

. (5.6)
w(f)=0and w>0 in  (7(b), &),

and the first inequality is strict at some points of (z(#), &;). On the other
hand, u = u(-, b) satisfies

u" +pg(u)u=0 in (t(b), &), (57)
u(c)=0,u'(2(6))=0,u>0 in [z(b), &) v
Now (5.6) and (5.7) imply that
0= (uw' —u'w)(&,) > (uw' —u'w)(t(b)) = (uw)(1(b))
and hence w'(z(b), b) > 0.
5.4. LemMa. Let 1(b) and u,,(b) be as in 2.3. Then,
T'(b)>0 in (0, w0) (5.8)
and
u,(b)y>0 in (0, 0) (5.9)

Proof. Since u'(t(b), b) is identically zero in (0, co) we have
u"(t(b), b) T'(b) +w'(t(h), b)=0, Vb >0.
Furthermore, u”(t(b), b) <0 and (by Lemma 5.3) w'(z(b), b) > O for every
b>0. This implies (5.8). Next we have

du;[ib)zd% u(z(b), b)=w(t(b), b))  Vb>0.

In view of Lemma 5.2, this implies (5.9).

5.5. Proof of Theorem 5.1. By 2.3 and (5.8) the function b — t(b) is
strictly monotone increasing in (0, c0). Therefore problem (1.1), (1.2b)
possesses at most one positive solution. This implies the first statement of
the theorem,

Now, consider the family of solutions {u(-, b):b>0} and let b*, b**
be the values of the parameter corresponding to the solutions u*, u**
mentioned in the theorem. Thus, (b*)=R**""/(N—-2) and
t(b**)= R**2-N/(N _2). Since 7(-) is continuous in (0, ) it follows
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that the range of this function contains the interval [7(b**), 7(b*)]. By
(5.8), b** < b* and t(h) < t(b*) for every b e (0, b*). Hence, by Lemma 5.2,

w(é, b)>0  for Vbe[b** b*], VEe [t(b*), £,).

Clearly, this implies the second statement of the theorem.

Next we discuss the uniqueness for thin annuli.

5.6. THEOREM. Let f satisfy (A-1)'. Consider the problem

Au+f(u)=0in R<|x| <R,
N (5.10)
5:0 on |x] =R and  u=0on x| =R,.

If
RZI(N—-1)"VN=D 11 R, (5.11)

then problem (5.10) possesses at most one positive radially symmetric
solution.

Before giving the proof of the theorem, we make some preliminary obser-
vations. In terms of the variable ¢ introduced in Section 1, problem (5.10)
can be rewritten in the form

V() +p(8) f(0(£))=0 in e<i<T
(o) =v'(T) =0,

where :=[(N—2) R¥~2] 'and & =[(N—2) Ry~2]~" If vis a positive
solution of (5.12), it can be extended to an interval [&,, £,] so that the
extension is a positive solution of the equation in (&, £;) and v(¢,)=0.
(The extension will also be denoted by wv.) Further, by [GNN,
Theorem 2], R<(R,+ R,)/2, where R, :=[(N—2)¢&, ] Y¥=2. By the
assumptions of the theorem, R > R,/2 so that R, >2R — R, > 0. Thus,

(5.12)

E < [2F VN g UN=D]2=N = 4. (5.13)
A simple computation shows that (5.11) implies
(E—2&0) p'(&)+2p(£)>0  for &<E<4, (5.14)

with 4 as in (5.13).
We now prove the following lemma, which is an adaptation of a result of
Ni and Nussbaum [NN, Theorem 2.4].
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5.7. LEMMA. Assume (A-1). Consider problem (5.12) and assume that
(with A as in (513)) A>0 and (5.14) holds. Under these assumptions
problem (5.12) possesses at most one positive solution.

Remark. In view of our previous observations, Theorem 5.6 is an
immediate consequence of the lemma.

Proof. Assume that (5.12) has a positive solution. Consider the family
of solutions of problem (3.1), {v(-, a): a>0} and put z := dv/da. Let a* be
such that o(-, a*) solves (5.12) (ie., T=14(a*)) and let &, =¢,(a*). By
(A-1)" and Sturm’s comparison theorem z(¢, a*) vanishes at least once in
{&y, &4). Let y be its first zero greater than &,. Put y=(£—¢;) v". Then

dié (y'z—yz')= —[(E=&o) p'(E) + 2p(E) ] 2f (). (5.15)
By (5.13) the right-hand side of (5.15) is negative in (&g, y). Since
(&) = z(y) =0, integration of (5.15) from & to y yields
—(r—&0) 2'(y) v'(y) <0,
Further, since z'(y) <0, it follows that v'(y) <0 and hence,
y>1 (5.16)
Let we (&g, y) be such that z'(w) =0. We claim that o < . Indeed, using

(A-1) we obtain

0> r) (f(e)—of "(v) pz= r (zv—v"z)di = —v'(w) z(w)

) %
which implies that v'(w)> 0. Thus @ <7 and hence, in view of (5.16),
z'(t9(a*), a*) <. (5.17)
Since v'(tola), a) is identically zero,
0=10"(zo(a), a) to(a) + z'(1o(a), @)
= —p(to(a)) f(v(ro(a), a)) Tola) + 2'(1ola), a),

which together with (5.17) shows that t4(a*) <0.

Now let D be as in 3.2 and denote D(F):=(ae D:14(a)=7}. By the
previous part of the proof tp(a) <0 everywhere in D(%). Consequently,
every connected component of D contains at most one point of D(%).
(Otherwise it would follow that there exists deD(t) with t5(d)>0.)
Furthermore, if J is a bounded, connected component of D, then
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Jn D(T)= . (Otherwise, in view of Lemma 3.4, it would follow that J
contains at least two points of D(%).) Therefore D(T) contains at most one
point, i.e., (5.12) possesses at most one positive solution.

6. UNIQUENESS RESULTS: PART II

The observations mentioned at the beginning of Section 5 and some
heuristic arguments lead us to the following conjecture. Under appropriate
conditions on f (e.g., (1.6)) uniqueness of positive, radially symmetric
solutions for problem (1.1), (1.2a) implies uniqueness in the same sense for
(1.1), (1.2c) and vice-versa.

At present we are able to establish only the first half of this conjecture.
Its proof is the subject of this section.

6.1. Under assumption (1.6) it is known (see [N]) that problem (1.1,
(1.2a)" possesses a positive, variational solution, ie., a solution which also
solves a certain variational problem which is described below. (Without
loss of generality we may and shall assume that f'is an odd function.)

Consider the functional,

HIv] =" (ef(0)~ (o)) pde (6.1)

S0

where 0 < £, < &, < oo, and F is defined as in 2.3. Let K denote the set {v}
of absolutely continuous functions in [, &,] such that (o) =v(&,)=0,
v 1s not identically zero and

[“ode=[" ofiw) pt. (62)

0 <0

The variational problem referred to above is the problem of minimizing H
over K. Nehari has shown that this variational problem has a positive
solution which must also satisfy

v+ p(&) fv)=0 in (&, &)

) ‘ (6.3)
(o) =0(&y) =0.
6.2. Consider the eigenvalue problem
"+ Apf(v)$=0 in (&, ¢))
6.4)

$(&o)=4(£,)=0
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where v is a positive solution of (6.3). Denote by 1, = A.(v; &, &,) the kth
eigenvalue of (6.4). Later on we shall prove,

6.3. LEMMA. Assume (A-1)" (as in 5.1). If v is a variational solution of

(6.3) then
Ax(v; 8o, L) = 1. (6.5}

64. Consider problem (3.1) with £, a fixed positive number. In the
sequel we shall use the notation of Section 3.

Suppose that D is not empty and that 74(a) <O for every ae D. Then, in
view of 3.4, D must be a half line (@', o0). Therefore the strict monotonicity
of 14(-) implies that problem

v"+pf(0)=0 in (&, B)

v(Go=0"(f)=0
has at most one positive solution for every > £,. Thus nonuniqueness is
possible only if 74(a) =0 for some ae D. We shall prove

(6.6}

6.5. LeMMa. Assume (A-1)". Suppose that for some de D, t4(a)=0.
Consider (6.4) with &, =& ,(a) and v=1v(-, @). Then

Ay(v; &, &)< 1. (6.7}

Before we turn to the proof of 6.3, 6.5, let us note that as a consequence
of these two lemmas we obtain the result mentioned at the beginning of the
section, namely,

6.6. THEOREM. Suppose that f satisfies (1.6). If problem (1.1), (1.2a)’ has
an unique positive solution for each &, ¢, €(0, ), then problem (1.1),
(1.2¢cY has the same uniqueness property.

Proof. By Nehari’s result, the unique positive solution of (6.3) is a
variational solution. Therefore (6.5) holds for every positive solution v of
(6.3). On the other hand, if there exists an interval (&,, 8) for which (6.6)
has more than ome positive solution, then by 6.4 the assumptions of
Lemma 6.5 hold and we obtain (6.7) in contradiction to (6.5).

6.7. Proof of Lemma 63. Let A;=i({v;, &) and let ¢,, ¢, be
corresponding eigenfunctions with ¢,>0. Denote: P(&) :=f"(v(&)) p(&).
Using (6.4) with 1,, ¢, and 4,, ¢, we obtain

&
3

[ eraz=a[" grpac,

) . (638)
41 rC1
[“aiprae=1,[" gpoPaz. for i=1,2

£o £o
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Hence,

41 . & s e e
(" g10.pde=[" g1 dc=o.
So o
Therefore if  is a linear combination of ¢,, ¢, it will satisfy

9 <1
j Wt de <zzj W2 PdE.
So So

(6.10)

Next we observe that for every sufficiently small >0, there exists d(¢)
(which depends continuously on ¢ and satisfies 6(0)=0) such that the

function

¢[=5([) ¢, + 19,

satisfies

W +v) f(Y,+0) pdc.

[Fwierya=[
0

50

To verify this statement set
. &1 2 ) .
F6,0):= [ (V2= Vf(V) p) ¢
0

where V =64, + té, + v. Note that, by (6.3), F(0, 0) =0. Further,

20,00= [ 1209~ (f0)+ W) $p] de.
; v

Again by (6.3),
[" pi—ro) g de =0, i=1,2.

Hence,

0.0)=[" (/)= o (o)) dup <0,

(6.11)

(6.12)

(6.13)

by the assumption on f. Thus our statement follows by the implicit function

theorem.
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Next we note that from (6.1), (6.2), (6.12)
AU+ o) = HIV+ | (074 yiv) de
—j (F(0) ¥, + 31" (0) ¥?) pd + O(F).
Hence, by (6.13) and (6.10), (recall that P(&)=f"(v(Z)) p(&))

HIY, + 0]~ HIvl =5 | (47 =1 (0) 42) pdé + ()

N =

1 <1
s {A;—1 2PdE + O(13).
<z U= ] yipde+ o)

Since, by (6.12), ¢, +veK and v is a variational solution, we have
H{v]< H[{,+v]. Therefore, P being positive, we deduce that 1,>1 as
claimed.

6.8. Proof of Lemma 6.5. Denote z(-, a) :=(dv/da)(-, a). Then z(-, a)
satisfies

Z"+pf'(0)z=0 in (&, &y(a))

{(6.14)
7(£0) =0, z'({o) =1
where v =v(-, a). In what follows we set a=a, v(&)=v(¢&, ), z(&)=z(¢, a),
& =¢(a) and 7=14(d). We also denote
p(&):=p(&) gw(8)),  where g(1) = f(2)/t i
(6.15}

P(&):= p(&) f'(v(&)).
By our assumption on f, P(£) > p(£) with strict inequality at some points in
every neighborhood of &, and &,.
Note that
Z{(7)=20. (6.16)
Indeed v'(t4(a), @) =0 for all ae D. Hence,

v"(tola), a) tola) + z'(tola), a) =0, VYae D.

Since t4(d) >0 and v” <0 everywhere in (&,, &,(a)), we obtain (6.16).
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We claim that z must change sign at least once in (&,, 7). Suppose this is
not the case. Then z>0 in (&,, t) so that

2+pz<0  in (&, 1)

(6.17),
2(§o)=0 and  z'(1)=0,
and the first inequality is strict in some subinterval of (&, T).
On the other hand,
v"+pv=0 in (&, 1)
(6.17),

v(£o)='(r)=0.

Since both v and z are positive in (&,, ), (6.17); and (6.17), lead to a con-
tradiction.

Next we observe that z' must vanish at least twice in (&,, t]. This follows
from the previous statement and the fact that z'(&,) =1, z'(z) > 0.

Now we claim that z must vanish at least twice in (&,, &;). Suppose that
this is not the case. Then, in view of the previous statements, z <0 and
z'>0in (z, &,). Therefore = —z satisfies

24+ P5=0, F>0and 2 <0 in (1, &)
while

V+pr=0in (1, &) and  v(1)=0(,) =0,

In view of the relation between p and P this again leads to a contradiction.

Denote by ¢ the second zero of z to the right of £,. Then z is an eigen-
function of the problem

Y+ APy =0 in (&, <)
W(&o)=w(5)=0

corresponding to the eigenvalue 4 =1 and this is the second eigenvalue of
the problem. Since & < ¢,, the monotonicity of eigenvalues with respect to
the domain implies (6.7). This completes the proof of the lemma.
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