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Abstract

We give a new proof of Faber’s intersection number conjecture concerning the top intersections in the
tautological ring of the moduli space of curves M. The proof is based on a very straightforward geometric
and combinatorial computation with double ramification cycles.
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1. Introduction
1.1. Notations

Let Mg ,, be the moduli space of complex algebraic curves of genus g with n labelled marked
points. We denote by M ¢,n the space of stable curves which is the Deligne-Mumford compact-
ification of M, ,, and by Mg’ n C M ¢,n the partial compactification of M, , by stable nodal
curves with rational tails (that is, one irreducible component of a stable curve must still have
geometric genus g).

Throughout the paper we work with tautological classes on these spaces. The tautological ring
R*(M ¢.n) can be defined as the minimal system of subalgebras of A* (M ¢.n) that contains the
classes Y1, ..., ¥, and is closed under push-forwards with natural maps between moduli spaces.
The tautologlcal classes on Mg’ are defined as restrictions of the tautological classes on M g

For further definitions and a detailed discussion of the tautological ring and related topics in
geometry of the moduli space of curves we refer the reader to [13], which is a good survey on
the subject.

1.2. Faber’s conjecture

The conjecture of C. Faber [1] describes the structure of the tautological ring R*(My), g > 2
(M = Mg o). Let us mention the key ingredients of this conjecture.

(1) (Vanishing) Forany i > g — 1, R'(M,) =0
(2) (Socle) R&72(M,) = Q.
(3) (Perfect pairing) For any 0 <i < g — 2, the cup product

R'(Mg) x R& 27 1(M,) — RS2 (M)
is a perfect pairing.

(4) (Top intersections) Let 7 : Mgf » — M be the forgetful morphism. Assume dy +- - - +d, =
g+n—2,di>1,i=1,...,n. Then the class
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e < [1v @d; - 1)!!) € R2(M,)

i=1

does not depend on dy, ..., d,.

The vanishing and socle properties are proved in several different ways, see [1,8,5]. The
perfect pairing is still an open question. The top intersections property, also known as Faber’s
intersection number conjecture, we discuss in the next section.

1.3. Top intersections

rt
g.n
the linear functional f “Aghg—1: RS (M ¢) — Qis an isomorphism. Therefore, a reformulation

of Faber’s intersection number conjecture states that

Faber [1] observed that the class AgA,_1 is equal to zero on M an \ M, n > 0. Moreover,

0 (g —3+n)!(2g —3)!! / -

Gy ghgt = D1

[TV heres g DI, di—nu J V1 Aete
My

In this form it is already proved in two different ways that we would like to discuss here.

First proof is based on an observation of Getzler and Pandharipande [3]. The AgA,_1-integrals
appear in the Gromov—Witten theory of CP?, and the degree zero Virasoro constrains imply
Faber’s intersection number conjecture. The Virasoro constrains for the Gromov—Witten poten-
tial of CP? were proved later on by Givental, see [4].

Second proof is due to Liu and Xu [7] via very skillful combinatorial computations. Mum-
ford’s formula [9] expresses A-classes in terms of y-, k-, and boundary classes. Therefore, the
whole problem is reduced to a computation of some non-trivial combinations of the integrals of
Y -classes. Witten’s conjecture [14] (proved by now in several different ways) allows to compute
all integrals of yr-classes using string, dilaton, and KdV equations.

There is a third approach to the same problem due to Goulden, Jackson, and Vakil. They apply
relative to infinity localization to the moduli space of mappings to CP! in order to obtain rela-
tions that involve more general so-called Faber—Hurwitz classes and double Hurwitz numbers in
genus 0. This set of relations allows, in principle, to resolve Faber’s intersection number con-
jecture completely, but there are combinatorial difficulties that they have managed to overcome
only for a small number of points.

We give a new proof of Faber’s intersection number conjecture. There are at least two reasons
to do that. First, two existing proofs mentioned above involve too advanced technique and, sec-
ond, they do not provide any geometric feeling for the structure of the tautological ring of M.
Meanwhile, the approach of Goulden, Jackson, and Vakil allows to understand much more from
the low-level geometry of M, but it is not a complete proof of the conjecture. Our approach
is somewhat similar to the main idea of Goulden, Jackson, and Vakil, but all computations have
appeared to be much simpler.

1.4. Double ramification cycles

A particular type of double ramification cycles that we need in this paper can be described in
the following way. Letay,...,a,,n > land by, ..., by, 0 < k < g, be positive integers. A subva-
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riety H(ay,...,an, b1, ..., b)) C Mg nyiy1 consists of curves (Cq, X0, X1, .-, Xp, Y15 -5 Vi)
such_that _(Z?i a; + Zf-;lbi)xo + Y aixi + Zf-(:l b;y; is a principle divisor. Let
7t Mg nykt1 = Mg 1 be the map that forgets the points yp, ..., yr. We denote by

DR, (Hm nm)

i=1 i=1

the push-forward m.[H(ay,...,an, b1, ...,bx)] of the class of the closure of H(ay,...,a,,
bi,...,by) in M ¢,1+n+k. Sometimes it is more convenient to consider the restriction of the
Poincaré dual of the class DR, ([]/_; my, ]_[f:1 mp,) to MZf 14> abusing notations we denote
it by the same symbol. It is proved in [12] (a generalization of the argument in [9]), that
DR, ([T, m; T1+—, 7p,) has codimension g — k.

An advantage of the double ramification cycles is that any tautological class can be expressed
in terms of them [6] and there is a simple expression for a yr-class restricted to a DR-cycle in
terms of DR-cycles of higher codimension. All DR-cycles lie in the tautological ring [2].

The main idea of our approach to Faber’s intersection number conjecture can be described
in the following way. The fundamental class of the moduli space of curves of genus g can be
represented by a DR-class with kK = g. Then any integral of y-classes over this cycle can be
expressed in terms of integrals over DR-classes with k = 0 via the same argument as in the
standard proof of the string equation. A lemma of E. Ionel [6] allows to find an expression for
any monomial of ir-classes (in /\/l;’ lin> 1 > 1) in terms of DR-cycles with n =1 and k = 0,
that is, DR, (m,), a > 2. These classes are in the socle of the tautological ring of 2{2, they
are proportional to one particular class DR (m) which is the hyperelliptic locus generating
RE(M g,’ 2)-

This gives a combinatorial algorithm to compute explicitly any class involved in Faber’s con-
jecture. A relatively simple and straightforward analysis of this algorithm gives a new prove of
Faber’s intersection number conjecture.

We hope that the technique of DR-cycles presented here can help with the rest of Faber’s
conjecture, that is, with the prefect pairing, which is still the most mysterious part of it.

1.5. Organization of the paper

We split the argument into geometric (Section 2) and combinatorial (Sections 3 and 4) parts.
In fact, the new ideas in this paper are only in combinatorial computation, while all geometric
arguments are a sort of standard routine computations using the space of admissible covers or
universal Jacobian. This sort of arguments is rather standard, so we decided to de-emphasize
geometric part and we provide only sketches of the proofs there. Let us also mention here that all
statements in Section 3 have a strong geometric flavor in the sense that there are some incomplete
geometric arguments that could replace straightforward combinatorial proofs there.

1.6. Acknowledgments

The authors are very grateful to I. Goulden, D. Jackson, M. Kazarian, B. Moonen, R. Vakil,
and D. Zvonkine for the plenty of fruitful discussions.
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2. Integrals over DR-cycles

The goal of this section is to give an algorithm to compute an integral fﬂ . Agkg_lwg X
g.n

[T, wid * for any non-negative integers di, . .., dy, such that ) 7_, d; = g+n— 1. It is not exactly
the integrals we need for Faber’s conjecture, however, there is an argument of Witten in [14] that
explains how to use the string equation in order to recover the integrals with arbitrary (positive)
powers of yr-classes from these particular ones.

There are two different languages. One can either discuss the integrals of AgA,_1 wg [T, wl.d !
over DR-cycles in M ¢,1+n (which is usually more convenient for particular computations), or
we can say the same for the intersections of 1//8 [T, wid " with the restrictions of the Poincaré
duals of DR-cycles to R *(M;f ) (which is more convenient for geometric arguments).

J+n
We introduce a new notation. Let di,...,d,, n > 1, be non-negative integers such that
Y ,di=n—1.Letay,...,a, be arbitrary positive integers. Let

<ﬁ[3ﬁ]>m‘= / Wy 70

g DR ([T7—y ma;) i=l1
2.1. Reduction to initial DR-cycles

The initial DR-cycles are the cycles with no m2-s in the notations of the previous section. There
is a simple reduction formula for yr-classes on the initial DR-cycles that we discuss in the next
section. The goal of this section is to express any product of -classes in R8H"~! (M;’_ |4n) IR
terms of the products of -classes and initial DR-cycles.

There are two first observations that we are going to use.

Lemma 2.1. In RO(MZ,”]_H’) we have:

n 4 8
DRg(l_[ma,- Hﬂlbi> =g! Hbl‘z[-/\_/lg,l—i-n]-

i=1 i=1 i=1

Lemma 2.2. Let 7 : ./\/lq’_H1 — ./\/lqﬂr( n—1) be the map that forgets the last marked point. Assume
k<g—1.Then

n k n—1 k
7«DR, (l_[mai Hﬁlbz) = DR, ( 1_[ Ma; Ma, Hﬁlb,)-

i=1 i=1 i=l1 i=l1

Sketch of proofs. The first lemma is almost obvious, since the corresponding DR-cycle can
be defined via an intersection in the universal Jacobian over M;t,l 4n- Then the lemma follows
from the fact that for any curve C of genus g with a chosen base point xo the map C8 — Jac(C),
1y -y o) > 25, biyi, is of degree g! []_, b?. The second lemma follows immediately from

the definitions. O
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These two lemmas allow to express a monomial of {r-classes in terms of intersections with
the initial DR-cycles.

Proposition 2.3. Let dy, ..., d, be positive integers such that ) ;_,d;i = g +n — 1. For any
positive integers ay, ..., ay and by, ..., bg, we have the following identity:

8 n
<g!]_[b,.2> : / rghg 1V [T v
i=1 — i=1

Mg,n+]

) DR
_ _ 1yl @i+ 2jer b 5
- EonlaE sy, o

Iou---ul,={1,....g i=

Sketch of a proof. The argument that derives this proposition from Lemmas 2.1 and 2.2 is
a straightforward application of the pull-back formula for ir-classes, cf. proof of the string
equation in [14]. See [10,11] for the same argument applied in some other cases that involve
DR-cycles. O

2.2. Expression for a r-class on the initial cycle

In general, an initial DR-cycle is the image of a particular space of admissible covers where
one has a map to the target genus 0 curve. A lemma of Ionel [6] states that the y-class lifted from
the DR-cycle is proportional to a i-class lifted from the moduli space of target genus O curves.
This allows to use the genus 0 topological recursion relation for a 1-class on double ramification
cycles. The result of that can be described on the level of intersection numbers by the following
proposition.

Proposition 2.4. For any positive a, ay, ..., a, and for any non-negative d, d, ..., d,, we have
the following recursion relation:
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Here we use the notation:

M) - [ e

=1
! 0 DRO(I_[?:l Mmg; )

(n=2)!

= / W(())HW {d'd" ifdy+-+dy=n-2,

. otherwise.
Mo, I+n

Sketch of a proof. This proposition is a very closed relative of the similar formulas in [10,11]
and is based on Ionel’s lemma in the way described above. We only take into account the com-
ponents of the general expression of a v/-class restricted to a DR-cycle that belong to M"? 224
the rest of the prove is identical to [10,11]. O

There is a nice interpretation of this recursion in terms of generating vector fields for the
intersection numbers over DR-cycles. Let 8 and #, 4, a > 1, d > 0, be the formal variables.
Define

p2g+n—1 n
B 8 I:al:| (Z 1a1)8
Ve = _— ta; d; * =
¢ ; n! alg,:a,, i=1 di 1_[ “ al(zn 16i), 0
dy+-tdy=n—1 §
o0 _1 n n
B" [ :| (X i=1ai)d
Vo= & .
nZ:; m a;,: =1 1:[ Iy 4.0
di+-+dy=n-2

Then the recursion relation in Proposition 2.4 can be written as

ad?v, vV, v, Vo 9V,
=i ) o |

ata,d+1 aﬁ B ata,d’ 8/3 ata,d’ 8:3

2.3. Initial values

Using Proposition 2.4 one can eliminate all y-classes. This reduces the problem of computa-
tion of an integral over a DR-cycle to the following set of initial values.

Proposition 2.5. There is a constant C, that depends only on genus g, such that for any a > 1

[8]) - cxen

Sketch of a proof. The proof of this proposition is based on the fact that DR, (m,) is propor-
tional to a generator of RS (M"! ») with the coefficient a®¢ — 1. That can be proved by a universal
Jacobian argument, see the proof in [5, Proof of Theorem 3.5]. O
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3. Basic properties of integrals over DR-cycles

Here we discuss how the integrals over DR-cycles DR, ([ [7_, m4,;) depend on the multiplici-
ties ay, ..., a,.

3.1. A small simplification

Propositions 2.4 and 2.5 imply that the integral ([]7_, [Zﬁ ])gDR is a sum of two rational func-

tions in ay, ..., a, of degree 2g and 0 whose denominators divide []/_, a;li . We know from
Proposition 2.3 that in the computation of a particular integral over M ¢,1+n all degree O terms
should cancel each other, so we can ignore them in the course of computation. An explicit state-
ment about their values is the following:

Lemma 3.1. Let n > 1. For any non-negative dy, ...,d,, di + ---+d, =n — 1, we consider the
degree 0 part of the expression of the integral ([]/_, [Z; ])ER as a rational functionin ay, ..., ap.

It is independent of ay, . .., a, and is equal to —Cy - (n — 1)!/d!---d, .

Proof. It is proved by induction on n via a straightforward application of the recursion relation
in Proposition 2.4. O

One more observation is that all integrals that we consider are proportional to Cy, some basic
constant that is related to the choice of a particular isomorphism [ -AgAe_1 : R§~2 — Q. For
convenience we may assume that C, = 1. Therefore, we can assume for simplicity that the initial
values for our computational algorithm are given simply by ([g])?R = a*¢. We keep to this
simplified assumption till the end of the paper.

3.2. Polynomiality

Taking into account the simplification in Section 3.1 we see that the integral ([]7_, [2 ])gR is
a rational function in ay, ..., a, of degree 2g whose denominator divides ]_[;’=1 al.di . In fact, one
can say more than that.

Proposition 3.2. Let n be positive integer. For any non-negative integers dy, ..., dp, di + -+ - +
d, =n — 1, the integral ([}_, [Zi ])gDR is a polynomial in ay, . .., a,.

Proof. The proposition in general follows from the particular case when dj =n — 1 and
dy = --- =d, = 0. Indeed, applying the recursion relation in Proposition 2.4 to yr-classes at
all points but the first one we come to this particular case, and there is no occurrence of aj in
the denominator so far. Hence, the whole integral is a polynomial in a1, and, therefore, in all
ai, i =1,...,n. So, this special case is enough. It is proved below, in Lemma 3.5 based on
Lemmas 3.3and 3.4. O

So, we consider the integral

n DR
I(a,ay,...,a,) :<[Z:|H|:QO’]> , n=0.
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It is a homogeneous function of degree g that can be expanded as [, = Zizif” a' - Pyog—i(ay,
., ay), where P, ; are some symmetric polynomials of degree k in n variables. Explicit com-

putations with the recursion relation in Proposition 2.4 give the first few formulas for 7,:

Ip=a*$; 3)
2g—1

2 1 _;
11—a2g+2 28 <g+ )a%g " 4)

2g —i

Lemma 3.3. For any n > 1, we have:

Li(a,ay,...,a,1,0)=1,_1(a,ai,...,a,—1).

Proof. This lemma is an exercise on the recursion relation in Proposition 2.4. We prove it by
induction. For n = 1, it follows from the formula for I; above. For an arbitrary n,

1 &a+) ia) .
]n(avalv""an)=2g+n§ al/;bl [n—l(a»alv--~7ai7---7an)
1 ai+aj “ “
— IL,_(a,ay,...,a;,....,4;,...,a,,a4; +a;
2g+n§ a n l( 1 i J n, i ./)
2
2g (a+zl(l:1 ai)2g+l Z”: g+1 (5)
2¢+n a 2g+n
We apply this recursion to I,,(a, ay, ...,an—1,0) — I,—1(a,ai, ..., a,—1). The resulting formula

turns to be equal to zero due to the induction assumption. O

This lemma means that I, (a, ai, ..., a,) splits into the terms that can be expressed in 7, and
the terms that are divisible by a; - - - a,. For convenience, we introduce a new notation. We say
that two polynomials in ay, ..., a,, f and g, are equivalent (notation: f = g) if f — g doesn’t

contain monomials divisible by a; - - - a,

Lemma 3.4. Foranyn > 1, —n <i < 2g — n, we have:

2 2 _
Pn,2g7i(al’-~-»an)5 g.(.g>(al+"‘+an)2g "
n—+i\ 1

In particular, fori <0, P, 2,; =0.

Proof. We prove it by induction on n. For n = 1 it follows from the explicit formula. For n > 2,
Eq. (5) implies that
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28 (a+Xi )t
2 +n a

1 aj +aj R R

— E dy1(a,ar, ..., a4, ... ,45, ..., ap,a; +aj).
2g+n 4 a

i<j

Il‘l(ayaly"’van)z

Using the induction assumption, we can continue this equivalence as

2g—n ' n 2¢—i
Li(a,ai,... a,) = Z al(Zdi)

i=—1 i=1
2g 2g+1 n—1 2g 2g
2¢+n \i+1 2¢+n n—1+i+1 \i+1/))

It is obvious that the coefficient of a=!(}_7_, a;)?*! is equal to 0, and all other coefficients are
exactly the same as in the statement of the lemma. O

Finally, we are able to conclude with polynomiality.

Lemma 3.5. Foranyn >0, I,(a, a1, ..., a,) is a polynomial in a, ay, ..., a,.
Proof. We know a priori that [, is a polynomial in ay, ..., a, whose coefficients are polynomials
in @ and a~'. From Lemma 3.4 we know that ,, is equlvalent to a polynomial 7, in ai,...,dn

whose coefficients are polynomials in a. Meanwhile, from Lemma 3.3 we know that I, can be
chosen in such a way that I, — I, is a linear combination of /_,, so one can complete the proof
by an induction argument. O

3.3. Divisibility

One more fact about the integrals over DR-cycles that we use below in combinatorial compu-
tations is the following:

Proposition 3.6. For any non-negative integers di, ..., d,, di + - - - + d, = n, the polynomial in
b,ai,...,a, given by the formula

(), %([3’*?}2[2f ®

is divisible by b*.

Remark 3.7. Observe that using Lemma 2.2 and the pull-back formula for y-classes one can
rewrite this expression as

/ )‘g)”g—lw(())nwidi'

- =1
DRy (ITi=y ma; -p) '
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Proof. Lemma 3.8 below allows us to consider a special case when dy =n and dy = -+ =
dp, = 0. In this case we have to prove that

Iy+1(a,b,ay,...,ay) — L(a+b,ay,...,a;)

is divisible by b? (we shift n to n + 1 for convenience and we use notations from the previous
section). We can do it by induction on n. Explicit formulas (3) and (4) applied for /(a, b) —
Ip(a + b) prove it for n = 0. Lemma 3.3 allows to consider only the terms that are divisible by
b-aj---a,. Using Lemma 3.4 we see that it is enough to prove that the linear term in b in the
expression

2g—n—1 2g 2g n 2g—i
i
—©° at -l b .
Z n+1+i<i> . (+Za,>
i=0 j=1
2g—n

n 2g—i
28 (2g i ‘
- Z n+i<i>'(a+b) '(;‘ﬁ)

i=1
is equal to 0. The last statement follows from a direct computation. 0O

Lemma 3.8. Foranyn >0, b,a’,a”,ay,...,a,>0,d>0,d;,...,d, >0, d+d| +---+d, =
n+ 1, we have:

(L a0 -k
(LA,
e (EEEAEY - (AL
{eaemnte]), - SLarne),)

is divisible by b*.

Remark 3.9. The meaning of this lemma is that in the proof of Proposition 3.6 for any n it is
enough to consider only one particular choice of dy, ...,d,,d; + -+ d, =n.

Remark 3.10. Though this lemma looks a bit cuambersome and not so natural, in fact it has a clear
geometric origin. Indeed, a particular consequence of Ionel’s lemma in [6] is that the difference
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of two {-classes weighted by multiplicities at the corresponding points on one side of a DR-
cycle should be a nice expression that doesn’t involve any multiplicities coming from the count
of simple critical values of the corresponding meromorphic functions.

Proof of Lemma 3.8. We prove this lemma by induction on n. The assumption of induction is
that Proposition 3.6 is true for any number of points that is less than n + 2. We apply the recursion
relation in Proposition 2.4 for the y-class at the points of multiplicity @’ in the first summand
and a” in the second summand and collect all terms into the similar sums.

It is convenient to rewrite everything in terms of generating functions defined in Section 2.2.
Let

8lb0 IBZ lad—

a1 3ta+b -1

Then Proposition 3.6 can be reformulated as Liey, Vy = O (b?). The statement of this lemma can
be reformulated as

a/a2 a//82 )
- + Liey, V, = O(b?).
( 0ty g1 0tgr0 Oty g 3la",1> vs ®7)

A useful observation is that Liey, Vo = 8) - 4,0 E)a["’b)a The recursion relation (2) implies that

a'd? v a’d? _ [avg avo} [avg avo]

My a1 Mar o © g g gy Aty q Ot Atgr o Oty a

9 . _ . _
Observe also that [Up, at d . ﬂm and.LleVg Uy = Ijlev0 U, =0.
We use these observations in order to obtain the following formulas:

a/82 N a//82 L v
— ey,
Oty d+10ta7 0 Bty g0ty | v

L a 32 N //82 v
=d4ley, | —
"\ Oty as1dtarg g adtern ) f

a'9? a’9? a’9?
+ B — — Vs
0ty yp,a 0lgr0 Oty g 0tgrypo Oty ypa—10tam 1

Ve, oV aVy, oV
Liey, [ —| —%, —2 | + | —%-, =2
ata/,d ata”,O ata”,O ata’,d
0 Liey,V, 0 Vo |+ 0 Liey,V, 9 Vi
=— e y T T Lie P
ata/,d Us Vs 3ta~,0 0 3l‘a//,() Us Vs 3ta’,d 0

a//_l_b 32 (l/—i-b 82 a//aZ
n /3< ( ) _( ) Vv,
0ty a 0tgryp0  Olarypadtaro  Olyypa—10t4m 1
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Therefore,

( a/aZ a//az

- + Liey, V.
ata’,al—i—l 8l‘a”,() ata’,d 8ta”,l) b8

d d ad a0
=— Liey, Vo, —— Vo | + Liey, V,, —— V|
|:8ta’,d U ata”,() 0:| I:ata”,() U ata/,d O]

32 32
+B-b- ( — )Vg.
0ty a 0tgr1p0  Olatp.d a0

Here the first two summands in the right-hand side are divisible by b by induction assumption.
Indeed, we are interested in terms of homogeneous degree n. In both summands these terms are
obtained as some product with the components of Liey, V, of degree < n + 1. The last summand
is divisible by b? for the obvious reason. [

4. Faber’s conjecture

In this section we apply the properties of the integrals over DR-cycles obtained in the previous
sections in order to prove Faber’s intersection number conjecture.

Theorem 4.1. For any positive integers dy, ...,d,, di +---+d, = g +n — 2, we have:

n
. 2¢ -3 12g —3)!! _
[ st - S o,
WA 28 — DT, 2di — D!,
Mg.n Mg,l

We prove this theorem in four steps. First, we reformulate Faber’s conjecture in a way that is
better compatible with DR-cycles (that is, we need a special point with no ¥-classes). Second
step is an explicit expression of the integral in Faber’s conjecture in terms of coefficients of the
polynomials ([T/_, [ [)2%. Third step is an explicit formula for these coefficients. Finally, we
combine these results into a proof of Faber’s conjecture.

4.1. A reformulation of Faber’s conjecture

There is a string equation for the integrals of y-classes with A,A¢_1 over the moduli space of

curves (see, e.g., [5]). In particular for any positive integers di, ..., dy,d1+---+d, =g+n—1,
we have:
n
d 2g—-2+n)!2g— DN 0,8
rghg 90 [ ¥ = Aghg 1YWY @
_/ 78 OE P Qe DI @d —pn J TETETTOT
Mg,l+n Mg,Z

In fact, this equation is equivalent to Faber’s conjecture. One can prove that via the same
argument as Witten used in [14] for the inversion of string equation.
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4.2. A reformulation of Proposition 2.4
We introduce a new notation for the coefficients of the polynomial ([ /L, [Zi ])?R. Let

n DR n coeff (2 )‘ n
a; . i 8): i
<l_[[d,}> = Z <H[Z,}> ply...pnyl_!aip'
g 8 =

i=l1 Pls-s pn=0 i=1
pitetpa=2g
In these terms, we can rewrite Eq. (1) as

/ Ag}‘g—llﬁgnlﬁfh

— i=1

Mg,n+l
. i off
2001 _1)8—i0g1 [ " 2% io ) cog
ng!i)g Z (iov?..i(vg<l_[ d-l—ji- 1_[O ’ ®)
: 10yernyin =0 B W A | g
igtig++in=g
l'jgdj,j:l,.“,n
Note that in this formula we use only coefficients ([ ]/~ f,’ })?}eﬁ with p; +¢; > 1,i=1,...,m.

4.3. Computation of the coefficients

We express the coefficients ([T, | 2 )5°%
integral lattice.

Consider the lattice Z™. Let {ey, ..., e, } be the standard basis of Z™. A path in the space Z™
is a sequence of points p; € Z™, j =1, ..., N suchthat p; — p; 4| = e, for some k. We associate
to each subset I C {1, ..., m} a special point in the lattice that we denote by 1; := Yicr i

Consider a point ¢ = (c1,...,cn) €Z™,¢; 20,i =1,...,m. Let w;(c) be the number of
paths (p1, ..., py) such that p; =¢, py = il, and the points p;, i =1, ..., N are disjoint from
1; forall J #1.

in terms of the counting of some paths in the

Proposition 4.2. Let py, ..., pm and cy, ..., cnm, m = 1, be non-negative integers such that p; +
ci21,i=1,...,m. Then we have:
m coeff || .
. . 2g+i—1) B
<l_[ ]:’ > = Z ﬁl T wy(C).
i=1 "l Ic{l,...m) ier\Pi T Ci
140

This proposition is based on the following three lemmas that we prove in Section 4.5.

Lemma 4.3. Let p,, > 1. Then

i=1

pi

1

coeff  m—1 2g+i—1
0 .

=115

g i=1

.‘Pm
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Lemmad4.4. Let pi+c; =2 1,i=1,...,.m—2,and py—1, pm = 1. Then

m—2 coeff m—2 coeff
Hpi | Pm—1+ 1| Pm _ l_[Pi | Pt ]| Pm A1
Ci 0 0 Ci 0 0 ’
i=1 g i=1 g
Lemmad.S. Let p; +c¢; > 1,i=1,...,m — 1. Then
m—1 1 coeff m—1 [ m—1 1 coeff
pi| _ Pj| |Pi
(T fof) = E{THlzr o)
i=1 g i=1\ j=1 g

J#
Proof of Proposition 4.2. Since ([T | % )g" # 0 only for 37" ¢; = m — 1, we have at
least one of the indices ¢; equal to zero. Assume that there is exactly one index equal to zero,
say, ¢; = 0. Then all other indices c;, j # i, are equal to 1. In this case, the proposition follows

from Lemma 4.3. Indeed, in this case w;(c¢) is equal to O for all I C {1,...,m} except for
I=A{1,...,m}\ {i}, where w;(¢c) = 1.
If we have at least two zeros among the indices ¢;, i =1, ..., m, we can apply the following

corollary of Lemmas 4.4 and 4.5. If p; +¢; > 1 fori =1,...,m —2, and p;,—1, pm > 1, then

a1 I

i=1 i=1\ j=1 4
JF#

Di
Ci

Pm
0

Pj
€j

| Pm—1
0

pi + 1| pm—1+Pm —
Ci—l 0

This relation is compatible with the definition of the number of paths. Applying this relation
sufficiently many times we come to the situation when all indices but one are equal to 1. This
corresponds to a point 1; for some / in the lattice Z™, and Lemma 4.3 implies that the coefficient
1, @g+i-1)

l_[iel (pitci) -~ =

at this endpoint is exactly

4.4. A proof of Faber’s conjecture
In this section, we prove Faber’s intersection number conjecture.

Proof of Theorem 4.1. We are going to compute explicitly both sides of Eq. (7) using Proposi-
tion 4.2. i
We denote by i the vector (iy, ..., i,) € Z". Proposition 4.2 and Eq. (8) imply that

n
d;
/ )‘g)*g—llﬁgl_[‘ﬁi
_ i=1

Mg,n+l

i 1] .
e g gLt o o
gl28 >0 igl---i,! Hjel(dj+ij)
o+ +Hin=g
ij<dj, j=1,...n
IC{L,n), 1200
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This allows us to compute the integral in the right-hand side of Eq. (7). Indeed,

8 8!
/ ,\gxg_lwf— '2g Z( <>g+l = ST

Mg
Egs. (10) and (11) imply that Eq. (7) is equivalent to

3 (—nsio [T, g+ — 1)

w,(c?—i)
ol i ‘ Sy
o0 0TI [ljerdj+i))

ipFi+-+in=g
ij<dj, j=1,....n
1c{1,....,n}, I#0

d; —1)!
—]‘[(2g+z—1)]‘[éd _1))‘

37

(1)

(12)

We prove in Lemma 4.6 below that for all subsets / C {1, ..., n} such that |/| < n — 2 the cor-
responding summands on the left-hand side of this formula vanish. Before that, let us introduce
a new definition that would allow us to count the number of paths in the lattice in a convenient

way.

Let ¢ € Z". We denote by wqo(c) the number of paths (pi, ..., py) in Z", such that p; =c¢

and py = (0, ..., 0). Observe that for any non-empty I C {1, ..., n},

1, ife=1;,
> ker wo(C — 1, - i{k}), otherwise;

wy(c) = {

wo(é)z{(zl lcl)/l_[j lcj" lfCl/O’

otherwise.
We also introduce two auxiliary functions. Let
= it
fap(x) ZO( o ( )

8a,p(X) :=/x“(1 —x)’dx.

We list some properties of these functions:

d
fa,b = (_1)a+1xa+bg—a—b—l,aa d_xfa,b = afa—l,ba

b! (=D
8ap(1) = ; Jap(0) =

a@+D@+2)---(a+b+1) ' a+b’
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Lemma 4.6. Let I be a subset of {1, ...,n} such that 0 < |I| < n — 2. Then the corresponding
summand of the left-hand side of Eq. (12) is equal to zero, that is,

Z (—l)g_io wl(ﬂ_i—l:)

ol in! [Tjes(dj+1j)
Qyeeesin 20 J€ J J
lo+ll+ +in=g

Proof. Let k € I. An explicit calculation shows that

3 (=180 wo(d —i —1; — 1)
iol---ip! Hjel(dj+ij)

iotiit+in=g
l’jgdj, j:l ..... n

_ (i)n_z_H'( Ja—2.d I fd;j-1.d; I (x — 1)4‘)\
dx =255 @ =D dit )y

J#k

The derivative at x = 1 in the right-hand side of this equation is equal to zero. Indeed, (x — 1)
enters the numerator with the multiplicity Zjﬂ dj > ij l=n—\I|>n-2-1I|.

In order to complete the proof, we just observe that the sum over all k € I of the left-hand
side of this formula is exactly the expression in the statement of the lemma. O

This lemma implies that the left-hand side of Eq. (12) is equal to Sy + Z?:l S;, where

= Y R N P
- il ip! nljzl(dj‘l'ij)

.....

S ) (—ne=io [T Qg+ —1)

| = - . .
oo dobind Tlia(dj+ip)
10+ll+ =g

i, apnp(d —0).

Recall that ) ;| d; = g + n — 1. Using the expression of w; in terms of wy in this particular
case, we see that Sp can be represented in the following way:

2g+J
So—.l @ -1 /Hfdfld dx
j:

1

[T'Zieg+j—1 e B
= lj_[n @ D (=15t l/l_lg—Zd_,-,dj—ldx2g+n !
j=1\¢j — 1)

o /=l
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— 1!
= H(2g+z - 1)]_[ (2d D

12g+j—1D
_ﬂh eI Z}lﬂ/a U fa-1.4; dx.
j=1\4J :

J#l

In order to complete the proof of Eq. (12), and, therefore, the proof of Theorem 4.1, it is
sufficient to show that

CIISiee+j—1
[Tj=1dj = 1!

<1w/a I fayr.a, d
J#l

forall/ =1, ..., n. The right-hand side of this formula is equal to

g +i- J
1.4 dx—1D%
AT 20 — 1! /Hfd 1d;d(x —1)

Mg+ —

= (x =D v d
kzﬂdz'(dk—Z)']_[#k(d _1)v/x Jai—2.d, l;lkfd 1.d; dx

(—1)8 [Tj=12g+i—D

Meanwhile, using the expression of w; in terms of wg, we see that

(=D~ TT! 1(28+J 1) - .- -
S = ( /= <) wold =i — 11, anny — 1{k}))
io,.§>0 Hj:OlJ!Hj;él(dj +ij) Z

io+i1+-+in=g

ijgdj,j:L...,n

DTS Q@e+j =)
A T (di = D] 2d; — 1)

and an explicit calculation shows that

Z (=D& 0wod —i — 1, _ap — L)
0 [Tizoij! Tl 0(d)+i))
f.0+il+':'+in:g

_ Jo =D fy 24, [k faj—1.a; dx
dildr = D1 (dj — D!
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4.5. Proofs of Lemmas 4.3—4.5

Proof of Lemma 4.3. Let us reformulate the lemma. We want to prove that the coefficient of the
Pm m—1ra; am 1\DR

monomial afl <eeap” in (]_[i:1 [ ] ][ 0 ])g is equal to the coefficient of the same monomial in
26 (a1 +--+ay)tm!

13
2¢+m—1 ap---aym—_1 (13)

We prove it by induction on m. The base of induction, m = 1, is obvious. Let m > 2. The
induction assumption and the recursion relation in Proposition 2.4 implies that the coefficient of
the monomial al - ahin ([T75 '[9 1[G )2 is equal to the coefficient of the same monomial
in

(2g+m—|1|—2 ar+am+ 3 e ai

1c{2,..., 1} 2 +m =1 “
2g QI ap)*stm-l1=2
. ) = . III!)
26+m—111-2 [l mo1p 4
28 1

2¢+m—1 1‘[:,":*11 a;
m 2g+m—|1|-2
> |I|!<a1+am+Zai><nai><Zai> .
—1 iel iel i=1

The right-hand side of this equation coincides with (13) by the following combinatorial observa-
tion:

> ) |I|!<x1 + Zx,-) <1_[xi> (éx,-)lc_m_l = <Xk:xi>k

1c{2,..., iel iel i=1
(weassume k > 1). O

Proof of Lemma 4.4. First, let us introduce some notations. Let P and Q be polynomials in the
variables ay, ..., a,.Let I C {1, ..., m}. We write P 2 Q iff the polynomial P — Q doesn’t have
monomials divisible by [ [;c; a;. Let J C {1, ..., m}. We will write P(ay) in order to specify that
the polynomial P depends only on variables a; fori € J.

The lemma is equivalent to the following statement. If ¢, ...,cp,c1 +- - +cp=m — 1
are non-negative integers and E = {i € {1,...,m} | ¢; = 0}, then there exists a polynomial
P(aq1,...m)\E, x) such that

m DR
a; ag '
< [cl}> - P(a{l ..... m}\E’Zal>' (14)
i=1 g icE

We prove this by induction on m. The base of induction m =1 is obvious. Let m > 2. If |E| =1
then there is nothing to prove. Suppose that |E| > 2. Then there exists i € I, such that ¢; > 2.
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Without loss of generality we can assume that i = m. We are going to apply the recursion relation
in Proposition 2.4.

Letm=n+1,cn=d+1,a,=a,dj =cj, 1 <j<n. There are four summands in the
right-hand side of the recursion relation. Let us denote them by Si, Sz, S3, S4 in the same order

,,,,,

separately for each i. It is easy to see that S = SH = 0.
Let us discuss S3. It can be represented as a sum

S3= Z Z S.ll,kv
Jic{l,...n\E k<|E|
where
Spx= Z (a+ Z aj>-(2g+|{1,...,n}\(]1|_|J2)|)

J,CE Jjeiudy
[J2|=k

DR DR
e+ enunai I aj a I aj
0 d; d| di |/,
ie{l,...n)\(J1uJ2) g jeliuh

ag

Let us prove that Sy, le,k(a,a{l,,."n}\g,ZjeEaj) for some Py, . Note that

([q] I—[jejlujz[;; D& and (2g + |{1,...,n} \ (J1 U J2)|) are just some constants that depend
only on the subset J; and the number k = | J»|. The induction assumption implies that

|E|—k

b ; . DRb |E|—k
<[0} 1_[ [)8] H [Zﬁ]> = le,k(a{l ..... A\ (ELy)> b+ Z x,~>
g

i=l1 ie{l,...,n}\(EuJy) i=1

for some polynomial Q, x. Hence

R0 e W W1

jeiudp ie{l,...,n}\(J1UJ2) 8
a
EE<CZ+ Z aj)QJl,k<a{1,...,n}\(E|_|11)sa+ Z ai)-
jeiu ieJIUE

Notice that

|E| |El -1
E(o+ X a)=()er o)+ (5) Do
|.‘112|CE]; jeJiugp jeJi JjeE
H|=

Therefore,

QJl,k(a{l,...,n}\(Equ),a+ Z ai)' Z (CH‘ Z “j)

ieJJUE JHCE jeJiudy
|2|=k
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can be represented as a polynomial that depends only ona, a;,i € {1,...,n}\ E, and Z/eE aj.
The same argument can be applied to Sy. This concludes the proof of the lemma. O

Proof of Lemma 4.5. The lemma follows immediately from Proposition 3.6. Indeed, the state-
ment of the lemma is equivalent to the fact that the polynomial (6) doesn’t have terms linear in
the variable . O
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