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Let X,, i=1, be a sequence of i.i.d. R*-valued random variables with common distribution P. Let
H,, n=1, be a sequence of distribution functions (d.f.) such that H, > H,,, where H, is the d.f.
of the unit mass at zero. The perturbed empirical d.f. is defined by l:",,(x) =n'Y  H(x—X);
13, denotes the associated perturbed empirical probability measure. Strong laws of large numbers

»

and weak invariance principles are obtained for the perturbed empirical processes (P, — P)(f),
fe F, where F denotes a class of functions on R*. The results extend and generalize those of
Winter and Yamato and have applications to non-parametric density estimation.

AMS (1980) Subject Classifications: Primary: 60B12, 60F15; Secondary: 60F17.

laws of large numbers = invariance principles * perturbed empirical distribution functions * metric
entropy

1. Introduction

Let X;, i =1, be a sequence of i.i.d. R*-valued random variables with common law
P. P is assumed to be a probability measure on %, the usual Borel o-algebra. The
nth empirical measure for P is

P,= n71(6X1+- <o+ 8x),

where 8, denotes the unit mass at x. Let & be a class of real-valued measurable
functions on R*. The empirical process indexed by & is denoted by

(Pn_P)(f)_Jf(dPrv_dP)a fg,_"’];

Let H,, n=1, be a sequence of distribution functions; assume that H, > H, (i.e.,
If dH, — f(0) whenever f:R* — R is continuous and bounded), where H, is the
distribution for 8,. As in Winter (1973) and Yamato (1973), define for all x € R*
the perturbed empirical distribution function

Fox)=n"' ¥ H,(x—X)). (1.1)

i=n
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The estimator ﬁ,, differs from the usual empirical distribution function
F,(x)= n' 2 Hy(x—X))

in that the mass n~!

is no longer concentrated at X, but is distributed around X,
according to H,. The assumption H, -~ H, helps insure that the asymptotic behavior
of 15,, — F will be close to that of F,, — F, where F is the distribution function of X.

Winter (1973) and Yamato (1973) have shown that if P is continuous then F,

has the “Glivenko-Cantelli property”, that is,
HI:",,—F||—->O a.s., (1.2)

where here and elsewhere ||f|| denotes the essential supremum of the function f.
This note considers limit theorems for the general perturbed empirical process

(P,- P)(f)= J.f(dﬁ,, —-dP), fe &

where P, denotes the perturbed probability measure associated with F, and F a
general class of measurable functions not necessarily of the form {1, . .;: xR} as
required in (1.2). Sufficient conditions on %, P and f’,, are found such that the
following strong law of large numbers (SLLN) holds:

[(P,— PYf)|,=|[f(dP,—dP)|;, =0 as. asn-x,

where | - |, denotes supremum norm over . Here and elsewhere the a.s. convergence
is with respect to Pr*, the usual outer measure associated to Pr:i= P™, the infinite
product measure on the infinite product of R* with itself. (See Dudley, 1984, for
details.) The results, which are linked to non-parametric density estimation, extend
and generalize those of Winter (1973) and Yamato (1973) and have a variety of
applications. In addition to the SLLN we also obtain an invariance principle for
the perturbed empirical process.

The perturbed empirical process is studied by placing it within the standard
framework of empirical processes (see Dudley, 1984; Gaenssler, 1983; and Pollard,
1984, for extensive treatments of the subject; see also Giné and Zinn, 1984, 1987,
for more recent developments). Limit theorems for perturbed empirical processes
essentially amount to limit theorems for empirical processes indexed by a sequence
of function classes varying with n, the sample size.

The following definition will be useful (Dudley, 1984); €(R*) denotes the con-
tinuous functions on R*.

Definition 1.1. Given f, he €(R") let [f, h]:={g: R* >R such that f< g<h point-
wise}. Given a class of functions % and a probability measure P on R*, let
NU (e, & Py=min{m: 3f,,..., [, in L(R" B, P) such that Fc U LS5
I(ﬁ —f)dP<ge}. log N' (e, & P)is called metric entropy with bracketing; the usual
definition, however, does not require continuity of the bracket functions (Dudley,
1984).
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2. Preliminary results

Starting with (1.1) it is natural to define the associated perturbed empirical measures
by P,:= i, * P,, where w, is a sequence of probability measures on R*. We assume
once and for all that u, 5 8, and that the wu, are independent of the P,. It is easier
and more convenient to work with the measures 13,, instead of the distribution
functions F, ; working with P, permits application of the standard theory of empirical
processes and also yields results of greater generality.

If # denotes a class of real-valued functions on R* then write %< SLLN(P, P,)
(resp. € SLLN(P, P,)) iff

— 0 as.).

F

Jf(dp,,—dp) —0 as.  (resp. Uf(dﬁ,,—dp)

G

Throughout, f.(v) and f(x+y) are used interchangeably and % denotes the class
of translates of all elements of %, i.e. ¥ :={f.: xeR" fec F}.
Notice that for all fe F,

ff(dﬁn —dpP) =de(u,. * Pn)—deP

=J Jf(x+y)dP,.(y)dMn(X)—j Jf(y)dP(y) du,(x).

The triangle inequality yields

<|V(n)|,+|B(n)

Fo

Uf(dﬁ—dp) ;
where

ror

V(n)= Sx+y)dP,(y)du,(x) —J Jf(x+y) dP(y) du,(x)

and

rr

B(n)=| | flx+y)dP(y)du(x) —J Jf(y) dP(y) du,(x).

LU

V(n)and B(n) are the stochastic and non-stochastic (bias) components, respectively.
If #=SLLN(P, P,) then |V(n)|;~0 a.s.; if, in addition

-0, (2.1)

F

B(n)|, = U J'f(X+y)—f(y)dP(y)dun(x)

then #<SLLN(P, B,). In fact, since

»=[[V(n)|s—|B(n)|5

Uf(df’,,—dP) =|V(n)+ B(n)

I

)
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it follows that if € SLLN(P, P,) and F ¢ SLLN(P, P,) then |B(n)|;—0, i.e. (2.1)
is necessary as well as sufficient for % SLLN(P, P,,).

Proposition 2.1. Let Z, ¥ and 13,, be as above; suppose Fe SLLN(P, P,). Then

-0 a.s. = Ijj(fx—f)dep,,(x) 7—>O.

H.f(df’,, -dP)

F

This simple proposition is especially useful when &% is closed under translations.
For example, we easily deduce the Winter- Yamato version of the Glivenko-Cantelli
theorem for perturbed empirical measures.

Corollary 2.2 (Winter, 1973; Yamato, 1973). Let F={1,_ . .: x€R}. Then

= (£, = F)(x)| >0 as. (2.2)

H.f(df’,,—dP)

for any continuous probability measure P on R.
This results implies that if F has a density and f,1 is a “typical” non-parametric
density estimator and F,,(x) =", f,,(r) dt, then F,, converges uniformly to F a.s.

Actually, we prove later that (2.2) holds in higher dimensions. For the moment we
sketch the proof of (2.2).

Proof. Since Fe SLLN(P, P,) it suffices to show convergence of the bias term (2.1).
By continuity of P, Ve >0 38 > 0 such that P{[a, b]} <3¢ whenever b —a < 8. Find
ny= ny(8) such that Vn=ny, w,{x: |x|>8}<3ie. Then Vn=n,,

|B(n)|.s =sup J P{(y, x+y]} dp,(x)
<J’l sup P{(y, x+yltdu,(x)+ie=<e. O

We easily deduce two additional corollaries. Let BL(1):={f:R* >R such that
lf(x)—f(»)]<|x—y| Vx, yeR* and ||f] = 1}. BL(1) is the set of bounded Lipschitz
functions on R*.

Corollary 2.3. BL(1)e SLLN(P, P,).

Proof. Since N' (g, BL(1), P) <00 Ve >0 it follows that BL(1) e SLLN(P, P,) (see
e.g. Dudley, 1984, Theorem 6.1.5). Since BL(1) is translation invariant it suffices to
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show |B(n)

0. We have

|B(m)], = U o U(fx —f)dP(y)] dun(X)JrJ” e dduo]

,
< J x| dptn(x) + 20, {x: || x| > €}
lxll=e

<e+2u.{x: [[x]|>e}=2e

for n large enough. [

Corollary 2.4. Let f:R* >R be uniformly continuous, ||f|| <o and F:=1{f.: xR}.
Then < SLLN(P, P,).

Proof. Since ¥ SLLN(P, P,) it suffices to show convergence of the bias term (2.1).
Let 0<<e <1 be arbitrary. By the uniform continuity of f, 35> 0 such that Vx, y
with ||x — y|| < & we have | f(x) — f(y)| < 3e. Also, Iny:= n,(8) such that for all n = n,,
wadx:||x]| <8} =1—¢/(4|f]), where ||f]| is assumed positive, else there is nothing
to prove. Therefore

|B(n)|.;=sup J J\fr(xﬂ’) — £ dP(y) dp,(x) +3e.

The uniform continuity of f implies that the integrand is at most 3¢, showing that
|B(n)|;<e O

3. Metric entropy and the SLLN for perturbed empirical processes

In this section we provide sufficient conditions guaranteeing % ¢ SLLN( P, 15,,); it is
assumed throughout that the elements of ¥ are bounded by one in the supremum
norm.

Recall that Blum (1955), DeHardt (1971) and Dudley (1984) have shown that if
NU(e, F P)<oo ¥e>0then Fe SLLN(P, P,). (Actually, this was proved without
any continuity assumption on the bracket functions.) The following theorem shows
that the condition N! (e, & P)<co Ve>0, together with the implicit hypothesis
. = 8,, which cannot be removed in general, implies # € SLLN(P, f’,,). This result
should be considered as the analog of the Blum-DeHardt-Dudley theorem for the
perturbed case.

Theorem 3.1. Let N' (g, %, P)<oo Ve >0. Then

’Jf(df’,,—dP) ~0 as (3.1)
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Proof. Let £ >0. Clearly, P, * u, — P * 8, a.s. since u, — 8, and P, > P a.s. Thus
for each bounded and continuous f on R,

-0 a.s.

Uf(df’,, —-dP)

Without loss of generality we may assume that each bracket function is bounded
by one in the sup norm. Thus, if m:= N! }(e, F, P) then 3ny:= ny(e) such that for
all n=n,,

max <g, (3.2)

i=im

Jf,.(df’,,—dP)

except on a set with probability less than e.

Next, for each fe F find a bracket [ f;, f;] such that f;< =< f. Then by (3.2) and
the definition of a bracket we have on a set with probability greater than 1—¢
(Dudley, 1984),

(B, — PY(N)=|(B,— PY(f—)I+|(P.— P)(f)
<|(B,+ P)(f—f)|+e=<|(P,— P)(f;—f)|+3e<5e
This holds for all f€ % and thus (3.1) holds as desired. []

Applications

Theorem 3.1 applies to a variety of classes of functions. For example, if %:=
{x—>e"™:|t|=<1}, then for any P, N' (g, & P)<oo Ve >0 (smooth the brackets of
Yukich, 1985), implying a SLLN for the perturbed empirical characteristic function:

=0 a.s.

lim sup H e (dP, —dP)
- [r]=1
Next, let €:={(-o0, x]: —00, xeR*}, F={1,:Cec €} and P a probability
measure on R* satisfying the following “continuity” condition (8A denotes the
boundary of the set A):

VCe€ P(8C)=0. (3.3)

Note that (3.3) is satisfied iff for all hyperplanes H perpendicular to the axes
P{H}=0. Under (3.3) it can be shown that N' (¢, & P)< o0 V& >0 (use the results
of Blum, 1955; DeHardt, 1971; together with standard smoothing operations to
generate a finite number of continuous brackets). This implies a SLLN for the
multidimensional perturbed empirical distribution function. This readily extends
the Winter-Yamato results to higher dimensions; their methods are tied to the
properties of distribution functions on R and do not easily admit an extension. We
have thus obtained a generalization of Corollary 2.2

Corollary 3.2. Let ﬁ,, denote the perturbed empirical distribution function I:""(x)Z:
P,{(—o0, x]}, xeR", where P satisfies condition (3.3). Then

|F,— F|~0 as.
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4. Weak invariance principles for perturbed empirical processes

Extensions of the above methods yield a weak invariance principle (abbreviated
WI) for (B, — P)(f), fe & Say that #e WI(P, P,) ift ¥ is GpBUC and there exist
processes Y;(f), fe &% where Y, are independent copies of a suitable Gaussian
process Gp, such that Ve >0,
> e} =0,
3

lim Pr*{max n 2 ?_ (X)) = P(f)=Y,(f))

n—->o0 m=n

or, equivalently

>£} =0.

This condition is equivalent to % having the P-Donsker property (see Dudley, 1984;
Dudley and Philipp, 1983; Gaenssler, 1983; Giné and Zinn, 1984, 1987; Pollard,
1984; Talagrand, 1988, for notation, details and sufficient conditions implying weak
invariance principles). Note that the Y; a.s. have values in the Banach space B of
bounded functions on F equipped with the supremum norm |- |,. Say that Fe

WI(P, B,) iff Ve >0,

lim Pr*{max n [m(P,.(f)—P(f))— (Z Y ()]

n—o¢ m=n

lim Pr*{max Jn"” Y (LX) =P = Y()dua(x) f>e}=o,

n—oc m=n Jj=m

or, equivalently,

>£} =0.
F

One could also say that % e WI(P, P, if @, in the above condition is replaced by
M, but this approach leads to technically more complicated arguments in what
follows and will not be pursued here. The following is most useful when % is
translation invariant; formally speaking, it may be considered as a weak invariance
principle analog of Proposition 2.1.

lim Pr*{max n”2[m(P, % w,(f) = P(f)) - (Z Y;()]

n—>oo m=n

Proposition 4.1. Let F, 9:7, Pand P, be as above; P, = m, * P,. Suppose FeWI(P,P,)
and

jn‘” T (Y= V() du,(x)| =0

4, '=max

m=n

Then %< WI(P, B,) iff n"/?|B(n)|; -0, that is, iff

n1/2

J I (f=/f) dP du,(x)

>0 asn-oo.
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Proof (sufficiency). Denote by D, the quantity

~

D, = max nf'”; (S (X)) = P(f) = Yi(f) dpa(x)

m=n |

F

We need to show D, L7, 0. The triangle inequality yields

D,=max || n7"? ¥ (fo(X;) = P(f) = Y;(£)) du,(x)

m=n o j=m

+4,

F

+ max

m=n

Jn'/z 2 PUA—=f)dua(x)

j=m 3

The second and third terms in this inequality converge to zero by hypothesis.
Applying the Dudley-Philipp invariance principle (Dudley and Philipp, 1983,
Theorem 1.3) to the P-Donsker class F/:’, it follows that the first term converges to
zero, concluding sufficiency. Necessity follows approximately as in the proof of

Proposition 2.1. [

The following theorem provides a weak invariance principle for the perturbed
empirical process. Letting ep(f, g) = (I (f—g)*dP)"? assume from now on that &
satisfies the following regularity condition for P:

Ve>0 30<n <e such that Vfe F Vx| <n, es(ffi)<e (4.1)

Theorem 4.2. Let ¥ be P-Donsker; assume that F is translation invariant and satisfies
(4.1) for P. If n'"?|B(n)| s~ 0, that is, if

172
n/

J J (f=f)dPdu,(x)] >0 asn->o0,
then € WI(P, P,).

It is now a simple matter to obtain a weak invariance principle for the perturbed
empirical distribution function on R* k=1 (cf. Puri and Ralescu, 1986, for a
pointwise version of a similar result). This result, like Corollary 2.2, is of interest
in density estimation and implies a weak invariance principle for the normalized
distribution function of a “‘typical” non-parametric density estimator. We are
unaware of similar multidimensional results.

Corollary 4.3. Let F:={1_. .: xX€ R*} and P a probability measure on R* satisfying
4.0 If

n'/? sup J J Loexi(y) dP(y) dp(x) >0 as n—> oo,

teR

then F < WI(P, P,). It follows that for all £ >0,

>£}=O.

lim Pr* { sup

n—x

nlF,(x) = FCOl=n"" & V(1 sy
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Proof of Theorem 4.2
By Proposition 4.1 it suffices to show that 4, AN 0; this will follow from well-known
properties of Gaussian processes, Lévy’s maximal inequality and the regularity
condition (4.1).

First, notice that max,,.., |n~"? Ziem Y_,(f)l,; is stochastically bounded.

Lemma 4.4. For all >0 3C << o0 such that for all n =1,

Pr*{max n 2 sC}Zl—,B.

IR AY
m=n ji=m
Proof. This follows from the generalized Lévy maximal inequality for symmetric
Banach space valued random variables (Dudley and Philipp, 1983, Lemmas 2.5 and
2.9) Markov’s inequality, the Fernique-Slepian lemma (Giné and Zinn, 1984,
Theorem 2.17(a)) and E|Y,(f)]; <. O

Next, let £ >0 and % = n(e) be defined by (4.1). For small ¢ it will be shown that

max sup

m=n |Ixl|<n

T ()= Yi(A)

F

is small with high probability. The precise statement actually shows a little more.

Lemma 4.5. There exists D= D(&)|0 as €| 0 such that for all n =1,

n 7Y (Y- Yi(g)

j=m

> D(e)} =0.

lim Pr*{max sup
£l0 m=n fgep(fg)<r

Proof. Given £>0, let H (e, %, ep) denote the logarithm of the covering number of
% with respect to the pseudo-metric e, (Dudley, 1984). Find D:= D(g)|0 such
that the quantity

c(e)= {4[E* sup | Y,(f) = Yi(g)l+13eH (3¢, 7, ep)}/D(e)
ep(f.g)<e

converges to zero as £/0. (To see that this is possible, use E|Y,(f)|s <0,
lim, 16 SUP g op( raree | Y1l ) — Y,(g)| =0a.s., dominated convergence on the first term
and Sudakov’s minorization on the second term.)

Note that Markov’s inequality and Fernique’s comparison theorem (Fernique,
1985, Corollaire 1.6) applied to the Gaussian processes Y, and m™"/? Y Y; imply
that

j=m

n T (YN~ Yﬁ(g))’ > D} = c(e).

j=m

max Pr*{ sup

fgiep(fig)=e

m=n
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The generalized Lévy maximal inequality (Dudley and Philipp, 1983, Lemmas 2.5
and 2.7) applied to the random variables X,(f. g)= Y;(f)—Y,(g), Markov’s
inequality and a second application of Fernique’s comparison theorem therefore
imply that

Pr*{max sup n'? 2 (V)= Y,-(g))‘ > D}

m=n fgeplfg)<s

n Y (Y- Y,(g))' >AD}

Jj=n

=(1-c(e))”' Pr*{ sup

Jgieplhg)=e

<(1—c(g))‘4D'tE*{ sup |n 7 Y (X-(f)—Y_;(g))H

fgep(fig)¢
<(1—c(e)) '4c(e).

Since c¢(&) converges to zero as &0 the proof of Lemma 4.5 is complete. [

To complete the proof of Theorem 4.2 combine Lemmas 4.4 and 4.5 as follows.
Given B> 0 it suffices to show Pr*{4, >28}<28 for n sufficiently large. Choose
£>0 small enough so that D(e)<g and (1—c(g)) '4c(e)<B; let n:=n(e) be
defined by condition (4.1).

By the assumed convergence u, — 8,, there is an n,:= n,(8) such that for all

n=ng,

padx: x> n}t=p/(2C), (4.2)

C as in Lemma 4.4. For all n=n,, Lemma 4.4 and inequality (4.2) imply that

max

m=an

j=m 2

J S U= YD) da ()
[[xfi=n

172

2 (Y=Y

J=

~dpa(x)

F

sJ. max n

fxl)=n

sj 2C dp,(x) =B, (4.3)
[lxll==n

except perhaps on a set with probability smaller than .
Additionally, since D(e) =< B, Lemma 4.5 implies that for all n=1,

-}
-5}

=4c(e)/(1—c(e)). (4.4)

Combining (4.3) and (4.4) gives for n = n,, Pr*{4,>28}=B+4c(e)/(1—c(e)) <
28, as desired. [

m=n

Pr*{max J n Y (Y () = V() dua(x)
fx]l=m

Jj=m

n 2 Y (V) = YD)

j=m

= Pr*{max sup

m=n |x|=n
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