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1. Introduction

Let (V,d, {, }) be a chain complex equipped with a binary bilinear V-valued operation {, }. The triple (V, d, {, }) is called
a dg Leibniz algebra or a dg Loday algebra by some authors, if the differential is a derivation with respect to the bracket and
the bracket satisfies the (graded) Leibniz identity. When the bracket is anti-commutative, the Leibniz identity is equivalent
to the Jacobi identity. In this sense, (dg) Leibniz algebras are noncommutative analogues of classical (dg) Lie algebras.

Let (V,d, {, }) be a dg Leibniz algebra. We define a modified bracket:

{x, y}a == (=1)"{dx, y},

which is called a derived bracket. In Kosmann-Schwarzbach [5], it was shown that the derived bracket satisfies the Leibniz
identity. The original idea of the derived bracket goes back at least to Koszul (unpublished). The derived brackets play
important roles in modern analytical mechanics (cf. [6]). For instance, a Poisson bracket on a smooth manifold is given
as a derived bracket, {f, g} := [df, glsy, where f, g are smooth functions on the manifold, [, Jsy is a Schouten-Nijenhuis
bracket and d is a coboundary operator of Poisson cohomology. It is known that the Schouten-Nijenhuis bracket is also a
derived bracket of a certain graded Poisson bracket.

We consider n-fold derived brackets:

DL - - [8%1, %21 - - -1, xal,

where [-, -] is a Lie bracket, &= an appropriate sign, and § a certain derivation, not necessarily of square zero. The n-ary
(higher) derived brackets in the category of Lie algebras were studied by several authors in various contexts: in an article on
Poisson geometry by Roytenberg [15], in a paper on homotopy algebra theory by Voronov [18], in early work of Vallejo [17]
who gave a necessary and sufficient condition for the n-ary derived brackets become Nambu-Lie brackets.

The purpose of this note is to complete the theory of higher derived bracket construction in the category of Leibniz
algebras. To study the higher derived bracket composed of pure Leibniz brackets, we apply the theory of sh Leibniz algebras
(also called Leibniz oco-algebras, sh Loday algebras or Loday oco-algebras). Sh Leibniz algebras are Leibniz algebras up to
homotopy as well as noncommutative analogues of sh Lie algebras. We refer the reader to Ammar and Poncin [1] for the
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study of sh Leibniz algebras. We give a short survey of sh Leibniz algebras in Section 4.1 below. The main result of this note
is Theorem 3.4: Let (V, &g, {, }) be a dg Leibniz algebra. We consider a deformation of 3q,

8 =80+ 1t81 + 178 4,
where t is a formal parameter and §; a differential on V[[t]]. We define an i-ary derived bracket as
lixe, .. oox) == (B{. . {dim1x1, %2}, . L &),

where = is an appropriate sign. We prove that the collection of the higher derived brackets, {l4, ,, ...}, yields an sh
Leibniz algebra structure. The theorem follows from a universal formula, satisfied by Leibniz brackets, which we establish
in Lemma 4.2.

The higher derived bracket construction proposed in this paper is useful to study a relation between homotopy algebra
theory and deformation theory. In Proposition 5.1, we will show that if two deformations of &y are gauge equivalent, then
the induced sh Leibniz algebras are equivalent; in other words, the higher derived bracket construction is invariant under
gauge transformations.

2. Preliminaries

2.1. Notation and assumptions

The base field is a field K of characteristic zero. The unadorned tensor product denotes the tensor product ® := ®x over
the field K. We follow the standard Koszul sign convention, for instance, a linearmapf ® g : V® V — V ® V satisfies

FeE®y) = (-DENfx) ®gy),

where x,y € V and where |g]|, |x| are the degrees of g, x. We will denote by s the operator that raises degree by 1 and,
likewise, by s~! the operator that lowers degree by 1. The Koszul sign convention for shifting operators is, for instance,

SRs=6ER1D(1Rs)=—(1Rs)s®1).
We call a derivation of degree 1 a differential, if it is of square zero. Given a homogeneous member x of a graded vector space,

we denote the sign (—1)* simply by (—1)*.

2.2. Leibniz algebras and derived brackets

Let (V,d, {, }) be a chain complex equipped with a binary bracket. We assume that the degree of the differential is +1
(or odd) and the degree of the bracket is 0 (or even). The triple is called a dg (left) Leibniz algebra, or a dg (left) Loday algebra
by some authors, if d is a derivation with respect to the bracket and the bracket satisfies a Leibniz identity, i.e.,

dix, y} = {dx, y} + (—=1)¥{x, dy},
x{y. z}} = {{x, ¥} 2} + (=D"Wy, {x, 2}},

where x, y, z € V. A dg Lie algebra can be seen as a special Leibniz algebra of which the bracket is anti-commutative. In this
sense, (dg) Leibniz algebras are noncommutative analogues of (dg) Lie algebras.
We recall the classical derived bracket construction in [5,6]. Define a new bracket on the shifted space sV by

{sx, sy}a := (= 1)"s{dx, y}. (1)
This bracket is called a (binary) derived bracket on sV. Eq. (1) is equal to the following tensor identity,
{, Jasx @ sy) = s{-, s @5 (sds™' ® 1)(sx ® sy).
We recall two basic propositions.
o The derived bracket also satisfies the graded Leibniz identity, i.e.,
{sx, {sy, sz}ata = {{sx, sy}a, sz}a + (=) TV* sy, {sx, sz}a}a.
We consider the cases of dg Lie algebras.

e Let (V,d, [, ]) be a dg Lie algebra and let g(C V) a trivial subalgebra of the Lie algebra. If sg is closed under the derived
bracket, then sg is a Lie algebra, that is, the derived bracket is anti-commutative on sg.



1104 K. Uchino / Journal of Pure and Applied Algebra 215 (2011) 1102-1111

3. Main results

Let V be a graded vector space and let ; : V® — V be an i-ary multilinear map with the degree 2 — i, for each i > 1.

Definition 3.1 ([1]). The space (V, I1, I, . ..) with the multilinear maps is called a strong homotopy (sh) Leibniz algebra, if
the collection {l;};>1 satisfies (2) below.

ij—1

¥ Y et

i+j=Const k=j o
liXsys - - Xo s X kr1=j)s -+ » Xo(k=1)> Xk)» Xkt15 - - - » Xigjm1) = 0, (2)
wherex. € V,o € Sy_yisa (k —j, j — 1)-unshuffle [7], i.e.,
o(1) <---<ok—j), ok+1—-j)<---<ok—1),
and x (o) is an anti-Koszul sign, x (o) := sgn(o)e(o).
An sh Lie algebra can be seen as a special sh Leibniz algebra whose structures I;~, are skewsymmetric.
Let (V, {, }) be a Leibniz algebra. We define an i-ary bracket associated with the Leibniz bracket as
Ni(x1, ..., x) = {... {{x1, x2}, X3}, . . ., Xi}.

It is well-known that N; satisfies an i-ary Leibniz identity, the so-called Nambu-Leibniz identity (cf. [2]). Hence we denote
the higher bracket by N.. Let Der(V) be the space of derivations on the Leibniz algebra. For any D € Der(V), we define a
multilinear map as

i-1

——
ND:=N;|DQ®1®---®1],

or equivalently, N;D(xq, ..., x;) = {...{{D(x1), X2}, X3}, ..., x;}, in particular, N\D := D.
Let 8o € Der(V) be a differential on the Leibniz algebra. We consider a formal deformation of &g,
8 1= 80+ t8 + 28y + -,

The deformation §; is a differential on V[[t]], which is a Leibniz algebra of formal series with coefficients in V. The differential
condition §2 = 0 is equivalent to the following condition,
> s8=0. 3)
i+j=Const
Definition 3.2. We define an i-ary derived bracket on sV as
(i=1)(i=2)
li:==(=1)" 2 soNjos '(i)o(s8i_1s" ' ®1),

i i-1
—1; -1 -1 — o
wheres '(i)) =57 ®---®s ,1=1Q---® 1.
It is obvious that the degree of the i-ary derived bracket is 2 —i for each i > 1. We see an explicit expression of the higher
derived bracket.

Proposition 3.3. For each i > 1, the higher derived bracket has the following form onV,
B {8imix1, X2}, x5, oo i) =57 i(sxq, .. 5x)),
where

(_-1)X1+X3+-"+X2n+1+~-~ i= even,

Proof.

Li(sxas - osx) = (=) 2 2soNos (i) o (815 ' @ 1)(s% @ - - - @ 5x,)

= @)1 T soNosT (D)o (815 ® 1) o s ® -+ ® X))

= @) (1) soNosT (D) o (81 @i — D)X ® - @ x)

(i=1)(i=2) (i—1) “1,; .
= (DB 2 (=1)"" soNos () os()(i-1X%1 ®--- Qx;)

= @D T (D) T s o NGy ® -+ @ )
= (B)sf. .. {8ic1x1, %2} x3), Xk

wheres(i) :=s® --- ® s (i-times). O
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The main result of this note is as follows.

Theorem 3.4. The system (sV, |y, 5, I3, . ..) associated with the higher derived brackets defined in Definition 3.2 forms an sh
Leibniz algebra.

We will give a proof of the theorem in the next section. We consider the cases of dg Lie algebras.

Corollary 3.5. Assume that in Theorem 3.4 V is a Lie algebra. Let g be an abelian subalgebra of the Lie algebra. If sg is a subalgebra
of the induced sh Leibniz algebra, then sg becomes an sh Lie algebra.

Example 3.6 (Deformation Theory, cf. [3]). Let (V, §q, [, ]) be a dg Lie algebra with a Maurer-Cartan (MC) element 6, :=
t6; 4 t20, + - - -, which is a solution of the MC-equation:

1
800 + 5[9“ 61 =0.

We put §;(—) := [6;, —] for each i > 1. Then the collection {§;} satisfies Eq. (3) because 6; is a solution of the MC-
equation. Therefore an algebraic deformation theory admits an sh Leibniz algebra structure, via the higher derived bracket
construction.

4. Proof of Theorem 3.4

The theorem is given as a corollary of the key lemma (Lemma 4.2 below). To state the lemma, we recall an alternative
definition of sh Leibniz algebra.

4.1. Sh Leibniz algebras (cf. [1])

We recall the notion of dual-Leibniz coalgebra [10,11]. A dual-Leibniz coalgebra is, by definition, a (graded) vector space
equipped with a comultiplication, A, satisfying the identity below.

(1A)A=(AR1DA+((12) @ D(ARQ 1A,

where (12) € S,. We consider the tensor space over a graded vector space:
TV=VoVv*ev®¥g...

Define a comultiplication, A : TV — TV ® TV, by A(V) := 0 and

n
AXq, ooy Xpg) = 226(0)(?(0(1),?(0(2), e Xa (@) @ Ko (id1)s - - - 2 Xo(n)> Xnt1)s
P

o

where €(o) is a Koszul sign, o is an (i, n — i)-unshuffle and (x1, . .., X,41) € V®@*D_ Then the pair (TV, A) becomes the
cofree nilpotent dual-Leibniz coalgebra over V. _
Let Coder(TV) be the space of coderivations on the coalgebra, i.e.,, D° € Coder(TV) satisfies

AD = (D°® 1)A+ (1 ®D)A.

By a standard argument, we have Coder(TV) = Hom(TV, V) (cf. [14]). We recall an explicit formula of the isomorphism.
Letf : V® — V be an i-ary linear map. It is one of the generators in Hom(TV, V). The coderivation associated with f is
defined by f¢(V®"<!) := 0 and

n

Fxa, oo Xpsi) == Z €(0) (=D Ce T HXa k) (x ) X ktys £ Ko (e 1iys « + + 5 Xo(hot)s XKD K15 - - - 5 Xn),
k=i o

where o isa (k — i, i — 1)-unshuffle. The inverse of the mapping f ~ f€ is the (co)restriction.
Iff,g € Hom(TV, V) are i-ary, j-ary multilinear maps respectively, then

/. &1=(f,8)",
where [f€, g] is the canonical commutator (Lie bracket) on Coder(TV) and where (f, g)isan (i + j — 1)-ary multilinear
map. Since the mapping f > f€ is an isomorphism, (f, g) defines a Lie bracket on Hom(TV, V).
In the sequel, we will identify Coder(TV) with Hom(TV, V) as a Lie algebra. We sometimes omit the superscript “c”
from f°€.

Given a graded vector space V, an i-ary i-multilinear V-valued operation I; on V of degree 2 — i determines a degree 1
element in Hom(TsV, sV). The following proposition provides an alternative definition of sh Leibniz algebras.
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Proposition 4.1 ([1]). Let V be a graded vector space endowed with a system {I;};cy of i-ary i-multilinear V-valued operations,
the operation {l;};cn having degree 2 — i and, for eachi > 1, let

di:=s'olio(s® - ®5),

by construction of degree +1, viewed as a member of Coder(TV) via the identifications TV = Ts~'(sV). Define the coderivation
0 by

d :8]+32+
The system (sV, Iy, I, .. .) is an sh Leibniz algebra if and only if

1[8 a]=0
519,81 =

or equivalently, 90 = 0.

4.2. The key lemma

Let (V, {, }) be a Leibniz algebra. We consider a collection of maps:
Der(V) — Hom(TV, V) = Coder(TV), D+ N;D = N{D,

where N;D was defined in Section 3 and where N¢D is the coderivation associated with N.D. Theorem 3.4 is a consequence
of the following

Lemma 4.2. For any derivations D, D' € Der(V) and for any i, j > 1, the following identity holds.
Nitj—1[D, D'l = (N;D, N;D"),
or equivalently,
Ni,j1[D,D'] = [N;D, N;D'].
Proof. We show the case of i = 1. The general case will be shown in Section 6. We have
Nj[D,D'] = Ny([D,D']®1®---® 1)
=NDD®1®---®1) - (-1)P’NDDR®1®---® 1).

By the derivation property, we have

i
NOD'®1®-- @) =DND' ®1®---®@1) - ()P Y ND®1®- ®18D"®18 .- 1),
k>2

Hence we obtain

J
NID,D]=DN(D'®1®---@ )= (-D" Y NO'®1® - 0191 - 1),

k=1
which is equal to Nj[D, D'] = (N1D, N;D’) because NyD =D. O
The higher derived brackets are elements in Hom(TsV, sV). Hence they correspond to the coderivations in Coder(TV),
via the maps,
Hom(TsV, sV) v Hom(TV, V) = Coder(TV).
Lemma 4.3. Let 0; be the coderivation associated with the i-ary derived bracket. It has the following form,
8 = Nidi_1.
Proof.
9 ;=s'olio(s®---®Ss)
= D TN @ @5 ) o (51 @5 - ®3)
= DTN ®s @ @5 )o(1®5® - ®5)
= Nibi_1.

Hence 9; = Nf§;_1 as a coderivation. O

Now, we give a proof of Theorem 3.4.
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Proof. By Lemma 4.3, the differential §; = }_ t'; corresponds to the coderivation:

d =81+82+83—|—
By Lemma 4.2, the deformation condition [d, d] = 0 corresponds to the homotopy algebra condition,

Do Bal= Y NGNSl =N, Y B8] =0. O

i+j=Const i+j=Const i+j=Const
Remark 4.4 (cf. Lemma 4.2). We consider the case of the trivial deformation, that is, §; = t§;. In this case, the induced sh
Leibniz algebra is an ordinary Leibniz algebra. We put CL"(sV) := Hom(V®", V) and b(—) := (9,, —). Then (CL*(sV), b) is
the Leibniz cohomology complex [9]. The key Lemma implies that Der(V) provides a subcomplex of the Leibniz complex:

N;Der(V) C CLi(sV),

because (9;, N;D) = (N281, N;D) = Ni1[81, D]. If 1 is an adjoint representation, i.e., §; := ad(0) := [6, —] for some § € V,
then N;ad(V) is also a subcomplex,

Niad(V) C NiDer(V) C CL(sV).
5. Deformation theory

In this section, we discuss the connection between deformation theory and sh Leibniz algebras. The deformation §;
is considered to be a differential on V[[t]], which is a Leibniz algebra of formal series with coefficients in V. Let t&; €
Der(V[[t]]) be a derivation with the degree 0. We consider a transformation,

8; == exp(Xez,) (8r),

where X;¢, := [+, t&]. By a standard argument, §; is also a deformation of &,. We have
5 = b
8 = &1+ [do, &1l

1
8, = 52+[51,§1]+5[[50751],51],

l 1 i—n
5 = Z(i_n)!xs1 (8n).

n=0

The collection {§;};ey induces an sh Leibniz algebra structure 3’ = ) 9, via the higher derived bracket construction. From
Lemmas 4.2, 4.3, we have
i

1 )
ai,+1 = Nz‘cﬂ‘si/ = § :7)(;\1_5" (On+1)-
i &
= (i—m! A
Therefore we obtain

0 = exp(Xyze, ) (D),

which implies that 8’ is equivalent to 3. We consider a general case. Let & := t&; +t%£, + - - - be a derivation on V[[t]] with
degree 0. The transformation (4) below is called a gauge transformation.

8 = exp(Xg, ) (8r). (4)
Proposition 5.1. (I) If two deformations of 8o are gauge equivalent, or related via the gauge transformation, then the induced

sh Leibniz algebra structures are equivalent to each other, i.e., the codifferential 3" induced by &, is related with 9 via the
transformation,

3" = exp(Xz)(d), (5)
where Z is a coderivation,

E =Ny& +Ns&y+ -+ N &+
(II) The exponential of &,

= —~ 1 —~2

e :=l+a+ia +e
is a dg coalgebra isomorphism between (TV, 8) and (TV, '), namely, (6) and (7) below hold.

3 =e%.9.e%, (6)

Aef = (e @ %) A. (7)

)

The notion of sh Leibniz algebra homomorphism is defined to be a map satisfying (6) and (7). Thus (II) says that € is an
sh Leibniz algebra isomorphism.
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Proof. (I) From (4) we have

8 = dn + Z[sl,sjw— Y [ &1. &1+

n=i+j 'n i+j+k

Hence we obtain

01 = Nipidy = Nipidu+ ) Nil8i 1+ Z NE (181, &1, & +
n=i+j © n=i+j+k
1
= O+ D Wi N1+ o7 D (180, Ni &1 Nipa & + -+
n=i+j © n=i+j+k
This gives (5).

(I1) The exponential e® is well-defined as an isomorphism on TV, because e is finite on V®" for each n. For instance, on
ves,

e® =14 (N3& + N5&) + = (NZC&)Z-
By a direct computation, one can prove that

exp(Xs)(@) =e % .9 -€%.

Thus (6) holds. Since = is a coderivation, e® satisfies (7). O

6. Proof of Lemma 4.2

Claim 6.1. Let f : V® — V be an i-ary linear map. For each n, we define f® : y®n — y®0—=i+1) py
fO@, . %) = ZE(G)(—1)”‘<XJ(1)+M+XU(’<4))(Xa(1)7 coos X (kei) s f Ko (kp1—iys -+ s Xor(k=1)s Xk)s Xk 15 -+ - > Xn)-
o
Then the coderivation associated with f decomposes as:
Feyr
k>i

In Section 4.2, we established the lemma for i = 1. We assume the identity of the lemma and prove the case of i + 1, i.e,,
Niyj[D, D'] = (Niy1D, N;D'), or equivalently, N ;[D, D'] = [N{.,D, NjCD/].
We put X := (X1, ..., Xi4j—1). From the definition of N.D, we have

H_][D D ](X XH—]) - {NH_J 1[D, D/](X), XH—j}-
The assumption of the induction yields that
[D, D'I(X, Xi4j) = {[N{D, N{D'1(%). X4}
= {N{D o N{D'(x). x5} — (= 1) {ND' o N{D(X), Xi}.

1+j

Claim 6.1 derives
cry (k)
ND' =) ND,

k>j
which gives
i+j—1
NESID, DX, Xigj) = NFD o N{D' (%), xisj} — (=)™ (NFD' 0 NfD(X), X1} ®)
k=j

The first term of (8) becomes

i+j—1 i+j—1 .
D {NfD o NVD'(x), xi4) Z Nf4D o NOD'(x, Xi)
k=j

= Nf+1D o NFD'(X, Xi4j) — Ny D o NUPD/ (%, xi),
because the coderivation preserves the position of the most right component x;. So it suffices to show that
—(=DP{ND' o NfD(X), X115} = Nf,,D o ND/(x, xi4) — (—1DPPNFD' o NE D(X, Xi). 9)

We need a lemma.
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Lemma 6.2. For any elements in the Leibniz algebra, A, B, y1, ...,¥yn €V,
Nn+2(A7 B,y1,... 7Yn) = _(_1)AB{Bs Nn+l(A, Vi, ... ,}’n)}

n
+ 3 DI IN Ay Yot B Y Ve - V).

a=1

Proof. We show the case of n = 2. Up to sign,

{Bv {{As }’1}, yZ}} = {{B7 {Aa }’1}},3’2} + {{A7.y1}s {vaZ}}
= {{{B, A}, ya}, y2} + {{A, {B, y11}. 2} + {{A. 1}, {B, y2}}
—{{{A, B}, y1}, y2} + {{A, (B, y1}}, y2} + {{A, y1}, {B, y2}),

where —{{A, B}, y1} = {{B, A}, y1} is used. Thus we obtain

{B, N3(A, y1,y2)} = —N4(A, B, y1,¥2) + N3(A, {B, y1}, y2) + N3(A, y1, {B,y2}). O

We prove (9). By the definition of coderivation,

i1
N{D(x) = Z ZE(U, k— D Xs1y, - -+ s X (=i Ni(DXos (ke 1=i) s -+ + s X (km1)s Xk Xk 15 -+« - 5 Xidkj—1)5

k=i o
where
E(o, %) := €(0) (= 1) ot How),
Since N (X1, ..., Xn) = {{{x1, %2}, ..., }, xu},

Nu(x1, ... %) = Na—ip 1t (Ni(Xq, .+ o0, X0, Xige1, -2 05 Xn),
which gives

i+j—1
$ i= —(=DPPUNSD o NED(X), xiyj} = —(= 1) > > E(o.k—i)

k=i
Niyj—k+2 (NI<—1'(D/XU(1)7 ooy Xo(k=i))s Ni(DXo (kp1=i)s + - > Xo (k=1 > Xi)s Xk15 - -+ 5 Xi+j)-

We put A := Ni_i(D'X5(1), - - - , Xo(k—i)) and B := Ni(DXs (k+1—i), - - - » Xo (k—1)» Xk), then from Lemma 6.2,

S=T+U,
where
i+j—1
T:=—(—1)" Z ZE(U, k = DE1Nig1 (DX (et-1—i)s - - -+ Xothm1)» Xks Ni(D'Xor (1), -+« s X kmiys Xkt 15 - - - X))
k=i o

i+ji—1 i+i—k

U= —(—1)> Y>3 E@. k—DE

k=i o a=1

/
X Ni(D'Xg (1), - -+ s Xg(kei)s Xkt15 + -+ » Xkra—15> Niv1 (DX (k- 1=i) > - - - » Xo(k=1)» Xk> Xkt-a) s Xkat 15 - - - » Xidi) s
where E; and E, are appropriate signs given by the manner in the lemma above.

(I) We show the identity,

T = Nf

"
€D o N (x, xi).

We replace o in T with an unshuffle permutation  along the table,

otk+1—i) - ok—=1 k o) o ok—i)
(1) Ti=1) @) i+ - T

Then the Koszul sign is replaced with €(7):

€ (‘E) —¢ (6) (_ ])(xo(l)+"'+Xa(k—i))(Xa(k+lfi)+"'+xa(k71)+xk) ,

1109
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and then

E(o.k—DE; = —e(o)(~1)Phrm o) (148
_ _G(O-)(_])D(Xa(])+"'+xo(k—i))(_])(X(r(l)+'“+Xr7(k—i)+D/)(Xr7(k+1—i)+"'+XU(I<—1)+XI(+D)

—€(0)(—1) Fo M F o (=) o (k1 - FXo (k1) F20) (— ])D/(Xo(k+1—i)+"'+er(k—l)+xk)+DD/

—€ (f) (_ ‘l)D/(xo(k+1—i)+'”+xa(k—1) +xy)+DD’

= —e(1)(=1)P ety @)D — (g gy ()PP
Thus T is equal to
i1
T = Z Z E'(t, )Nt (DXT(])7 ey Xe(im)s Xe(ymks Ni(D'Xe (i 1), - - s Xe (s Xkt 1s - - - » Xi+j)),
k=i T

where t is an (i, k — i)-unshuffle such that 7 (i) = k.
Claim 6.3. T’ = T”, where

T" = ZE’(V, i)Ni+l(DXv(1)» e XK= 1)s Xo(i)s Ny (D Xuig 1) - - - s Xu(iti—1)» Xi))
v

where v is an (i, j — 1)-unshuffle.

Proof. We put k := v(i) in T”. Since v is an (i, j — 1)-unshuffle,i < k < i + j — 1. Replace v with 7. This replacement
preserves the order of variables. Hence E'(z, i) = E’(v, i), which gives the identity of the claim. O

SinceT” = Ni ;Do I\Ij<i+j)D’(X, Xi4j), we obtain (11).
(I1) We show the identity,
U= —(—D"ND 0N, ,D(X, xi)). (12)

We replace o in U with an unshuffle permutation t along the table,

o (1) o o(k—1) k+1 e k+a—1
(1) coeT(k—1) ttk+1—i) - tk+a—1—1)
ok+1—-1i) -+ ok=1) k

tkk+a—-i) --- 1Tk4+a-2) tk+a-—-1)

Then the Koszul sign is replaced with e (7):
€(r) = e(o-)(_1)(XJ(k-H—i)+"'+Xa(k—1)+xk)(xk+1+"‘+Xl<+a—1),
and then

E(o,k —i)E 6(0-)(_])D(Xa(1)+”'+xn(k—i))(_1)B(Xk+1+“'+xk+u—1)

€ (0) (- ])D(Xa(l)""“‘"xn(kfi)) (- 1)(er(k+1—i)+“‘+xr7(k—1)+Xk+D)(Xk+1+'“+XI<+a—1)

X Xy e 1) Xk ) (X +e X g D(x, Fee X (i) F X1 o X g —
6(0)(_1)(U(k+1 i) o (k—1) TXk) (Xk+-1 k+a 1)(_1) (X5 (1) o (k—i) TXk+1 k+a—1)

= €(7) (= )PF O+ T (ta—1-))
=E(t,k+a—1—i)=E(t,m—1i),
wherem :=k+a— 1.

Claim 6.4. U = U’, where
-1
/
U === Y > E(r,m—1i)
m=i T
Nj(D'X:(1y, - -+ s Xe(m—iy> Nix1 (DXe(ma1—i)s - - - » Xemys Xm1)s Xmt2s - - - » Xicj)

where t is an (m — i, i)-unshuffle.
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Proof. Let t be an (m — i, i)-unshuffle. We put k := t(m) and a := m + 1 — t(m). Then we have

),...,t(m—=i);t(m+1—=1i),....,t(m),m+1,...,i+])
=@),...,ttkk—i),k+1,....,k+a—-1;t(k+a—1i),...,t(k+a—2),kk+a,..., i+}).

One can replace t with an unshuffle o,

(),...,t(m—=i);t(m+1—=1i0),....,t(m),m+1,...,i+])
=(@0),...,ok—=1i),k+1,....k+a—1;0k+1—1),...,0k—1),k,k+a,...,i+]),

which gives the table above. Up to this permutation, we obtain

2=

T (k,a)y o

where (m — i, m) is fixed and (k, a) runs over all possible pairs. This gives

2.2.=2.2.0.

m>i T k>i a>1 o

which implies the identity of the claim. O

Sir}ce Lé/ = —(_1)DD’Nch/ o N, ;D(x, X;4;), we obtain (12). From (10)-(12), we get the desired identity (9). The proof is
completed.
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