JOURNAL OF COMPUTER AND SYSTEM SCIENCES 10, 77-82 (1975)

Some Clarifications of the Concept of
A Garden-of-Eden Configuration

SERAFINO AMOROSO

US Army Electronics Command, Ft. Monmouth, New Jersey 07703,
Stevens Institute of Technology, Hoboken, New Jersey

GrraLD COOPER

Princeton University, Princeton, New Jersey 08540, and
US Army Electronics Command, Ft. Monmouth, New Jersey 07703

AND
YALE PATT

North Carolina State University, Raleigh, North Carolina, and
US Army Electronics Command, Ft. Monmouth, New Jersey 07703

Received November 1, 1973

The relationships between the concepts of Garden-of-Eden configurations and
restrictions, mutually erasable configurations, and injective parallel transformations
are considered for the tessellation structure which 1s a model of a uniformly inter-
connected array of identical finite-state machines.

1. INTRODUCTION

There is a significant confusion in the current literature on ““cellular” or ““tessellation
arrays” concerning the concept of a ‘‘Garden-of-Eden configuration.” A number of
current papers on this topic assume that what Moore [1] called “‘a Garden-of-Eden
configuration™ is just any array configuration not in the image of the array’s global
map. This misconception is due, at least in part, to the fact that what Moore called a
“configuration” is not what is meant by the term in the current literature. In this
note we show that Moore’s concept is not the same as a configuration with no
preimage, if one is concerned with the class of “finite” configurations. Almost all
authors concerned with this topic do limit their attention to this class. Clearing up
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this point suggests a number of other related questions, all of which are answered
and tabulated in Fig. 1.

Nonsurjectivity for Cr <> Nonbijectivity for Cr Nonsurjectivity for C

i ﬂ H
Noninjectivity for Cp
¢ Ay 3 GOE conf. for Cg ﬁ 3 GOE conf. for C
3 ME for Cg t ¥ ¢

™ 3 GOE restr. for Crp < 3 GOE restr. for C
b
3 ME for C
I 4
Noninjectivity for C
¥ o

Nonsurjectivity for C

Fic. 1. Summary of the results.

2. THE TESSELLATION STRUCTURE

For simplicity, we shall (following Moore [1] and Myhill [2]) limit our attention to
arrays of two dimensions. We conjecture that all the concepts and results below carry
over to arrays of arbitrary finite dimension.

We use the set Z? of ordered pairs of integers to name the cells of the tessellation
array (we use Z for dimension one). An array configuration, i.e., a symbol from a
finite nonempty set 4 placed in each cell, is formally a mapping ¢: Z2— 4. As in
[1-3], we can fix the neighbors of any cell to be those cells which have each of their
coordinate components differing by at most one from the corresponding coordinate
components of the given cell. For one-dimensional arrays, the neighbors of cell ¢ are
cells 7 — 1, 7, and 7 + 1. We designate one symbol in 4 the quiescent symbol which
we denote by 0. An array configuration will be called finite if only finitely many cells
contain nonquiescent symbols in the configuration. For any given set 4, we denote
the set of all finite configurations by Cy.

Let ¢ be a function which specifies the symbol to be placed in a cell (at time ¢) given
the symbols in the neighbors of the cell (at time # — 1), We require that o place a 0
(at time £) into a cell if all its neighbors contain quiescent symbols (at time ¢ — 1).
This function ¢, which we call a local transformation, acting on all cells of an array
simultaneously, determines a global transformation = which maps the set of all array
configurations C'into C. Any global transformation defined in this way, i.e., from a local
transformation, will be called a parallel transformation.
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3. DEFINITIONS

The restriction of an array configuration to a subsets S of Z2 will be denoted by
(¢)s . Let N(S) denote the set of cells containing exactly all neighbors of any cell in S.
Note N(S)D S.

Let S; = N(N(S)) for some finite set .S C Z2. Restrictions ()5, and (cp)s, of array
configurations ¢, , ¢, € C (or Cy) will be called (after Moore) mutually erasable with
respect to 7, if conditions (a)—(c) below hold.

(a) (Cl)sl—s = (cz)sl-s )
(b) (e))s # (ca)s»
(@ (rle)nis = (t(e)nio) -

The concept of a Garden-of-Eden (GOE) configuration with respect to a parallel
transformation = and C (or Cy) was defined in [3] as an array configuration ¢ € C(Cy)
for which no ¢’ € C(Cy) exists such that 7(¢") == ¢. This is also what we shall mean when
we speak of a GOE configuration here. It was implied in [3] that this was what Moore
in [1] and Myhill in [2] meant when they spoke of a Garden-of-Eden configuration.
Actually, the concept that they had in mind for this phrase was the following.

A restriction (¢)g of an array configuration ¢ € C (or C) to a finite set S will be
called a Garden of Eden (GOE) restriction with respect to = and C (or Cy) if for any
extension ¢’ € C (or Cy) there is no ¢” such that 7(c") = ¢'.

Note that what Moore called a ‘‘Garden-of-Eden configuration™ was not an array
configuration, but a restriction of an array configuration to a finite set S of cells. The
following section should help to clear up some of the confusion which may exist

after [3).

ProposiTioN 1. (Moore and Myhill). The existence of GOE restrictions s

necessary and sufficient for the existence of mutually erasable restrictions for universe
Cor Cg.

The proof of this result is found in [1] and [2]. The reader can verify that their
arguments are valid independent of whether the universe is chosen to be C or Cp,
although this is not explicitly stated there.

ProposITION 2. For universe C, the existence of GOE configurations is necessary
and sufficient for the existence of GOE restrictions.

Proof. The proof of necessity is immediate. We first give the sufficiency proof
for a one-dimensional array. Assume ¢ is a GOE configuration for 7. For some fixed
i€ Z, let K; be the unit set containing a triple (a,4,a,) mapped by o to ¢(), where o is
the local transformation defining 7. Suppose K, ;. , 2 > 0 is defined, then let K; ;4
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be the set of all triples (&,b,85) such that for some d, (d byb,) is in K, and o(b,b,b;) =
¢(i 4 & + 1). Note that these sets have been defined “moving to the right from cell 2.”
We would likewise define sets K, ,, K, ,,..., by “moving left.”” Since ¢ is a GOE
configuration, there is some j, which may be positive or negative, such that K;,; = o.
This means that for any ¢’ such that ¢'(f — 1) = a;, () = a,, and ' + 1) = a,,
then 7(c’) # ¢” where ¢” is any configuration agreeing with ¢ on all cells between and
including ¢ and 7 4 j. Repeating the above argument for each triple mapped by o to
(7) leads to the existence of integers m, » such that ¢ restricted to {f: m <7 < n}isa
GOE restriction.

The extension of this proof to the two-dimensional case should be clear. K in this
case would initially be some state of the neighborhood of cell 7 mapped by o to c(z).
K, ., would be a set of states of a square ““frame” of cells of width 2 surrounding the
neighborhood of cell i These states would be consistent with the contents of K;
analogous to the one-dimensional case above. K, , would be a set of states of a still
larger frame of cells again of width 2 surrounding the last square frame. The reader
should be able to fill in the necessary details to complete the proof.

From the above results we have the analog of the Moore-Myhill Theorem for
GOE configurations limited to universe C.

PrOPOSITION 3. For universe C, the existence of GOE configurations is necessary
and sufficient for the existence of mutually erasable restriction.

PROPOSITION 4. For universe Cy. , parallel transformation r is not injective is necessary
and sufficient for the existence of mutually erasable restrictions.

Proof. Let 7(c;) = 7(c,) where ¢; % ¢, , and let S C Z2 include all cells containing
nonquiescent symbols in either ¢, or ¢, . Then (¢,)s and (¢,)s are mutually erasable.

PrOPOSITION 5. For universe Cy, the existence of GOE restrictions is sufficient but
not necessary for the existence of GOE configurations.

Proof. 1In [3] the local transformation specified by

000 0O
001 1
010 1
011 0
100 1
101 O
110 1
111 0

defined a parallel transformation which was injective but not surjective with respect
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to Cr. That injectivity precludes the possibilities of GOE restrictions is established
by Propositions 1 and 4.

ProposiTiON 6. For universe Cy, the existence of GOE configurations is necessary
but not sufficient for the existence of mutually erasable restrictions.

Proof. 'That the condition is not sufficient was shown in [3]. That the condition
is necessary follows from Propositions 1 and 5.

ProposiTION 7. For universe C, parallel transformation 7 is not injective is necessary
but not sufficient for the existence of mutually erasable restrictions.

Proof. 'To prove the nonsufficiency, one must show the existence of a noninjective
7 with no mutually erasable restrictions, or from Proposition 3, that is surjective. Such
parallel transformations are easy to find.

ProrosrrioN 8. (Amoroso and Cooper [3]). For umiverse Cy, parallel transfor-
mation T is surjective is necessary and sufficient for T to be bijective.

CoroLLaRrY 8.1. (Amoroso and Cooper [3]). For universe Cp, parallel transfor-
mation 7 is bijective is necessary and sufficient for GOE configurations to exist.

ProrosITION 9. For universe Cy, parallel transformation + is injective is necessary
but not sufficient for T to be surjective.

Proof. The nonsufficiency is established by the example from [3] cited above
in the proof of Proposition 5. The necessity follows from Proposition 8.

ProposiTioN 10. (Richardson [4]). For universe C, parallel transformation T is
injective ts sufficient but not necessary that v be surjective.

The proof of this is found in [4].

ProprosITION 11. The existence of a GOE configuration for v and universe Cy is
necessary but not sufficient for the existence of a GOE configuration for =~ and C.

Proof. The necessity follows easily from Proposition 2. The example from [3]
used in the proof of Proposition 5 has GOE configuration for Cy but not for C.

ProPosITION 12.  With respect to some =, (¢)s is @ GOE restriction for universe
Cy is necessary and sufficient for (c)s to be a GOE restriction for C.

Proof. The necessity is trivial. Let (¢)g be a GOE restriction for Cy, but not for C,
i.e., some extension ¢’ of (¢)g has an infinite configuration as preimage under 7. But
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some restriction of this preimage extended to a finite configuration would have as
image under 7, a finite configuration which is an extension of (¢)g contradicting our
premise.

ProrosiTion 13 (Richardson). Let 7 be defined on C and let ' be its restriction to
Cr . Then 7' is injective is necessary and sufficient for to be surjective.
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