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1. Introduction

When a dynamical system consisting of a homeomorphism of a topological space
(or more generally, when an action of a group of invertible transformations of some space)
is studied, there is a standard construction of a crossed product C*-algebra. Historically
this construction has its origins in foundations of quantum mechanics. The important idea
behind this construction is that it encodes the action and the space within one algebra thus
providing opportunities for their investigation on the same level. It is known that proper-
ties of the topological space can be considered via properties of the algebra of continuous
functions defined on it. The crossed product algebra is typically generated by a copy of
this algebra of functions together with additional elements which encode the action. The
action is implemented by multiplication in the new algebra via covariance commutation
relations between the elements in the algebra of functions and the elements used to encode
the action. The crossed product construction has considerable applications in quantum me-
chanics and quantum field theory, and provides an important source of examples for further
development of non-commutative geometry. A lot of research has been done on interplay
between properties of invertible dynamical systems and properties of the corresponding
crossed product C*-algebras and W*-algebras.

There are several ways to generalize the construction of C*-crossed products to the non-
invertible setting. The one we will focus on in this paper was introduced by Exel in [17].
This construction relies on a choice of transfer operator. Exel showed that for a natural
choice of transfer operator, the C*-algebra obtained from a one-sided topological Markov
chain with finite state space is isomorphic to the Cuntz—Krieger algebra of the transition
matrix of the Markov chain.

The Cuntz—Krieger algebras were introduced by Cuntz and Krieger in [16]. They can in
a natural way be viewed as universal C*-algebras associated with shift spaces of finite type.
From the point of view of operator algebra these C*-algebras were important examples of
C*-algebras with new properties, and from the point of view of topological dynamics these
C*-algebras (or rather, the K-theory of these C*-algebras) led to new invariants of shift
spaces of finite type.

In [26] Matsumoto proposed a generalization of this idea by constructing C*-algebras
associated to arbitrary shift spaces (he calls them subshifts). He studied these algebras in
[27,28,31-33]. Unfortunately there is an error in [31] which invalidates many of the results
in [27,28,31-33] for the C*-algebra constructed in [26]. Since this error came to light, there
has been some confusion about the right definition of the C*-algebra associated to a shift
space.

In this paper we use Exel’s construction to associate a C*-algebra to an arbitrary shift
space, and we show that it has the properties which Matsumoto intended his algebra should
have. In particular all the results of [26—-28,31-33] hold for our algebra. We will also show
that our algebra is canonically isomorphic to the C*-algebra associated to a shift space by
the first named author in [7], and that it has the C*-algebra defined in [14] by the first named
author and Matsumoto as a quotient. Thus it seems reasonable to think of this C*-algebra
as the universal C*-algebra associated to a shift space.

Matsumoto’s original construction associated a C*-algebra to every two-sided shift space,
but it seems more natural to work with one-sided shift spaces, and we do so in this
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paper. Since every two-sided shift space comes with a canonical one-sided shift space
(see Section 4), the C*-algebras we define in this paper can in a natural way also be seen
as C*-algebras associated to two-sided shift spaces.

The paper is organized as follows. In Section 2 we briefly recall the construction and
properties of the classical C*-crossed product of invertible dynamical systems, and in
Section 3 we give a short description of Exel’s construction of a C*-crossed product of
a non-invertible dynamical system. Section 4 is a short introduction to shift spaces, and
in Section 5 we construct and characterize the C*-algebra associated to a shift space.
Section 6 is devoted to constructing a representation of our C*-algebra. In Section 7 we
prove that the C*-algebra associated to a shift space in this paper is canonically isomorphic
to the C*-algebra associated to a shift space in [7], that it is a quotient of the C*-algebra
originally associated to a shift space by Matsumoto in [26], and that it has the C*-algebra
defined in [14] as a quotient. We prove in Section 8 that the class of C*-algebras we obtain in
this paper is a generalization of the Cuntz—Krieger algebras in the sense that the C*-algebra
associated to a one-sided topological Markov chain with finite state space is isomorphic the
Cuntz—Krieger algebra of the transition matrix of the Markov chain. In Section 9 we present
results similar to the uniqueness result for Cuntz—Krieger algebras and use this to construct
a faithful representation of the C*-algebra associated to a shift space. In Section 10 we
prove that the C*-algebra associated to a shift space is nuclear and satisfies the universal
coefficient theorem, and we give conditions under which it is simple and purely infinite,
and in Section 11 we prove that it is an invariant for one-sided conjugacy in the sense that
if two one-sided shift spaces are conjugate, then the associated C*-algebras are isomor-
phic. In Section 12 we present formulas for the K-theory of the C*-algebra associated to
a shift space, and in Section 13 we briefly describe the structure of the gauge invariant
ideals. We end this paper in Section 14 by giving some references to papers in which the
C*-algebra associated to a shift space has been studied further for particular examples of
shift spaces.

2. C*-algebras of invertible dynamical systems

In this section, we review the construction and some properties of a C*-crossed product of
a C*-algebra by the action of the discrete group of automorphisms. In particular, invertible
dynamical systems generated by homeomorphisms of topological spaces correspond to
crossed product C*-algebras obtained from the actions of the group of integers on the
C*-algebra of complex-valued continuous functions.

Let (A, G, o) be a triple consisting of a unital C*-algebra A, a discrete group G and an
action « : G — Aut(A) of G on A, meaning a homomorphism from the group G into
the group Aut(A) of automorphisms of the C*-algebra A. A pair {n, u} consisting of a
representation 7 of A and a unitary representation u of G on the same Hilbert space H is
called a covariant representation of the system (A, G, ) if the equation

usm(a)uy = n(og(a))

holds for every a € A and s € G. The C*-crossed product Ax,G is defined to be the
universal C*-algebra for covariant representations of (A, G, «).
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Since a homomorphism ¢ of Z is completely determined by ¢(1), it is, when G = Z,
enough to specify the defining covariance relation for A x,G for s = 1, that is

uin(a)uy = n(o(a)).

An object of special interest to us is the crossed product C*-algebra for an invertible
dynamical system consisting of iterations of a homeomorphism acting on a topological
space.

Let (X, o) be a topological dynamical system consisting of a homeomorphism of a
compact Hausdorff topological space X. The x-algebra of all continuous functions on X will
be denoted by C(X). For a subset Y of some given set X, we write 1y for the characteristic
function

. {1 ifx ey, .
X)= X € .
! 0 ifxey,

In particular, 1y is a unit for C(X), and C(X) becomes a unital C*-algebra with respect to
the supremum norm defined by

IFIF=1fllceo =sup{lf(x)] | x € X}.

The mapping o : C(X) — C(X) defined by a(f)(x) = f(c~!(x)) is an automorphism
of the C*-algebra C(X), and the mapping defined by

j ol () = f(677 (x))

is a homomorphism of Z into the group Aut(C (X)) of automorphisms of C (X).

The C*-crossed product C (X) x4Z of the C*-dynamical system (C(X), Z, o) can then be
characterized as the universal unital C*-algebra generated by a copy of C(X) and a unitary
u which satisfies the equation

ufu* =a(f) (D

for every f € C(X).
Using relation (1), it is not difficult to show that the set

ijuj J is a finite subset of Z, f; € C(X) forall j € J
jeJ

is a dense *-subalgebra of C(X)x,Z. The mapping

> fiwl e fo

jeJ

(here we assume that 0 € J) from this *-subalgebra to C (X) can be extended to a projection
E of norm 1 (a conditional expectation) from C(X)x,Z to C(X) which has the following
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properties:

(1) E(fxg)=fEx)gforall f,g e C(X)andx € C(X)x,7Z,
(i) E(u) =0,
(iii) E(x*x)>=0forall x € C(X)x,Z,
(iv) E(x*x) =0 implies that x = 0 for all x € C(X)x,Z.

3. C*-algebras of non-invertible dynamical systems

There are several ways to generalize the C*-crossed product to non-invertible dynamical
systems. One of these is due to Exel. It relies on transfer operators.
We will in this section give a short description of Exel’s construction:

Definition 1. A C*-dynamical system is a pair (A, o) consisting of a unital C*-algebra A
and an endomorphism o : A — A.

Definition 2. A transfer operator for the C*-dynamical system (A, «) is a continuous linear
map ¥ : A — A such that

1. & is positive in the sense that #(x) is positive if x is positive,
2. L(a)b) =aZ ) foralla,b e A.

Definition 3. Given a C*-dynamical system (A, &) and a transfer operator % of (A, o), we
let 7 (A, o, &) be the universal unital C*-algebra generated by a copy of A and an element
s subject to the relations

1. sa=oa(a)s,
2. s*as = L(a)

foralla € A.

Using [3], itis easy to see that relations (1) and (2) are admissible and thus that 7 (A, o, &)
exists. It is proved in [17, Corollary 3.5] that the standard embedding of A into 7 (A, o, ¥)
is injective. We will therefore from now on view A as a C*-subalgebra of 7 (A, o, &).

Definition 4. By aredundancy we will mean apair (a, k) € Ax ASS*A suchthatabS=kbS
forall b € A.

Definition 5. The crossed product Ax, N is the quotient of 7 (A, o, &) by the closed
two-sided ideal generated by the set of differences a — k, for all redundancies (a, k) such
that a € Aa(A)A.

We will denote the quotient map from 7 (A, o, &) to Ax, #N by p.
We will now show that this construction in fact is a generalization of the C*-crossed
product we considered in Section 2.
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Remark 6. If (A, ) is an invertible C*-dynamical system, meaning that o is an automor-
phism, then o~ !is a transfer operator for (A, o).

Let us consider 7 (A, o, a~1). It follows from (2) that s*s = 14, where 14 denotes the
unit of A. Forall b € A, we have

s5*bs = s~ (b) = bs = 1bs,
s0 (14, ss*) is a redundancy. Thus p(s) is a unitary which satisfies

p(s)p@)p(s)* = p(a(a))

for all @ € A. In other words, (p, p(s)) is a covariant representation of (A, Z, o).
On the other hand, in A x,Z, the unitary element u| satisfies

1. uja =o(a)u,
2. ufau; =o1(a),

foralla € A, and if abu| = kbu, for all b € A, then we have
a=alg=alauu] =klauu] =kls =k,

so a — k = 0 for all redundancies (a, k), and thus A x,Z is isomorphic to A Xy o1 N.

4. Shift spaces

As mentioned in the introduction, the purpose of this paper is to apply Exel’s construction
to shift spaces. Shift spaces (also called subshifts) are a class of topological dynamical
systems with obvious applications in information technology, but have also been used in
the study of more complex dynamical systems.

In this section, we briefly give the basic definition of a shift space and related concepts and
introduce some notation which will be used throughout the paper. We recommend [25,23]
to the reader who wants to know more about shift spaces.

Let a be a finite set endowed with the discrete topology. We will call this set the alphabet
and its elements letters. Let a™ be the infinite product space [[°2,a endowed with the
product topology. The transformation ¢ on a'¥ given by

(0(x)); =Xiy1, (€N

is called the shift. Let X be a shift invariant closed subset of aV (by shift invariant we mean
that 6(X) C X, not necessarily ¢(X) = X). The topological dynamical system (X, o|x) is
called a shift space (or a subshift). We will denote o|x by ox or ¢ for simplicity, and on
occasion the alphabet a by ax.

We denote the n-fold composition of ¢ with itself by ¢”, and we denote the preimage of
a set X under ¢" by 67" (X).

A finite sequence u = (uq, ..., uy) of elements u; € a is called a finite word. The
length of u is k and is denoted by |u|. For each k € N, we let af be the set of all words
with length k, and we let L¥(X) be the set of all words with length k appearing in some
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x € X. We set Lj(X) = i_oL¥(X) and L(X) = |52, L¥(X) and likewise a; = | J}_,a¥
and a* = U,fioak where L%(X) = a° denotes the set {¢} consisting of the empty word &
which has length 0. The set L(X) is called the language of X. Note that L(X) C a* for every
shift space.

For a shift space X and a word u € L(X), we denote by Cx (u) the cylinder set

Cx () ={x € X|(x1, x2, ..., Xju) = u}.
It is easy to see that the family
{Cx W)lu € LX)}

of cylinder sets, is a basis for the topology of X, and that Cx (u) is closed and compact for
every u € L(X). We will write C («) instead of Cx (1) when it is clear which shift space we
are working with.

For a shift space X and words u, v € L(X), we denote by C(u, v) the set

C() N o (™ (Cu))) = {vx € X | ux € X}.

What we have defined above is a one-sided shift space. A two-sided shift space is
defined in the same way, except that we replace N with Z: Let aZ be the infinite product
space [ 72 _ . a endowed with the product topology, and let ¢ be the transformation on a
given by

(c(x)); =xj+1, 1€l

A shift invariant closed subset A of aZ (here, by shift invariant we mean ¢(A) = A) is called
a two-sided shift space. The set

Xa={x)ien | (xi)iez € 4}

is a one-sided shift space, and it is called the one-sided shift space of A.

If X and Y are two shift spaces and ¢ : X — Y is a homeomorphism such that
¢ o ax = ay o ¢, then we say that ¢ is a conjugacy and that X and Y are conjugate
or one-sided conjugate if we want to emphasis that we are dealing with one-sided shift
spaces. Likewise we say that two two-sided shift spaces A and I are two-sided conjugate
if there exists a homeomorphism ¢ : A — I such that ¢ o 64 = o o ¢. It is an easy
exercise to prove that if X 4 and X are one-sided conjugate, then A and I" are two-sided
conjugate.

The weaker notion of flow equivalence among two-sided shift spaces is also of importance
here. This notion is defined using the suspension flow space of (A, g) defined as SA =
(A4 x R)/ ~ where the equivalence relation ~ is generated by the relations (x, 7 + 1) ~
(a(x), t). Equipped with the quotient topology, S/ is a compact space with a continuous
Sflow: a family of maps (¢,) defined by ¢, ([x, s]) =[x, s +¢]. We say that two two-sided shift
spaces A and I are flow equivalent and write A = fF if there exists a homeomorphism F :
SA — ST such that forevery x € S/, there is a monotonically increasing map f; : R — R
satisfying

F($,(0) = ¢}, ) ().
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In words, F takes flow orbits to flow orbits in an orientation-preserving way. It is not hard
to see that two-sided conjugacy implies flow equivalence.

5. The C*-algebra associated with a shift space

In [17], Exel proved that if A = (A(, j)); j=1,... . is an n x n-matrix with A(i, j) €
{0, 1} forall i, j € {1, ..., n}, then the crossed product C (X 4) X4, &N is isomorphic to the
Cuntz—Krieger algebra (04 where X 4 is the one-sided topological Markov chain

Xa = {Ganery € {1 .c.m)V[¥n € N2 ACor xug) = 1),
with transition matrix A, o« is the endomorphism on C (X 4) given by

wWf)=foo @

(where o is the shift mapping on X 4 ), and .# is the transfer operator of the system (C (X 4), &)
defined by

1
— Y f() ifxeaXy).
2 = #o D ey

0 if x ¢ a(Xy),
where the symbol # is used for the cardinality of a set.

We want to copy this approach for an arbitrary one-sided shift space (X, g). There is,
however, a problem with this. If we define ¥ by

Y f(y) ifxeaX),
L)) = § #HAD) ey 3)

0 if x ¢ o(X),
then . might take us out of the class of continuous functions on X (in fact, it follows from
[19, Theorem 1] that .¥ maps C(X) into C(X) if and only if X is of finite type). We deal
which this problem by enlarging C(X) to a C*-algebra ¥x which is closed under %.
For a one-sided shift space (X, g), we let Zx be the smallest C*-subalgebra of the

C*-algebra of bounded functions on X which contains C(X) and is closed under . and o
where o is defined by (2) and % by (3).

Lemma 7. Foreveryn € N, every f € 9x and every x € X, we have

1
pryyT > [ ifxed(X),
2" (=1 F D e

0 if x ¢ a"(X).

Proof. The lemma is easily proved by induction over n.
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Lemma 8. The function
x> #5"{x}), xeX

belongs to Zx for everyn € N.

Proof. Let n € N. Then the function

g=1-2"()+ Y (L"(lcw))

uea”
belongs to &, and since the equality
—— ifx € " (X),
g(x) =4 #o7"{x}
1 if x ¢ ¢" (X)),

holds for every x € X, the function g is invertible and g~! belongs to Zx, and so does
g '+ 2"(1) — 1. Since we have

#o0 " {x} ifx € d"(X),
'+ - D) = _ = #o " {x}
0 if x ¢ a"(X),

for every x € X, we are done. [

Lemma 9. The C*-algebra 9 is the smallest C*-subalgebra of the C*-algebra of bounded
functions of X which contains {1c.,v) | u, v € a*}.

Proof. Letu, v € a* andlet f(x)=#0"*/{x}. Then Lemma 8 implies that f € Zx. Hence
the function

Loy = lewa™' (F 2" A ew))
belongs to Zx. We thus have
{lew.v | u,v € a*} C Ix.

In the other direction, since {C(v) | v € a*} is a basis of the topology of X consisting
of clopen sets, the family {l1c) | v € a*} generates C(X), and since 1cw) = lc(,v)s
it follows that C (X) is contained in any C*-algebra which contains {1¢. ) | 4, v € a*}.

Since the equation

o(lew,v) = Z Lew,av)

aca

holds for all #, v € a*, and « is a *-homomorphism, the C*-algebra generated by {1c,y) |
u,v € a*} is closed under «. Somewhat tedious calculations show that ¥ maps any
product of the form []/_; lcqw, vy With uy, ..., up, v, ..., v, € a* into the C*-algebra
generated by {lcw,) | u,v € a*}, and since ¥ is continuous and linear, it follows
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that the C*-algebra generated by {1cq.,v) | #, v € a*} is also closed under . and thus
contains Ix. U

The operator ¢ defined by (3) is a transfer operator for the C*-dynamical system (Zx , o)
with o defined by (2). Thus we can form the crossed product Zx <, #N. It is characterized
by the following theorem.

Theorem 10. Let (X, o) be a one-sided shift space and let Dx, o and L be as above. Then
the crossed product Dx x,, ¢ N is the universal C*-algebra generated by a family of partial

isometries (Sy),cq+ Satisfying:

(1) sysy = syy forallu, v € a*,
(2) the map

Lo > Suspsusy, U, v € a”
extends to a *-homomorphism from Zx to the C*-algebra generated by {s,, | u € a*}.
Proof. We will first show that Zx <, #N is generated by a family of partial isometries
(Su) o+ Which satisfies (1) and (2), and then that if A is a C*-algebra generated by a family
of partial isometries (s,),cq+ Which satisfies (1) and (2), then there is a *x-homomorphism

from Px %, N to A sending s, to’s, for all u € a*.
For each a € a, we let 7, be the element of 7 (Zx, «, ¥) given by

ta = Lo (@(f ) s,

where f is the function x +— #o~'{x}, which belongs to ¥x by Lemma 8. For each
u=uiuy---u, € a*,lets, be the element of Zx x, N defined by

Su = pu)p(tuy) -+ - p(ty,).

Then clearly the family (s, ), cq* satisfies (1).
Leta € aand g € Zx. We will show that the pair

(“(g)lC'(a)’ tath)
is a redundancy (see Definition 4). So let h € Zx. We have
tagtihs = 1o () 2sgs™ (N 1eqhs
= L@ @) Psg L () 1e@h)

= le@a(f2g LN 1c@h)s,
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and
12 12 gle(x)h(x) ifx € C(a),
Uc@a(f gL (a(f) ' le@h)(x) = .
ifx ¢ C(a),

for every x € X. Thus 1,8t hs = a(g)1ca)hs.
Since sgs™* = a(g)ss™*, we have

tagtly = 1@ () Psgs* @(fN'*1e@) € Dxss*Ix,

s0 (a(g)1c(a), tagt)) is a redundancy. Since a(g)lcw) € Dxa(Dx)Zx, it follows from
Definition 5 that s, p(g)s} and p(x(g)1c()) are equal in Zx 3, o N.
We also have

(tygt)(x) = (s"o(f)1lc@gs)(x)
= (Z@(Nlcw@g)x)
=(fZUcw8)x)

glax) ifax e X,
o ifax ¢ X,

for every x € X.
%

Thus s;p(8)sa = p(4a(8)) and sap(g)s; = p(2(g)1c(a)) for every a € aand g € Ix,
where 1,(g) is the map given by

glax) ifax e X,
Fa(@)(x) = ,
if ax ¢ X,

for x € X. It easily follows from this that

p(lC'(u,v)) = Svs,;ksus:;

for every u, v € a*. Hence the family (s,),cq+ 1 @ family of partial isometries and satisfies
(2). To see that Zx x4, N is generated by {s,, | u € a*}, we first notice that 7 (Zx, o, &)
is generated by Zx and s, and that Zx, by Lemma 9, is generated by {1¢c(,,v) | 4, v € a*},
and then that the function o( f), where f as before is the function x — #~'{x}, x € X,
is invertible and that s =), .a(f )~ /2t,. Thus it follows that Dx X4, N is generated by
{sy | u € a*}.

Assume now that A is a C*-algebra generated by a family (5,),co+ Of partial isometries
which satisfies (1) and (2). Welets=Y", ., ¢ ((f) /)5, where ¢ is the #-homomorphism
from Zx to A which extends the map

L@, —> SuSSuSy, u,ve€a’.
We will show that the following two equalities:

5¢(8) = Pp(a(8))s, “4)
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STP(9)s = (L (), &)

hold for all g € Zx.
Observe first that if a, b € a and a # b, then 575, = 0, because we have

g
Sa

RS TR Sk
b =58,55,

bSpSh = Sy P(LcayLe®))Sh-
Leta € aand u, v € a*. If v # ¢, then the following equalities:

~ e o o
Sad(Le@u,v)Sa =S, SuS,, SuSy Sa

o~y o~ A~~~ ~ ~
- SasvlSU2U3“'U|v\sususv2v3-~-v|v‘svlsﬂ

d(Lcw.e)lcwvvs-vy) ifa=u1,
0 ifa # v;
= ¢()m(1C(u,v)))

hold, and if v = ¢, then the following equalities:
E:¢(1C(u,v))’§u = E:E:Fug;z

~k
Sua

= d’(lC(ua,s))

= ¢()~a(1C(u,v)))

Sua

hold. Since Zx is generated by {1,y | u, v € a*}, it follows that 5} ¢(g)5z = P (La(g))
for each a € a and every g € Yx. Therefore, we have

Fh@F =Y > T ea())"D5,

aea pea

= Z ZEZQS(“(JC)_I lewlew)8)sy

aea pea

=Y S Mewe)a

aca

=Y ¢Ua(a(f) " ews)

=P(ZL(8)

for every g € Zx. Thus (5) holds.
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Letu, v € a*. We then have that the following series of equalities:

P@(lcwo)F =Y ¢(cwan)¥

aga

=Y dlcwan) Y, $@() 5

aea bea

=Y @) 1 cwan)5555

aca pea

= Z Z¢(°‘(f)71/21C(u,av)1C(b))g:b

aea pea

=Y () 1ewan)3a

aca

= d(f) DS S

aca

oD I ICT00 Rl A AN

aca

= Z ()50 cwm lc@s)

aca

= Z ()50 c@e lcw)

aca

=Y () IEE T cuw)

aca

=Y () MFadUcww)

aea

:F¢(1C(u,v))

holds, and since P is generated by {1¢,,v) | #, v € a*}, this shows that ¢((g))s =53¢ (g)
for every g € Zx. Hence (4) holds.

Thus (4) and (5) hold, so it follows from the universal property of 7 (Zx, o, &), that there
exists a x-homomorphism  from 7 (Zx, o, ¥) to A which maps g to ¢(g) for g € Dy,
and s tos. It suffices to show that i vanishes on the closed two-sided ideal generated by the
set of differences g — k, for all redundancies (g, k) such that g € Yy a(Zx)Zx. For if so,
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then i factors through the quotient and yields a *-homomorphism J P Dx N N — A
such that (p(g)) = ¢(g) and ¥(p(s)) =5, and hence

U(sa) = P(plta))
= Y(p(Lc@ @()7?)s))

=@ (N5
= @@ N Y d@() 5,
bea
=Y dUcwle®)s
bea
= ¢(lc@))Sa
:Fag;k?a
=5

a

for all a € a, and thus J(s,,) =7, for every u € a*.
So assume that g € Dxa(Dx)ZDx, that k € Dx SS*PDx and that ghS = khS for every
h € Yx. We then have

Yig) =y (g > 1c<a>) =(2) Y 55,

aca aea

=¥(9) Y dlcw ()55,

aea

> Uiglew @) s

aca

> Wkl o () 255

aca

=y(k) Y dcw@()'?)55;

aca

=y (k) Z’Svagj =y (k Z ]C(a)>

aea aea

=y k),

so Y vanishes on the closed two-sided ideal generated by the set of differences g — k,
for all redundancies (g, k) such that g € IYxa(Yx)Ix. O
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6. A representation of oy x, #N

In this section, we present a representation of Zx X, #N which we will use in the
following sections. This representation is not in general faithful. In Section 9, we will
construct a representation of Zx x,, ¢ N which is faithful for every shift space X.

Let X be a shift space, and let Hx be a Hilbert space with an orthonormal basis {e, },cx
indexed by X. For every u € a*, let S, be the operator on Hy defined by

eur ifux € X,
Sulex) = .
0 if ux ¢ X.

We leave it to the reader to check that the family (S,),cq+ is a family of partial isome-
tries on Hy which satisfies conditions (1) and (2) of Theorem 10. Thus there exists a
x-homomorphism ¢ from Zx x, ¢ N to the C*-algebra of bounded operators on Hx such
that ¢(s,) = S, forevery u € a*. In other words, s, — S, is a representation of Zx X, N
on the Hilbert space Hy.

This representation is in general not faithful. If for example X only consists of one
element, then Zx X, ¢ N is isomorphic to C(T), whereas C*(S, | u € a*) is isomorphic
to C. In Section 9, we will see that if the shift space X satisfies a certain condition (/), then
the representation ¢ is injective. In Section 9, we will also construct a representation of
Dx 44, #N which is faithful for every shift space X.

Remark 11. Although the x-homomorphism ¢ : Zx %, N — C*(S, | u € a*) is not
in general injective, the restriction of ¢ to &x is, and so it follows from the universal
property of Zx x4 N, that the restriction of p : T (2x, o, £) — Dx Xq, N to D is
also injective. Thus we will allow ourselves to view Zx as a sub-algebra of Zx <, #N.
We then have

* *
lC(u,u) = SuS, Susy

for all u, v € a*.

7. The relationship of Zx x, #N with other C*-algebras associated to
shift spaces

As mentioned in the introduction, other C*-algebras have been associated to shift spaces.
We will in this section look at the relation between these C*-algebras and x x,, #N.

As far as the authors know, three different constructions of C*-algebras associated to
shift spaces have appeared in the literature. These are:

e The C*-algebra (0 4 defined in [26],
e the C*-algebra (0 4 defined in [14],
e the C*-algebra (Ox defined in [7].
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These are all C*-algebras generated by partial isometries {s,},cq, Where a is the alphabet of
the shift space in question. The two first C*-algebras are defined for every two-sided shift
space A, whereas the last one is defined for every one-sided shift space X.

We will see in this section that for every one-sided shift space X, there exists a
x-isomorphism between Zx <, N and the C*-algebra (/x defined in [7] which maps
sq to s, for every a € a, and that for every two-sided shift space A there exist a surjective
*-homomorphism from the C*-algebra () 4 defined in [26] to Zx , X, N which maps s, to
sq for every a € a, and a surjective *-homomorphism from Zx , @, ¢N to the C*-algebra
(0 4 defined in [14] which maps s, to s, for every a € a. The first of these surjective
x-homomorphisms is injective if A satisfies the condition (x) defined in [14], and the
second surjective x-homomorphism is injective if A satisfies the condition (/) in Section 9.

Remark 12. In [7], a C*-algebra Ox has been constructed by using C*-correspondences
and Cuntz—Pimsner algebras for every shift space X. It follows from Theorem 10 and
[7, Remark 7.4] that for every one-sided shift space X, there exists a *x-isomorphism
between (x and Zx x4 N which maps s, to s, for every a € a. Thus it follows from
[7, Remark 7.4] that for every two-sided shift space 4, the algebra Zx , 3, »N satisfy all
of the results the algebra @ 4 is claimed to satisfy in [26-28,31-36].

Remark 13. In [14], a C*-algebra 04 has been defined for every two-sided shift space
by defining operators on a Hilbert space with an orthonormal basis indexed by X 4. These
operators are identical to the operators S, defined in Section 6 for X equal to the one-
sided shift space X 4 associated to A. Thus for every two-sided shift space A, we have a
surjective *-homomorphism from Zx , 3, #N to ¢/ 4 which maps s, to s, for every a € a.
This *-homomorphism is injective if A satisfies condition (7). We also know that there are
examples of two-sided shift spaces (for instance the shift only consisting of one element)
for which the *-homomorphism is not injective.

As mentioned in Remark 12, the C*-algebra Zx , %, ¢ N satisfies all of the results that
the algebra (4 is claimed to satisfy [26-28,31-36], whereas the C*-algebra @ 4 originally
defined in [33], does not. The latter C*-algebra has been properly characterized in [14]
(where it is called (). We will now use this characterization to show that for every two-
sided shift space A, there exists a surjective *-homomorphism from ¢4 to Zx 3, N
which maps s, to s, for every a € a.

For every [ € N, let ./} be the C*-subalgebra of (/4 generated by {s;¥s, | u € a;}, and
let .«/% be the C*-subalgebra of (/4 generated by {s;;s, | u € a}. Notice that the following
identity holds:

A=

leN

The key to characterizing (4 is to describe .o/} and .</”, and that will be done now.
For every € N and every u € L(A) (L(A) is short for L(X 1), cf. Section 4), let 2;(u)
be the set defined by

Pr(u) ={v € aq | vu € L(A)}.
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We then define an equivalence relation ~; on L(A) called /-past equivalence by
u~ <= 2;(u) =2;v).

We denote the /-past equivalence class containing u by [u];, and we let L} (A1) be the set
defined by

L/ (A) = {u € af | the cardinality of [u]; is infinite},

and let Qf = Lj'/~;. Since aj is finite, so is Q. We equip QF with the discrete topology
(so C(Q;“) ~ Cm*(l), where m* (1) is the number of elements of /-past equivalence classes).

Lemma 14 (c¢f. Carlsen and Matsumoto [14, Lemma 2.9]). The map
Yy = Ty, w € Lj(A)
extends to a x-isomorphism between C(Qf) and /7 .

We will now make the corresponding characterization of Zx <, #N: Let X be a one-
sided shift space. For every [ € N, let .o/, be the C*-subalgebra of Zx generated by
{lc,e) | v € af}, and let .o/x be the C*-subalgebra of Zx generated by {1c(.q) | v € a*}.
Notice that we then have

x =] .
leN

Following Matsumoto (cf. [28]), for every [ € N and every x € X, define 2;(x) by
Pi(x) ={u € af | ux € X}.

We then define an equivalence relation ~; on X called [-past equivalence by
x>y <= Z2i(x)=21(y).

We let £ = X/~;, and denote the [-past equivalence class containing x by [x];. Since af
is finite, so is Q;. We equip ©; with the discrete topology (so C () = C™ ", where m(l) is
the number of elements of /-past equivalence classes). Let x € X and/ € N. Since we have

k= [ cawa]n| [ X\Cwaol,
ue?(x) vea\Z;(x)
the function 1[,}, belongs to .27}, and {1y}, | x € X} generates .«Z;. Thus the function

Lipxyy = 1y,

is a x-isomorphism between C(£) and .2/;, which extends to an isomorphism between
C(2x) and .o/x.
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Consider the condition:
(x) For each I € N and each infinite sequence of admissible words (u;);cn satisfying
P(uj)=21(uj)foralli, j € N, there exists an x € X4 such that forall i € N, the identity

21(x) = 21(u;)

holds.

It follows from [14, Corollary 3.3] that there is a surjective x-homomorphism from
/% to o/x ,, and that this s-homomorphism is injective if and only if A satisfies the
condition (x). As a consequence of this, for every two-sided shift space A, we get a surjective
*-homomorphism from O 4 to Zx , x, N which maps s, to s, for every a € a, and this
x-homomorphism is injective if /A satisfies the condition ().

In [14], there is an example of a sofic shift space A for which ¢4 and Zx , %, #N are
not isomorphic.

8. Generalization of the Cuntz—Krieger algebras

We are now able to show that Zx <, N is in fact a generalization of the Cuntz—Krieger
algebras. Actually, we will prove that &x <, #N is a generalization of the universal
Cuntz—Krieger algebra .o/ () 4 that An Huef and Raeburn have constructed in [1].

Theorem 15. Let A= (A(, j)); je(1,2,...n) be an x n-matrix with entries in {0, 1} and no
zero rows, and let X 4 be the one-sided shift space
(Odien € {120 om™ Vi € N AGe, xie) = 1),

Then D% , Xy, #N is generated by a family (s;);c(1 2, ny of partial isometries that satisfies

n

sist=1
ZJJ

j=1

and
n
sisi = Z A(, j)sjs;<
Jj=1

foreveryi € {1,2,...,n}.
Suppose X is a unital C*-algebra such that there exists a family (5,'),‘6{1’2’__”,,} of partial
isometries in X that satisfy

n

o
D55 =1,
j=1

and

n
%= AGDSS
j=1
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foreveryi € {1,2,...,n}. Then there exists a -homomorphism from Zx , X, #N to X
sending s; to’s; for everyi € {1,2,...,n}.

Proof. Since X is the disjoint union of (C(j)) je1,2,....n}» the identity

EJE’; =1
j=1
holds. Forevery i € {1, 2, ..., n}, we have that C (i, ¢) is the disjoint union of those C(j)’s

where A(i, j) = 1. So, it follows that

n n
55 =lcan =) AG Dleg) =) AG, )55

j=1 j=1
The C*-algebra Zx , x,, #N is generated by {s, | u € {1,2,...,n}*}, but since we have
Susy = Syy forallu, v € {1,2, ..., n}*, the family (s;);¢(12,....n) generates Zx , X, o N.

Let X be aunital C*-algebra with a family (57);¢(1 2

n
’\./.’\.$,< —
> 55 =1x
j=1

n) Of partial isometries that satisfies

,,,,,

and
n
%= AG)E
j=1
foreveryi € {1,2,...,n}.Lets;=1x andlets, =75,,5,, - - - S, foreveryu=uju - - -u, €
{1,2, ..., n}*\{e}. We will show that the following two conditions are satisfied:
(1) susy =TSy forallu,v € {1,2,...,n}*,
(2) the map

fndione Sondiione 3
Lew,v) 7> SuS,Sus

*
by U, VEQ

extends to a x-homomorphism from Zx to X.

It will then follow from this and Theorem 10 that there exists a x-homomorphism form
Dx Ao, #N to X sending s, to's, for every u € {1,2,...,n}*, and in particular s; to s;
foreveryi € {1,2,...,n}.

It is clear from the way we defined s, that condition (1) is satisfied. Let m € N, and
denote by Z,, the C*-subalgebra of Zx, generated by {lcw) | u € {1,2,...,n}"}.

Ifu,vell,2,...,n}" and u # v, then we have
FME: +§v?:< Z Ew?:) = lx
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and thus
o~ e~ o~ |~ oy~ e
Sy Su + S, SuSySu =S, (Sus, + SuSy)8u <8, LSy =S, 5u,

which implies that 5,5 5,5; = 5,5, 5v8,Sus; = 0.
Thus (5,5, )uc(1,2... ny» is a family of mutually orthogonal projections. Notice that
(Lcw)ueqt,2,...,nyn also is a family of mutually orthogonal projections, and that

1C(u)=O$C(M)=(/)
= ugL(Xy)
S Fie(l,2,....m—1}: AGui, uis1) =0

~ e~ o~
= SuiSuipy = SupSu;SuiSuip Su;y g Suiv
n
~ ~ o~ o~
=Sy E AW, k)SkSy Sy Suyy Suizr =0

k=1
= S5, =0

for every u € {1,2,...,n}". It follows that there is a unital *-homomorphism ,, from
D 10 X obeying ,, (1cw)) =5u5; forevery u € {1,2,...,n}".
Since C (u) is the disjoint union of (C(ui));¢(1,2,... n}> We have

n
lew =) 1cwi) € D+t
i=1

foreveryu € {1,2,...,n}",50 2, € Z+1. Let us denote the inclusion of Z,, into Z,,, 41
by 1,,. We then have

Yimr1(ew) =¥mp (Z 1C(ui>>

i=1

=5uSy =V (Lew)s

from which it follows that v, ., o 1, = ¥,,. Thus the family {y,,},,cn extends

to a s-homomorphism ¥ from (J,,cy%m to X which maps I¢(,) to 5,5, for every
uefl,?2,...,n}"



T.M. Carlsen, S. Silvestrov / Expo. Math. 25 (2007) 275-307 295

Letu,v € {1,2,...,n})". Itis easy to check that the following equation

n
Z A(up, Hlegy ifu e L(Xy)
lew,s =1 /=1

0 ifuglL(Xy),
holds. It is also easy to check that if v # ¢, then the following equation
lew) it Aur, uz) = A(ug, uz) = -+ = A(Uju|—1, Uu|)
lew,w = =A(upl, v) =1,
0 else

holds. It is equally easy to check that the following equation

Ssy =11

0 if u¢ L(X,),

n
Ay, J)E}Ej if u e L(Xy,)
=1

holds, and that if v # ¢, then the following equation

FSVU;: ifA(ul,uz):A(uz,u3)=-~-=A(u|u|—l,14\u|)
EUE:EME: = :A(ulul’ v =1,
0 else

holds. Thus, Zx , is contained in | J,,cyyZm, and ¥ (lc(u,v)) =5y, 5,55 for all u,v €
{1,2,...,n}*
Consequently, the family (Eu)ue{l,z’__,”} satisfies condition (2). [

This result is generalized in [6], where it is shown that Zx x, N is isomorphic to a
universal Cuntz—Krieger algebra when X is a sofic shift.

If AGi, j) =1forevery i,j € {1,2,...,n}, then 04, and hence Zx , ¥, ¢N, is the
Cuntz algebra (,, which was originally defined in [15]. The Cuntz algebras have proved to
be very important examples in the theory of C*-algebras, for example in classification of
C*-algebras; see for example [41], and in the study of wavelets, see for example [4].

9. Uniqueness and a faithful representation

As we have just seen, the C*-algebra Zx <, #N is a generalization of the Cuntz—Krieger
algebras. One of the many things that make Cuntz—Krieger algebras interesting is the fact
that a representation of a Cuntz—Krieger algebra, under conditions which are often easy to
verify, is faithful. In this section, we will present similar results for Zx <, ¢ N. This will
put us in a position where we can construct a representation of Zx x, N which is faithful
for every one-sided shift space X.
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Let X be a one-sided shift space. It follows from the universal property of Zx <, #N
that there exists an action y : T — Aut(Zx X, #N) defined by y,(s,) = zlls, for every
z € T. This action is known as the gauge action.

Let #x denote the C*-subalgebra of Zx %, N generated by {s,s, 5,55 | u,v,w €

a*, |v] = |wl|}. It is not difficult to check that

D oxusp A+ xo+ D SuXu

veJ_ uely

J_ and J are finite subsets of a*

and xg, xy, x, € Fx forallve J_,u € J+}

is a dense *-subalgebra of Zx %, ¢ N. It easily follows from this that # x is equal to the
fixed point algebra

{x € Ixxa N |Vz €T :1y,(x)=x}

for the gauge action.
If we let

E(x):/ o, (x)dz
T

for every x € Zx X, #N, then E is a projection of norm one (a conditional expectation)
from Zx 4, #N onto Z x which has the following properties:

(1) E(abc)=aE((D)cforalla,c e Fx andb € Dxx, #N,
(i) E(sy) =0 forall u € a*\{e},
(iii) E(x*x)>0forall x € Ix x, N,
(iv) E(x*x) =0 implies that x = 0 for all x € Zx %, »N.

Building on the work done by Matsumoto in [26], the following theorem will be proved
in [9] (/x is the C*-subalgebra of Zx x, N defined in Section 12):

Theorem 16. Let X be a one-sided shift space, X a C*-algebra generated by a family
(Swucar of partial isometries, and ¢ : Tx Xy ¢N — X a sx-homomorphism such that
¢(sy) =75, for every u € a*. Then the following three statements are equivalent:

1. the x-homomorphism ¢ : Tx X, N — X is injective,

2. the restriction of ¢ to </ is injective, and there exists an action”y : T — Aut(X) such
that”y,(s,) = 715, for every z € T and every u € a*

3. the restriction of q’) to I x is injective, and there exzsts a projection E of norm one from
XontoC (Svs:s, su *lu, v, w e a*, |v|=|w|) satzsfymg
@) E(abc) aE(b)cforalla ce C*(svs Sust lu, v, w e a*, [v|=|wl)andb € X,
(i) EG,) = 0 for all u € a*\{e}.
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As a corollary to this theorem we get the following result.

Corollary 17. Let X be a one-sided shift space and let X be a C*-algebra which is generated
by a family (5,),cq+ of partial isometries satisfying:

1. 5,5y =Sy forall u, v € a*,
2. the map

~%
SU’

Le@w,v) B> S0, 8u u,v e a*

extends to an injective x-homomorphism from 9x to X,
3. there exists an actiony : T — Aut(X) defined by 7, (5,) = !5, for every z € T.

Then X and Zx X4, ¢ N are isomorphic by an isomorphism which maps s, to’s, for every
u € a*.

Remark 18. As a consequence of the previous corollary, we are now able to construct a
representation of Zx X, N which is faithful for every one-sided shift space X:

Let Hx be a Hilbert space with an orthonormal basis (e(x,n)) (x.n)ex xz indexed by X x Z,
and for every u € a*, let S, be the operator on Hx defined by

euxn+u) ifux e X,

Su(e(x,n)) = .
0 if ux ¢ X.

It is easy to check that S, S, = S,, and that the following equality holds for all u, v € a*
and (x,n) € X x Z:

ex,ny ifx e Cu,v),

oS SuSH (e(emy) =
ST 0 ifx ¢ Cu, v).

Thus (Sy),eq 15 a family of partial isometries which satisfies (1) and (2) of Corollary 17.
If, for every z € T, we let U, be the operator on $x defined by

U, (e(x,n)) =7" (e(x,n)),

then U is a unitary operator on Hx, and U, S, U} = Z11S, for every u € a*. Thus (S,),cq+
also satisfies (3) of Corollary 17, and therefore s, — S, defines a faithful representation
of @X Ny, & N.

We will now briefly discuss a condition on the shift space X which implies that condition
3 of Corollary 17 automatically follows from conditions 1 and 2 of the same corollary.

Definition 19. We say that a one-sided shift space X satisfies condition (I) if for every
x € X and every / € N, there exists a y € X such that Z;(x) = Z;(y) and x # y.
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One can show that if X satisfies condition (I), and X is a C*-algebra generated by a family
(Su)yeq Of partial isometries which satisfies:

1. 5,5y =75y, forall u, v € a*,
2. the map

isdione Sondion 3 *
Sy, U, VEQ

1C(u,v) = S8y, Su

extends to an injective *-homomorphism from Zx to X,
then there exists an action 7 : T — Aut(X) such thatJ,(5,) = /!5, for every z € T. This
was first proved by Matsumoto in the case where X is of the form X 4 for some two-sided
shift space A in [28], where he also discuss several conditions which are equivalent to
condition (I), and this has been generalized to arbitrary one-sided shift spaces X by the first
author in [5].

The following theorem follows from this result and Corollary 17.

Theorem 20. Let X be a one-sided shift space which satisfies condition (I). If X is a
C*-algebra generated by a family (5,),cq+ of partial isometries which satisfies:

1. 5,5y =Sy forallu, v € a*,
2. the map

~
Su

lC(u,v) = Sy E;ka

Sy u,veat

extends to an injective x-homomorphism from 9x to X,

then X and Zx x4 N are isomorphic by an isomorphism which maps s, to's, for
everyu € a*.

10. Properties of 7x x, #N

In this section, we will briefly describe some of the properties of the C*-algebra Zx >, N
which in some sense make it a “nice” C*-algebra. We will see that Zx x, N is always
nuclear and satisfies the Universal Coefficient Theorem (the UCT), and that it is simple and
purely infinite, if X satisfies certain conditions.

Theorem 21. Let X be a one-sided shift space. Then the C*-algebra D x,, ¢ N is nuclear
and satisfies the UCT.

Proof. Asmentionedin Remark 12, Zx %, ¢ N isisomorphic to the C*-algebra O'x defined
in [7], and since (x is the C*-algebra of a separable C*-correspondence over Zx which
is separable and commutative and hence nuclear and satisfies the UCT, the same is the
case for the C*-algebra Jx mentioned in [22, Proposition 8.8], and thus it follows from
[22, Corollary 7.4, Proposition 8.8] that (x and hence & 4, #N is nuclear and satisfies
the UCT. O
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Furthermore, Matsumoto proved the following theorem in [28].
Theorem 22. Let A be a two-sided shift space.

1. If X4 is irreducible in past equivalence (i.e., for every l € N, every y € X, and
every sequence (x,),cN in X4 such that 2, (x,) = P, (xp41) for every n € N, there
existan N € N and a u € L(A) such that 21(y) = P1(ux;+n)), then the C*-algebra
DX AN, N is simple.

2. If X4 is aperiodic in past equivalence (i.e., for every | € N, there exists an N € N
such that for any pair x, y € X4, there exists au € Ly (A) such that 2;(y) = ?;(ux)),
then the C*-algebra Zx , %, N is simple and purely infinite.

11. 2xx, #N as an invariant

In this section, we will see that Zx X, N is an invariant for one-sided conjugacy in
the sense that if two one-sided shift spaces X and Y are conjugate, then Zx <, N and
Dy X4, N are isomorphic.

This was first proved by Matsumoto in [26] for the special case where X = X 4 and
Y = X for two two-sided shift spaces A and I satisfying condition (I), and generalized to
the general case in [7]. Because of the way we have constructed Zx X, _#N in this paper,
we can very easily prove this result and even improve it a little bit.

Remember that in 7 (Dx, o, ¥), s*as = L(f) for every f € Px, so in Dx X, #N
p()* fp(s) = L(f) forevery f € Zyx. We will therefore denote the map

x = p(s)*xp(s)

from Zx Xy N to Ix X, #N by L. We will by Ax denote the map

- (2) ()

from Fx to Fx.

Theorem 23. If X and Y are two one-sided shift spaces which are conjugate, then there
exists a x-isomorphism @ from Zx X, #N to Dy, ¢ N such that:

L. &(C(X)) = C(Y),

2. D(Ix) =Dy,
3.9(Fx)=7Yv,

4. dooax =ay,

5. oy, =7, foreveryz €T,
6. o Px =Ly,

7. ®olx =Avy.
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Proof. Let ¢ be a conjugacy between Y and X, and let @ be the map between the bounded
functions on X and the bounded functions on Y defined by

[ fod.

Then @(C(X))=C(Y), Poax =oyo®and Po ¥y =Lx o®, and hence P(Zy)=Zx. Thus
it follows from the construction of Zx x4, N and 2y x, N that there is a x-isomorphism
from Zx x4, #Nto Py, _#N which extends @, maps p(s) to p(s) and satisfies Poox =ory.
We will also denote this *-isomorphism by @.

Since the gauge action of Zx x4 N is characterized by y,(f) = f for all f € Zx
and y,(p(s)) = zp(s), and the gauge action of Zy X4 N is characterized in a similar way,
we see that oy, =7, foreveryz € T.

Since # x is the fixed point algebra for the gauge action of Zx x4, N, and Fy is the
fixed point algebra for the gauge action of vy <, N, we have ®(F x) = Fy.

Since @ maps p(s) to p(s), we have @ o Ly = L.

Let us denote the function

xr—)#ail{x}, x e X
by fx, and the function
xr—)#ail{x}, xeY

by fy. We then have that the following

@ = D" s x| D s | =p) a0 a0 2p(s)

acax beax

holds for all x € X, and similarly that

A= (Z S;"> v | 22 s | = o a() 2y i)' pcs)

acay beay
for all y € Y. Since @(fx) = fv, this implies that @ o Ax = Ay. O

If two two-sided shift spaces A and I" are flow equivalent, then the corresponding one-
sided shift spaces X 4 and X are not necessarily conjugate, so we cannot expect that
Dx AN, N and Dx ., N are isomorphic (and there are examples of pairs 4 and I’
of two-sided shift spaces, such that A and I" are conjugate and hence flow equivalent, but
Dx Ao, N and Dy . %, »N are not isomorphic), but it turns out that Zx , ¥, #N Q@ A
and Py . ¥y #N ® A, (where 4" is the C*-algebra of compact operators on a separable
Hilbert space) are x-isomorphic in this case. This has been proved by Matsumoto in [32]
for A and I satisfying condition (I), and will be proved in full generality in [9].
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12. The K-theory of Zx x, #N

Since Ko(X) and K (X) are invariants of a C*-algebra X, it follows from the previous
section that Ko(Zx Xy, #N), K1(Zx x4 #N) and Ko(F x) are invariants of X. In this
section, we will present formulas based on /-past equivalence for these invariants. This was
done in [27,28,35] for the case of one-sided shift spaces of the form X 4, where A is a
two-sided shift space and generalized to the general case in [5]. In this paper, we will not
prove the formulas for Ko(Zx x4, #N), K1(Zx X4, #N) and Ko(F x), but only establish
the necessary setup and state the theorems which give the formulas. The interested reader
can find proofs of these theorems in the before mentioned references.

From these formulas, one can directly prove that Ko(Zx X, #N), K1(Zx %4 #N) and
Ko(F ) are invariants of X without involving C*-algebras. This is done (for one-sided
shift spaces of the form X 4, where A is a two-sided shift space) in Matsumoto’s paper [29],
where also other invariants of shift spaces are presented.

Let X be a one-sided shift space. For each [ € N, we let m(l) be the number of /-past
equivalence classes, and we denote the [-past equivalence classes by & , 512 el gin o For
0<k<landi € {1,2,...,m(l)}, the set Z;(x) does not depend on the choice of x as long
as x € & We will denote this set by 2¢(&%). Foreachl € N, j € {1,2,...,m(])} and
ief{l,2,....,m(l+ 1)}, let
Lifet c o
0 else.

Iz(i,j)={

Let F be a finite set and ig € F. Then we denote by e;, the element in Z for which

1 ifi=ig
ei()(i) =

0 else.
For 0<k <, let M,IC be the set
Mp={i €{1,2,....,m(D)} | P(&)) # 0}

Since i € M,lfl, if j M,’c and [;(i, j) = 1, there exists a positive linear map from 7Mi 1o

A given by

ej Z I (i, je;.

ieM ™!

We denotes this map by / ,ﬁ
For a subset & of X and au € a*, let ué ={ux € X | x € §}. Foreachl e N, j €
{,2,....,m()}, i €{1,2,...,m(+1}and a € q, let

L ifg#asit! c 6
A, j,a)=
0 else.
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LetO<k<I.Ifj € M,l( and there exists ana € asuchthat A;(i, j,a)=1,theni € M,l(ill

. .. . 1 I+
Hence there exists a positive linear map from Z¥« to M given by

ej> Y Y Al jae;.

ieMt) 40
We denote this map by Ai.

Lemma 24. Let 0<k <[. Then the following diagram commutes:

7!

I I+1
M k74
Al Al
I+1 Il I+2
7ZMiy kL Mg

Proof. Let j € M he M,l(ﬁ anda € a. If ¥ # aé"?‘z C é"l] then there exists exactly

onei € M,lfl such that (5’5“ - é"lj and ) # aﬁfz C 6’5“; and there exists exactly one
i’ e M,lci% such that glh-ﬂ - é"f,*'l and ) # ac«?ffl C é"l] If acg’th =@or aé"fz,@é"lj, then
there does not exists an i € M,lfl such that é”f“ C (Elj and ¢ # aé”fz C (g@fH; and there
does not exists an i’ € M,l(ﬁ such that é"éfz - é"f?“ and @ £ aé"?‘l C é’lj Hence we have

D Al =) TG DA, j,a).

. I+1 . 1+1
iEM, lGMkJrl

It follows from this that

AU e =AF" DD G, e
ieMt!
= 2. 2 AmGnia) Y LG Den
hemty @<@ ieMt!

= 2 > 2 DA e

142 :_a+1 aca
heMiy ieMy,

=45 Y0 D A e
ieM,’{ill aca
= [ T1(Ap(e)))

forevery j e M ,i Thus the diagram commutes. [J
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For k € N, the inductive limit lim(ZM, (Z+)Mk 1}) will be denoted by (Zx,, z;k).
—
It follows from Lemma 24 that the family {Ai} 1>k induces a positive, linear map Ay from
Zx, to Zx, Iy
1

Let 0<k <. Denote by 55{ the linear map from ZMi to ZMi+ given by
ej ifjeM,,,,

€j =
0 ifjeM;,,,
forjeM ,l( It is easy to check that the following diagram

I S 1
M % 7Min

I I
I T
SI41
1+1 0 1+1
7My _ % o M
commutes.

Thus the family {52},2,{ induces a positive, linear map from Zx, to Zx, , which we
denote by Jy. Since the diagram

I 5 I
M ko 7Min

1 1
Al A

k+1

§i+1
1+1 0 I+1
7ZMiyr L M

commutes for every 0 <k </, the diagram

O
Ix, ——— Ixy,

A A1
Ok+1
ZX,{H ZXk+2
commutes.

We denote the inductive limit lim(Zx, . Z;k, Ax) by (dx, 45). Since the previous dia-

gram commutes, the family {dx }, < induces a positive, linear map from Ay to Ax which
we denote by dx.
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Theorem 25. For every one-sided shift space X,
(Ko(Fx), K§ (Fx), Ox)s) = (Ax, 4%, 5x).

More precisely, the map (s, 154s3]0 e € ZMIi extends to an isomorphism from (Ko(Z x),
Ky (Fx), (Ox)s) to (Ax, 4%, 6x).

For every [ € N denote by B’ the linear map from ZM 1 to ZmU+D given by

m(l+1)
ejr> Y. (1,(1', j) - ZA,(i,j,a)) e.
i=1

aca
One can easily check that the following diagram commutes for every [ € N:

ZM{ B! zmd+D

1 1+1
11 IO

ZM{Jrl B! Zm(l+2).

Hence the family {B'},cn induces a linear map B from Zx, to Zx,.
Theorem 26. Let X be a one-sided shift space. Then
Ko(Zx 7y, oN)=2Zx,,/BZx,,
and
K1 (Zx x4, #N) = ker(B).
More precisely, the map
[yl > ei € 7"®

induces an isomorphism from Ko(Zx Xq, #N) to Zx,/BZx, .

13. The ideal structure of Zx x, #N

In this section, we will briefly describe the structure of the gauge invariant ideals of
Zx x4, #N. By an ideal, we will always mean a closed two-sided ideal, and by a gauge
invariant ideal, we mean an ideal / such that y (/) € I forevery z € T.
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The lattice of the gauge invariant ideals of Zx %, ¢ N has been described by Matsumoto
in [28] in the case where X is of the form X 4 for some two-sided shift space A and this
has been generalized to arbitrary one-sided shift spaces X by the first author in [5]. We will
slightly reformulate the description here.

Theorem 27. Let X be a one-sided shift space. Then there exist order-preserving bijections
between each pair of the following lattices:

1. the lattice of gauge invariant ideals of Zx X4, N,

2. the lattice of ideals J of F x, such that s,xs},, skxs, € J for every u € a* and every
xelJ,

3. the lattice of ideals I of </x, such that s}xs, € I for every u € a* and every x € I,

the lattice of order ideals of Ax invariant under x,

5. the lattice of subsets A of X, such that 6(A) € AandVx € A 3l € N : Z;(x) C A.

&

14. Examples

What we have described in this paper is the general structure of Zx x4 ¢ N. It is of
course also interesting to look at &x <, ¢ N for particular examples of X. We will now
briefly mention some papers where this has been done. The focus of these papers is mainly to
compute the K -groups Ko(Zx X4, #N), K1(Zx 14 #N) and Ko(F x) and other invariants
of Zx 1, #N of K-theoretical nature for classes of non-sofic shift spaces (if X is sofic,
then these invariants are easily computed by using the results of [6]). This has shed some
light on the class of non-sofic shift spaces, a class of dynamical system which is far less
understood than the class of sofic shift spaces.

In [37], Matsumoto has taken a closer look at Zx X, #N in the case where X is the
Motzkin shift, and in [30] he examines Zx <, #N for the context-free shift. In [24],
Dx X4 #N is examined for the Dyck shift, and in [20] (see also [2]) Dx Xy #N is
examined for a class of shift spaces called fS-shifts.

If A is a two-sided shift space, then, as explained before, we can associate to it the
C*-algebra Zx %, ¢#N. But we can of course also look at the C*-crossed product
C(A)x 42, defined in Section 2, where ¢ : C(A) — C(A) is the map

fr foo.
Consider the condition:
() For each u € (), there exists an x € X 4 such that 2, (x) = {u}.

It is proved in [8] that if A satisfies the condition (x), then C(A)x4Z is a quotient of
DX Xo, #N. This is used in [12,13] to relate the K-theory of Zx , %, #N to the K-theory
of C(A)xyZ for these shift spaces, and in [11] to present Ko(Zx , X4 #N), for the two-
sided shift space A of an aperiodic primitive substitution, as a stationary inductive limit
of a system associated to an integer matrix defined from combinatorial data which can be
computed in an algorithmic way (cf. [10]).
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