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1. Introduction

Spatial autoregressive models have a great importance in many different fields of science such as geography, geology,
biology and agriculture, see e.g.[1] for a detailed discussion, where the authors considered a general unilateral model having
the form

P1 P2
Xie = Z Zai,jxkfi,efj +ére, oo =0. (11)

i=0 j=0
A particular case of the model (1.1) is the so-called doubly geometric spatial autoregressive model

Xie = aXp—1,e + BXio—1 — o BXi—1,6-1 + Ene,
introduced by Martin [12]. In fact, this is the simplest spatial model, since its nice product structure ensures that it can be
considered as some kind of combination of two autoregressive processes on the line, and several properties can be derived
by the analogy of one-dimensional autoregressive processes. The doubly geometric model was the first one for which the
nearly unstability has been studied. Bhattacharyya et al. [8] showed that in the case when a sequence of stable models with

a, — 1, B, — 1 was considered, in contrast to the AR(1) model, the sequence of Gauss-Newton estimators (c,, 8,) of
(otn, Brn) were asymptotically normal, namely,

3/2 ap—ay\ 2
n -~ —> N(0, ¥
<,8n - ,311) ( )

with some covariance matrix X'.
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The doubly geometric model has several applications. Jain [11] used it in the study of image processing, Martin [13],
Cullis and Gleeson [10], Basu and Reinsel [2] in agricultural trials, while Tjgstheim [16] in digital filtering.

In the present paper we study another special case of the model (1.1). We consider the spatial autoregressive process
{Xk.e : k, £ € Z} which is a solution of the spatial stochastic difference equation

Xie = aXk—1,0 + BXke—1 + ke (1.2)

with parameters (o, 8) € R2. This model is stable (i.e. has a stationary solution) in case |«| + |8] < 1 (see [1]), and
unstable if |«| + | 8] = 1.In arecent paper Paulauskas [ 14] determined the exact asymptotic behaviour of the variances of a
nonstationary solution of (1.2) with X; , = 0 for k + £ < 0, while Baran et al. [5] in the same model clarified the asymptotic
properties of the least squares estimator (LSE) of («, §) both in stable and unstable cases.

We remark, that in case |a| + |B] < 1,if {ex¢ : k, £ € Z} are independent and identically distributed random variables,
a stationary solution can be given by

k+€—i—j o
Xee= Y ( i )a" e, (13)

(1.))€ Ug,e

where U ¢ := {(i,j) € Z? : i < kandj < ¢} and the convergence of the series is understood in L,-sense.

We are interested in the asymptotic behaviour of the stationary solution of (1.2) in the case when the parameters
approach the boundary |«| + || = 1. In order to determine the appropriate speed of parameters one may use the idea
of Chan and Wei [9] and consider the order of

(Xk—l,ff)2 Xi—1,eXk,0-1
I,:=E ,
' ((k;}[n (Xkl,lxk,il (Xee1)”

that is exactly the observed Fisher information matrix about (¢, 8) when the innovations ¢ ; are normally distributed and
the process is observed on a set H, C Z2, n € N. From Theorem 1.1 of [5] we obtain that

nzaj,ﬂl“a,,g, if o] + |B] < 1,
I~ {n*202W, 5, iflal+|Bl=1,0<|a| <1,
n@4/3)4, ifle|+18] =1, |«| € {0, 1},
where

— 1 —0Qu,p . 1 sign(aB)
Tap =2 <—Qa’5 1 > o Wep= <sign(aﬁ) 1 ) ’

J denotes the two-by-two unit matrix and
ols=((+a+pU+a—pA—a+p1—a—p) "2,
2 2y,,2
1—-—a"—8 )aayﬂ—l

, ifa 0,
Qu,p = Zaﬁa(fqﬂ p#
0 otherwise,
2 29/2
0 =
15/ af(1 — a))
Now, let oy, '= o — y/ay, Bn = B — &/an, || + |B] = 1, |an| + |Bal < 1. As nonstationary behaviour of X; , becomes

dominant when (e, B,) is near the border, a reasonable choice for the sequence a, should retain the order of I, to be n®/?
if0 < |a| < 1andn’if |a| € {0, 1}. Since we have 5 , ~ a/? for0 < |a| < 1and O g ~ Gn for |a| € {0, 1} while
Oan,p, ™~ Const in both cases, the above consideration yieFds a, = n.

In what follows we consider a nearly unstable sequence of stationary processes, i.e. for each n € N, we take a stationary
solution {X,E?Z 1k, £ € Z} of Eq. (1.2) with parameters (o, B,) defined as

1)
ay=a— =, Py :=ﬁ—ﬁ, o] + 1Bal < 1, (14)

where0 < |a| <1,|8|=1—|a|and y, — y,8, — §asn — oo, (v, §) € R% We remark that in an earlier paper [3] the
authors considered a similar sequence of stationary processes where the autoregressive parameters were equal and their
sum converged to 1.

~(n) 7(n)

ForasetH C Z?, the LSE (@, By") of (a, Bn) based on the observations {X,iq”z) : (k, £) € H} has the form
2 -1
o (n) (n) (n)
C(}(_,n)> _ Z (kal,(/,) kal,éxk,éfl Z (XlgngX;iZg)
2m ) = 2 () (W
H (k.0O)eH X,ET_')l,lX,f?g_l (X,ff'z_l) woen \Xie—1 X0

Consider the triangles Ty := {(i,j) € Z* :i+j > 1, i < kandj < ¢} fork, ¢ € Z.Note that Ty, = @ ifk + ¢ < 0.
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Theorem 1.1. Foreachn € N, let {X,f"e) : k, £ € N} be a stationary solution of Eq. (1.2) with parameters (o, By) given by (1.4),
and with independent and identically distributed random variables {s(") k, ¢ e Z} such that ]Es((,"()) = 0, Var sé"()) = land

M = sup,nE ‘80 0‘ < oo. Let (k,) and (£,) be sequences of integers such that k, 4+ £, — oo asn — oo.
IfOo<|al <1,|B]l=1—|a|and
lim (kn + €)1~ "2 (Iyal + 18" = 00 (15)
n—oo

holds then

—«a D _
(kﬂ +£n) <ﬁj_kn ot _ ﬁ:) — ‘NZ (09 |a||ﬂ|q/a,ﬂ)
kn.,tn

asn — oo, where W, g denotes the adjoint matrix of W, g.
If lal € {0, 1}, |l = 1 — || and

lim (ko + Can [y = 82| = 00 (1.6)
holds then let
[_OO, OO]BLL)Z: lim wn, wy = a&‘i‘ﬂl
n—oo 811 yn
If |w| > 1then
1/2 1,2 _ (2|~ 1/4 f}:rkn’[n —op\ O ;
(kn + €2)n'? |y = 57| (5%,4,1 _p) M 0.0}

asn — oo, where
—(a + B)sign(w)
] 1 0(a, B, ®) )/
Oupo ':Z<e(a,ﬁ,w) " w) bl fro)=1 ol Ve =1

if |o| < oo,

if lw] = o0

Remark 1.2. Obviously, |w,| > 1,s0 |w| > 1.Condition || > 1inTheorem 1.1 is needed to ensure the regularity of &, g ..
However, this condition can be omitted and using similar arguments as in the proof of the second statement of Theorem 1.1,
one can easily show that if |«| € {0, 1}, |8| = 1 — |«| and (1.6) holds then

1/4 & — D
(o + 2 |y2 = 820,05 <’,g?""" _ ﬂ“) 2 N0, 0),
kn.tn n

where @;./;wn denotes the symmetric positive semidefinite square root of Oy g -

Remark 1.3. Theorem 1.1 shows that in the typical case k, = ¢, = nand y, =y # 0,6, =8 # 0if0 < |a| < 00, |B] =
1 — || then the rate of convergence is n.

Tk n
same dlstrlbutlon where kn = [(kq + £1)/2] and En = [(kn + £, + 1)/2]. As k + Zn =k, + Zn, in Theorem 1.1 we may
substitute (kn, ,,) for (kn, £,). The sequence (kn, En) can be embedded into the sequence (k;, £,), where k;, := [n/2] and
£, = [(n+1)/2], namely, k; = = ky and & = = ¢, with qn = K+ Cn. Clearly k, 4+ ¢/, = n. Consider the sequence (r,,) defined
by ri=kforqy <n< qu "Then Tgn = n and conditions (1.5) and (1.6) can be replaced by

We may suppose that (k, + ¢,) is monotone increasing. Observe, that <oe7(.:) . ﬁ(”) ) and (&;;)Z i ;E)Z ) have the
n,

tim nr 2 (1y, |+ 16,1) " = o0 (1.7)
n—oo

and
lim nry' |y2 — 67 2~ oo, (1.8)
n—oo

respectively.

Thus, to prove Theorem 1.1 it suffices to show thatif 0 < |o| < 1, |8| = 1 — || and (1.7) holds then

(/X\T — o D -
n (,E [n/2].[(n+1)/2] _ m) =N (O, |Ol||,3|¥’a,,9) ,
Tin/21.[(n+1)/2] Tn
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while in the case || € {0, 1}, |8] = 1 — |/, |o| > 1and (1.8) holds we have
Tlr,:/Z b/é _ (Srzn —1/4 (g\T{n/Z].[(n+])/2] — ar,,) i) », (07 @(;}3 w) |
'BT[H/Z].[(nﬂ)/z] = Bra B,

We remark that conditions (1.5) and (1.7) are exactly the same as conditions (4) and (5) of [3], respectively.
To simplify notation we assume that k, = [n/2], ¢, = [(n+ 1)/2] and (r,,) is a monotone increasing sequence of positive
integers. One can write

6[\'[ — O, 1
(A kn.tn B n) — Bn Any
ﬁTknYZn ﬂrn
with
(rn)

(rn)
. Xl it .
A= ) ( ) G | Bai=

()T 0y \/kl=18k.0

2
(rn) (rn) 3 (rn)
(ka1,z> X1, e X e—1
2
(rn) (rn) (rn)

. O€Tinen \ X1, ¢Xp -1 (Xk,l—l)
Concerning the asymptotic behaviour of the random vector A, and random matrix B, we can formulate the following two
propositions.

Proposition 1.4. If 0 < |¢| < 1, |8] = 1 — |a| and (1.7) holds then

_ _ 1/2 L. _
020 (1| 4 180, 1) 2 By =2 (321al1B]) 2 Wy asn — oo
If || € {0, 1}, |8 = 1 — || and (1.8) holds then

1/2

—2.-11.,2 2 L2
n-r, |yr,1 _81’” Bn ? @a,ﬁ,w

asn — oo, where

T o yfn Srn
w = lim o, wr, =o— 4+ f—. (1.9)
n—00 Br" Y

Proposition 1.5. If 0 < |¢| < 1, |8] = 1 — |a| and (1.7) holds then

1 — 1/4 D _
YA (1l + 1800) 7 Ar 2> M (0, B2lalIB) 2 Wap) asn — oo

If la| € {0, 1}, 8] = 1 — || and (1.8) holds then
2 |]/4

—1.— D
2y =8 | Ay —> M (0,00 p0) asn— oo

In case |a| € {0,1},|8] = 1 — |a|, and || # 1, Oy g, is a regular matrix, so Propositions 1.4 and 1.5 imply the
corresponding statement of Theorem 1.1.In the case 0 < |a| < 1,|8| = 1 — || we have B! = B,/ detBy, and in this
situation the statement of Theorem 1.1 is a consequence of the following propositions.

Proposition 1.6. If 0 < |@| < 1, |8| = 1 — || and (1.7) holds then

L;
n4 2 (vl + Iernl)l/2 detB, —> 2 (8lx||B])">? asn — oo.

Proposition 1.7. If 0 < || < 1, |8| = 1 — |«| and (1.7) holds then

_3 _ 1/2 = D -1 =
N2 (] + 1801) " BuAn —> N, (0, (28a8)?) wa,ﬁ) asn — oo,

Obviously, in the case 0 < |¢| < 1,|B| = 1 — |« if n is large enough, the corresponding sequences «;, and B,
have the same signs as « and B, respectively. Hence, similarly to [5], it suffices to prove Propositions 1.6 and 1.7 for
O<a,B<la+p=1

2. Covariance structure
Let {Xy ¢ : k, £ € Z} be a stationary solution of Eq. (1.2) with parameters (c, 8), ||+ |B| < 1.Clearly Cov(X;, j,, Xi, j,) =

Cov(Xi,—iy ji—j»» Xo,0) for all iy, j1,12,jo € Z.Let Ry = Cov(Xy ¢, Xo,0) for k, £ € Z. The following lemma is a natural
generalization of Lemma 4 of [3] (see also [1]).
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Lemma 2.1. Let @ # 0and B # 0.If k, £ € Z withk - £ < O then

_ [kl 1l
R ) 1+a2—,82—aaf3 28 ’ 1
ke = Og. g 5 ] - (2.1)
2a 1+p*—a’+o,5
If k, £ € Zwithk- ¢ > 0 then
kIAlE—1 .
[k —£] + 21) i plk—C]+i
Ri.e = Ry ik—p) — o . 2.2
k.0 0,[k—¢| ; ( ; B (2.2)

Remark 2.2. Ifa¢ > 0and 8 > OthenRy, > 0.Ifv < Oor B < 0 we have
0 < [Riel < Ree = CovXir, Xoo), k. £ €Z,
where {)?H : k, £ € Z} is a stationary solution of Eq. (1.2) with parameters (|«|, | 8]).

Besides representations (2.1) and (2.2) one can express the covariances as special cases of Appell’s hypergeometric series
F4(a, b, c, d; x, y) defined by

(a)m+n(b)m+n
Fy(a, b, c,d; x,y) = —————x"y", x| + vyl <1,
! ;)X; (©m(d)ym!n!

wherea, b,c,d € Nand (a), :=a(a+1)...(a+n—1)[7].
Lemma 2.3. Let o # Oand B # 0.If k, £ € Zwithk - £ < 0 then

Ree = o™ BYF, (1Kl + 1, 1€] + 1, [kl + 1, €] + 1; &%, B?). (2.3)
If k,£ € Zwithk- ¢ > 0 then

I

Moreover, in this case we have

I L
R 4Z=05k|,3[<|<|+| l)F4(|k|—|—|E|+1,l,|k|+1,|€|+1;062,/32)-

o0
Ri.e = (sign(e)" (sign(B)“! 3 (jol + 1)+ (SfTZsz €] + i) , (24)
where S\'n = S\ + S0, v == |a|/ (a|+ |B]) and S and S are independent binomial random variables with

parameters (n, v) and (m, 1 — v), respectively.
Proof. The statements directly follow from representation (1.3) and from the independence of the error terms &;;. O
We remark, that as
R (a, b.a.b: —X , -y ) _ (a-»ta =9
1-1-y) A=-x010-y) 1—xy
representation (2.1) directly follows from (2.3).

Proposition 24. If o > 0, |«| + | 8| < 1 then there exists a universal positive constant K such that

K
IRi—1.e41 — Ree| < @py’ k, € € Z.

Proof. Without loss of generality we may assume o > 0 and 8 > 0.
Suppose k > 0,¢ > 0,s0 (k— 1)(£ + 1) > 0and k - £ > 0. Using notations introduced in Lemma 2.3 with the help of
(2.4) we obtain

(o]

Ri—1,641 — Rie = Z(Ol + B A 1i(V), (2.5)
i—0

where

Aige(v) =P (sff)ml =C4i1) =P (S =€ +).
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According to Theorem 2.6 of [5] A; x ¢(v) can be approximated by

Z, (V) — 1 <ex {_ (UZ-(]—\))’{-F])Z } _ex {_ (VZ_(-I_U)k)Z })
e = v =kt e+ 202 \ TP T v — w20 ]~ P 200 - vk + e+ 20)

where

C
W1 =)k + £+ 2))*?

with some positive constant C. Thus, if on the right-hand side of (2.5) we replace A; ¢(v) with Zl”k,g (v), the error of the
approximation is

|Zi,k,/é(v) — A (V)| <

00

Z(a_’_ﬁ)kHJrzl"Z,-,k,z(U)— AigeW)| < 7))3/24( /2) = © /3)3/2,

i=0

where ¢ (x) denotes Riemann'’s zeta function.
To find an upper bound for the approximating sum consider first the case v£ — (1 — v)k > 0. In this case

3 wres2i | % = 20— (-vk+1 {_ (e — (1= )k’ }
;(a AT A 0)] = ; 2 2o =kt L+ 20072 TP 20(1 — v)(k + £+ 20)

(G+1 1 5( vl —(1—v)k )<;<3/2)+2 _5G/2)+2
T wa-v)?? 221 =v) \@vA-v)k+0)) T wA =) T (@p)??

)

where @ (x) is the error function defined by

2

X
= ._ —t2)2
D(x) = Ve ; e de, x> 0.

Case v¢ — (1 — v)k < 0 follows by symmetry.
Incasek < 0, ¢ < 0implying (k — 1)({ + 1) > Oand k - £ > 0, we have

oo
Ri—1,041 — Rie = Z(Ol + B (P ( (51(12k i =—t+i— 1) —-P (SI(V)k i =L+ 1))
)

and the statement can be proved similarly to the previous case.
Now, supposek > 0, ¢ < 0,s0 (k—1)({+1) < 0andk-£¢ < 0.Using the form (2.1) of the covariances direct calculations
show

1@+ o)
2ap

It is not difficult to see that 1 — (« + B)? < o, ﬂ, so we have

Ri—1,041 — Rke = R

/3 ap’

In a similar way one can obtain the result for k < 0, £ > 0 that completes the proof. O

|Ric1.e41 — Ree| <

Using the notations of Lemma 2.3 with the help of the exponential approximation one can easily have the analogue of
Corollary 2.7 of [5].

Corollary 2.5. If a8 > O, |o| + |B| < 1 then there exists a constant C > 0 such that forallk, ¢ > 1and0 <i <k+¥{ — 1
we have

P(st?=i+1)—P(s) =i)| = _c
k¢ k¢ —aﬂ(k_'_g)

Remark 2.6. Using Theorem 2.4 of [5] it is not difficult to show that under conditions of Corollary 2.5 there exists a constant
D > Osuchthatforallk, £ > 1and 0 <i < k + £ we have

D
W) _
P(si =)< aBk+ 012

Now, let {X,E"L, k, £ € Z},n € N, be a nearly unstable sequence of stationary processes described in Theorem 1.1. For
each n € Nlet us introduce the piecewise constant random fields
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(n) —1/4y,(rn) (n) e —1/4y ()
Zio(s,t) =1, / Xinsi1,ne) Zon (s, ) =1, Xins), [n]+17

(n) —1/2y () (n> —1/2y ()
0 (5 6) =1 XG4 s 160 =1 X g St ER

Proposition 2.7. Let sq, t1, 5, t; € R.
If0 < |a| <1,|8] =1—|a|and (1.7) holds then for all (i1, j1), (i2, j2) € {(1,0), (0, 1)} we have

1im (17, ]+ 18,1)"” Cov (20, 1. 1), 20, (52, £)) =0 if 51 =52 # 1 —

1
lim sup (17, | + [8,,1) "> ‘COV (20, 61,60, lz]z(s;,&))‘ fsi—s =t —t
00 JBlallBl

If |x| € {0, 1}, |B] = 1 — || and (1.8) holds then for all (i1, j1), (i2, j2) € {(1, 0), (0, 1)} we have

. 12 )
lim |Vri - 8r2n‘ (Y,ﬂ"L (1, £1), Y (52, f2)> =0 ifsi—s2#t—ty
n—oo

> i

: 2 /2 () . _
lim sup |)/rn — 0, Cov Yl] J1 (s1,t1), Y, lz g (52, )] < 5 if s1—sy=1t; —to.
n—oo
Moreover, if s; — s, # t; — t, then the convergence to 0 in both cases has an exponential rate.

Proof. For simplicity we consider only the case 0 < «, 8 < 1. The other cases can be handled in a similar way.
First,let0 < o < 1,50 B = 1 — . Without loss of generality we may assume «;,, > 0, B, > 0and §;, > 0, y, > 0.As

s -6 —8.\\ *
T‘;l/Zajrn by = (()/rn +3r,) ( Yrn :— rn) <2a _ Y - rn) (2(1 —a)+ Yrn : rn))
n n n

we have
llm (Vr + (Sr )1/2 1/20‘2 g. = ! = ! . (26)
—o0 2" " n e V8 (1 — ) V8up

Suppose s; — S, > 0 > t; — tp, 50 [ns1] — [nsy] > 0 > [nt;] — [nt;]. By (2.1)
1\ 21752 1\ "zt
0 < Cov (z{"g(sl, t), Zy g (52, rz)) ol 4 (1 — —) (1 + —)
e Ory Trp
if nis large enough, where
2(Xrn zﬁrn
T, = 5 5 — .
1 + ﬂrn - arn +O‘Olrn,ﬂrn - Z‘BTH

= 2.7
an Zarn _ l _ az "l_ﬁrn ( )

ar ﬂrn

As
2 2 212 2\~ 1/2
Ua,ﬁ:((1+a — B9 —401) ,
1

itis easy to see that ¢, — oo and t,, — ooasn — oo. Moreover, condition (1.7) ensures that ng;ﬂ‘ — ooandnt, ' — 00
asn — oo. Hence, if s; = s; and t; = ty,

. 1/2 (n) (n) ) 1
nll>ngc (Vrn + arn) Cov (21 ()(S]? t1), Zl 0(52, t2) «/W!

otherwise it converges to 0 in exponential rate.
Further, let s; — s, > 0 and t; — t; > 0. In this case [ns{] — [ns;] > 0 and [nt;] — [nt;] > 0, so by (2.2) we have

o+ Bry T

1 [[ns1]1—[nsy1—[nty1+[ntz 1|
0= Cov (Z{3(s1. 0. Z{3(52. 1)) <1202 (1 + —) . (2.8)
n

If s; — s, # t; — t; then similarly to the previous case one can show that the right-hand side of (2.8) converges to 0 in
exponential rate as n — oo.
In cases; — s, = t; — t; we have |[ns{] — [nsy] — [nt;] + [ntz]l < 2,s0by(2.8)

lim sup (Vrn + 5rn)1/2 Cov (Z](ng (s1, t1), Z 0(52, tz))

n— oo ’ V8
Obviously, the same results hold for the covariances Cov (Z](B(sl, tl),Zéﬂ)(sz, tz)) Cov (Zénl)(sl» t1), Z (sz, t2)> and

Cov (Zénl) (1, t1), Zéfl]) (52, fz))-
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Now, consider for example the case « = 1, 8 = 0. Without loss of generality we may assume «;, > 0. Furthermore,
lar, | + 1Br,| < 1implies y;,, > 0and |5,,| < yr,. AS

8 =8, \\
= (02— 57 (2= 20 ) (2 et
n n

we have
. 2 1/2 -1 2 _ 1
Jlim (vi—=8n) "rilol 5 = 5 (2.9)
Again, suppose s; — s, > 0 > t; — t,. The form of covariances (2.1) implies that if n is large enough
(n) 1 Sls1—s2l 1 —3lti—ta]
0< ‘COV( D51, t1), Y (s, tz))‘ rlol <1 - —) (1 + ) , (2.10)
e Ory |7, |
where o, and 7, are defined by (2.7). Obviously, if sy = s, and t; = t, then (2.9) implies
1
limsup (y;2 — 87) 12 ‘ Cov ( <")(s1, t1), Y<")(sz, tz))‘ =3 (2.11)
n—oo

Further, we have g,, — oo asn — oo and now (1.8) ensures ng;n1 — oo.Thus,as 1+ 1/|t,| > 1,if s; # s, then

(12 = 82)" | cov (V1. 00, Y352, ) )| — 0 (2.12)
asn — oo in exponential rate. Now, let us assume s; = s, and t; # t,. Short calculation shows
(1 + >_1 = 20| - (2.13)
[T, | 2y — @ i (Vr,, 55’1)1/2 ()/mrn & 4yrn +4) /
If |§] < y then

lim (1+ 1y il 1
im = <1,
n—c0 [T, | y + (y2 —82)1/2

so using (2.9) and (2.10) we obtain again (2.12). Further, condition (1.8) implies

Y 1/2
Jim,m (%, = 5)
Hence, with the help of (2.13) one can easily see that if [§| = ¥ # 0,0r§ = ¥y = 0 and limy_ ¥4, |8,]7! = 1, we
obtain |7;,| = oo and n|t;, |71 — oo asn — oo. Thus, (2.9) and (2.10) imply (2.12) and the rate of convergence is again

exponential. In case § = y = 0 and limy_, o ¥, 18, | 7! = |@| > 1 we have

- 1,
Itrn|> o] + (0? — 1)1/
that implies (2.12). Finally, if § = y = 0 and lim,_, o ¥, |8;,| ! = oo then (2.12) follows from

1 \°!
lim {1+ =0.
n—00 [Tr, |

Now, let s; — s, > 0and t; — t; > 0. Lemma 2.1 and Remark 2.2 imply

lim (1 +

n—oo

)

1 —l|[ns11—I[nsz]1—[nt1]1+[ntz ]|
0= | cov (VoG 0. ViR G2 0)| =702 (1 + m)

n
where t;, is defined by (2.7). If s; — s, = t; — t; then as |[ns1] — [ns;] — [nt1] + [nt2]| < 2and 14 1/|7,| > 1, using (2.9)
we obtain (2.11). Finally, if s; —s; # t; —t; then to prove (2.11) one has to do the same considerations as in the case s; = s;
and tq # ty. O

In order to estimate the covariances we make use of the following lemma which is a natural generalization of Lemma 2.8
of [5].

Lemma 2.8. Let &1, &, . .. be independent random variables with E&; = O, Eéiz = 1foralli € N, and My := sup;cy ES < 00.
Let aj, ay, ..., b1, by, ..., c1, ¢ di,dy... € Rsuchthat ) 2 a? < 00, o, b7 < 00, ) oy c? <ooand Y = d? <
oo. Let
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o0 o0 o0 (o]
X = Zai%‘i, Y = Z bi&, Z:= Zci%‘i, W= Zd,‘%‘i,
i=1 i=1 i=1 i=1
where the convergence of the infinite sums is understood in L,-sense. Then
o0
Cov(XY,ZW) = > "(E&! — 3) aibicid; + Cov(X,Z) Cov(Y, W) + Cov(X, W) Cov(Y, Z). (2.14)
i=1
Moreover, if a;, b;, ¢;, di > 0 then
0 < Cov(XY,ZW) < M4 Cov(X, Z) Cov(Y, W) + My Cov(X, W) Cov(Y, Z),
and

0 < EXYZW < My (EXZ EYW + EXW EYZ + EXY EZW) .

Remark 2.9. Using the definitions of Lemma 2.8 from (2.14) one can easily see, that
| Cov(XY, ZW)| < Cov(XY,ZW),

where

~ o0 ~ o0 ~ o0 ~ o0
X:=) lals, V=) |blé Z:=) lal& W= |dlé
i=1 i=1 i=1 i=1

3. Proof of Proposition 1.4

Let us assume «;, # 0 and B, # 0. Using the stationarity of {Xﬂ) 1k, L€ Z} and Lemma 2.1 we obtain

Var Xérg) Cov Xérg),Xfr’l)1)
BBy = e W\
(0T ¢, \ COV (Xo,o 7X1,—1> Var (Xo,o )
(kn + ) (kn + €0 + 1) 1 D, nn+1) , 1 D,
= o n = —0 n
2 oy Bry Dl‘n 1 2 oy Bry Dfn 1 ’
where

D, = 1+arzn _ﬂrzn _Ja_,:,ﬂm 2B,
" Zar” 1+ ’Brzn - arzn + Gl;,qz»ﬁrn '

If0 < |a] < 1and |B] = 1 — || then it is not difficult to see that Uo;:,ﬂrn — 0 and in this way D,, — sign(af) as
n — oo. Hence, using the same arguments as in the proof of (2.6) we obtain

. — - 1/2 —
Tim 172072 (1 |+ 18,,1) 7 BBy = (321182 Wi

If |¢| € {0, 1} and |B] = 1 — ||, again, we have aa’r:’ﬂm — 0asn — oo, and similarly to the proof of (2.9) one can see

1.2 ypznm+1) 1
Tn ‘yrn - 8rn ) Oty Bra — Z

lim n~2
n—oo
Concerning the limit of D,, from the four possible cases that can be handled in the same way we consider only the case
”

o = 1, 8 = 0.In this case ag’% + ﬂ% = ﬁ and we may assume o, > 0 and thus [6,,| < y;, (hence y;, > 0). Obviously,

2 2 -2
1+oa; — B —o

Qrp sﬂrn

lim =1,
n— o0 Zarn
and
2,3r,1 Yin — Srn . VY — 8Tn 12
— = —sign(wy,) | 1 — ——
T+ B2 —op + 0, 5 21y 2r,

1/2
yrn 1— yr” — Brn v + Lfi — 1— yr" + 8rn 12
85, | 21, 5r2n 21,
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Hence,

. -1 .
lim D,, = {ESIgl‘l(a)) (lol + (@* = D)7 if o] < o0,

n—o00 if || = oo,

where w is the limit defined by (1.9) satisfying |w| > 1. Thus, we have

lim n2r, " |y2 — 8% |2 EBy = O g

n—o0o

Observe, that lim,_, o Dy, = limy_,« 0(ct, B, @r,).
By Remark 2.9 in the remaining part of the proof we may assume «;,, > 0, 8, > 0. Hence, using Lemma 2.8 we have

2 2
var [0 (W) = Y > cov (XM X, ) (3.1)
)€ETky 05 (i1.J1) €Tk, 05 (12:52) €Ty, 0
where My := sup,cy E(sgj()))‘l, and from the stationarity of !X,ffz) ikt e Z] follows that the triangle Ty, ,, can be replaced

by Tn’().
Now, (3.1) implies that if 0 < || < 1and |B] = 1 — ||

2
o (el I Var [0 (%))

((R)IS =y

2
<2M, / / / / (7l + 185,1) 72 Cov (Zo,151. 1), Z0,1 (52, £)) ) dsditrdsads, (32)
T T

while for |¢| € {0, 1}, |8] = 1 — |«| we have

2
(rn)
Var E (Xl;]’j)

(.0 €Tky, en

o ] -4

where T := {(s, HH)eR?2:0<s<1,—-s<t< O}. As the area of the triangle T is finite and the integrands in both cases are
uniformly bounded on T x T, Fatou’s lemma and Proposition 2.7 imply that the right-hand sides of (3.2) and (3.3) converge
to 0 as n — oo. In a similar way one can show

—4..-2 2 2
nr |yrn _Srn

2
"2 Cov (Y0,1(51, t1), Yo,1(s2, fz))) ds;dtids,dt;, (3.3)

i—1,j%,j—1 i,j—1
(.))€ETkn 0y (.))€Tkn 0y

2
n~*k,Var Z x™ x@ N L0 and n*k,Var Z (X.(r.”)> — 0,

asn — oo, where

o — {rn“ (Il +18n1) if O < el < 1,181 =1~ la,
Tt - iflel €0, 1),181 = 1~ Jal.

that finishes the proof of Proposition 1.4. O

4. Proof of Proposition 1.5
To prove Proposition 1.5 we are going to use the same technique as in [3-5]. Foragivenn € Nand 1 <m < n, let
(1) (rn) ()
A — Anm) — Z X 1eEit
nm =\ 40 | = x|
k€T tm k—1%k,¢

where A, o == (0,0)". Let F,1 denote the o -algebra generated by the random variables {s,(:}) 2 (k, €) € Uyt } Obviously,
Ann =An =Y 1_1(Anm — Anm—1). First we show that (An,m —Anm-1, 37,,'}) is a square integrable martingale difference. Let
R = Tipp tm \ Tipp_ 1,6y Where Ry := Ty, ¢, . Short calculation shows

An,m _An,m—l = An,m,l + Z 8](:2)An,m,2.k,ﬁv (4-])
(k,0)€Rm
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T
1 2 ~ T .
where An.m,l = (AE] r)n 1> A,(~, ,)1, 1) and An,m,Z,k,L’ = (An,m,Z,k—l,l’ An,m,Z,k.Z—l) with

k+be—1—i—j
[CON }: () —1—igt—j ()
Anm].— Sn < k—1—1i IB j”ﬂ’
(k,£)€Rm () €Uk-1,e\Ukp 1.6 _4
k+—1—i—j
2 E: (rn) 2 kl@l (rn)
Anml'_ gk,z ( k—i ﬂ jljn’
(k,£)€Rm D€V e—1\Ukpy_ 1.1

~ k+¢—i—j
An,rn,z,k,l = Z ( ) IBZ ]S(rn)-

- k—i
)€Uk eNUky 1,61

We remark that for the odd values of m we have R;;, = f‘__( 411G, €}, and
km
(1) k—1—i _(rn) () 2)
Anma = Z ZO‘ lgkzmzzm Armi1 =0,
k=—{m+2i=—00

while for the even values R, = Ufi‘_ka {(km, )}, and

m
@  _ 1—j () () o _
An m1 — Z Z ﬁ 8!(,: gknr,l]’ An,m.l =0.
b=—km+2 j=—00

The components of A, , 1 are quadratic forms of the variables { () 1 (i,)) € Rm} hence A, 1 is independent of #,,_,

Further, the terms A,1 m.2.k.¢ are linear combinations of the variables {e(r”) (i,)) € Uk,_4,6,_, ), thus they are measurable
with respect to #,7_,. Hence,
E (An,m _An,m—l | }V£71) = EAn,m,l + Z An,m,Z,k,ZE( () | ) 0.

(k,£)eRm

By the Martingale Central Limit Theorem (see, e.g.[15, Theorem 4, p. 511]), the statement in Proposition 1.5 is a consequence
of the following two propositions, where 1 denotes the indicator function of the set H.

Proposition4.1. If 0 < |«| < 1, |8] = 1 — |«| and (1.7) holds then

n
2 1/2 L _
0202 (1l + 180072 > E ((Anm = Anme) Anm — Anm—) TIFi)) = G2lelB) ™ Wap

m=1
asn — oQ.
If0 < |a| €{0,1},|B] = 1 — || and (1.8) holds then

n
o 1/2
n Zrn ! |)/r?1 - 83,1 Z E ((An,m —Apm—1)Anm — Anm— 1) | 1) _) Oy B

m=1

asn— oQ.

Proposition 4.2. If 0 < |a| < 1, |B8| = 1 — || and (1.7) holds then for all § > 0

n
-2.-1/2 1/2 _ 2
n-r, (|Vrn| + |5rn|) Z E{lAnm — Apm—1ll® x 1 [IIAnm—Anm 1H>5nr]/4(h/rn\+\5rn|)_1/4}|f’” 1

m=1

converges to 0 in probability as n — oo.
If0 < |a| €{0,1},|8| =1 — |x| and (1.8) holds then forall § > 0

n

—2.—1].,2 2|1/2 Z 2 n

n Tn ’yr” Sr" E ”Aﬂ,m An’m71” x1 [|An m—An,m— 1H>5”rn/ |Vrn srzn\_1/4]|$m7]
m=1

converges to 0 in probability as n — oo.

The proofs of Propositions 4.1 and 4.2 follow the same line as the proof of Propositions 13 and 14 of [4], respectively. For
more details the authors refer to [6]. O
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5. Proof of Propositions 1.6 and 1.7

The proofs of Propositions 1.6 and 1.7 are very similar to the proofs of Propositions 1.4 and 1.5 of [5], respectively, so
here we merely recall the main ideas. The detailed proofs can be found in [6].

In what follows we willassume 0 < « < 1and B = 1—«, so without loss of generality we may suppose that«;,, Br,, Vr,
and §,, are all positive. Consider the following expression of det B,

detB, = Y D Wi

(i1.J1) €Tk 0 (12:2)ETky, 0

2 2
(n) — (rn) (rn) _ (rn) (rn) (rn) (rn)
WilJLinz T (Xivjﬁl) (Xizflqu) Xi1*1,j1xi1 .j1—1Xi2—1,j2Xi2,j2—1'
With the help of Lemma 2.8, Propositions 2.4 and 2.7 and Fatou’s lemma one can show

; —4.-1/2 172 _
nlerolon % (Y, + 8r,) " EdetBy = Gap "
Further, after tedious but straightforward calculations, using the independence of the error terms 51'(,;‘”) , Corollary 2.5,
Lemma 2.1, Propositions 2.4 and 2.7 and Remark 2.6 one obtains

lim n~®r, (v, + 8y,) Var (detB,) =0
n—oo

that completes the proof of Proposition 1.6.
Concerning the statement of Proposition 1.7 we have

3. 1/2 5 2 1/2 = -\ 1 1 1-
22 (v, + 8) ' BuA = (n 212 (g 4 8,) " By — 1) Ao+ e — 1Ay,

n 32aBn

1
V3208

where 1 denotes the two-by-two matrix of ones. Short straightforward calculations show

(n—Zrn—l/Z (Vrn + 8rn)]/2 Bn _

1 -\1
m1> EAH =G, + Dy,

where

1/4 -

Cn = n_lrn_l/4 (yrn + 5rn)l/4 diag(An)n_zrn_l/4 (Vr,, + 8rn) B"(1’ 1)T’

o 1/2 W 5 1
Dy = | n7%r, "% (i, + 81,) ! Z Xi(Il>,in(,;f)1 -

()T, b V32ep

and diag(A,) denotes the two-by-two diagonal matrix having A, in its main diagonal. From Proposition 1.4, representation

(1.3), independence of the error terms ‘91‘(.;‘”) and (2.6) we obtain D, LN (0,0)T asn — oo.

Further, using direct calculations one can see

1(1, —DA(1, -7
n

V4B (1,17 =2 (0,007 as n— oo

n_zrn—l/4 (yrn + arn)
that together with Proposition 1.5 implies C, N (0,0)T asn — oo. Hence, to prove the asymptotic normality of
n=3r, 1/ ()/r,1 + 8r,) 12 BnA, it suffices to show the asymptotic normality of n~'14,.
Foragivenn e Nand 1 < m < nlet Q,  := (1, —1)Ap m. Obviously Q, , = (1, —1)A, and from Eq. (4.1) we have

1 2 ~ ~
Qn,m - Qn,m—] = A,(“)ﬂl _Ail,r)n,l + E 8;(:2) (An,m,Z,k—],K - An,m,Z,k,{Zfl) .
(k,)eRm

As (Qn,m — Qum-1, 77,,’}) is a square integrable martingale difference, similarly to the proof of Proposition 1.5 the statement
of Proposition 1.7 follows from the Martingale Central Limit Theorem. O
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