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Abstract

We study the observability and some of its consequences (controllability, identification of diffusion co-
efficients) for one-dimensional heat equations with discontinuous coefficients (piecewise C 1). The observ-
ability, for a linear equation, is obtained by a Carleman-type estimate. This kind of observability inequality
yields controllability results for a semi-linear equation as well as a stability result for the identification of
the diffusion coefficient.
© 2007 Elsevier Inc. All rights reserved.
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0. Introduction and settings

The question of controllability of partial differential systems with discontinuous coefficients
and its dual counterpart, observability, are not fully solved yet. We consider a parabolic operator
in which the higher-order terms have the form ∂t − ∇ · (c(x)∇) and the discontinuous coeffi-
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cient refers here to the coefficient c in the elliptic operator in space x written in a divergence
form.

Recently, a result of controllability for a semi-linear heat equation with discontinuous coeffi-
cients was proved in [8] by means of a Carleman observability estimate. Roughly speaking, as in
the case of hyperbolic systems (see e.g. [16, p. 357]), the authors of [8] proved their controllabil-
ity result in the case where the control is supported in the region where the diffusion coefficient
is the ‘lowest.’ In both cases, however, the approximate controllability, and its dual counterpart,
uniqueness, are true without any restriction on the monotonicity of the coefficients. It is then
natural to question whether or not an observability estimate holds in the case of non-smooth
coefficients and arbitrary observation location.

In the one-dimensional case, the controllability result for linear parabolic equations was
proved for coefficients with bounded variations (BV) in [12]. The proof relies on Russell’s
method [18]. However, the question of the existence of a Carleman-type observability estimate
remains open. The present paper provides a positive answer in the case of piecewise C 1 coeffi-
cients.

Carleman estimates for parabolic equations with smooth coefficients were proved in [13].
The proof is based on the construction of suitable weight functions β whose gradient is non-
zero in the complement of the observation region. In particular the function β is chosen to be
smooth. In [8], the authors introduce non-smooth weight functions assuming that they satisfy
the same transmission condition as the solution. To obtain the observability, they have to add
the assumptions on the monotonicity of the coefficients mentioned above. In this paper, we also
consider non-smooth weight functions. However, we can relax the monotonicity condition on the
coefficient by introducing ad hoc transmission conditions on β (see Lemma 1.1): the function
β is fully defined by the jumps of its derivative at the singular points of the coefficient. The
n-dimensional case, n � 2, remains, to our knowledge, open.

We consider the operator formally defined by A = ∂x(c∂x) on L2(Ω) in the one-dimensional
bounded domain Ω = (0,1) ⊂ R. We let a, b ∈ Ω , a < b, and we set Ω0 := (a, b) and Ω1 :=
(0, a) ∪ (b,1). The diffusion coefficient c is assumed to be piecewise regular such that

0 < cmin � c � cmax, c =
{

c1 in Ω1,

c0 in Ω0
(0.1)

with ci ∈ C 1(Ωi), i = 0,1. The domain of A is D(A) = {u ∈ H 1
0 (Ω); c∂xu ∈ H 1(Ω)}.

Let T > 0. We shall use the following notations Ω ′ = Ω0 ∪ Ω1, Q = (0, T ) × Ω , Q′ =
(0, T ) × Ω ′, Qi = (0, T ) × Ωi , i = 0,1, Γ = {0,1}, and Σ = (0, T ) × Γ . We also denote
S = {a, b}. We consider the following parabolic problem{

∂ty − ∂x(c∂xy) = f in Q′,
y(0, x) = y0(x) in Ω

(0.2)

(real valued coefficients and solutions), where y(t, .) ∈ D(A) for all t ∈ (0, T ), for y0 ∈ L2(Ω)

and f ∈ L2(Q). This implies y(t, x) = 0 on Σ and the following transmission conditions at a

and b,{
y(a−) = y(a+), y(b−) = y(b+),

c(a−)∂xy(a−) = c(a+)∂xy(a+), c(b−)∂xy(b−) = c(b+)∂xy(b+),
(TC)

which provides continuity for y and for the associated flux at a and b.
In the case (c0)|S � (c1)|S , a global Carleman estimate was achieved in [8] with an ‘obser-

vation’ in ω � Ω0. In the case (c0)|S � (c1)|S , they achieved such a global Carleman with an
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‘observation’ in ω � Ω1. Thus, the ‘observation’ region ω has to be partly located in the region
where the coefficient is the ‘lowest’ at the interface S. Note however that the results of [8] are
for the multi-dimensional heat equation. Here, we show that for the one-dimensional problem
we can achieve a Carleman estimate for the operators ∂t ± ∂x(c∂x) without any restriction on
the observation region ω. In Section 1 we treat the case of an interior observation in the case
of two discontinuities and in Section 2 we generalize the result to an arbitrary finite number of
singularities and to a boundary observation.

Theorem 0.1. Let ω � Ω0 be a non-empty open set. There exist λ1 = λ1(Ω,ω) > 0, s1 =
(T + T 2)σ1(Ω,ω) > 0 and a positive constant C = C(Ω,ω) so that the following estimate
holds:

sλ2
∫ ∫
Q

e−2sηϕ|∂xq|2 dx dt + s3λ4
∫ ∫
Q

e−2sηϕ3|q|2 dx dt

� C

[
s3λ4

∫ ∫
(0,T )×ω

e−2sηϕ3|q|2 dx dt +
∫ ∫
Q

e−2sη
∣∣∂tq ± ∂x(c∂xq)

∣∣2
dx dt

]
,

for s � s1, λ � λ1 and for all q piecewise smooth satisfying (TC).

A more complete statement is given in the main text. See also the remarks at the end of
Section 1. The functions η and ϕ are weight functions given by [10]

ϕ(t, x) = eλβ(x)

t (T − t)
, η(t, x) = eλβ − eλβ(x)

t (T − t)
,

with the constant β and the function β carefully chosen. In fact, the choice of the function β is
the key of the derivation of the present Carleman estimate. As usual such a derivation implies
multiple integration by parts. Consequently we obtain time integrals involving the traces of q

and ∂xq at the points of discontinuity of the coefficient c. The choice we make of the function β

allows to give a sign to these additional contributions and we can thus follow the derivation pro-
cedure of [8,13]. In the choice we have made here, the function β is continuous and a particular
jump condition is imposed on ∂xβ (see Lemma 1.1). In the case of a space dimension greater
than or equal to two, an extension based on this method however leads to uncontrolled tangential
terms at the interfaces of discontinuities of the coefficient.

With such a Carleman estimate at hand, we treat the problem of the null controllability for the
semi-linear parabolic system of the form{

∂ty − ∂x(c∂xy) + G (y) = 1ωv in Q,

y(0, x) = y0(x) in Ω,
(0.3)

where y(t, .) ∈ D(A) for all t ∈ (0, T ), G : R → R is locally Lipschitz and G (0) = 0. This
implies that

G (s) = sg(s), s ∈ R,

with g in L∞
loc(R). In Section 3, we shall obtain the local null controllability and the global null

controllability for system (0.3). In the second case we need the following assumption.



868 A. Benabdallah et al. / J. Math. Anal. Appl. 336 (2007) 865–887
Assumption 0.2. The function G satisfies

lim|s|→∞
|G (s)|

|s| ln3/2(1 + |s|) = 0. (0.4)

Theorem 0.3. Let c be a piecewise C 1 diffusion coefficient with n − 1 points of discontinuities,
0 < a1 < · · · < an−1 < 1. We let ω � (aj , aj+1) be a non-empty open set and we assume that G
is locally Lipschitz. Let T > 0:

1. Local null controllability: There exists ε > 0 such that for all y0 in L2(Ω) with
‖y0‖L2(Ω) � ε, there exists a control v ∈ L2((0, T ) × ω) such that the corresponding so-
lution to system (0.3) satisfies y(T ) = 0.

2. Global null controllability: Let G satisfies in addition Assumption 0.2. Then for all y0
in L2(Ω), there exists v ∈ L2((0, T ) × ω) such that the solution to system (0.3) satisfies
y(T ) = 0.

In Section 4, we also provide a stability result for the inverse problem of the identification of
the diffusion coefficient. Namely, if y is solution to{

∂ty − ∂x(c∂xy) = 0 in Q,

y(t, x) = h(t, x) on Σ,

y(0, x) = y0(x) in Ω,

(0.5)

associated to the coefficient c and ỹ is solution to the same problem with c replaced by c̃ (the
coefficients c and c̃ have the same set of singularities), then with proper choices of initial condi-
tions and boundary conditions h we can obtain a stability estimate (Theorem 4.1) for c − c̃ with
observations of y − ỹ at (0, T ) × 0 and in Ω at some positive time.

The present study finds its motivations from Physics and Biology for instance. The results
presented here apply to the control of temperature (with possible transport) in a physical system,
or to the control of populations in biological systems and to parameter identifications in these
types of problems.

1. A global Carleman estimate

We shall first introduce a particular type of weight functions, which are constructed using the
following lemma.

Lemma 1.1. Let ω0 � Ω0 be a non-empty open set. Then, there exists a function β̃ ∈ C (Ω) such
that

β̃(x) =
{

β̃0 in Ω0,

β̃1 in Ω1,

with β̃i ∈ C 2(Ωi), i = 0,1,

β̃ > 0 in Ω, β̃ = 0 on Γ, β̃ ′
1 �= 0 in Ω1, β̃ ′

0 �= 0 in Ω0 \ ω0,

and the function β̃ satisfies the following trace properties, for some α > 0,

(Au,u) � α|u|2, (Bu,u) � α|u|2, u ∈ R
2, (1.1)
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Fig. 1. Sketch of a typical shape for the function β̃ constructed in Lemma 1.1.

with the matrices A and B defined by

A =
( [β̃ ′]a β̃ ′(a+)[cβ̃ ′]a

β̃ ′(a+)[cβ̃ ′]a β̃ ′(a+)[cβ̃ ′]2
a + [c2(β̃ ′)3]a

)
,

B =
( [β̃ ′]b β̃ ′(b+)[cβ̃ ′]b

β̃ ′(b+)[cβ̃ ′]b β̃ ′(b+)[cβ̃ ′]2
b + [c2(β̃ ′)3]b

)
,

where [ρ]x = ρ(x+) − ρ(x−) for x ∈ (0,1).

The conditions imposed on the function β̃ in Lemma 1.1 are technical and may first look pecu-
liar. They shall however turn out to be of use in the derivation of the Carleman estimate below.
Figure 1 illustrates a typical shape for such a weight function.

Proof of Lemma 1.1. We first construct the function β̃ on [0, a]∪[b,1] so that β̃(0) = β̃(1) = 0,
with β̃ > 0 on (0, a] ∪ [b,1), β̃ of class C 2 on [0, a] ∪ [b,1], and β̃ ′ non-vanishing on [0, a] ∪
[b,1].

The matrix A is positive definite if and only if

[β̃ ′]a > 0 and det(A) > 0. (1.2)

The determinant of A follows as

det(A) = [β̃ ′]a
[
c2(β̃ ′)3]

a
− β̃ ′(a+)

β̃ ′(a−)[cβ̃ ′]2
a.

Observe that this is a fourth-order polynomial with respect to β̃ ′(a+) with a positive leading order
coefficient. Since β̃ ′(a−) has already been chosen and is positive, it suffices to chose β̃ ′(a+)

positive and sufficiently large to satisfy condition (1.2). A similar reasoning yields the choice of
β̃ ′(b−) negative and sufficiently small such that det(B) > 0 and [β̃ ′]b > 0.

To construct the function β̃ on the interval (a, b) we can simply chose β̃ to be affine in
Ω0 \ ω0. �
Remark 1.2. Observe that in the case

c
(
a−)

> c
(
a+)

and c
(
b−)

< c
(
b+)

, (1.3)

the conditions introduced in [8] on β̃ , that is

(c∂xβ̃)
(
a−) = (c∂xβ̃)

(
a+)

, (c∂xβ̃)
(
b−) = (c∂xβ̃)

(
b+)

, (1.4)

yield a weight function that satisfies the properties listed in Lemma 1.1. If (1.3) is not satisfied,
a weight function satisfying (1.4) however fails to fulfill those properties.
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Let ω0 � ω � Ω0; choosing a function β̃ , as in the previous lemma, we introduce β = β̃ + K

with K = m‖β̃‖∞ and m > 1. For λ > 0 and t ∈ (0, T ), we define the following weight functions

ϕ(t, x) = eλβ(x)

t (T − t)
, η(t, x) = eλβ − eλβ(x)

t (T − t)
, (1.5)

with β = 2m‖β̃‖∞ (see [8,10]). Observe that the function η is positive and that we have the
following relations in Q′

∂xη = −λβ ′ϕ, ∂xϕ = λβ ′ϕ,

∂tη = η
2t − T

t (T − t)
, ∂tϕ = ϕ

2t − T

t (T − t)
,

∂2
t η = η

1

2

3(2t − T )2 + T 2

t2(T − t)2
.

We introduce

ℵ = {
q ∈ C (Q,R);q|Qi

∈ C 2(Qi), i = 0,1, q|Σ = 0 and q satisfies (TC)

for all t ∈ (0, T )
}
.

Theorem 1.3. Let ω � Ω0 be a non-empty open set. There exist λ1 = λ1(Ω,ω) > 0, s1 =
(T + T 2)σ1(Ω,ω) > 0 and a positive constant C = C(Ω,ω) so that the following estimate
holds:∥∥M1

(
e−sηq

)∥∥2
L2(Q′) + ∥∥M2

(
e−sηq

)∥∥2
L2(Q′) + sλ2

∫ ∫
Q

e−2sηϕ|∂xq|2 dx dt

+ s3λ4
∫ ∫
Q

e−2sηϕ3|q|2 dx dt

� C

[
s3λ4

∫ ∫
(0,T )×ω

e−2sηϕ3|q|2 dx dt +
∫ ∫
Q

e−2sη
∣∣∂tq ± ∂x(c∂xq)

∣∣2
dx dt

]
, (1.6)

for s � s1, λ � λ1 and for all q ∈ ℵ, with M1 and M2 to be defined below (see (1.10) and (1.11)).

Proof. We consider s > 0, λ > 1 and q ∈ ℵ. The proof is written here for ∂t + ∂x(c∂x). It is
similar for the operator ∂t − ∂x(c∂x). Set f = ∂tq + ∂x(c∂xq), then f ∈ L2(Q). We set ψ =
e−sηq . We observe that ψ(0, .) = ψ(T , .) = 0 and, since q satisfies transmission conditions (TC),
we have

ψ0|S (t, .) = ψ1|S (t, .), (1.7)[
c∂xψ(t, .)

]
a

= sλϕ(t, a)ψ(t, a)[cβ ′]a, (1.8)[
c∂xψ(t, .)

]
b
= sλϕ(t, b)ψ(t, b)[cβ ′]b. (1.9)

The function ψ satisfies in Q′

M1ψ + M2ψ = fs,

with
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M1ψ = ∂x(c∂xψ) + s2λ2ϕ2(β ′)2cψ + s(∂tη)ψ, (1.10)

M2ψ = ∂tψ − 2sλϕcβ ′∂xψ − 2sλ2ϕc(β ′)2ψ, (1.11)

fs = e−sηf + sλϕ(cβ ′)′ψ − sλ2ϕc(β ′)2ψ. (1.12)

We have

‖M1ψ‖2
L2(Q′) + ‖M2ψ‖2

L2(Q′) + 2(M1ψ,M2ψ)L2(Q′) = ‖fs‖2
L2(Q′). (1.13)

With the same notations as in [8, Theorem 3.3], we write (M1ψ,M2ψ)L2(Q′) as a sum of 9 terms
Iij , 1 � i, j � 3, where Iij is the inner product of the ith term in the expression of M1ψ and the
j th term in the expression of M2ψ above.

The term I11 follows as, with an integration by parts,

I11 =
∫ ∫
Q′

∂x(c∂xψ) ∂tψ dx dt = −
∫ ∫
Q′

c∂xψ ∂t (∂xψ)dx dt +
T∫

0

[c∂xψ∂tψ]S∪Γ dt,

where, for a function ρ,

[ρ]S∪Γ = ρ(1) − ρ
(
a+) + ρ

(
a−) − ρ

(
b+) + ρ

(
b−) − ρ(0)

= ρ(1) − [ρ]a − [ρ]b − ρ(0).

Observing that ∂xψ∂t (∂xψ) = 1
2∂t |∂xψ |2 we find that the volume integral above vanishes since

∂xψ(0, .) = ∂xψ(T , .) = 0 from the definition of the weight function η in (1.5). As ∂tψ is con-
tinuous at a and b, the term I11 thus becomes

I11 = −
T∫

0

([
c∂xψ(t, .)

]
a
∂tψ(t, a) + [

c∂xψ(t, .)
]
b
∂tψ(t, b)

)
dt

= −1

2
sλ

T∫
0

(
ϕ(t, a)∂t

(∣∣ψ(t, a)
∣∣2)[cβ ′]a + ϕ(t, b)∂t

(∣∣ψ(t, b)
∣∣2)[cβ ′]b

)
dt

using (1.8) and (1.9), which after an integration by parts with respect to t yields

I11 = 1

2
sλ

T∫
0

(
∂tϕ(t, a)[cβ ′]a

∣∣ψ(t, a)
∣∣2 + ∂tϕ(t, b)[cβ ′]b

∣∣ψ(t, b)
∣∣2)

dt, (1.14)

since ψ(0, .) = ψ(T , .) = 0.
The term I12 is given by

I12 = −2sλ

∫ ∫
Q′

ϕ∂x(c∂xψ)cβ ′∂xψ dx dt

= −sλ

∫ ∫
Q′

ϕβ ′∂x

(|c∂xψ |2)dx dt

= sλ

∫ ∫
′

∂x(ϕβ ′)|c∂xψ |2 dx dt − sλ

T∫ [
ϕβ ′|c∂xψ |2]

S∪Γ
dt,
Q 0
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which yields, since ∂xϕ = λϕβ ′,

I12 = sλ2
∫ ∫
Q′

ϕ(β ′)2|c∂xψ |2 dx dt + X12 − sλβ ′(1)

T∫
0

ϕ(t,1)|c∂xψ |2(t,1) dt

+ sλβ ′(0)

T∫
0

ϕ(t,0)|c∂xψ |2(t,0) dt + sλ

T∫
0

ϕ(t, a)
[
β ′|c∂xψ |2(t, .)]

a
dt

+ sλ

T∫
0

ϕ(t, b)
[
β ′|c∂xψ |2(t, .)]

b
dt, (1.15)

where

X12 = sλ

∫ ∫
Q′

ϕ(β ′′)|c∂xψ |2 dx dt.

The term I13 is given by

I13 = −2sλ2
∫ ∫
Q′

∂x(c∂xψ)ϕc(β ′)2ψ dx dt

= 2sλ2
∫ ∫
Q′

|c∂xψ |2ϕ(β ′)2 dx dt + X13, (1.16)

with

X13 = 2sλ3
∫ ∫
Q′

c2(∂xψ)ψϕ(β ′)3 dx dt + 2sλ2
∫ ∫
Q′

c(∂xψ)ψϕ
(
c(β ′)2)′

dx dt

+ 2sλ2

T∫
0

ϕ(t, a)ψ(t, a)
[
(β ′)2c2∂xψ(t, .)

]
a
dt

+ 2sλ2

T∫
0

ϕ(t, b)ψ(t, b)
[
(β ′)2c2∂xψ(t, .)

]
b
dt, (1.17)

using that ∂xϕ = λϕβ ′ and ψ(t,0) = ψ(t,1) = 0.
The term I21 is given by

I21 = s2λ2
∫ ∫
Q′

ϕ2(β ′)2cψ∂tψ dx dt = −s2λ2
∫ ∫
Q′

cϕ(∂tϕ)(β ′)2|ψ |2 dx dt. (1.18)

The term I22 is given by

I22 = −2s3λ3
∫ ∫

′
ϕ3(β ′)3c2ψ(∂xψ)dx dt
Q
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= 3s3λ4
∫ ∫
Q′

ϕ3(β ′)4|cψ |2dx dt + s3λ3

T∫
0

ϕ3(t, a)
∣∣ψ(t, a)

∣∣2[
c2(β ′)3]

a
dt

+ s3λ3

T∫
0

ϕ3(t, b)
∣∣ψ(t, b)

∣∣2[
c2(β ′)3]

b
dt + X22, (1.19)

by integration by parts, using again that ψ(t,0) = ψ(t,1) = 0, and with

X22 = s3λ3
∫ ∫
Q′

ϕ3(c2(β ′)3)′|ψ |2 dx dt. (1.20)

The terms I23 and I31 are given by

I23 = −2s3λ4
∫ ∫
Q′

ϕ3(β ′)4|cψ |2 dx dt, (1.21)

and

I31 = s

∫ ∫
Q′

(∂tη)ψ(∂tψ)dx dt = − s

2

∫ ∫
Q′

(
∂2
t η

)|ψ |2 dx dt. (1.22)

The terms I32 is given by

I32 = −2s2λ

∫ ∫
Q′

ϕ(∂tη)cβ ′ψ(∂xψ)dx dt

= s2λ2
∫ ∫
Q′

ϕ(β ′)2c(∂tη)|ψ |2 dx dt − s2λ2
∫ ∫
Q′

ϕ(∂tϕ)(β ′)2c|ψ |2 dx dt

+ s2λ

∫ ∫
Q′

ϕ(cβ ′)′(∂tη)|ψ |2 dx dt + s2λ

T∫
0

ϕ(t, a)(∂tη)(t, a)
∣∣ψ(t, a)

∣∣2[cβ ′]a dt

+ s2λ

T∫
0

ϕ(t, b)(∂tη)(t, b)
∣∣ψ(t, b)

∣∣2[cβ ′]b dt, (1.23)

where we have used that ∂xη = −λβ ′ϕ.
Finally, the term I33 is given by

I33 = −2s2λ2
∫ ∫
Q′

ϕc(∂tη)(β ′)2|ψ |2 dx dt. (1.24)

Adding the nine terms together to form (M1ψ,M2ψ)L2(Q′) in (1.13) leads to

‖M1ψ‖2
L2(Q′) + ‖M2ψ‖2

L2(Q′) + 6sλ2
∫ ∫

′
ϕ(β ′)2|c∂xψ |2 dx dt
Q
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+ 2s3λ4
∫ ∫
Q′

ϕ3(β ′)4|cψ |2 dx dt − 2sλβ ′(1)

T∫
0

ϕ(t,1)|c∂xψ |2(t,1) dt

+ 2sλβ ′(0)

T∫
0

ϕ(t,0)|c∂xψ |2(t,0) dt + 2sλ

T∫
0

ϕ(t, a)
[
β ′|c∂xψ |2(t, .)]

a
dt

+ 2sλ

T∫
0

ϕ(t, b)
[
β ′|c∂xψ |2(t, .)]

b
dt + 2s3λ3[c2(β ′)3]

a

T∫
0

ϕ3(t, a)
∣∣ψ(t, a)

∣∣2
dt

+ 2s3λ3[c2(β ′)3]
b

T∫
0

ϕ3(t, b)
∣∣ψ(t, b)

∣∣2
dt

= ‖fs‖2
L2(Q′) − 2[I11 + X12 + X13 + I21 + X22 + I31 + I32 + I33]. (1.25)

Observe that the coefficients in front of the integrals involving trace terms at 0 and 1 on the l.h.s.
in (1.25) are positive because of properties of the function β , as given in Lemma 1.1.

We now focus our attention on the trace term at b on the l.h.s. of (1.25) and set

μ := sλ

T∫
0

ϕ(t, b)
[
β ′|c∂xψ |2(t, .)]

b
dt + s3λ3[c2(β ′)3]

b

T∫
0

ϕ3(t, b)
∣∣ψ(t, b)

∣∣2
dt.

Applying transmission condition (1.9) we obtain[
β ′|c∂xψ |2(t, .)]

b
= [β ′]b

∣∣c(b−)
∂xψ

(
t, b−)∣∣2 + s2λ2ϕ2(t, b)β ′(b+)[cβ ′]2

b

∣∣ψ(t, b)
∣∣2

+ 2sλϕ(t, b)β ′(b+)[cβ ′]b(c∂xψ)
(
t, b−)

ψ(t, b),

which gives

μ = sλ

T∫
0

ϕ(t, b)
[[β ′]b

∣∣c(b−)
∂xψ

(
t, b−)∣∣2

+ s2λ2ϕ2(t, b)
(
β ′(b+)[cβ ′]2

b + [
c2(β ′)3]

b

)∣∣ψ(t, b)
∣∣2

+ 2sλϕ(t, b)β ′(b+)[cβ ′]b(c∂xψ)
(
t, b−)

ψ(t, b)
]
dt

= sλ

T∫
0

ϕ(t, b)
(
Bu(t, b), u(t, b)

)
dt,

with u(t, b) = (c(b−)∂xψ(t, b−), sλϕ(t, b)ψ(t, b))t and the symmetric matrix B given by

B =
( [β ′]b β ′(b+)[cβ ′]b

β ′(b+)[cβ ′]b β ′(b+)[cβ ′]2
b + [c2(β ′)3]b

)
.

From the choice made for the weight function β in Lemma 1.1 we find that

μ � αsλ

T∫
ϕ(t, b)

∣∣c(b−)
∂xψ

(
t, b−)∣∣2

dt + αs3λ3

T∫
ϕ3(t, b)

∣∣ψ(t, b)
∣∣2

dt,
0 0



A. Benabdallah et al. / J. Math. Anal. Appl. 336 (2007) 865–887 875
with α > 0. In a similar fashion, we find that the trace term at a on the l.h.s. of (1.25) satisfies

ν := sλ

T∫
0

ϕ(t, a)
[
β ′|c∂xψ |2(t, .)]

a
dt + s3λ3[c2(β ′)3]

a

T∫
0

ϕ3(t, a)
∣∣ψ(t, a)

∣∣2
dt

= sλ

T∫
0

ϕ(t, a)
(
Au(t, a), u(t, a)

)
dt

� αsλ

T∫
0

ϕ(t, a)
∣∣c(a−)

∂xψ
(
t, a−)∣∣2

dt + αs3λ3

T∫
0

ϕ3(t, a)
∣∣ψ(t, a)

∣∣2
dt.

We thus obtain

‖M1ψ‖2
L2(Q′) + ‖M2ψ‖2

L2(Q′) + 6sλ2
∫ ∫
Q′

ϕ(β ′)2|c∂xψ |2 dx dt

+ 2s3λ4
∫ ∫
Q′

ϕ3(β ′)4|cψ |2 dx dt

+ 2sλα

T∫
0

(
ϕ(t, a)

∣∣c(a−)
∂xψ

(
t, a−)∣∣2 + ϕ(t, b)

∣∣c(b−)
∂xψ

(
t, b−)∣∣2)

dt

+ 2s3λ3α

T∫
0

(
ϕ3(t, a)

∣∣ψ(t, a)
∣∣2 + ϕ3(t, b)

∣∣ψ(t, b)
∣∣2)

dt

� ‖fs‖2
L2(Q′) − 2[I11 + X12 + X13 + I21 + X22 + I31 + I32 + I33]. (1.26)

We now estimate the r.h.s. terms in (1.26). Properties of the gradient of β , and positivity of the
diffusion coefficient c, imply the existence of a constant C = C(ω, c) > 0 such that the following
estimates hold

|X12| � Csλ

∫ ∫
Q′

ϕ|∂xψ |2 dx dt,

|X22| � Cs3λ3
∫ ∫
Q′

ϕ3|ψ |2 dx dt,

|X13| � Cεsλ
4
∫ ∫
Q′

ϕ|ψ |2 dx dt + εsλ2
∫ ∫
Q′

ϕ|∂xψ |2 dx dt

+ 2sλ2
∑

x=a,b

T∫
0

ϕ(t, x)ψ(t, x)
((

c(β ′)2)(x+)(
(c∂xψ)

(
t, x−)

+ sλϕ(t, x)ψ(t, x)[cβ ′]x
) − (

c2(β ′)2∂xψ
)(

t, x−))
dt,
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where we have used Young’s inequality and have made use of transmission conditions
(1.8)–(1.9). We obtain

|X13| � Cεsλ
4
∫ ∫
Q′

ϕ|ψ |2 dx dt + εsλ2
∫ ∫
Q′

ϕ|∂xψ |2 dx dt

+ 2sλ2
∑

x=a,b

[
c(β ′)2]

x

T∫
0

ϕ(t, x)ψ(t, x)(c∂xψ)
(
t, x−)

dt

+ 2s2λ3
∑

x=a,b

(
c(β ′)2)(x+)[cβ ′]x

T∫
0

ϕ2(t, x)
∣∣ψ(t, x)

∣∣2
dt.

Observing that we have ϕ � CT 4ϕ3 and ϕ2 � CT 2ϕ2, we obtain

|X13| � CεT
4sλ4

∫ ∫
Q′

ϕ3|ψ |2 dx dt + εsλ2
∫ ∫
Q′

ϕ|∂xψ |2 dx dt

+ ((
CεT

4)sλ3 + CT 2s2λ3) T∫
0

[
ϕ3(t, a)

∣∣ψ(t, a)
∣∣2 + ϕ3(t, b)

∣∣ψ(t, b)
∣∣2]

dt

+ εC′sλ
T∫

0

[
ϕ(t, a)

∣∣∂xψ
(
t, a−)∣∣2 + ϕ(t, b)

∣∣∂xψ
(
t, b−)∣∣2]

dt,

and C′ is a constant that depends only on the diffusion coefficient c and the choice made for the
weight function β .

Noting that [8, Eqs. (89)–(91)]

|∂tϕ| � T ϕ2, |∂tη| � T ϕ2,
∣∣∂2

t t η
∣∣ � 2T 2ϕ3,

we obtain

|I21| � s2λ2CT

∫ ∫
Q′

ϕ3|ψ |2 dx dt,

|I31| � sCT 2
∫ ∫
Q′

ϕ3|ψ |2 dx dt,

|I33| � s2λ2CT

∫ ∫
Q′

ϕ3|ψ |2 dx dt,

and

|I32| � s2λ2CT

∫ ∫
Q′

ϕ3|ψ |2 dx dt + s2λCT

T∫
0

ϕ3(t, a)
∣∣ψ(t, a)

∣∣2
dt

+ s2λCT

T∫
ϕ3(t, b)

∣∣ψ(t, b)
∣∣2

dt,
0
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and

|I11| � sλCT 3

T∫
0

ϕ3(t, a)
∣∣ψ(t, a)

∣∣2
dt + sλCT 3

T∫
0

ϕ3(t, b)
∣∣ψ(t, b)

∣∣2
dt,

where we have used that 1 � T 2ϕ/4, which gives |∂tϕ| � CT 3ϕ3. Finally we have the estimate

‖fs‖2
L2(Q′) � C

∥∥e−sηf
∥∥2

L2(Q′) + s2λ4CT 2
∫ ∫
Q′

ϕ3|ψ |2 dx dt.

Exploiting that β ′ �= 0 on Ω \ ω0 we obtain, from (1.26),

‖M1ψ‖2
L2(Q′) + ‖M2ψ‖2

L2(Q′) + sλ2

T∫
0

∫
Ω\ω0

ϕ|∂xψ |2 dx dt + s3λ4

T∫
0

∫
Ω\ω0

ϕ3|ψ |2 dx dt

+ 2sλα

T∫
0

(
ϕ(t, a)

∣∣c(a−)
∂xψ

(
t, a−)∣∣2 + ϕ(t, b)

∣∣c(b−)
∂xψ

(
t, b−)∣∣2)

dt

+ 2s3λ3α

T∫
0

(
ϕ3(t, a)

∣∣ψ(t, a)
∣∣2 + ϕ3(t, b)

∣∣ψ(t, b)
∣∣2)

dt

� C
∥∥e−sηf

∥∥2
L2(Q′) + C

(
sλ + εC′sλ2)∫ ∫

Q′
ϕ|∂xψ |2 dx dt

+ C
(
s3λ3 + s2(λ4T 2 + λ2T

) + s
(
λ4T 4Cε + T 2))∫ ∫

Q′
ϕ3|ψ |2 dx dt

+ C′εsλ
T∫

0

(
ϕ(t, a)

∣∣∂xψ
(
t, a−)∣∣2 + ϕ(t, b)

∣∣∂xψ
(
t, b−)∣∣2)

dt

+ C
(
εC′s3λ3 + s2λT + s

(
λT 3 + Cελ

3T 4))

×
T∫

0

(
ϕ3(t, a)

∣∣ψ(t, a)
∣∣2 + ϕ3(t, b)

∣∣ψ(t, b)
∣∣2)

dt.

If we choose ε sufficiently small and we take λ � λ0 = λ0(Ω,ω, c) and s � s0 =
(T 2 + T )σ0(Ω,ω, c), we obtain

‖M1ψ‖2
L2(Q′) + ‖M2ψ‖2

L2(Q′) + sλ2
∫ ∫
Q′

ϕ|∂xψ |2 dx dt + s3λ4
∫ ∫
Q′

ϕ3|ψ |2 dx dt

� C
∥∥e−sηf

∥∥2
L2(Q′) + Csλ2

T∫ ∫
ϕ|∂xψ |2 dx dt + Cs3λ4

T∫ ∫
ϕ3|ψ |2 dx dt. (1.27)
0 ω0 0 ω0
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Recalling that ψ = e−sηq , we have

e−sη∂xq = ∂xψ − sλϕβ ′ψ in Q′,

which yields

sλ2ϕe−2sη|∂xq|2 � Csλ2ϕ|∂xψ |2 + Cs3λ4ϕ3|ψ |2 in Q′

to be used on the l.h.s. of (1.27), and

sλ2ϕ|∂xψ |2 � Csλ2ϕe−2sη|∂xq|2 + Cs3λ4ϕ3|ψ |2 in Q′

to be used on the r.h.s. of (1.27). Consequently, we obtain

‖M1ψ‖2
L2(Q′) + ‖M2ψ‖2

L2(Q′) + sλ2
∫ ∫
Q′

ϕe−2sη|∂xq|2 dx dt

+ s3λ4
∫ ∫
Q′

ϕ3e−2sη|q|2 dx dt

� C
∥∥e−sηf

∥∥2
L2(Q′) + Csλ2

T∫
0

∫
ω0

ϕe−2sη|∂xq|2 dx dt + Cs3λ4

T∫
0

∫
ω0

ϕ3e−2sη|q|2 dx dt.

As in [8, estimate (100)], we have the following estimate

sλ2

T∫
0

∫
ω0

ϕe−2sη|∂xq|2 dx dt

� C
∥∥e−sηf

∥∥2
L2(Q′)

+ C
(
s3λ4 + s2λ2(λ2T 2 + T

) + sλ2(λT 4 + λT 2 + T 3)) T∫
0

∫
ω

ϕ3e−2sη|q|2 dx dt.

(1.28)

For λ � λ1(Ω,ω, c) and s � s1 = (T + T 2)σ1(Ω,ω, c), we then obtain the sought Carleman
estimate (1.6). �
Remark 1.4.

1. The method introduced here to prove the Carleman estimate (1.6) does not extend to higher-
dimensional cases. In the case n � 2, if we assume that the singularities of the coefficient c

are located on a smooth interface, then, in the derivation of the Carleman estimate, we have to
deal with integrals over this interface (see e.g. [8]). In particular, one term, originating from
the computation of I12, involves the tangential derivative, ∇T ψ , of ψ . Choices of the weight
function β̃ in the spirit of Lemma 1.1 however cannot yield a positive definite quadratic form
in the variables ψ , ∂nψ and ∇T ψ . One would need an estimation of this term involving ∇T ψ ,
by the terms on the l.h.s. of the Carleman estimate, to absorb this additional interface term,
for the parameters s and λ sufficiently large.
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2. An inspection of the proof of the Carleman estimate we obtained in Theorem 1.3 shows
that it can actually be achieved uniformly for diffusion coefficients that remain in an interval
[cmin, cmax], with cmin > 0, and such that their restrictions to Ωi , i = 0,1, remain in bounded
domains of C 1(Ωi).

3. We can also incorporate on the l.h.s. of the Carleman estimate the following higher-order
terms, as is done classically (see e.g. [10]):

s−1
∫ ∫
Q

e−2sηϕ−1(|∂tq|2 + ∣∣∂x(c∂xq)
∣∣2)

dx dt.

4. By a density argument, we see that the Carleman estimate (1.6) remains valid for q (weak)
solution to{

∂tq ± ∂x(c∂xq) = f in Q,

q = 0 on Σ,

q(T , x) = qT (x) (respectively q(0, x) = q0(x)) in Ω,

with f ∈ L2(Q) and qT (respectively q0) in L2(Ω).
5. We have actually obtained a Carleman estimate which includes estimates of the traces of

both the function q and its derivative ∂xq at the points of discontinuities of c, namely

∥∥M1
(
e−sηq

)∥∥2
L2(Q′) + ∥∥M2

(
e−sηq

)∥∥2
L2(Q′) + sλ2

∫ ∫
Q

e−2sηϕ|∂xq|2 dx dt

+ s3λ4
∫ ∫
Q

e−2sηϕ3|q|2 dx dt

+ 2sλ

T∫
0

(
ϕ(t, a)e−2sη(t,a)

∣∣∂xq
(
t, a−)∣∣2 + ϕ(t, b)e−2sη(t,b)

∣∣∂xq
(
t, b−)∣∣2)

dt

+ 2s3λ3

T∫
0

(
ϕ3(t, a)e−2sη(t,a)

∣∣q(t, a)
∣∣2 + ϕ3(t, b)e−2sη(t,a)

∣∣q(t, b)
∣∣2)

dt

� C

[
s3λ4

∫ ∫
(0,T )×ω

e−2sηϕ3|q|2 dx dt +
∫ ∫
Q

e−2sη
∣∣∂tq − ∂x(c∂xq)

∣∣2
dx dt

]
, (1.29)

for q ∈ ℵ and s � s1, λ � λ1. Note also that such an inequality with these pointwise terms on
the l.h.s. of the Carleman estimates can still be obtained in the case of a smooth coefficient
by simply choosing the weight function β to have a jump condition for its derivative and
satisfying the properties given by Lemma 1.1. We thus have the following proposition.

Proposition 1.5. Let c be in C 1(Ω). Let ω � Ω be a non-empty open set and let a ∈ Ω . There
exist λ1 = λ1(Ω,ω) > 0, s1 = s1(λ1, T ) > 0 and a positive constant C = C(Ω,ω) so that the
Carleman estimate

s−1
∫ ∫

e−2sηϕ−1(|∂tq|2 + ∣∣∂x(c∂xq)
∣∣2)

dx dt + sλ2
∫ ∫

e−2sηϕ|∂xq|2 dx dt
Q Q
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+ s3λ4
∫ ∫
Q

e−2sηϕ3|q|2 dx dt + 2sλ

T∫
0

ϕ(t, a)e−2sη(t,a)
∣∣∂xq

(
t, a−)∣∣2

dt

+ 2s3λ3

T∫
0

ϕ3(t, a)e−2sη(t,a)
∣∣q(t, a)

∣∣2
dt

� C

[
s3λ4

∫ ∫
(0,T )×ω

e−2sηϕ3|q|2 dx dt +
∫ ∫
Q

e−2sη
∣∣∂tq ± ∂x(c∂xq)

∣∣2
dx dt

]
(1.30)

holds for all q ∈ C 2(Q).

2. Generalization to a finite number of discontinuities and to a boundary observation

From the results and proofs given in Section 1, it is possible to generalize the previous
Carleman estimate to the case of a piecewise C 1 diffusion coefficient with a finite num-
ber of singularities. We shall thus here assume that 0 = a0 < a1 < a2 < · · · < an = 1 and
c|[ai ,ai+1] ∈ C 1([ai, ai+1]), i = 0, . . . , n − 1. Let j ∈ {0, . . . , n − 1} be fixed in the sequel and
ω0 � ω � (aj , aj+1) be a non-empty open set. Adapting the proof of Lemma 1.1 we have

Lemma 2.1. There exists a function β̃ ∈ C (Ω) such that β̃|[ai ,ai+1] ∈ C 2([ai, ai+1]), i = 0, . . . ,

n − 1, satisfying

β̃ > 0 in Ω, β̃ = 0 on Γ, (β̃|[aj ,aj+1])
′ �= 0 in [aj , aj+1] \ ω0,

(β̃|[ai ,ai+1])
′ �= 0, i ∈ {0, . . . , n − 1}, i �= j,

and the function β̃ satisfies the following trace properties, for some α > 0,

(Aiu,u) � α|u|2, u ∈ R
2, (2.1)

with the matrices Ai , defined by

Ai =
( [β̃ ′]ai

β̃ ′(a+
i )[cβ̃ ′]ai

β̃ ′(a+
i )[cβ̃ ′]ai

β̃ ′(a+
i )[cβ̃ ′]2

ai
+ [c2(β̃ ′)3]ai

)
, i = 1, . . . , n − 1.

Figure 2 illustrates a typical shape for the function β̃ . With the function β̃ we can define the
weight functions β , ϕ and η as in (1.5) along with

Fig. 2. Sketch of a typical shape for the function β̃ for an ‘observation’ in (aj , aj+1).
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ℵn = {
q ∈ C (Q,R);q|[0,T ]×[ai ,ai+1] ∈ C 2([0, T ] × [ai, ai+1]

)
, i = 0, . . . , n − 1, q|Σ = 0,

and q satisfies (TCn), for all t ∈ (0, T )
}
,

with, in this case,

q
(
a−
i

) = q
(
a+
i

)
, c

(
a−
i

)
∂xq

(
a−
i

) = c
(
a+
i

)
∂xq

(
a+
i

)
, i = 1, . . . , n − 1, (TCn)

and obtain

Theorem 2.2. Let ω0 � ω � (aj , aj+1); there exist λ1 = λ1(Ω,ω) > 0, s1 = s1(λ1, T ) > 0 and
a positive constant C = C(Ω,ω) so that the Carleman estimate (1.6) holds for s � s1, λ � λ1
and for all q ∈ ℵn.

With the same piecewise C 1 diffusion coefficient, c, we may also make the choice of a bound-
ary observation. We make the choice of a left observation, i.e. at 0. An inspection of the proof
of Theorem 1.3 indicates that the weight function β should be chosen with β ′ < 0. We use the
following lemma.

Lemma 2.3. There exists a function β̃ ∈ C (Ω) such that β̃|[ai ,ai+1] ∈ C 2([ai, ai+1]), i = 0, . . . ,

n − 1, satisfying

β̃ > 0 in Ω, β̃(1) = 0, (β̃|[ai ,ai+1])
′ � ν < 0, i ∈ {0, . . . , n − 1},

and the function β̃ satisfies the following trace properties, for some α > 0,

(Aiu,u) � α|u|2, u ∈ R
2, (2.2)

with the matrices Ai , defined by

Ai =
( [β̃ ′]ai

β̃ ′(a+
i )[cβ̃ ′]ai

β̃ ′(a+
i )[cβ̃ ′]ai

β̃ ′(a+
i )[cβ̃ ′]2

ai
+ [c2(β̃ ′)3]ai

)
, i = 1, . . . , n − 1.

Figure 3 illustrates a typical shape for the function β̃ . With the same weight functions as
before we then obtain

Theorem 2.4. There exist λ1 = λ1(Ω) > 0, s1 = s1(λ1, T ) > 0 and a positive constant C =
C(Ω) so that the following Carleman estimate holds:

Fig. 3. Sketch of a typical shape for the function β̃ for a boundary ‘observation’ at 0.
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∥∥M1
(
e−sηq

)∥∥2
L2(Q′) + ∥∥M2

(
e−sηq

)∥∥2
L2(Q′) + sλ2

∫ ∫
Q

e−2sηϕ|∂xq|2 dx dt

+ s3λ4
∫ ∫
Q

e−2sηϕ3|q|2 dx dt

� C

[
sλ

T∫
0

ϕ(t,0)e−2sη(t,0)|∂xq|2(t,0) dt +
∫ ∫
Q

e−2sη
∣∣∂tq ± ∂x(c∂xq)

∣∣2
dx dt

]
, (2.3)

for s � s1, λ � λ1 and for all q ∈ ℵn.

Proof. Observe that the ‘side-observation’ term originates form the term I12 in the computation
of (M1ψ,M2ψ)L2(Q′). Here, there is no term with a volume integral on some subdomain of Ω

in the r.h.s. of the estimates since |β ′| � |ν| > 0. The proof of the estimate then becomes shorter
since there is no need to have an estimate of the form of (1.28). �
Remark 2.5. For a boundary observation at 1, we would make the choice of a weight function β

such that β ′ > ν > 0 and obtain a similar Carleman estimate.

3. Controllability results

The Carleman estimates proved in the previous section allow to give observability estimates
that yield results of controllability to the trajectories for classes of semi-linear heat equations.

As above, we place ourselves in the case of a piecewise C 1 diffusion coefficient with n − 1
points of discontinuities, a1, . . . , an−1, with 0 = a0 < a1 < · · · < an−1 < 1 = an. We let ω �
(aj , aj+1) be an non-empty open set for some j ∈ {0, . . . , n − 1}.

We first state an observability result with an L2 observation. We let a be in L∞(Q) and
qT ∈ L2(Ω). From Carleman estimate (1.6) we obtain

Proposition 3.1. The solution q to{−∂tq − ∂x(c∂xq) + aq = 0 in Q,

q = 0 on Σ,

q(T ) = qT in Ω,

(3.1)

satisfies

∥∥q(0)
∥∥2

L2(Ω)
� eCK(T ,‖a‖∞)

∫ ∫
(0,T )×ω

|q|2 dx dt, (3.2)

where

K
(
T ,‖a‖∞

) = 1 + 1

T
+ T ‖a‖∞ + ‖a‖2/3∞ . (3.3)

The proof of this proposition can be found in [7,8,10]: one has to estimate of the norm of q(0)

in terms of the l.h.s. of (1.6), which is a consequence of dissipativity.
We now consider the following linear system
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{
∂ty − ∂x(c∂xy) + ay = 1ωv in Q,

y = 0 on Σ,

y(0) = y0 in Ω,

(3.4)

with a in L∞(Q) and y0 ∈ L2(Ω). We consider its unique weak solution in C ([0, T ],L2(Ω)) ∩
L2(0, T ,H 1

0 (Ω)) [6,17]. We have the following null controllability result for (3.4).

Theorem 3.2. For all T > 0, there exists v ∈ L2((0, T ) × ω), such that the solution yv to (3.4)
satisfies yv(T ) = 0. Moreover, the control v can be chosen such that

‖v‖L2((0,T )×ω) � eCK(T ,‖a‖∞)‖y0‖L2(Ω), (3.5)

with K(T ,‖a‖∞) as given in (3.3).

The proof is a simplified version of that of Theorem 5.1 in [8], which is based on the argument
developed in [9]. See also the argument given in the proof of Theorem 1.1 in [10].

For the null controllability of the semi-linear heat equation we shall need estimates for the
solution to the following system{

∂ty − ∂x(c∂xy) + ay = f in Q,

y = 0 on Σ,

y(0) = y0 in Ω,

(3.6)

with a in L∞(Q), y0 ∈ L2(Ω) and f ∈ L2(Q). We have the following classical estimates.

Proposition 3.3. The solution y to system (3.6) satisfies∥∥y(t)
∥∥2

L2(Ω)
+ ‖∂xy‖2

L2(Q)
� K1

(
T ,‖a‖∞

)(‖f ‖2
L2(Q)

+ ‖y0‖2
L2(Ω)

)
,

0 � t � T , (3.7)

with K1(T ,‖a‖∞) = eC(1+T +T ‖a‖∞). If y0 ∈ H 1
0 (Ω) then y ∈ C ([0, T ],H 1

0 (Ω)) and∥∥∂xy(t)
∥∥2

L2(Ω)
+ ‖∂ty‖2

L2(Q)
+ ∥∥∂x(c∂xy)

∥∥2
L2(Q)

� K2
(
T ,‖a‖∞

)(‖f ‖2
L2(Q)

+ ‖y0‖2
H 1

0 (Ω)

)
, 0 � t � T , (3.8)

with K2(T ,‖a‖∞) = eC(1+T +(T +T 1/2)‖a‖∞).

We are now ready to prove the null controllability result for system (0.3) stated in Theo-
rem 0.3. As compared to the result in [8], taking advantage of the one-dimensional situation,
observe that we only need to invoke a control v in L2((0, T ) × ω). In fact, estimate (3.8) pro-
vides a L∞ estimate in the one-dimensional case. The proof is based on a fixed point argument
and is along the same lines as those that in [7,8] and originates from [4,11].

Proof of Theorem 0.3. We shall first assume that g is continuous. We let R > 0. The truncation
function TR is defined as

TR(s) =
{

s if |s| � R,

R sgn(s) otherwise.

For z ∈ L2(Q) we consider the following linear system
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⎧⎨
⎩

∂tyz,v − ∂x(c∂xyz,v) + g(TR(z))yz,v = 1ωv in Q,

yz,v = 0 on Σ,

yz,v(0) = y0 in Ω.

(3.9)

Since g is continuous, we see that az := g(TR(z)) is in L∞(Q). Observe also that az is
bounded in L∞ uniformly w.r.t. z with a bound solely depending on R and g. If y0 ∈ L2(Ω)

and if v = 0 for t ∈ [0, δ], δ > 0, we obtain yz,v(δ) ∈ H 1
0 (Ω). Without any loss of general-

ity we may thus assume that y0 ∈ H 1
0 (Ω). The previous results thus apply to system (3.9).

We set Tz = min(T ,‖az‖−2/3∞ ,‖az‖−1/3∞ ). Observe that 0 < CR � Tz � C′
R . Then we have

eCK(Tz,‖az‖∞) � K and K2(Tz,‖az‖∞) � K with K = e(C(Tz)(1+‖az‖2/3∞ )), for K and K2 the con-
stants in (3.5) and (3.8). According to Theorem 3.2, there exists vz in L2(Q) such that vz and the
associated solution to (3.9), with v = vz, satisfy yz,v(T ) = 0 and

‖vz‖L2((0,T )×ω) � H‖y0‖L2(Ω), (3.10)

‖yz,v‖L∞(Q) � C‖∂xyz,v‖L∞(0,T ,L2(Ω)) + C‖∂tyz,v‖L2(Q) � H‖y0‖H 1
0 (Ω), (3.11)

with H of the same form as K, making use of the continuous injection H 1
0 (Ω) ↪→ L∞(Ω) in the

one-dimensional case.
We now set

U(z) = {
v ∈ L2((0, T ) × ω

);yz,v(T ) = 0, (3.10) holds
}

and

Λ(z) = {
yz,v;v ∈ U(z), (3.11) holds

}
.

The map z �→ Λ(z) from L2(Q) into P(L2(Q)), the power set of L2(Q), satisfies the following
properties

1. For all z ∈ L2(Q), Λ(z) is a non-empty bounded closed convex set. Boundedness is however
uniform w.r.t. to z (and only depends on R).

2. There exists a compact set K ⊂ L2(Q), such that Λ(z) ⊂ K: by (3.11), Λ(z) is uniformly
bounded in L2(0, T ,H 1

0 (Ω)) ∩ H 1(0, T ,L2(Ω)), which injects compactly in L2(Q) [15,
Theorem 5.1, Chapter 1].

3. Adapting the method of [7, pp. 811–812] to the present case, we obtain that the map Λ is
upper hemicontinuous; the argument uses the continuity of g.

These properties allow us to apply Kakutani’s fixed point theorem [3, Theorem 1, Chapter 15,
Section 3] to the map Λ.

Result 1 stated in Theorem 0.3 follows by choosing ε sufficiently small such that the (essen-
tial) supremum on Q of the obtained fixed point is less than R by (3.11).

Result 2 stated in Theorem 0.3 follows if we prove that R can be chosen greater that the
(essential) supremum on Q of the obtained fixed point. This is done exactly as in [7, p. 813] and
makes use of the form of H and Assumption 0.2 on G .

To treat the case in which g is not continuous, we adapt the argument of [7, Section 3.2.1] to
the present cases, for both the local and global controllability results. �

Arguing as in [13] or e.g. [7] we can actually prove the following null controllability result
with a boundary control from Theorem 0.3:
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Theorem 3.4. Let c be a piecewise C 1 diffusion coefficient and assume G is locally Lipschitz.
Let γ = {0} or {1}. Let T > 0:

1. Local null controllability: There exists ε > 0 such that for all y0 in L2(Ω) with
‖y0‖L2(Ω) � ε, there exists a control v ∈ L2(0, T ) such that the solution to system⎧⎪⎨

⎪⎩
∂ty − ∂x(c∂xy) + G (y) = 0 in Q,

y = 0 on Σ \ (0, T ) × γ,

y = v on (0, T ) × γ,

y(0) = y0 in Ω,

(3.12)

satisfies y(T ) = 0.
2. Global null controllability: Assume the function G satisfies in addition Assumption 0.2. Then

for all y0 in L2(Ω), there exists v ∈ L2(0, T ) such that the solution to system (3.12) satisfies
y(T ) = 0.

Remark 3.5. Note that as usual, one can replace y(T ) = 0 by y(T ) = y∗(T ) in the previous
statements, where y∗ is any trajectory defined in [0, T ] of system (0.3) (respectively (3.12)),
corresponding to some initial data y∗

0 in L2(Ω) and any v∗ in L2((0, T ) × ω) (respectively
L2(0, T )). For the local controllability result, one has to assume ‖y0 − y∗

0‖
L2(Ω)

� ε, with ε

sufficiently small.

Remark 3.6. We can actually interpret the previous result to prove controllability for the follow-
ing coupled system⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

∂ty1 − ∂x(c1∂xy1) = 0 in Q,

∂ty2 − ∂x(c2∂xy2) = 0 in Q,

y1(t,1) = y2(t,0) in [0, T ],
c1(1)∂xy1(t,1) = c2(0)∂xy2(t,0) in [0, T ],
y1(t,0) = u(t) in [0, T ],
y2(t,1) = 0 in [0, T ],
y1(0, .) = y0,1(.), y2(0, .) = y0,2 in Ω,

where u is a boundary control. This is a system of two parabolic equations with different diffusion
coefficients, coupled at the boundary and partially controlled, in the sense that the control only
acts on one of the equations. The question of the controllability of parabolic coupled system by
acting only on some equations is not solved yet. The case in which the control is distributed in
a part of the domain is partially understood (e.g. [1,2]). In the case of a boundary control there
were no positive answer and there are some counter examples [14].

4. Stability for a discontinuous diffusion coefficient

In [5], the authors establish a uniqueness result for the discontinuous diffusion coefficient c as
well as a stability inequality. This inequality estimates the discrepancy in the coefficients c and
c̃ of two materials (with the same geometry) with an upper bound given by some Sobolev norms
of the difference between the solutions y and ỹ to{

∂t ỹ − ∂x(c̃∂x ỹ) = 0 in Q,

ỹ(t, x) = h(t, x) on Σ, (4.1)

ỹ(0, x) = ỹ0(x) in Ω,



886 A. Benabdallah et al. / J. Math. Anal. Appl. 336 (2007) 865–887
and {
∂ty − ∂x(c∂xy) = 0 in Q,

y(t, x) = h(t, x) on Σ,

y(0, x) = y0(x) in Ω.

(4.2)

Set u = y − ỹ and q = ∂tu. Then q is solution to the following problem⎧⎨
⎩

∂tq − ∂x(c∂xq) = ∂x((c − c̃)∂x∂t ỹ) in Q′,
q = 0 on Σ,

transmission conditions (TCg) on S × (0, T ),

with {
q(x−) = q(x+),

(c∂xq)(x−) = (c∂xq)(x+) + g(x, t),
(TCg)

where x ∈ {a1, . . . , an−1}, the set of singularities for both c and c̃, and

g(x, t) = (
(c − c̃)∂x∂t ỹ

)(
x+) − (

(c − c̃)∂x∂t ỹ
)(

x−)
.

If the solutions y and ỹ to (4.1)–(4.2) satisfy some (regularity) conditions (that can be achieved
with some choices of boundary conditions h and initial conditions y0 and ỹ0 in L2(Ω)—see [5]
for details) we have the following stability result.

Theorem 4.1. We assume that the diffusion coefficients c and c̃ are piecewise constant with the
same singularity locations. Then there exists a constant C such that

|c − c̃|2L∞(Ω) � C
∣∣∂x(∂ty − ∂t ỹ)(.,0)

∣∣2
L2(0,T )

+ C
∣∣Δy(T ′, .) − Δỹ(T ′, .)

∣∣2
L2(Ω ′), (4.3)

where Ω ′ is the open set Ω with the singularities of c removed.

A Carleman estimate was the key ingredient in the proof of such a stability estimate. In [5],
this Carleman estimate was proved in any dimension but with an additional monotonicity as-
sumption on the discontinuous diffusion coefficient. In the present case, we can establish such
a Carleman estimate for general piecewise C 1 diffusion coefficient. We have to carry out the
same computations as in the proofs of Theorems 2.4 and 1.3 of the present paper, with a weight
function β corresponding to a boundary observation on x = 0 (see Lemma 2.3), and to take into
account the additional terms originating from the term g in transmission conditions (TCg). As in
the proof of Theorem 1.3 in [5] these terms are dealt with by using Young inequality. This yields
the following Carleman estimate.

Theorem 4.2. Let t0 > 0, in (0, T ) and g ∈ H 1(t0, T ). There exist λ1 > 1, s1 = s1(λ1) > 0 and a
positive constant C so that the following estimate holds:∣∣M1

(
e−sηq

)∣∣2
L2(Q′) + ∣∣M2

(
e−sηq

)∣∣2
L2(Q′) + sλ2

∫ ∫
Q

e−2sηϕ|∂xq|2 dx dt

+ s3λ4
∫ ∫
Q

e−2sηϕ3|q|2 dx dt

� C

[
sλ

T∫
t

e−2sηϕ|∂xq|2(t,0) dt +
∫ ∫

e−2sη
∣∣∂tq ± ∂x(c∂xq)

∣∣2
dx dt
0 Q



A. Benabdallah et al. / J. Math. Anal. Appl. 336 (2007) 865–887 887
+ sλ

T∫
t0

∫
S

e−2sηϕ|g|2 dσ dt +
T∫

t0

∫
S

e−2sηϕ4|g|2 dσ dt

+ s−2

T∫
t0

∫
S

e−2sη|∂tg|2 dσ dt

]
, (4.4)

for s � s1, λ � λ1 and for all q ∈ ℵg , with M1 and M2 as in (1.10)–(1.11) and ℵg is given by

ℵg = {
q ∈ H 1(t0, T ,H 1

0 (Ω)
);q|(t0,T )×(ai ,ai+1)

∈ L2(t0, T ,H 2(ai, ai+1)
)
,

i = 0, . . . , n − 1, q|Σ = 0 and q satisfies (TCg) a.e. w.r.t. t
}
.

Remark 4.3. Observe that in Theorems 4.1 and 4.2, we need not assume that jumps for c are
greater than some positive constants K at its points of discontinuities, as is done in [5]. This is
due to the choice made on the weight function β̃ in Lemma 2.3. This remark is to be connected
to Remark 1.4 item 5 of the present article and the proof of Theorem 2.2 in [5, estimate (2.16)
and following arguments].
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