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Abstract

An irreducible cyclic (n, k) code is said to be semiprimitive if n = (2k
- l)/N where N> 2

divides 2j + 1 for some j ~ 1. The complete weight hierarchy of the semiprimitive codes is
determined when k/2j is odd. In the other cases, when k/2j is even, some partial results on the
generalized Hamming weights of the semiprimitive codes are obtained. We apply the above
results to find the generalized Hamming weight of some classes of dual codes of primitive BCH
codes with designed distance N + 2 when k/2j is odd.

1. Introduction

Let F = GF(2k
) be a finite field with 2k elements and let t/J be a generator of the

multiplicative group F* = F\ {O}.
Let h(x) E GF(2)[x] be an irreducible polynomial of degree k and period n. Then

any irreducible (n, k) code Cover GF(2) can be described as

C = {c(a) Ic(a) = (Tr(a), Tr(af3), ... , Tr(af3n -1 )), a E F}

where f3 is a zero of h(x) and Tr(x) denotes the trace function from GF(2k
) to GF(2).

Note that k is the multiplicative order of 2 (mod n).
An irreducible cyclic code is said to be semiprimitive if f3 = t/JN where N > 2 and

N 12j + 112k
- 1 for some integer j ~ 1. Observe that in this case k is even and 2j Ik.

The length of the code Cis n = (2k
- l)/N.

For NI2k
- 1 we define

Pi = {IE Flj = t/Jl, 1== i(modN)}

Then Po is the set of nonzero Nth powers in F and Pi = t/Ji Po for 0 ~ i ~ N - 1.
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Baumert and McEliece [1] computed the weight distribution of the semiprimitive
codes as given in the following result.

Lemma 1. Let C be a semiprimitive code where N > 2 and N 12j + 112k
- 1 for some

j ~ 1. Then C is a two-weight code and the Hamming weight, w(c(a)), of a nonzero
codeword c(a) is given by

_{(2k - 1 - ( - l)(k/Zj) + l(N - 1)2(k/Z)-1)/N if a E Po,
w(c(a)) - (2k-1 _ (_ 1)(k/Zj)2(k/Z)-1)/N if a E F*\Po,

where Po is the set of nonzero Nth powers in F*.

There is a vectorspace isomorphism from F to C given by a --+ c(a). It is useful to
observe that in the case when k/2j is odd the vectors of C of minimum weight
correspond exactly to a E Po while the maximum weight vectors correspond to
a E F* \ Po. In the case when k/2j is even the situation is the opposite.

2. The weight hierarchy

For any code D, let X(D) be the support of D, i.e., the set of positions where not all of
the codewords of D are zero. The rth generalized Hamming weight of a code C is
defined by

dr(C) = min{lx(D)IID is an r-dimensional subcode of C},

The weight hierarchy ofa code C is the set ofgeneralized Hamming weights {dr ( C)},
1 ~ r ~ k.

The weight hierarchy has been determined for the Golay code, Reed-Muller codes
by Wei [13], for codes meeting the Griesmer bound by Helleseth et al. [6].

For the BCH codes very little is known. It has been shown by Feng et al. [5] that
dz = 8 for all binary primitive double-error-correcting codes. Van der Geer and van
der Vlugt [11] proved that d3 = 10 for all binary primitive double-error-correcting
BCH codes and dz = 11 in the triple-error-correcting case. Kabatianski [8] proved
that dz = 3t + 2 for all sufficiently long t-error-correcting primitive BCH codes.

The generalized Hamming weights of the dual of the BCH codes are studied by
Chung [3], Duursma et al. [4], and van der Geer and van der Vlugt [10,12].

A simple, but very useful observation by Helleseth and Kumar [7] and van der
Geer and van der Vlugt [12] is that for any r-dimensional subcode D of C it holds that

IX(D)I = 2r~1 I w(d).
deD

(1)

Hence, to find the rth generalized Hamming weight of a code, it is enough to find
the smallest sum of the weights for any r-dimensional subcode. In particular, if we can
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find an r-dimensional subcode where all nonzero codewords have minimum weight
d this subcode will have support size equal to d, = (2' - l)d/2'-1.

Lemma 2. Let C be a semiprimitive code where N > 2 and NI2i + 112k - 1 for some
j ~ 1. Let m = m(N, k) be the largest divisor ofk such that gcd(N, 2m

- 1) = 1. Let kobe
the greatest odd divisor of k/2j. Then m ~ koj and for 1 ~ r ~ m the generalized
Hamming weight d, of C equals

d, = (2' - l)d/2'-1

where d is the minimum distance of C.

Proof. Since gcd(N, 2m
- 1) = 1 and mlk, it follows that all the elements in the

subfield GF(2m) of F are Nth powers. Therefore the nonzero vectors of the
m-dimensional subspace Vo = GF(2m

) are contained in Po. Further, the nonzero
vectors of the m-dimensional subspace VI = t/J GF(2m

) are contained in PI which is
a subset of F*\Po. Hence, from Lemma 1 it follows that there exist a subspace
V = V0 or V = V1 such that

D = {c(a)laE V}

is an m-dimensional subcode of C which contains 2m
- 1 nonzero vectors of minimum

weight d. Therefore for 1 ~ r ~ m, it follows from (1) that

d, = (2' - l)d/2'-1.

Since ko is odd and NI2i + 1, it follows that NI2koi + 1 and therefore since N > 1
that gcd(N, 2koi - 1) = 1, which implies m ~ koj. D

In general it seems hard to determine the complete weight hierarchy for all the
semiprimitive codes. However, in the case NI2i + 112k - 1 and k/2j odd we can find
the complete weight hierarchy.

Theorem 3. Let C be a semiprimitive code where N > 2, N 12i + 112k - 1and k/2j is odd
for some j ~ 1. Then m = m(N, k) = k/2 and the complete weight hierarchy of C is

given by

d _ {(2r - l)d/2'-1 if 1 ~ r ~ m,
,- (2' - l)d/2'-1 + (N - 1)(2m + 1)(1 - 2m -')/N if m < r ~ 2m,

where d = (22m
-

1
- (N - 1)2m

-
1)/N is the minimum distance of C.

Proof. Since ko = k/2j is odd, it follows from Lemma 2 that m = m(N, k) = koj = k/2
and d, = (2' - l)d/2'-1 for 1 ~ r ~ m = k/2.

Let r > m and define Vi = t/Ji GF(2m
) and vt = Vi \ {O} for i = 0, 1, ... ,2m

. Observe
that vt, i = 0,1, ... ,2m is a partition of GF(22m)* and that PI = Ui=l(modN) vt for
1=0,1, ... ,N - 1.
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Since Vi is a vectorspace of dimension m, any r-dimensional subspace Dr of
GF(22m) contains at least 2r- m- 1 vectors from vt for all i, 0 :::; i :::; 2m. Hence, any

r-dimensional subspace of GF(22m) contains at least (N - 1)((2m + l)jN) (2 r
-

m- 1)

elements from GF(2 2m)*\po, i.e., the elements from vt where 0:::; i :::; 2m and i"l- 0

(modN). Since the mapping a -+ c(a) gives an isomorphism from GF(22m) to C, it
follows from Lemma 1 that any r-dimensional subcode of C has at least

(N - 1)((2m + IljN) (2 r
-

m- 1) codewords of the maximum weight in the two-weight

code C.

To find dr for r > m, it is therefore sufficient to find an r-dimensional subcode of
C with exactly (N - 1)((2m + l)jN) (2r

-
m- 1) codewords of the maximum weight

and the remaining nonzero codewords of minimum weight in the subcode.
Let U be an r-dimensional subspace of GF(22m) containing GF(2m). Then

U=<UI,U2, ... ,Ur- m'/I, ... ,fm) where uiEGF(22m)\GF(2m), fjEGF(2m) for
1 :::; i :::; r - m, 1 :::; j :::; m. Then U is a disjoint union of GF(2m) and 2r

-
m- 1 cosets of

the form U+ GF(2m) where UE U\GF(2m).
We will show that each such coset U+ GF(2m) where UE U\ GF(2m) contains

(N - 1) 2
m

; I elements from GF(2m) *\Po and (2m- N + l)jN elements from Po. This

follows since for fixed UE U\GF(2m) then U+IE Vi has exactly one solution

IE GF(2m) for any i = 1,2, ... ,2m. Suppose, U+II E Vi and U+12 E Vi' then
II +12 E Vi which implies 11 = 12 since 1 :::; i :::; 2m. Further, since GF(2m) contains
2m - 1 nonzero elements from Po, it follows that the r-dimensional subcode D of

C given by

D={c(u)luEU}

has the following weight distribution:

2m -:+ 1 (2r- m_ 1) + 2m_ 1 words of weight d = (22m - I - (N - 1)2m- 1)jN,

(N - 1) 2
m
N+ 1 (2r - m - 1) words of weight d + 2m

-
I = (2 2m - 1 + 2m- 1)jN,

word of weight O.

In particular, this subcode D contains as few maximum weight codewords as

possible. Hence, from (1) we can find dr by summing over all the weights in D, which

leads to

dr = 2r~ 1 L w(d) = (2 r
- l)dj2r- 1+ (N - 1)(2m+ 1)(1 - 2m- r)jN

JED

which implies the result in the theorem. D

This result was obtained in a different way by van der Vlugt [9].

It is also straightforward to obtain bounds on dr in the case when kj2j is even, using

this method and construct subcodes with as many words as possible of the minimum
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weight d. We leave further details to the reader. We have, however, so far been unable
to find the complete weight hierarchy in the case where k/2j is even.

It is interesting to note that the results on the weight hierarchy for the semiprimitive
codes when k/2j are odd, can be applied to find some of the generalized Hamming
weights of some dual of HCH codes with designed distance N + 2. No similar
connections hold in the case when k/2j is even. In fact, the following theorem extends
some results in Duursma et al. [4J, and van der Geer and van der Vlugt [10J on the
weight hierarchy of some duals of the HCH codes.

Theorem 4. Let N > 2, N12] + 112k - 1 and k/2j oddfor somej > 1. The dual code of
a primitive BCH code of length 2k - 1 and designed distance N + 2 has generalized
Hamming weights

d, = (2' - l)d/2'-1

for 1 ~ r ~ k/2, where d = 2k- 1 - (N - 1)2(k/2)-1.

Proof. From the Carlitz-Uchiyama [2J bound it follows that for the weight of any

codeword in the dual of the primitive HCH code of designed distance 2t + 1 it holds
that

It is important to note that repeating every codeword N times in a semiprimitive code
of length n = (2k

- 1)/N is a subcode of the dual of a HCH code of designed distance
N + 2 = 2t + 1, since a typical codeword in the repeated semiprimitive code is
c(a) = (Tr(a), Tr(aljJN), ... , Tr(aljJ(2k- 2)N)), where ljJ is a primitive element in GF(2k).

In particular in the semiprimitive case when k/2j is odd the minimum distance
of the repeated semiprimitive code is

2k- 1 _ (t - 1)2k/2 = 2k- 1 - (N _ 1)2(k/2-1)

which therefore equals the minimum distance of the dual of the HCH code of designed
distance N + 2. Hence, if the semiprimitive code contains a subspace of dimension
m = m(N, k) = k/2 of vectors of minimum weight, the same is true for the HCH code.
This completes the proof. 0

Remark. One should observe that combining the arguments in Theorem 4 with
Theorem 3 give an upper bound for d, for the duals of the HCH codes above also in the
case k/2 < r ~ k.

3. Conclusions

We have completely determined the weight hierarchy of the semiprimitive codes in
the case N > 2, N12] + 112k

- 1 and k/2j odd for somej > 1. Clearly, one may apply
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this method to obtain bounds for dr also in the case kj2j is even by constructing
subcodes with many vectors of minimum weight d. To completely determine the
weight hierarchy in the other case when kj2j is even is still an open problem.

A code C is said to satisfy the chain condition if there is a chain of subcodes
Dt c D2 c··· C Dk = C such that dimD i = i and IX(Ddl = d; for 1 ~ i ~ k. It fol
lows directly from the proof of Theorem 3 that the chain condition holds for these
codes.

Finally, we would like to remark that it is straightforward to generalize the results
above to nonbinary semiprimitive codes and to the corresponding duals of the
nonbinary BCH codes.
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