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Abstract

Let (R, P) be a commutative, local Noetherian ring, J ideals,M and N finitely generated
R-modules. Supposg+anng M +anng N is P-primary. The main result of this paper is Theorem 6,
which gives necessary and sufficient conditions for the length of Mt M, N/J"™ N), to agree
with a polynomial, fonn, n > 0. As a corollary, it is shown that the length of Tavf /1" M, N/I" N)
always agrees with a polynomial in for n > 0, provided! + anng M + anng N is P-primary.

0 2003 Elsevier Science (USA). All rights reserved.

1. Introduction

Throughout this paper, unless otherwise staté®d,P) is a commutative, Noetherian
local ring with unit and/, J are (proper) ideals. Also, lé/, N be finite.R-modulesm, n
be nonnegative integers, and letdenote length. We would like to study the two-variable
the Hilbert functionH (n, m) := A(Tor;(M/I"M, N/J™N)). On the one hand, we have
in mind extending results oW (rn, m) of the authors of [2,7] and [1], while on the other
hand we seek two variable analogues of recent results concerning the Hilbert function
H(n) :=  (Tor;(M/I"M, N)). Previous work onH (n) appears in [5,6] and [8]. In fact,
in [8] it is shown thatH (n) agrees with a polynomial im for n large, if we simply assume
that the lengths.(Tor;(M/I"M, N)) are finite. Here we seek to give conditions under
which H (n, m) has polynomial growth for andm sufficiently large. In some special
cases, we give a degree bound on the resulting polynomialsimdm,. Determining the
exact degree of these polynomials seems to be a more difficult task. In the one variable
case, [5] and [8] give upper bound estimates for the degree in general while [4,8] and [6]
determine the degree in some special cases.
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In his Doctoral Thesis, Bruce Fields [2] investigates two-variable functions of the form
A(Tor; (R/I™, R/J™)), wherei > 0, under the assumption thatt- J is P-primary. For
i > 2, he proves that these lengths are eventually given by polynomials in two variables.
Actually, since Tor(R/I1", R/J™) = Tor;_1(I", R/J™) = Tor,_o(1", J™) (by applying
twice the shifting formula), his proof essentially shows t@ﬁznzo Tor;(I"M, J™N),

j = 0, is a finite, bigraded module, over a suitable polynomial ring avewhere M,

N are two finite R-modules. It is then well-known that, if the lengths of homogeneous
pieces of a finite bigraded module (over a suitable polynomial ring) are finite, then they are
eventually given by a polynomial function (also S¢etations and conventions

Fori =0 andi = 1, Fields only proves that polynomial growth holds under some rather
restrictive conditions: he assumes tiais regular local, and tha®,;, _o(I" N J™) is
a finite bigraded module over some polynomial ring in two sets of variables. This is, in
general, a very strong condition on two idea]s/. The functiom.(R/(I1" + J™)) has also
been studied by Kishor Shah [7] and William C. Brown [1], who give sufficient conditions
for it to be given by a polynomial, far, n > 0.

The present paper gives a characterization of those cases for which the length of
Tor;(M/I"M, N/J™N) has polynomial growth, provided the following condition is
satisfied:J +anrg M +anrg N is P-primary (see Theorem 6). It turns out that polynomial
growth doesn't always hold, even in the case 2, as Fields’ work might have suggested
(see Remark following Corollary 8). On the other hand, Proposition 3 shows that, provided
Tor;(I"M, N/J™N) has finite length, for all large:, n, its length is always given by a
polynomial, without any restrictive assumption.

As a corollary to the proof of Theorem 6, under the assumption thatanrng M +
anrg N is P-primary, we prove that(Tor;(M/I"M, N/I"N)) hasalwayspolynomial
growth. Corollary 8 shows that, under the hypothesis that bettanrng M + anrg N and
J+anrg M +anrg N be P-primary, the length of TegtM /1" M, N/J™ N) has polynomial
growth if and only if both Tor(M, N) and Tof_1(M, N) have finite length. Finally, when
M ® N has finite length, Theorem 9 gives the formula

A(Tor; (M/I"M,N/J"N)) = A(Tor;(M, N)) + A(Tor;_1(I"M, N))
+ A(Tori—1(M, J"N)) + A(Tor,_2(1" M, J" N)),

which works for alli > 0, by assuming that all Tewith i < O are zero.

The main result of this paper shows that, at least whiepr anrg M + anrg N is
P-primary, the nature of (Tor;(M/I"M, N/J™N)) is controlled by modules of the form
I"A N J™B. Therefore, a study of modules of this kind would deepen our understanding
of A(Tor;(M/I"M,N/J™N)).

2. Notation and conventions

We will be using (free) resolutions of modules over several different rings. There will be
resolutions of modules ovet, graded resolutions of graded modules over the polynomial
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ring in r variables Sy := R[X1, ..., X,], as well as bigraded resolutions of bigraded mod-
ules over the polynomial ring in two sets of variablés,,= R[ X1, ..., X,; Y1,..., Ys].
Unless otherwise stated, the Tor’s are oRer

To further simplify notation, we denoteM = @, M, which is an (infinitely
generated) graded module over the Rees fiyg:= @,2,1". If I is generated by
x1, ..., Xr, thenM is naturally an infinitely generatefi -graded module, via the canonical
ring homomorphisn$ — R;, given byX; — x; for all i. The action ofS; on M is given
by X;vr = x; v, wherev, denotes a homogeneous vector of dedreglso, if we denote
IM:=@,2o1"M, then this is a finitely generated graded module oRer and hence
over S1, as before. It follows that\i/ZM = B,2 ,(M/I"M) is a graded module over
bothR; andsS;.

Similarly, if we assume/ = (y1, ..., ys), @, ,—0 " /"M is a bigraded module over
the bigraded Rees rifg;,; := ;. ,_o " J™, and hence over the polynomial risg, via
a similar mapS; — Ry.;. '

Note that any graded free resolution o¥eror S, of some graded module, is also a free
resolution of that module over.

We will be making use of the fact that, in a (bi)graded resolution of s§mpéor S»-)
graded module, say M, by considering just its homogeneous part of degreee obtain
a free resolution, oveR, of the modulel* M, thekth homogeneous componentiM.

We will be making repeated use of the fact thaRif= @, ,_o Pn.» is afinite bigraded
S2-module, whose homogeneous pieces have finite lengthAit®&n,,) is eventually given
by a polynomial. In particulat.(Tor; (1" M, J™ N)) is eventually given by a polynomial.
Indeed, we can také a S1-graded free resolution (consisting of finite frf&emodules) of
@, "M and, similarly,D a S;-graded free resolution @p;,,_, /" N, also consisting
of finite free §{-modules. (Here$; = R[Y1, ..., ¥;].) Then the modules i@ ®r D have
a natural structure of; ®g S; = S2-modules. ActuallyC ®r D is a complex of finite,
free, S>-modules, whoséth homology is Tof (P o 1" M, B,y J™N). Of course, this
is a finitely generated bigrade$b-module. Since the homogeneous components of this
are just Tof(I”M, J™N), it follows that, if their lengths are finite, then these lengths are
eventually given by a polynomial i, n.

3. Themain result

In an attempt to study the length of Ta¥ /"M, N/J™N) in as great generality as
possible, we first investigate Téf" M, N/J™ N). It turns out that in this case polynomial
growth follows from the simplest assumption that these Tor’s have finite length. The
following few results are essentially given without proof, as their proofs parallel those
of corresponding one-variable statements (see [8]).

Proposition 1. Let R be a Noetherian ringnot necessarily locdlandJ C R anideal. Let
S1 be the polynomial ring oveRr in r variables, and let

crRbatR



E. Theodorescu / Journal of Algebra 265 (2003) 136-147 139

be a graded complex of gradesd-modules, graded by total degree. Assume thgtFo
are finitely generatedi-modules. Then, there is> 0, such that, for alln > [

R U+Jmty
H(C® —)|=2—+—— ",
1( ®J’"> Z+ JmTyy

whereZ C U andW C V are finite, gradedS;-modules.
Proof. It essentially goes as in Proposition 3 in [8]0

Proposition 2. Let R, S1, J be as in Propositior. Let7 be a gradedS:-module, and/,
V, W, Z be finite gradeds;-submodules of . Assume thag C U/, and thatyyV C V, and
denote

Lo uxImy
Tz gmw’

Then, if(L,),, thenth degree homogeneous componentgf has finite length for all
large values ofn andn, A((L,,),) is eventually given by a polynomial im andn.

Proof. It follows the same path as Lemma 2(b) in [8]C

Proposition 3. Let R be a Noetherian ring/, J € R ideals,M, N be finite R-modules,
andi > 0. If Tor;(I"M,N/J™N) has finite length for allz, n > 0, then this length is
eventually given by a polynomial in, n.

Proof. Take an Si-graded resolution by finite fre€1-modules of the finite graded
S1-moduledd>2 , I M. Tensor it withN /J™ N, in two steps, first withV (call the resulting
S1-complexC), then withR/J™. The part giving Toﬁ(@fn"zo I"M,N/J"™N), looks just
like the situation described in Proposition 1. Therefore, by Proposition 1, we see that

[ —1
U+Jm"y
R —
o (17w w1 ) = 2
n=0

for somel, all m > 1, whereld, V, Z andW are all finite gradeds1-modules. It follows
that

U+ IV,

R
Tor (I"M, N/J"N) = 2=

by looking at homogeneous pieces of degrem the previous Tor formula. Thus, the
conclusion follows from Proposition 2.0

Lemma 4. Let (R, P) be Noetherian, local/, / C R ideals,i > 0. Then, for two finite
R-modulesM, N, we have
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(@ Theimage of the induced map

H(f;
Tor; (I"M, N) L, Tor, (M, N)

is of the form/"~*A for somek > 0 andn > k, where A is the image of the map

H(fi
Tor, (1M, Ny Y2, Tor, (M. ).

(b) The image of the induced map

Tor, (M, N) =22 Tor; (M, N/J" N)

has the form

Tor;(M,N)+ J™B
JmB

for some modulé, such thafTor; (M, N) C B.

Proof. (a) Let
cii— s RPi1 __, RB__y RPi1 .. (1)

be a free resolution a¥. Then we have the following commutative diagram

wn ¢ll
c— MBI+l — PP —— [ pBi-l —— .-

L

— M/Si+1 Mﬁi Mﬁ,-_l e .

Let K = ker¢ andL =im+vyr, so Toy(M, N) = K/L. We also have that ke, = K N
1"MPi and imy,, = I" L, and thus TqrI" M, N) = (K N 1" MP) /1" L. It follows that

KnI"MPi+L 1" *KnI*MP)+ L
L B L

im(H(f)) =

for somek and alln > k. Note that this is of the forni”—* A, whereA is the image of the

map Top(I* M, N) 1Y, Tor,(M, N), as stated.

(b) Now assume that (1) gives a free resolutiombfand tensor it withV /J™ N. We
get

s NBi+1 NBi NBi-1

| - |

- —— NPir1) gm NBin1 L NP jjm NP ﬂ> NP1/ gmNBi-1 — ...
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Again, if we denotek = ker¢ andL = im+, then Tof(M, N) = K /L and, moreover, we
obtain that

K+ J" (¢~ (I NFi-1))

kerg,, = TN
for somel andm > [.
We also get
. L+ J"Nbi
Imy,, = “mNA

SO

Tor, (M, NJJ"N) = X7 "GN
e L+ JmNPFi ’

It follows that

K +J™NP _ Tor;(M,N)+ J"B

imH(g;) = ~
(&) L I NP g

bl

whereB = Nfi /L. Of course, TaM,N) C B. O

The next proposition is an extended version of the following well-known result: Let
(R, P) be Noetherian, local, andC R an ideal. IfL, M are finitely generated modules,
L of finite length, then, for any > 0, the natural map Tet/" M, L) — Tor;(M, L) is zero
forn > 0 (see [3]).

Proposition 5. Let (R, P) be a Noetherian, local ring. Let C R be an idealM, N two
finite R-modules and > 0, fixed. Then the following are equivalent

(@) I Crad(anrg Tor;(M, N)).

(b) I Cradanrg Tor;(I*M, N)) for somek > 0.

(c) I CradlanrgTor;(I"M, N)) forall n > 0.

(d) I Cradanrgim (Tor;(/"M,N)— Tor;(M, N))) forall n > 0.
(e) im(Tor;(I"M,N) — Tor;(M, N))=0forall n > 0.

Proof. Clearly, (c) implies (a) and (b). Conversely, consider the long exact sequence
o —> Tor 1 (M/1"M, N) =2 Tor (I" M, N) % Tor, (M, N)
L, Tor(M/I"M, N) —> - -
(a) implies (b), (c) follows by consideringandad, sincel < radianrg Tor;(M/I"M, N))

forall n > 0. (b) implies (a) follows from (c) implies (a).
(a) implies (d) and (d) implies (a) are immediate, considesing
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(e) implies (a): ifa =0, thenp is an injection, so the conclusion follows.
(a) implies (e) follows from Lemma 4(a).0

Here is the main result of this paper.

Theorem 6. Let (R, P) be Noetherian, locall, J C R two ideals,M, N finitely generated
R-modulesj > 0. Assume thaanrg M + anrg N + J is P-primary. Then

A(Tor;(M/I"M,N/J™N))

is eventually given by a polynomial in m and n if and only i radanrg Tor; (M, N))
forjef{i —1,i}.

Proof. Consider the long exact sequence

-+« —>Tor(1"M,N/J"N) ., o, (M,N/J"N) — Tor;(M/I"M,N/J"N)

— Tori_1(I"M,N/J™N) 5 Tori_1(M,N/J"N) —> ---

We already know that the lengths of the modules above, save the one in the middle, are
(eventually) given by polynomials in one or two variables (see Proposition 3). Thus, we
have

A(Tor;(M/1"M,N/J™N)) = [r(Tor;(M,N/J"N)) — r(ime™")] + A(kera!"])

—

A(Tor; (M, N/J"N)) — A(ima™")]
+ [2(Tori—1(I"M,N/J™N)) — A(imea;"])]. (2)

Therefore, we need to examingim oz;"’") for j € {i — 1,i}. Consider the following
commutative diagram

m,n m,n

Tor;,(I"M,N) ——— Tor,(I"M,N/J"N) ——— Tor,_1(I"M, J™N)

m,n
\L o « l mn
m,n

Tor,(M, N) —— -~ Tot;(M, N/J"N) — > Tot,_1(M, J™N)
4"'1," (3)

Ti

Tor;(M,N/J"N)/e!"" (Lynn)
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whereL,, , =imy ™" =ker¢p™".

Note that the commutative diagram (3) is a homogeneous piece of the diagijam (3
below. That is because 'I;.’f)ns additive, and the natural maps in (3) commute with the
action of andJ on the modules occurring in this diagram. It follows that the diagrdjn (3
is a commutative diagram of bigradég-modules and maps.

TorR(ZM, N) N TorR@ZM, N /TN) Tor® L @M, TN)

Tork (M, N') ——— Tork (M, N'/TN') Torf ;(M, TN)
3)

TorR (M, N /TN ) /ei (L)

whereL =@, ,—o Lm.n-

Observe now that; o «; factors through the image @f, which is a finitely generated,
bigradedS>-module (since Tq’?_l(IM, JN) is s0), hence irfrr; o ;) is a finite, bigraded
S»-module. Therk(im( o ;)™ ™) is eventually given by a polynomial, by classical theory.

Note that

Aima™") = A(im(ri 0 0)™") + (" (Lim.n)),

i i

and a similar equality holds far— 1 in place ofi. From (2) and what we have just seen,
it follows thati(Tor; (M /1" M, N/J™ N)) is eventually given by a polynomial, if and only
if the same is true of ("] (Li,n)) + A" (Ly,n))-

We now examine.(«;"" (L,»)). From (3), we find that

a"" (L) =" (™" (Tor; (I"M,N))) = (6 o 0)™" (Tor; (I"M,N)).  (4)
From Lemma 4(a) and (b), we get that

In—kA +JmB In—kA

(Qoo')m’n(TOri(InMs N)) = JmB = In_kAmeB

()

for somek > 0 andn > k, whereA = im(Tor; (I*M, N) — Tor;(M, N)).

We now claim thatn(I"*A/1"~%A N J™B) is identically zero form,n > 0 if and
only if it is polynomial for m,n > 0, if and only if I C rad(anrg Tor;(M, N)). To
prove this claim, assume C radanrg Tor; (M, N)). Then "% A = 0 for largen, and
SoA(I"*A/I"*A N J"B) =0, hence polynomial, for >> 0 and allm. It remains to
check that, ifl ¢ rad@anrg Tor; (M, N)), theni(I""*A/1"~*A N J™ B) is nonzero and
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not given by a polynomial, for ath, n > 0. Indeed, by Proposition 5, (1> (3), we know
that/ ¢ rad@anrgim (Tor; (1" M, N) — Tor; (M, N))) for all n, sol" kA +£0foralln > k.

Now, since anp M + anrg N + J is P-primary, there is & > 0, such that/’ C
anmg M +anrg N + J. It follows that, forn > Im + k, we have

"% J™4+ang M +anmg N,
SO
In—kA g JmA g JmB,

since we know that C B.

Thus, forn > Im + k, [ andk fixed, A(I" K A/1"~* A N J™ B) vanishes. On the other
hand, note that, for every >k, 1" %*A/I"*A N J™B 0 for all m > 0. This is so
since, for everyn > k, n fixed, 1" *A N J™B C I"*A for all large m, by Krull's
Intersection Theorem. Henogl" % A/1""*A n J™B) # 0 for everyn > k andm > 0.
This proves the claim, since we proved that, above thedine = Im + k in the (m, n)-
plane x(1""%A/I"~* AN J™ B) always vanishes, for large andn, while below this line,
the length in question is nonzero, in casg radanr Tor; (M, N)).

Finally, note that both terms of the foro(1"~*A/1"~*A n J™ B) occurring in the
formula (2) of A(Tor;(M/1"M, N/J™N)) (also see (4) and (5)), actually occur with the
same sign. By the claim, it follows that the sum of these two terms vanishes for all large
m andn, if I C radlanrg Tor; (M, N)) Nradanrg Tor;_1(M, N)). On the other hand, if
I ¢ radanrg Tor; (M, N)) Nrad@anrg Tor;_1(M, N)), then the sum in question vanishes
above both lined :n =Im +k,d' : n=10'm + k' (one line for each term), but it is nonzero
below both these lined,andd’. This means that(Tor; (M /1" M, N/J™N)) can only then
be (eventually) polynomial, when both terms of the forai* % A /1" =¥ A N J™ B) vanish.
And this happens if and only if € radanrg Tor; (M, N)) for j € {i — 1, i}, as stated. O

The proof of Theorem 6 yields the following interesting corollary.

Corollary 7. Let (R, P) be Noetherian, local] an idealM, N two finite R-modules and
i > 0. Assume that + anrg M + anrg N is P-primary. Then

A(Tor;(M/I"M,N/I"N))
is given by a polynomial, fat > 0.
Proof. Note that, by the proof of Theorem 6, we only have to look at each of the two

(similar) terms inA(Tor;(M/I"M, N/J™N)), that turned out not to be polynomial, in
general. If in each of them we set,= I andm = n, we get two terms, each of which

looks like
1" %A
x(i)
[n—kA NI"B
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It is immediate, by the Artin-Rees Lemma, th@" o 1" *A/1"*A N I"B is a finite
graded module over the Rees riRg = ,~ 1", hence the conclusion.o

Corollary 8. Assume that botli + anrg M + anrg N and J + anrg M + anrg N are
P-primary, in the statement of Theor&nThenA(Tor; (M /1" M, N/J™N)) is eventually
given by a polynomial if and only Tor; (M, N) has finite length for bothi =i, j =i — 1.

Proof. A(Tor;(M/I"M,N/J™N)) is eventually given by a polynomial if and only if
I Crad(anrg Tor;(M, N)) for j e {i —1,i}, if and only if ] + anrk M + anrg N €
radianryg Tor; (M, N)) for j € {i — 1,i}, if and only if Tor;(M, N) has finite length for
bothj=i—-1andj=i. O

Remark. From this corollary alone we could construct numerous examples in which
A(Tor;(M/I"M, N/J™N)) is not eventually polynomial. It suffices to taeand J to

be P-primary ideals and/, N two finite R-modules with at least one of the two modules
Tor; (M, N) and Tof_1(M, N) not having finite length. Let us give two such examples of
Tor;(M/I"M, N/J™N) that have non-polynomial length, the second of which works for
any value ofi.

First, assume thak has positive depth and dimension at least two. Take>, ..., x;,

t > 1, to be a regular sequence, such that the ideal generated by these elemeits is
P-primary. TakeM = R/(x1,...,x;)* andN = R/(x1, ..., x;)" forsomes >r > 1. Then
Tor (M, N) = (x1,...,%)%/(x1,...,x)* " has finite length if and only iR/ (x1, ..., x;)

has finite length. This is so because, by Rees’ theofem, .., x,)/ /(x1, ..., x,) 11 is

a free R/(x1, ..., x;)-module for all j > 0. Therefore Tor(M, N) can not have finite
length by the choice of the regular sequence. Now falkirdJ any two P-primary ideals:

by Corollary 8, the length of Te¢M /1" M, N/J™N) is not given by a polynomial, for

i e€{l,2}.

Secondly, assume th&t is neither regular, nor an isolated singularity. THg is not
regular for some non-maximal prim@. Take M and N to be any two finiteR-modules,
such that their annihilator i9. Note that both/y andN are direct sums of copies of the
residue field ofRg. Then Tof(M, N) cannot have finite length for any (Fori > 1 this
would imply that the localization a@ of Tor; (M, N) vanishes, giving thaR is regular,
contrary to the choice oR.) Now, Corollary 8 says that for any choice of two primary
ideals! andJ, the length of TonM/I"M, N/J™N) is not polynomial forall i > 0.

Theorem 9. Let (R, P) be Noetherian local/, J C R ideals,M, N finite R-modules and
i > 0. Assume tha¥ ® N has finite length. Then

A(Tor; (M/I"M,N/J"N))
is given by a polynomial, far, n >> 0. Moreover,

A(Tor;(M/1"M,N/J™N)) = A(Tor;(M, N)) + A(Tor;_1(I" M, N))
+ A(Tor_1(M, J"N)) + A(Tori_2(I" M, J™ N)).
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Proof. The first statement follows immediately from Theorem 6, since, trivially, its
hypotheses are met. For the last statement, let's observe that, thetesi9asuch that,
for all m > 0, andn > k, o™" in (3) is the zero map, by Proposition 5. It follows that
a"(imy™my = o (kerg™™") = 0, hencex;"" factors through inp™", and thus (as
before)r(ime;"") is eventually given by a polynomial im, n. Finally, by Proposition 5
again, we see that for eafixedm, im(e;"") vanishes fon > 0. Therefore, inw"") is
identically zero for all largen andn.

We also have the long exact sequence

- —> Tor (I"M,N/J"N) ., o, (M,N/J"N) — Tor;(M/I"M,N/J"N)

¥i_q
—> Tor;_1(I"M,N/J"N) —> Tor;_1(M,N/J"N) — -

9

m,n

and we now know that;"" = «;"] =0 form, n > 0. Then,

A(Tor; (M/1"M,N/J"N)) = r(Tor;(M,N/J"N)) + A(Tor;_1(I"M,N/J™N)). (6)

We apply this trick two more times. We have

- —> Tor (M, J"N) -2 Tor;(M, N) —> Tor; (M, N/J" N)
— Tori_1(M, J™N) 2 Tor_1(M, N) —> ---, (7)
where the maps marked as 0 are so by Proposition 5. We get that
A(Tori (M, N/J™N)) = A(Tor;(M, N)) + A(Tor;_1(M, J" N)). (8)

ReplacingM by 1" M in (7) and using the fact th&b;,,_, Tor;(I"M, J™N) is a finite

m,n=

bigradedS;-module, we see that the maps marked as 0 will remain so, for evand
largem, again by Proposition 5. We then get that

A(Tori_1(I"M,N/J"N)) = A(Tori_1(I"M, N)) + A(Tor;_2(1"M, J"' N)).  (9)
Putting together (6), (8) and (9), we obtain
A(Tor(M/1"M,N/J"N))

= A(Tor;(M, N)) + A(Tor;_1(I"M, N)) + A(Tor,_1(M, J"' N))
+x(Tori—2(1"M, J™ N)),
as stated. O
Note that this also yields a direct proof of the first statement of this theorem, since the

four terms on the right-hand side of the equality above are eventually given by polynomials,
by classical theory of finite (bi)graded modules.
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Finally, we give an upper bound for the degree of the polynomial that arises in
Corollary 8. Note that this estimate also applies to the case of Theorem 9.

Proposition 10. Assume the hypotheses in Coroll@yand suppose that the length of
Tor;(M/I"M, J™ N) is given by a polynomial, fan, n > 0. Then

degh(Tor (M/I"M, J"N)) < ty(I) + Ey(J) — 2.

Proof. This is a rather crude estimate, based on the one-variable case. We simply apply
Corollary 4 in [8], separately, for fixed, large enough values:aindrn, then add. For the
exact degree in some special cases (in one variable, though), see[6].

Acknowledgments

The work in this paper forms part of my dissertation written at the University of Kansas.
| would particularly like to thank my advisor, Prof. D. Katz, for his constant patience and
steady encouragements. | would also like to thank both D. Katz and A. Vraciu for their
comments on this paper.

Special thanks also go to the referee for a number of valuable suggestions.

References

[1] W.C. Brown, Hilbert functions for two ideals, J. Algebra 225 (2000) 410-428.

[2] J.B. Fields, Length functions determined by killing powers of several ideals in a local ring, Ph.D. Dissertation,
University of Michigan (2000).

[3] G. Levin, Poincare series of modules over local rings, Proc. Amer. Math. Soc. 72 (1) (1978) 6-10.

[4] D. Kirby, Hilbert functions and the extension functor, Math. Proc. Cambridge Phil. Soc. 105 (3) (1989) 441—
446.

[5] V. Kodiyalam, Homological invariants of powers of an ideal, Proc. Amer. Math. Soc. 118 (3) (1993) 757-764.

[6] T. Marley, Hilbert functions in Cohen—Macaulay rings, Ph.D. Dissertation, Purdue University (1989).

[7] K. Shah, On equimultiple ideals, Math. Z. 215 (1994) 13-24.

[8] C. Theodorescu, Derived functors and Hilbert polynomials, Proc. Cambridge Phil. Soc. 132 (2002) 75-88.



