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1. INTRODUCTION

The well known formula
PB4+22 4. +k=(k(k+1)/2)?

shows in particular that the sum of the first k£ consecutive cubes is in fact a
square. A lot of related diophantine problems have been studied. For instance,
Stroeker [Str] considered the question, for which integers m > 1 one can find
non-trivial solutions of m* + (m+ 1)* + ... + (m+ k — 1)’ = £2 In particular
he found all solutions with 1 < m < 51 and with m = 98. Several authors con-
sidered the question of finding sums of consecutive squares which are them-
selves squares; see, e.g., [P-R] and references given there. In our paper [K-T] we
considered this problem from a geometric point of view by exploiting a con-
nection between solutions and rational points on the rational elliptic surface
given by 6y2 = (x3 - x) — (3 ~1).
Here we present a similar treatment of the equation

(1) mPm+1P+m+2> P+ +m+k-11 =0

It turns out that (1.1) determines a so-called singular K3 surface. Although our
emphasis will be on geometric and arithmetic algebraic properties of this sur-
face, we will note some consequences for the diophantine equation. In partic-
ular, we show that infinitely many non-trivial solutions exist; a result that was
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already known to C. Pagliani in 1829/30. Pagliani’s solutions can be regarded
as points on a rational curve in the K3 surface.
By putting

(1.2) x=k, y=2m+k-1, z =2l
the equation eq.mkl becomes
(1.3)  xp(x*+y2—1) =z

This equation (1.3) determines an algebraic surface in the affine space A3. We
consider the projective model of it, given by

So:{(X:Y:Z:W)| XY(X2+Y2-W?)=2Z3W)cP.

This surface has some singular points. Denote by S the minimal non-singular
model of So. We will show that the surface S is a K3 surface whose Picard
number is 20, which is maximal for a K3 surface defined over a field of char-
acteristic 0. Such K3 surfaces with maximal Picard number have been classified
by Shioda and Inose [S-I].

In sections 2 and 3 we study geometric properties of the surface S. We con-
struct some elliptic fibrations on it and determine the Néron-Severi group of S.
Moreover, we find the Shioda-Inose class of this surface. It turns out that he
elliptic fibrations we construct, do not have sections which would produce in-
finitely many non-trivial solutions to the original diophantine equation. In
section 4 we describe a base change of one of the elliptic pencils. Using this, we
do find infinitely many non-trivial solutions to (1.1). It turns out that precisely
the same solutions already appeared in 1829/30 in work of C. Pagliani.

Section 5 gives a description of the surface S and the base change we present, in
terms of the product of two curves. This is used in section 6 to determine the
Hasse-Weil zeta function of S over Q.

2. ELEMENTARY PROPERTIES OF Sy

2.1. Symmetry

The original diophantine problem asks for solutions to (1.1) in positive integers.
This restriction, however, is not an essential one. For example, (m, k,/) =
(—2,8,6) is a solution to eqmkl. Then, observing

(=2 + (-1’ + 03+ 1P+ 23433 +43 4 5% =63,
0

we find another solution (m,k,/) = (3,3,6) corresponding to 3%+ 43 + 53 =
63. This reflects an instance of the action of a certain group of symmetries on
the set of solutions; one can always find a nonnegative solution in the orbit of a
solution. These symmetries are conveniently described in terms of the co-
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ordinates introduced in (1.2). There are obvious involutions acting on (1.3),
namely

Ty (xayvz)'—“’(_x,.% _Z)v
T2 : (xayiz)"—')(xv—y; _Z)a
T3 (x,y,z)»——»(y,x,z).

These involutions generate a group of order 8, which is isomorphic to the di-
hedral group D4. The symmetry may be seen clearly in Figure 1.

Figure 1

6
It is easy to see that (m, k, /) is an integral solution to (1.1) if and only if (x, y, z)
is an integral solution to (1.3) such that x and y have different parity.

The surface Sy admits another automorphism given by

T4 : (xayvz)H (X,J’»wz)a

where w is a primitive third root of unity. We see that 4 commutes with 71, 75
and 73, and thus 7y, ..., 74 forms a group isomorphic to D4 x C3, where C3 is
the cyclic group of order 3. It is not difficult to see that these are the only auto-
morphisms of Sy induced from those of P>,

2.2. Singularities
The surface Sy has the following five singular points
(X:Y:Z:W)y=0:0:0:1), (£1:0:0:1), (0:£1:0:1),

all of whom are rational double points. These are the only singularities of So.
Hence by the following result one concludes that the minimal non-singular
model S of Sy is a K3 surface.

Proposition 2.1. [P-T-vdV, Proposition 2.1] Any surface which is the minimal
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resolution of singularities of a surface given by a degree four equation in projective
3-space with at most rational double points as singularities, is a K3 surface.

Note that all of the singularities of Sy are of type 45, and thus the fibre of
S — Sy above each singular point consists of two rational curves. This can be
seen directly, but it also follows from the results in the next section since the
resolution of singularities is built-in in Tate’s algorithm for determining the
singular fibers of an elliptic pencil.

2.3. Lines contained in S

The surface Sy contains the following lines:

&:{Xzo 32:{}’:0 [3:{,\’:0
Z=0 Z=0 Ww=0
&:{Yzo 55:{X=1Y &,:{X:—IY
w=0 Ww=0 W=0
X=W X=W X=w
17 lg b : 2
Y=2 Y =wZ Y =w"Z
oo X=-W . X=-w o - X=-W
WYy g My - w7 127 y = _27
P Y=W i Y=W I Y=w
By oz 45\ y Wz LR
I Y=-W r Y=-W fre - Y=-W
" lx=-2z X = —wz Bilx = -z
The group of symmetries generated by {7,..., 74} acts on this set of lines. It

divides the set into four orbits: {£, #2}, {¢3, €4}, {¢s,¢s} and {£7, ..., €1g}. With
the aid of the description of the Néron-Severi group of S in terms of an elliptic
fibration, one can in fact show that these are the only lines contained in Sy.
However, we will not need this in the sequel.

3. ELLIPTIC FIBRATIONS ON S AND THE NERON-SEVERI GROUP

By regarding y as a constant in (1.3), one obtains a plane cubic curve in the xz-
plane. It is easy to see that these cubic curves are nonsingular except for finitely
many values of y. This implies that the map Sy — A! given by (x,y, z)—y de-
termines an elliptic fibration €, : § — P!. Moreover, since (x,z) = (0,0) is a
rational point on each fiber, £, admits a section oy : P' — S, which we desig-
nate as the 0-section.

Let 1 be the generic point of the base curve P!, and let E, be the fiber of ¢, at .
This is nothing but the curve defined over Q(r) obtained by replacing y by ¢ in
(1.3). Using the change of variables
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the curve E, can be written in the Weierstrass form
(34) E,: yr=xi-t*(?-1)

The bad fibers of the fibration ¢ are easily determined using Tate’s algorithm.
They are given in the table below. Here, we denote by m, (resp. m ﬁl)) the number
of irreducible (resp. simple) components in the fiber of E, at ¢, and we denote by
x the (topological) Euler number of the bad fiber.

)

t Kodairatype x m my Group
structure
0 v+ g8 7 3 G, x 2/3Z
+1 Iy 6 5 4 Gux (Z)22)
s 1A% 4 3 3 G, xZ/3Z

Here group structure means the structure of a special fiber of the Néron model
of E,/C(t). In order to determine the Néron-Severi group of S¢ = § xg C, we
need to determine the Mordell-Weil group E,{C(z)). We observe that the image

of the lines ¢;,...,£s in S are components of bad fibers. It turns out that the
lines 47, ..., ¢13 determine sections of ;. For example, ¢7 is transformed to the
section

o1 = (£3(? — 1), 2(12 = 1)%).

Note that this corresponds to the trivial parametric solution
(m,k,1) = (m,0,m) to the original equation (1.1). Since the curve E,/C(¢) has
complex multiplication by (}(w), we see that

[Wlor = (wr?(e? = 1),2%(£2 = 1)%).
is also a section. It corresponds to the line 45 in S.

Proposition 3.1.

1. The Mordell-Weil group E,(C(r)) is isomorphic to Z & Z, and it is gen-
erated by o1 and [w]o;.

2 The Mordell-Weil lattice of E, over C(t) is isomorphic to A3, the dual lattice
of the root lattice A,.

3 The surface S is a singular K3 surface. The determinant of its Néron-Severi
lattice is —48.

Recall that the Mordell-Weil lattice in the sense of Shioda [Shi] of an elliptic
surface with section consists of the Mordell-Weil group modulo torsion of its
generic fiber, together with twice the canonical height pairing on it. Also, a K3
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surface in characteristic zero is called singular (or exceptional) if its Néron-
Severi group has the maximal rank, which is 20.

Proof. We first determine the torsion subgroup E,(C(?)),,,- It is known that
the specialization map EX(C(1))ops — ET(C) for any 1 € C is always injective
even when the fiber is a bad fiber (see [M-P, Lemma 1.1 (b)]); here E}(C(z)) de-
notes the subgroup of E.(C(r)) consisting of all points which specialize to
smooth points in E/,(C). Moreover, the notation E/*(C) is used for the group
of smooth points in £, (C), which is also the connected component of zero of
the fiber over ¢y in the Néron model of E,. Considering the table of bad fibers
above, one observes that E,(C(t)),,,, is a subgroup of both C x Z/3Z and
C x (Z/2Z)*. This implies that E,(C(2)),, is trivial.

Since o 1s not the zero section, we conclude that it has infinite order. Also,
since the Mordell-Weil group is in fact a module over End(E,) = Z[w], it follows
that o} and [w]o; are independent.

The rank of the Néron-Severi group of S and the rank of the Mordell-Weil
group are related by the Shioda-Tate formula, which says that

rank NS(S) =2+ > (m, — 1) + rank E,(C(z)).

From the calculation of the bad fibers and the fact that rank NS(S) < 20 one
concludes that the rank of E,(C(¢)} is at most 2, hence equal to 2. It follows that
the rank of NS(S) is 20 and therefore S is a singular K3 surface.

Next we compute the canonical height pairing for {o;, [w]o;}. This is easily
done using [Kuw], and one finds the matrix

(1)

This shows again that oy and [w]o; are linearly independent. We use the com-
putation to conclude that {o}, [w]o;} generates the Mordell-Weil group. If the
Mordell-Weil group E,(C(z)) would be strictly larger than the group generated
by o1 and [w]oy, then E,{C(¢)) must contain an element whose canonical height
is less than 1/3. However, the a priori lower bound for the canonical height
calculated by using the method of [Kuw] is 1/3 in the present case. Hence o}
and [w]o; generate E(C(z)).

Let us denote by MW the Mordell-Weil lattice of E; in the sense of Shioda
[Shi]. The pairing on M W is given by twice the canonical height pairing; i.e., it
is given by the matrix

(45)

Hence, MW is isomorphic to 43, and we have

A= W=
W= ==

Wil Lot
W af—

O] 3.4.4.3-1
|det Ns(s)| = LLme |t M| g
‘EI(C(t))tors' 1
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Since by the Hodge index theorem det NS(S) is negative, one concludes that
det NS(S) = —-48. O

According to the classification of Shioda-Ipose [S-I], there are four non-
isomorphic singular K3 surfaces whose Néron-Severi lattices have determinant
—48. The transcendental lattice of such a surface is isomorphic to one of the
lattices given by the Gram matrices

) o) G4 ()

Proposition 3.2. The surface S is isomorphic over Q(i, w) to the quartic surface in
P? defined by the equation S': X'(X'*+ Y3 =2Z'(Z"*+ W"). As a con-
sequence, S corresponds to the matrix (j ‘;) in the Shioda-Inose classification.

Proof. Consider the family of planes passing through the line £5. The intersec-
tion of Sy and a plane in this family is £5 and a plane cubic curve. This yields
another elliptic fibration &, : S — P'. Setting t = W/(X —iY) and using a
standard algorithm we can convert the fiber at the generic point to the Weier-
strass form

Y2 =x3— 43202t = 1 (1 + D2+ 1),

where the transformation is given by

X = 72v/31(12 + 1)%, Y = 3y-36V=3:(t* - 1),
Z=—6V-3(12+1)x, W= —t(3iy—36V3t(z2 +3)(¢2 + 1)).

This fibration has six fibers of type IV at ¢t = 0, +1, +i, co. The same fibration
can be obtained by starting from the surface S’ given by

X/(X/3 + YI3) — Z/(ZI3 + W/3).
Namely, with 1 = Z'/X’, using the transformation

X' = 22(t* + Dy — ex? +1203x — 721(¢* - 1)?,

Y' = =2Q2t% = Dy +tx? ~ 1263(¢* ~ Dx + 72t(¢* - 1),
Z' = t( =20t + 1)y — tx? 4+ 120%x — 721(t* — 1)%),
W' = 2t(t* = 2)y + 12x2 + 12(¢* — D)x — 72¢5(¢* - 1),

one finds exactly the same Weierstrass equation. Since S’ is nonsingular and
minimal, we conclude that S and S’ are isomorphic.
A result of Inose [Ino] shows that S’ corresponds to the matrix (

) in the
Shioda-Inose classification. This proves the assertion. [

8 4
48

Remark 3.3. The Shioda-Tate formula shows that the Mordell-Weil rank of the
fibration &, is 20 — 2 — 6 x 2 = 6. However, since the transformation from the
(X,Y,Z, W)-coordinates to the affine (x, y, t)-coordinates used here is not de-
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fined over Q, one cannot expect sections of &; to correspond to solutions to our
original diophantine problem.
4. A POLYNOMIAL SOLUTION AND A BASE CHANGE

From Proposition 3.1 one deduces that E,(Q(¢)) is generated by ;. A simple
calculation shows that

2oy = (%tz(tz + 8), %tz(t“ —201% - 8))

is a polynomial solution to (3.4), but this does not correspond to a polynomial
solution to (1.3), as we have

(x.2) = 8(12 -1 212 +8)(12 - 1)
T\ =202 -8 14202 -8

Since [3]o1, [4]oi, etc., do not yield a polynomial solution to (1.3), we suspect
that the elliptic fibration E, gives no non-trivial parametric solutions to the
original question. In fact, we can prove the following by an elementary argu-
ment.

Proposition 4.1. The only polynomial solutions of the form (f(t),t,g(t)) to the
equation (1.3) are (£1,1,1).

Proof. Suppose that a polynomial p(¢) which is relatively prime to
t(t — 1)(¢ + 1) divides f(). Since p(t) does not divide 1f(1)* + 12 — 1), its cube
p(1)* divides f(f). Thus, we may write f(£)= (- 1)%(t+ 1)f(t)’
(0 < a, 8,7 < 2). Since f3(t) divides g(z), we write g(f) = fo(t)go(t). The poly-
nomials f5(¢) and go(¢) satisfy the equation

2l = D+ DY RO+ e - 1D e+ 1) = go(2).

The degree of the left hand side is max{3(a+8+7) +6degfo+ 1,0+ 0
+7 + 3}, but this equals 3(a + 8+ ) + 6deg fo + 1 exceptinthecasea = 3 =
v = deg fo = 0. Since the degree of the right hand side is a multiple of 3, the
degree of the left hand side cannot equal 3(a + 8 + ) + 6deg fo + 1. Thus, we
have a = 8 =7 = deg fp = 0. In other words f5(¢) must be a constant and the
only possibilities for this constant are £1, which lead to the solutions (1,1, ¢).

Observe that if we set £ =u> in (3.4), then we find a solution given as
(x1,y1) = (u*(u® — 1),0). This is a 2-torsion section of the elliptic surface cor-
responding to

2 2,6 3
yi=x] —u?@® -1y
Setting y; = y;/u® and x; = x; /u®, a minimal Weierstrass equation

Ey:iyi=uxy— (@ =1)
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is obtained. Let 7 be the above torsion section and let o} be the section of E;,
coming from o;. We have that

r=w®-1,0)
o) = (W@’ ~ 1), @ - 1)?),

and
toi + 7= (W +2)@* +u? + 1), F3u* +u? + 1)).

The latter sections correspond to

1
X = :tg(uz—l)z
y =
z = i%u(uz—l)(u2+2).

as solutions to the equation (1.3). Taking the positive sign, and interchanging x
and y, one obtains the following solution to (1.1):

m =%(u—l)(u3—2u2—4u—4)
k =d°

[ = éu(u2 - D(u?+2).

For integer values of u not divisible by 3, the m, k and [ given above become
integers. Thus, possibly after using the symmetries mentioned in section 2.1,
they give (infinitely many nontrivial) solutions to the original diophantine
problem. For instance, u = 2 leads to the solution 3* 4+ 43 + 53 = 63, It should
be remarked here that this parametric solutions is in fact very old: according to
[Di, p. 582] it already appeared in a paper by C. Pagliani which was published in
1829-1830.

Using a computer we found that (1.3) has precisely 32 solutions in integers
0 < y < x < 108. Of these, 15 (almost half of them!) correspond to values of u
as above.

5. FURTHER PROPERTIES OF S

We will now study the geometry and arithmetic of the surface S a bit more
closely. To this end, the elliptic fibration E, and the base change E,, will be used.
Denote by E~ the elliptic curve over Q corresponding to the Weierstrass
equation y? = x? — 1. Also, define a curve C over Q by s2 = u® — 1. Note that C
is hyperelliptic and of genus 2. The hyperelliptic involution on C will be written
as ¢; by definition ¢(u, s) = (u, —s). Using the map [—1] on E~ as well, one ob-
tains an involution (¢ x [—1]} on the product C x E~.

Proposition 5.1. With notations as introduced above, the quotient (C x E~)/
(¢ x [—1]) is birationally isomorphic over Q to E].
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Proof. The function field of C x E~ over Q is Q(u, x)[s, y] (with the relations
y?=x%—1and s? = 4% — 1). The function field of the quotient by ¢ x [—1] is
the subfield of all functions invariant under (u, x, s, y) — (4, x, —s, —y). Over Q,
these invariants are generated by u, X’ = s?x and Y’ = 53y. The relation be-
tween these is ¥'2 = X’3 — (u% — 1), so one finds precisely the function field of
E)overQ. [

Using a primitive cube root of unity w € Q one defines [w] € Aut(E~) by
[w](x,y) = (wx,y). Similarly we take ¢ € Aut(C) given by ¢(u,s) = (w?u,s).
Note that [w] and ¢ are not defined over @, but the finite groups of auto-
morphisms they generate is. As a consequence, a quotient such as
(Cx E7)/{tx[-1],¢ x [w]) is defined over Q.

Proposition 5.2. The surface S, or equivalently its elliptic fibration E,, is bi-
rationally isomorphic over Qto (C x E7)/{t X [~1], ¢ x {w]}.

Proof. Consider the surjection E, — E, given by
(u, X', Y ) (4, X, Y) = (u®,u* X", ubY").

This is in fact the quotient map for the group of automorphisms on E, gener-
ated by (u, X', Y')—(w?u,wX', Y'). This generator can be lifted to the auto-
morphism ¢ x [w] on C x E~. Using proposition 5.1 above now finishes the
proof. []

In the next section it will be explained how the above description allows one to
compute the number of [F,»-rational points on the reduction S mod p in an easy
way. As a preparation to that, we now consider the second cohomology group
H?(S) = H*(S,C). The cycle class map allows one to view the Néron-Severi
group of S as a part of H2(S; it generates a linear subspace of dimension 20 in
our case. The orthogonal complement (with respect to cup product) of this will
be denoted H2(S). In terms of the Hodge decomposition of H2(S), since Sis a
singular K3 surface, one has H2(S) = H>%(S) ® H*%(S) in the present situa-
tion. Using the relation between S and C x E~ explained above, one regards
H?2(S) as the subspace of H2(C x E~) on which ¢ x [—1] and ¢ x [w] act trivi-
ally. Since the Kiinneth components H?(C) ® H%(E~) and H*(C) @ H*(E™)
of H%(C x E~) are algebraic, this means that H2(S) can be seen as a subspace
of HY(C)® H'(E).

Note that the latter tensor product has dimension 8. To understand it even
better we introduce the elliptic curve E*, defined over Q by the equation
n?=¢34+1. One has a morphism m : C — E*, given by m(u,s) =
(¢ = —u2,p=su"?). The global differential given by d¢/7 is pulled back to
2(du/s) under ;. Hence it follows that under the pull back map =, the space
H'(E™) is mapped to the —1-eigenspace in H!(C) for the automorphism 1
given by ¥(u,s) = (—u,s). Similarly, using my : C — E~ given by m(u,s) =
(x = u?,y = 5) one computes 7, (dx/y) = 2u(du/s) and concludes that 7} maps
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H'(E~) to the +1-eigenspace in H'(C) for ¢. Hence using (m x m)" one
identifies

HY(C)®@HYE" )= (HY(EY)®HYE )@ (H(E")® H'(E7)).

We claim that under this identification, the subspace H2(S) coincides with the
transcendental part H2(E* x E~) inside H'(E*) ® H'(E ™). To see this, note
that the latter transcendental part is generated by the holomorphic form
(d¢/n) ® (dx/y) and its anti-holomorphic complex conjugate. Using ={, this
holomorphic form corresponds to 2(du/s) ® (dx/y), which is invariant under
both ¢ x [—1] and ¢ x [], hence it (and its complex conjugate) is in HZ(S).
Since this space is 2-dimensional, the claim is proven.

Remark. The proofs provided in this section in fact describe an inclusion of
function fields Q(C x E~) D Q(E]) D Q(E,). It is easily verified that the com-
position of these inclusions corresponds to the finite (in fact, cyclic of degree 6)
map ¢ : C x E~ — E, = S which assigns to a point (u,s), (xo,y0) € C x E~
the point with coordinates x = s/yp,y = 4>,z = usxo/yo on S. The cyclic group
of order 6 for which we take the quotient here, turns out to have precisely 16
orbits in C x E ~ consisting of less than 6 points. Blowing up the quotient sin-
gularities obtained in this way, yields 16 (independent) elements in the Néron-
Severi group of S. In fact this provides an alternative way to see that S has
Néron-Severi rank 20: One can lift the 4 generators of the Néron-Severi group
of E- x E~ to cycles in C x E~, and push them forward to S. In this way 20
independent elements are obtained, as follows immediately by computing their
intersection numbers.

As a final remark, consider the morphism C — E~ given by P— m(P)+
(0, 1). The graph of this morphism defines a curve in C x E~, and the image in
E, of this curve under % is precisely the ‘polynomial section’ described by Pa-
gliani in 1829/30 and by us in the previous section.

6. COUNTING POINTS ON S OVER FINITE FIELDS

Since S is a singular K3 surface, one knows from [S-I] that for sufficiently large
extensions K of the finite prime field F, one can describe the number of K-ra-
tional points on the reduction of S in terms of a Hecke character. However, it is
not easy to describe, for which field extensions K their result gives the number
of points. For the present example, we present a Hecke character which gives
the number of rational points over a/l finite fields. Although this does not seem
to have an immediate relation to the problem of sums of consecutive cubes, it is
included here because it is an interesting and nontrivial problem for singular
K3’s over number ficlds in general, and not many interesting examples where
this has been done have been published. One may note that the present case
turns out to be much simpler than, e.g., the example described in [P-T-vdV].
To compute the number of points on S over finite fields, the £-adic cohomol-
ogy groups H' = H'(Sg, Q) are used. These spaces are Gg = Gal(Q/Q)-
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modules. One knows H®=~Q, with the trivial Galois action and
H* = Qy(-2), which means that H*is a Q,-vector space of dimension 1 and a
Frobenius element o, € Gg at a prime p acts on it by multiplication by p2
Furthermore, since S is an elliptic surface with base P' it follows that
H' = H? = (0). Given a Frobenius element o, € Gg at a ‘good’ prime p # £ (in
our situation ‘good’ means that one of the equations defining S gives a X3 sur-
face over F, as well; this happens when p # 2, 3), the number of points over [F,»
on the reduction mod p of S is given by the Lefschetz trace formula

4 . .
Eﬁ (—1)' trace(o|H' (S5, Qe)) = 1 +p*" + trace(o)| H(Sg, Qo).

We will make this explicit by studying H*(Sg, Q).

There exists a Gg-equivariant cycle class map which injects the Néron-Severi
group of S into H?*(Sx, Q¢(1)), which is the same space H?2 but with a different
Galois action: o, acts on H*(Sg, Qy) exactly as po, does on H2(Sg, Q.(1)).
Write Hazlg. for the subspace of H 2(5'7@: Q;) generated by the Néron-Severi
group, and Ht"; for the orthogonal complement. Both spaces are Gg-invariant,
and of course

trace(o) | H*(Sg, Q1)) = trace(o)|HJ,) + trace(o] |HL).
Proposition 6.1. For p # 2,3, prime and o, € Gg a Frobenius element at p, one
has

trace(a;}IHazlg) =16p" + 3(?) "+ (—;—é) p-.

Proof. By what is said above, it suffices to compute the action of a Frobenius
element g, on a set of generators of the Néron-Severi group. Using the elliptic
fibration E,, we study such generators.

Firstly, there are the zero section and a fiber. On each of these o, acts trivi-
ally, so they contribute p” + p” = 2p” to our trace.

Next we consider the sections o1 and [w]o;. Note that since o + [w]o1+
[@oy =0 in the group law, it follows that ¢,([w]o1) = —0o) — [w]oy in case
((=3/p)) = —1. On the other hand, o) is fixed under every element of Gq. So it
follows that these two sections contribute (1 + (—3/p)")p" to the trace.

It remains to compute the contributions from the irreducible components of
the singular fibers, which do not meet the zero section. These fibers are over
t =0, t= =1 and ¢t = o0o. Over t = 0, the fibre is of type IVV'* and all its compo-
nents turn out to be rational. Hence they contribute 6p” to our trace.

Over 1 = +1 one finds fibers of type I;. Of the components not meeting the
zero section, one is always rational, With T a coordinate on this one, the other
three meet it in points satisfying T3 — (+2)* = 0. Hence two of them are inter-
changed by Gal(Q(w)/Q) and the third one is rational. This means that one
obtains
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from these fibers to the trace.

To study the fiber over ¢ = oo, one changes coordinates using y = t %y, % =
t~4xand s = ¢t 1. The elliptic fibration E, is then given by 3% = X*— s2(1 — s2)*,
Over t = oo, which corresponds to s = 0, one finds a fiber of type I'V. The two
components not meeting the zero section are interchanged by Gal(Q(7)/Q).
Hence they add (1 + ((—4/p))" )p" to the trace.

Summing all contributions now proves the proposition. []

The Gg-space H?2 will be our next object to study. Recall that we already
showed it is related to HZ(Ag, Q) in which 4 = E* x E~. In fact, this was
only done for complex cohomology, but using a comparison theorem and no-
ting that the morphisms C x E~ — Sand C — E¥ x E~ we used are defined
over Q, the same holds for #adic cochomology. So one concludes
trace(o;'|H,}) = trace(oy |H;(4g, Qr)).

It is relatively standard how this latter trace is computed, as will be explained
now.

It has been shown that #2 C H'(E*) ® H'(E~). This Kiinneth component
in f-adic cohomology is Gg-invariant, for instance because its orthogonal
complement, which is generated by the cycle classes of {0} x £~ and
E* x {0}, obviously is. Note that Z[w| is the endomorphism ring of both
E*,E~, and all these endomorphisms are defined over Q(w). Hence the 2-di-
mensional Q,-vector spaces H'(E*) are in fact free rank 1 modules over
Q¢ ® Z{w). In particular, this means that when we restrict the Galois action to
Gow) = Gal(Q/Q(w)), then it becomes abelian, i.e., it factors over the Galois
group of the maximal abelian extension of Q{w). By class field theory this im-
plies that our actions on H'(E*) are given by Hecke characters, which will be
denoted x ™, x ~, respectively. These characters will now be described.

Write K = Q(w). The Hecke characters x* can be thought of as products
[1, x* in which the product is taken over all places of K (including the infinite
one). Here y, is a multiplicative character; for v = oo it is given by

(S

XL 1 C"—C* @z

For finite places one has x* : K — Q(w)". These characters have the prop-
erty that for a place v not dividing (2) or (3), and v corresponding to a (princi-
pal) prime ideal () of norm g in Z[w], one has that x sends any uniformizing
element of K, to the generator of (w) which as an element of the endomorphism
ring of E¥ gives after reduction modulo () the gth power endomorphism. In
particular, for such v one has that x* is 1 on all elements of K, which have
valuation 0. If o, € Gg is a Frobenius element at a prime p # 2,3, then (for n
non-zero)
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trace(a{f"{H‘(Ei)) =3 xE(m),
vlp

in which 7, € K, is any uniformizing element and where f, is the degree of the
extension K,,/Q,. Moreover, trace(o,"||H ' (E*)) = 0 when f, does not divide m.

An explicit description of the x* now boils down to finding the gth power
endomorphism on E* over [,. In case p # 2 is a prime number = 2 mod 3, the
square of the pth power map has to be considered, and this equals [—p] as en-
domorphism (the reduction of both E ¥, E~ is supersingular in this case). When
p = 1 mod 3, both primes above p in Z[w] are primes of ordinary reduction for
E*. So here the full endomorphism ring in characteristic p is Z{w}, and we have
to find out which element the pth power map corresponds to. Firstly, this map
has degree p, so we look for an element of norm p. Next, the map is inseparable,
so we want an element whose reduction modulo the prime of Z[w] under con-
sideration is 0. This implies we want a generator = of the prime ideal under
consideration. To find out which generator, consider some torsion points on
E*. Note that since p = 1 mod 3, all the 2-torsion points on both E¥ are ra-
tional over F,. Hence the pth power map ~ fixes the 2-torsion, which implies
that 2|(m — 1). Moreover, both [w] and [@] act the same way (in fact, act trivially)
on the points with x— or £&-coordinate 0. Hence these points are in the kernel of
[w — @] = [VV=3]. This map has degree 3, so we found all the [v/~3]-torsion. On
E™, these points are F,-rational, so it follows 7 = 1 mod 2v/=3in this case. This
determines 7. For E~, the pth power map acts as [+1] on the [v/—3]-torsion
when p = 1 mod 12, so in this case again = is determined by 7 = 1 mod 2v/-3.
However, when p = 7mod 12 then the pth power map acts as [—1] on the
[v/=3]-torsion, hence 7 is determined by 7 = —1 mod 2v/=3.

For completeness, and to allow us to relate thr to a modular form later on,
we also describe the x* for v|(2)(3). These can be found using that
1, xu(x) = 1, where x € Q(w) and where the product is over all places v of
Q(w). Furthermore, the local units Z,[w]* and Z3[w]" are known to have finite
image, hence we know that this image has to be inside the 6th roots of unity. So
in particular all sufficiently small subgroups 1+2"Z,[w] resp.
1+ (vV/=3)"Z3[w], which consist of only 6th powers, are mapped to 1. Since
there is only one prime above each of (2), (3), we denote the associated local
characters by x§ and x ¥ respectively. One computes:

1 For p = 3 one identifies

Z3[w)* /1 + (V=3) = (Zsw]/V—3)" = (Z2/32)" = {£1}.

Then both x; and x5 are trivial on 1+ (v—3), and on Zs3[w]" they are given
using the identification above. Next, x§(v'-3) = v-3.
2 For p = 2, identify

2w /14 (2) = (Zy[w]/2)" = {1,w,B}.

Then x, is trivial on 1 + 2Z5[w], and it is given by this identification on Z,{w]".
Moreover, x,; (2) = —2.
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The character x5 turns out to be trivial on 1+ 4Z5[w], and on Z[u]" it is
given by

X5 () = (1) D2 ()
Finally, x5 (2) = -2.

From the discussion above it is clear that the restriction to Gg,) of the Gg-
representation H2(A) is given by the product x = x *x ~. Namely, over Q(w, i)
one finds two copies of Gq, -representation in H'(E*) ® H'(E ™), corres-
ponding to the graph of an isomorphism between these elliptic curves, and the
composition of that graph with [w]. These representations correspond to the
Hecke character (in fact, Dirichlet character) x*x—. Hence the remaining
transcendental part corresponds to x.

The explicit description of x* shows that x; is in fact trivial on the units
Z3[w]”. In fact, one computes that x is a Hecke character of conductor (2)4.
Since such Hecke characters are well known to be intimately related to modular
forms, one concludes using e.g. [Top, Theorem 2.4.2] that the L-series attached
to H2, which equals

Lis,x)= 1] (1- Xlﬂ(ﬂv)N;S“)“la
v finite
v#E2
is in fact the L-series of a cusp form of weight 3 and character (=2) for I'o(48).

If one works out the correspondence between this cusp form f and the L-

series in more detail, one finds that f is given by the g-expansion

1 —

3 > (m+ nw)xz(n + mw) ’q”’z"””*‘”z‘
mnelZ

{m.n) # (0,0) mod 2

Hence one finds

f=q+3¢> =297 +9¢° — 224" - 264"° — 64 +25¢%°
+27¢% + 46¢°" +26¢°7 — 66¢°° +22¢*° — 45¢%° ...
It was pointed out to us by Ken Ono that this cusp form has the following des-
cription. Denote by 7(z) the Dedekind eta-function, i.e., the function given by

n(z) = e2m#/24 ], . (1 — e*™%). Using the famous transformation rules for 7 it
is not hard to verify that

_ n(12z)°n(4z)’
8 = (e n(8zy n 24y

is a modular form of weight 3 and character (=3) for I')(48) as well. Comparing
coefficients in fact shows that f = g, hence our L-series is the one associated
with this product of eta-functions.

The above discussion allows one to compute the number of points on the
somewhat abstractly defined variety S over finite fields, However, since it is a
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purely combinatorial matter (compare[vG-T]) to describe the difference be-
tween S(F,«) and the set {(1,x,) € FO) | y2 = x3 — 1412 = 1)*} we will for ex-
plicitness state the final result of the above discussion in terms of this explicit
equation.

Theorem 6.2. Supposep > Sisa frlme number andn > 0 an integer. The number
N(p,n) of solutions (t,x,y) € IF 10 the equation y? = x3 — t4(12 — 1)} is given
by

N(p,n) =p*" +p" +(=3p)"p" + apn,

in which a,- is given by any of the two following descriptions.
1 ay,n is the coefficient of g?" in the cusp form f of weight 3 and character (=2)
Jfor I'y(48) given by

(1-¢")°(1 —g*)° _
A AU U= e

2 For p = 2mod 3 one has ap» = 0 whenever n is odd, and a,» = p" whenever
niseven.
For p = 1mod 3, write p = m?* — mn +n% Then a,» = o™ +@", in which o =
(—4p)w(m + nw)®, and where the exponent a is chosen such that m+ nw—
w? € 2Z[w).
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