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Abstract

We show that on a manifold whose Riemannian metric evolves under backwards Ricci flow two Brownian
motions can be coupled in such a way that their normalized £-distance is a supermartingale. As a corollary,
we obtain the monotonicity of the transportation cost between two solutions of the heat equation in the
case that the cost function is the composition of a concave non-decreasing function and the normalized
L-distance. In particular, it provides a new proof of a recent result of Topping [P. Topping, £-optimal
transportation for Ricci flow, J. Reine Angew. Math. 636 (2009) 93-122].
© 2011 Elsevier Inc. All rights reserved.
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1. Introduction

Let M be a d-dimensional differentiable manifold, 0 < 7; < 72 < T and (g(7))r¢[z,7] @
complete backwards Ricci flow on M, i.e. a smooth family of Riemannian metrics satisfying

3 .
% = 2Ricy(r) (1)
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and such that (M, g(t)) is complete for all T € [T, T]. In this situation Perelman [23, Sec-
tion 7.1] (see also [6, Definition 7.5]) defined the L-functional of a smooth curve y : [t1,
7] —> M (where 71 <11 <12 < T) by

g(v)

1)
L(y):= / VE[|y O . + Reoy (v ()] d,
7

where Rg(7)(x) is the scalar curvature at x with respect to the metric g(7). Let L(x, 71; y, 72) be
the L-distance between (x, t1) and (y, 7o) defined by the infimum of £(y) over smooth curves
y i [t1, 2] = M satisfying y(t1) = x and y (1) = y. The normalized L-distance ©;(x, y)
(t > 1) is given by

O (x,y) =2/t —/TOL(x, Tit; y, Tat) — 2d(/Tat —/T1D)%.

For a measurable function ¢ : M x M — R, let us define the transportation cost 7.(u, v) between
two probability measures p and v on M with respect to the cost function ¢ by

Tc(p, v) :=inf / c(x, y)m(dx,dy)
MxM

(the infimum is over all probability measures m on M x M whose marginals are p and v re-
spectively). To study Perelman’s work from a different aspect, Topping [30] (see also Lott [19])
showed the following result:

Theorem 1. (See Theorem 1.1 in [30].) Assume that M is compact and that T > 0. Let
p:t1, TIx M —> Ry and q : [T2, T] x M — R be two non-negative unit-mass solutions of
the heat equation

P _ A R

a_’: - g(T)p D

where the term Rp comes from the change in time of the volume element. Then the normalized
L-transportation cost T, (p(T1t, -) Volg(z,1), 4 (T2t, -) VOlg(z,1)) between the two solutions evalu-
ated at times T\t respectively Tot is a non-increasing function of t € [1, T /13].

By g(t)-Brownian motion, we mean the time-inhomogeneous diffusion process whose gener-
ator is Ag(7y. As in the time-homogeneous case, the heat distribution p(z, -) volg(z) is expressed
as the law of a g(t)-Brownian motion at time 7. In view of this strong relation between heat
equation and Brownian motion, it is natural to ask whether one can couple two Brownian mo-
tions on M in such a way that a pathwise analogue of this result holds. The main result of this
paper answers it affirmatively as follows:

Theorem 2. Assume that the Ricci curvature of M is bounded from below uniformly, namely
there exists K > 0 such that

Ricgr) =2 —Kg(t) foranmytel[r,T]. 2)
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Then given any points x,y € M and any s € [1, T /72], there exist two coupled g(t)-Brownian
motions (X¢)ze[z s, 7] and (Y1)re[zys, 71 With initial values Xz, = x and Yz,s =y such that the
process (Oy(Xzt, Yo,1))iels, 7/%) IS a supermartingale. In addition, we can take them so that
the map (x,y) — (X, Y) is measurable. In particular, for any ¢ : R — R being concave and
non-decreasing, Elo(©; (X3, Yz,1))] is non-increasing.

Obviously, (2) is satisfied if M is compact. Thus it includes the case of Theorem 1. As a result,
Theorem 2 easily implies the following extension of Theorem 1 (see Section 5.3):

Theorem 3. Assume that (2) holds. Let ¢ : R — R be concave and non-decreasing. Then
Tpo0, (p(T1t, ) VOlg(7,1), g (T2t ) VOlg(5y1)) is non-increasing in t € [1,T/T2] for non-negative
unit-mass solutions p and q to the heat equation.

We prove Theorem 2 by constructing a coupling via approximation of g(t)-Brownian motions
by geodesic random walks as studied in [14]. In the next section, we demonstrate background
of the problem, review related results and compare their methods with ours. Since our method
superficially looks like a detour compared with other existing coupling arguments, there we ex-
plain the reason why we choose that way. To state the idea behind our proof explicitly, we prove
Theorem 2 under the assumption that there is no singularity of £-distance in Section 3. Since all
technical difficulties are concentrated on the singularity of £-distance, we can study the problem
there in more direct way by using stochastic calculus. Some estimates on variations of £-distance
are gathered in Section 4. The proof of the full statement of Theorems 2 and 3 will be provided
in Section 5.

Before closing this section, we give two remarks on Theorems 2 and 3.

Remark 1. As shown in [16], under backwards Ricci flow g(7)-Brownian motion cannot ex-
plode. Hence ®;(X;, Y;) is well defined for all ¢ € [s, T /72] in Theorem 2. This fact also ensures
that p(t, -) volg(r) has unit mass whenever it does at the initial time. We implicitly require this
property to make Ty, (P(Ti1, ) VOlg(z,1), ¢ (T2t, -) VOlg(z,r)) Well defined in Theorem 3.

Remark 2. There are plenty of examples of backwards Ricci flow satisfying (2) even when M
is non-compact. Indeed, given a metric gop on M with bounded curvature tensor, there exists a
unique solution to the Ricci flow 0,g(¢) = —2Ric, () with initial condition gg satisfying

sup [Rmyg ) [¢() (x) < 00
X,t

for a short time (see [28] for existence and [5] for uniqueness). Then the corresponding back-
wards Ricci flow satisfying (2) is obtained by time-reversal.

2. Review and remarks on background of the problem

The Ricci flow was introduced by Hamilton [9]. There he effectively used it to solve the
Poincaré conjecture for 3-manifolds with positive Ricci curvature. By following his approach,
Perelman [23-25] finally solved the Poincaré conjecture (see also [4,12,22]). There he used L-
functional as a crucial tool. At the same stage, he also studied the heat equation in [23] in relation
with the geometry of Ricci flows. It suggests that analyzing the heat equation is still an efficient
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way to investigate geometry of the underlying space even in the time-dependent metric case. This
guiding principle has been confirmed in recent developments in this direction. For example, we
refer to [36] as one of such developments. In connection with the theory of optimal transporta-
tion, McCann and Topping [21] showed the monotonicity of ’Z:O;(r) (p(t, ) volg(ry, g (1, ) volg(r)),

where pg(r) is the g(7)-Riemannian distance, under backwards Ricci flow on a compact mani-
fold. Topping’s result [30] can be regarded as an extension of it to contraction in the normalized
L-transportation cost (see [19] also). By taking T, — T, he gave a new proof of the monotonicity
of Perelman’s YW-entropy, which is one of fundamental ingredients in Perelman’s work.

A probabilistic approach to these problems is initiated by Arnaudon, Coulibaly and Thalmaier.
In [2, Section 4], they sharpened McCann and Topping’s result [21] to a pathwise contraction in
the following sense: There is a coupling (X;, ¥;);>0 of two Brownian motions starting from
x,y € X respectively such that the g(z)-distance between X; and Y; is non-increasing in ¢ al-
most surely. In their approach, probabilistic techniques based on analysis of sample paths made
it possible to establish such a pathwise estimate. As an advantage of their result, the pathwise
contraction easily yields that Z/)Opgm (p(t,-) volg(r), q(t, -) volg(ry) is non-increasing for any
non-decreasing ¢. As an application of this sharper monotonicity, we can obtain an L!-gradient
estimate of Bakry—Emery type (see [15]) for the heat semigroup. In the time-homogeneous case,
this gradient estimate has been known to be very useful in geometric analysis (see e.g. [3,17]).
McCann and Topping’s result only implies L?-gradient estimate and it is weaker than the L'-
estimate. (In the time-homogeneous case, it is known that L>-estimate also implies L'-estimate
(see [3,17,26]). However, to the best of our knowledge, an extension of such equivalence in the
time-inhomogeneous case is not yet established.) As another advantage of Arnaudon, Coulibaly
and Thalmaier’s approach, their argument works even on non-compact M (cf. [16]). Our Theo-
rem 2 can be regarded as an extension of their result. Indeed, our approach is the same as theirs
in spirit and advantages of probabilistic approach as mentioned are also inherited to our results as
we have seen in Theorem 3. We can expect that our approach makes it possible to employ several
techniques in stochastic analysis to obtain more detailed behavior of &;(Xz;, Yz,/), especially
in the limit 7, — 71, in a future development.

Now we compare our method of the proof with existing arguments in coupling methods from
a technical point of view. We hope that the following observation would be helpful to extend
other coupling arguments than ours in this case. A common and basic idea is to couple infinites-
imal motions of two Brownian particles by using a parallel transport of tangent vectors along
a minimal geodesic joining them. Thus the technical difficulty arises from the singularity of
(L-)distance, or the presence of (L£-)cut locus. In our approach, we consider coupled geodesic
random walks each of which approximates the Brownian motion. After we establish a difference
inequality for time evolution of the L-distance between coupled random walks, we will obtain
the result by taking a limit. Note that the convergence of our random walk in law to the Brownian
motion in this time-inhomogeneous case is already established in [14].

In the time-homogeneous case, there are several arguments [8,10,32-34] to construct such a
coupling by approximating it with ones which move as mentioned above if they are distant from
the cut locus and move independently if they are close to the cut locus. In these cases, it will
be important to estimate the size of the total time when particles are close to the cut locus. To
do the same in the time-inhomogeneous case, it does not seem straightforward since the (£-)cut
locus depends on time, namely it moves as time evolves. In our approach, instead of applying
stochastic calculus, we only need to show a difference inequality. Thus the singularity at the
L-cut locus causes less difficulties at this stage (see Remark 7 for more details).
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If we employ the theory of optimal transportation, we will work on coupling of heat distribu-
tions instead of coupling of Brownian motions. Once we move to the world of heat distributions,
we can ignore the cut locus since they are of measure zero with respect to the Riemannian mea-
sure. However, in the derivation of the monotonicity results, the theory of optimal transportation
at present covers only the case that the cost function is squared distance or L-distance. It re-
flects the difference of results between McCann and Topping [21] and Arnaudon, Coulibaly and
Thalmaier [2]. It should be remarked that such a difference still exists between these two ap-
proaches, the one by optimal transportation and the other by stochastic analysis, even in the
time-homogeneous case.

Arnaudon, Coulibaly and Thalmaier [2] study the problem by developing a new method. They
constructed one-parameter family of coupled particles ((X;(u));>0)ue[0,1] SO that X;(x) moves
as a Brownian motion for any « and (X, («)),c[0,17isa C I_curve whose length is non-increasing
in t. Thus (X;(0), X;(1)) is the expected coupling. To construct it, they first consider a finite
number of particles ((X,(u;));>0); which are coupled with other particles by parallel transport.
Then, by increasing the number of particles, we obtain such a one-parameter family in the limit.
Since they are coupled by parallel transport, the distance between two particles is of bounded
variation (at least before they hit the cut locus). Thus, if adjacent particles are sufficiently close
to each other at time ¢, we can take a deterministic § > O such that they cannot hit the cut locus at
least until time ¢ 4 §. Based on this observation, they succeeded in avoiding the problem coming
from the cut locus by increasing the number of particles to make it constitute a one-parameter
family of particles. In the case of this paper, we work on the L£-distance instead of the Rieman-
nian distance and construct a coupling by space—time parallel transport instead of a coupling by
parallel transport. As a result, £-distance between coupled particle is not of bounded variation
(see Remark 6 for more details). Thus, our problem differs in nature from what is studied in [1].
If we want to extend Arnaudon, Coulibaly and Thalmaier’s approach in the present case, we
have to be careful and need some additional arguments. Even if we succeed in constructing a
one-parameter family of particles ((X;(#));>0)ue[0,1] coupled by space—time parallel transport,
we cannot expect that (X;(u)),c[0,17isa C I_curve. In our approach, such a difference causes no
additional difficulty. Indeed, as studied in [13,14], we already know that it works to construct
coupled particles by reflection, the distance of which is naturally regarded as a semimartingale
with a non-vanishing martingale part.

3. Coupling of Brownian motions in the absence of L-cut locus

Since the proof of Theorem 2 involves some technical arguments, first we study the problem
in the case that the £-distance L has no singularity. More precisely, we do it here under the
following assumption:

Assumption 1. The £-cut locus is empty.

See Section 5.1 or [6,30,35] for the definition of £-cut locus. Under Assumption 1, the fol-
lowing hold:
1. Forall x,y € M and all 71 < 71 < 172 < T there is a unique minimizer y;)‘,tz of L(x,t1;y,12)
(existence of y;)', " is proved in [6, Lemma 7.27], while uniqueness follows immediately from
the characterization of L£-cut locus, see Section 5.1).

2. The function L is globally smooth.
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Thus, in this case, we can freely use stochastic analysis on the frame bundle without taking any
care on regularity of L.

3.1. Construction of the coupling

A g(t)-Brownian motion X on M (scaled in time by the factor 7) starting at a point x € M
at time s € [1, T/72] can be constructed in the following way [1,7,16]: Let w : F(M) - M
be the frame bundle and (ei)lflzl the standard basis of R?. For each 7 € [T, T] let (Hi(t))l‘.lzl
be the associated g(t)-horizontal vector fields on F (M) (i.e. H;(t,u) is the g(t)-horizontal
lift of ue;). Moreover let (V8 )g’ p=1 be the canonical vertical vector fields, i.e. (V*# ) =

%hn:]d(f(u(m))) (m = (mo,,g)g’ﬁ:1 € GL;(R)), and let (W;);>0 be a standard R9-valued

Brownian motion. By O2(®) (M), we denote the g(r)-orthonormal frame bundle.
We first define a scaled horizontal Brownian motion as the solution U = (U;),¢[s,1/7,] of the
Stratonovich SDE

d d
- — B ~ . Jdg _ - ~ -
dU; = /271 ZH,'(T]Z‘, U[)OdW; | E %(Tlt)(ytea, UtEﬁ)Vaﬁ(Ut)d[ 3)
i=1 a,f=1

on F(M) with initial value Uy = u € Of(f‘ S)(M ), and then define a scaled Brownian motion X
on M as

Note that X + does not move when 71 = 0. The last term in (3) ensures that Ut e 0@ (M) for
all t € [s, T/71] (see [1, Proposition 1.1], [7, Proposition 1.2]), so that by Itd’s formula for all
smooth f:[s, T/T1] x M — R

d
~ e) ~ - ~ . ~
df(t, X;) = a—J;(t, X)) dt ++/21 Z(U,ei)f(t, X)dW, +T1 Agryn f (2, X)) dt.

i=1

Let us define (X;)rerz 5,77 by X711 = f(t. Then X; becomes a g(t)-Brownian motion when
71 > 0.

Remark 3. Intuitively, it might be helpf~u1 to think that X; lives in (M, g(t)), or X, lives in
(M, g(t11)). The same is true for ¥ and Y which will be defined below. Similarly, for all curves
y :[t1, 2] = M appearing in connection with £-distance, we can naturally regard y (t) as in
(M, g(1)).

We now want to construct a second scaled Brownian motion ¥ on M in such a way that its
infinitesimal increments dY; are “space—time parallel” to those of X (up to scaling effect) along
the minimal £-geodesic (namely, the minimizer of L) from (X;, T11) to (Yy, T»1). To make this
idea precise, we first define the notion of space—time parallel vector field:
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Definition 1 (Space—time parallel vector field). Let T <ty <o < T and y : [t], 2] > M be a
smooth curve. We say that a vector field Z along y is space—time parallel if

VS5 Z(t) = —Rick , (Z(1) @)

holds for all T € 11, 72]. Here V&(®) stands for the covariant derivative associated with the g(7)-
Levi-Civita connection and RIC (r) 1s defined by regarding the g(7)-Ricci curvature as a (1, 1)-
tensor via g(t). Since (4) is a hnear first-order ODE, for any & € T, (;;)M there exists a unique
space—time parallel vector field Z along y with Z(71) =£.

Remark 4. Whenever Z and Z’ are space—time parallel vector fields along a curve y, their g(t)-
inner product is constant in t:

d a T T !
(2.2 @), = ﬁ(ﬂ(zu)z%r))+<V§ET§Z(r) 2@y, H12(0, VD Z ()

= 2Ricy(r)(Z(1), Z'(1)) — Ricg(r)(Z (7). Z' (7)) — Ricgr) (Z(v), Z' (7))
=0.

Definition 2 (Space—time parallel transport). For x,y € M and 71 < 11 < 1»p < T, we define
a map mxlyf2 TeM — TyM as follows: mfclfz (&) := Z(1p), where Z is the unique space—time
parallel vector field along yf' 2 with Z(r;) = &. By Remark 4, mxlf2 is an isometry from
(TyM, g(11)) to (TyM, g(12)). In addition, it smoothly depends on x, 71, y, 72 under Assump-

tion 1.

Remark 5. The emergence of the Ricci curvature in (4) is based on the Ricci flow equation (1).
Indeed, we can introduce the notion of space—time parallel transport even in the absence of (1)
with keeping the property in Remark 4 by using 219, g(t)* instead of Ric* 2(0) in (4). This would
be a natural extension in the sense that it coincides with the usual parallel transport when g(7) is
constant in 7.

Slmllarly as in [10, Formula (6.5.1)], we now define a second scaled horizontal Brownian
motion V = (V,)te[Y /%] on F (M) as the solution of

d d
. _ . . dg -~ - -
dVi =25 ) Hi(Tat, Vi) odB] — % ) f(m)(v,ea,V,eﬂ)vaﬂ(v,)dt,
i=1 o,f=1

dBt V mrlfz U[dW;

n Uy, nV

with initial value \75 =ve (’)ﬁ(m)(M), and we set f, = 71\7t. As we did for )~(, let us define
(Y1) re[tps, 71 BY Y1 = Yt to make Y a g(t)-Brownian motion. From a theoretical point of view,
it seems to be natural to work with (X, Y;) (see Remark 3). However, for technical simplicity,
we will prefer to work with (X;, Y;) instead in the sequel.
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3.2. Proof of Theorem 2 in the absence of L-cut locus
Our argument in this section is based on the following 1t6 formula for (f( ‘s 17,):

Lemma 1. Let [ be a smooth function on [s, T/T2] X M x M. Then

d
S 9 Y- — . . I .
df (t, X, Y;) = a—’;(r, X, Y)dt+) [V2tUei ® V202Vief | f (1. X, ¥y) AWy
i=1

d
+ ZHeSSg(flt)GBg(fzt)f|(,j(,j[)(\/aﬁtei 2] \/?2‘7t677 \/af]tei D \/g(/te;k) dt.
i=1

Here the Hessian of f is taken with respect to the product metric g(Tt) ® g(2t), e} stands for
eX(Uy, Tit; Vi, Tat), where

L1,72

* . E—— .
e; (U, T3V, ) 1=V my, g ue,

and for tangent vectors §1 € TyM, & € TyM we write § ® & := (§1,&2) € T(x,y) (M x M).

Proof. Asin [11, Formula (2.11)], It6’s formula applied to a smooth function f on [s, T/T2] X
F(M) x F(M) gives

af

—(t,U,, V) dt
Bt( Vi)

df(tvljt’ ‘71‘):

+ Y [V2u(Hi (@t ) f) . U, Vi) dW]

-

1

1

+ V2% (H; 2 (5at, ) f) (¢, Us, V) d B} ]

M=~

+ [T (HA Gt ) )@ U Vo) + 2 (HE (Tt ) f)(2, Ur, V) ] dt

1

d
+2V0n Y (Hi(@it, ) Hjo(fat, ) f) (¢, Uy, Vi) d(W', BY),
ij=1

d
_dg .. o~ o~ -
-y [nﬁ(m)(wea,Uteﬁwaﬂ(vt)

a,f=1

) . -1 o~ -
® fza—f(fzf)(Vzea, Vzeﬁ)V“ﬂ(Vz)}f(t, Ui, Vi) dt,

where H; | respectively H; » means H; applied with respect to the first respectively second space
variable. By the definition of B, this equals
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af - -
—(,U;, Vy)dt
56U V)
d .
+ Y V2t Hi(ait, U) & V2uH (U, 21t Vi, 020 £ (¢, Ur, Vi) dW]
i=1
d ~ ~ 5 -
+ Y WaH @t U) & Vo Hf (U, #18: Vi, 12| f (¢, Ur, V) dt
=1

1

d
T U U P
-y [nf(m)(wea, Orep)V™ (0) @ 725 (2a0) (Veea. Viep)V ’S(Vz)}f(n 0r. V) dt,
o,f=1

where H*(u, t1; v, 12) is the g(z2)-horizontal lift of ve} (u, 71; v, 12).
The claim follows by choosing f(t, u,v) := f(t,7u, wv) because this f is constant in the
vertical direction so that the term involving V* f vanishes. O

Let A(t, x,y) := L(x, T1t; y, Tat). In order to apply Lemma 1 to the function ® we need the
following proposition, whose proof is given in the next section. Since we will use it again in
Section 5, we state it without assuming Assumption 1.

Proposition 1. Take x,y € M, u € O (M) and v e Oﬁ(fzt)(M). Let y be a minimizer
of L(x,Tit;y, Tot). Assume that (x, Tit;y, Tot) is not in the L-cut locus. Set & := /Tiue; ®
v oovel (u, Tit; v, 7ot). Then

Tt

A 1 3 .
W(z‘, xX,y)= A / 1—3/2(ZRg(,)(y (r)) — Ag(T)Rg(,)(y(r)) — 2|R1cg(,)|§,(t)(y(r))
Tt
L. 2 . . .
= 5 [P O, + 2Ricen (7(0), y(r))) dr, 5)

d
> Hessg(epag(ry Al G &)

i=1

Tt

dyT|=2 1 _
<— . +;/z3/2(2|R1cg(T)|§,(r)(y(r))+Ag(f)Rg(T)(y(z))
T=T11 2t
2 . . .
— = Ry(o) (¥ (1)) = 2Ricy(r)(7(0). (1)) d (6)
and consequently
d

IA
5 LN+ Y Hessgepagn Alwrn €5 &)

i=1
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Tt
d — — 1 . 2
< ﬁﬁ— VD - o / V(R (y () + [P () dT
Tt

=—<J?—f>— S A, ).

The proof of Theorem 2 is now achieved under Assumption 1 by combining Lemma 1 and
Proposition 1:

Proof of Theorem 2 under Assumptign 1~ Since @ is bounded from below, it suffices to show
that the bounded variation part of ®;(X;, ¥;) is non-positive. By Lemma 1,

dO(X;,Y,) = [at@,o?,, )
Hessg(z,n@g(721) @zl(gtj,)(\/aljzel' eVuViel, ViiUie @ \/?2‘7&?):| dt

,/21 Ure; ® v202Vie} |0, (X, Y1) dW,.

d
d
For the bounded variation part we obtain

Vo -V
i

30, (X, Y,) =

oA -~
Y2 N AG XL T + 2Tt — ﬁ)E(r,xt,m—M(ﬁ—ﬁﬁ

and

d
ZHCSSg(fIZ)@g(th) ®; |<)~(h)~,’)(\/ T U;ei D sz,ej‘, VT U,e,- D fz‘ﬂfte;k)
i=1

d
=2/ 1ot —+/ flt)ZHCSSg(fll)@g(fzt) A|(t,)~(,,)~’,)(‘/ T 0;6,‘ D+ fz‘;te;k, VTl 0t€i D 'L_'z"}te;k).
i=1

Thus, by Proposition 1,

d

3t@t(5(z» I?t) + ZHessg(ﬂt)EBg(fzt) @z|(;}tj,)(\/a[jtei @ \/?2‘719?9 \/?lﬁtei ® \/7?2‘716?)

i=1

d 1 -~
<2(\/§—\/§>[—t(\/f_—ﬁl>— ZAO,Xf,Yo}

fﬁfA(r X, Y,) —2d(/T - V7)* =0.

Hence ©;(X,, Y;) is indeed a supermartingale. O



2752 K. Kuwada, R. Philipowski / Journal of Functional Analysis 260 (2011) 2742-2766

Remark 6. Unlike the case in [2], the pathwise cogtragtion of @t(f( t I?t) is no longer true in
our case. In other words, the martingale part of ®;(X;, Y;) does not vanish. We will see it in the

following. The minimal £-geodesic y = y)f)‘,rz of L(x, t1; y, 1) satisfies the £-geodesic equation

. 1 . . 1.
V@7 (@) = 5V Ry = 2Ric ) (7 (1) = -9 (D) )
(see [6, Corollary 7.19]). Thus the first variation formula (see [6, Lemma 7.15]) yields

V2t User @ V20Vier Alt, Xy, ¥) = V2 D{Viel, 7 (2a) ) — V20E1(Tres, 7 E10) ) B)

g(Tir)’
One obstruction to pathwise contraction is in the difference of time-scalings 71 and 7,. In addi-
tion, by (7), +/Ty (1) is not space—time parallel to y in general (cf. Remark 4).

4. Proof of Proposition 1

In this section, we write 71 := 71t and 12 := Tpt. We assume 12 < T. For simplicity of nota-
tions, we abbreviate the dependency on the metric g(7) of several geometric quantities such as
Ric, R, the inner product (-,-), the covariant derivative V, etc. when our choice of t is obvious.
For this abbreviation, we will think that y () is in (M, g(7)) and y(7) is in (T}, )M, g(7)).
Note that, when 71 =0, lim; 7, /Ty () exists while lim; | |y (7)| = co. In any case, /7|y (7)|
is locally bounded (see Lemma 3).

We first compute the time derivative of A. When 71 > 0, by [30, Formulas (A.4) and (A.5)]
we have

L .
@ty ) = =T (Reen ) = |y @),

8‘[1
oL .
5oy 0017, 2) = VB (Re(e () = ly (@)]),

so that

A _ oL _ 9L
—@x,y)=n1—, 15y, 2) F2—(x, 715y, T2)
ot 0Ty k)

1
= (@ (R(r@) - p@[) =5 (R @) - [p@]).  ©

Thus the integration-by-parts formula yields,

A 3 _
E(r,x,y)zz—t/ﬁ(ze(w))— ly (@) de
7]

)

1 IR
+;/Tw(g(l’(f))+Vy'(r>R(V(T))

71

= 2(Vy@ ¥ (1), ¥ (1)) — 2Ric(y (1), ))(r))) dr. (10)
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Note that we have

oR .
— = —AR —2|Ric| an
aT

(see e.g. [29, Proposition 2.5.4]). Since y satisfies the £-geodesic equation (7), by substituting
(7) and (11) into (10), we obtain (5). Note that the derivation of (9) and (10) is still valid even
when 71 = 0 because of the remark at the beginning of this section. Thus (5) holds when 7; =0,
too.

In order to estimate Z?:l Hessg(r))@g(r2) Alr,x,y)(&i, &) we begin with the second variation
formula for the £-functional:

Lemma 2 (Second variation formula). (See [6, Lemma 7.37].) Let I : (—¢&, &) X [t1, 2] > M
be a variation of y, S(s,t) := 051 (s, 1), and Z(t) := 9;1 (0, t) the variation field of I'. Then

2

ds?

LIy) =2V7(y (@), V2SO, D))|; 7 — 24/TRie(Z(0), Z()) |, Z7
0

=11 T=1]
5=

7]
+ %!Z(fﬂzﬁiiﬁ —TlfﬁH(ﬂr),Z(r))dr
%] 2

+f2ﬁ Vi Z(t) +Ric*(Z(v)) - %Z(t) dr, (12)

71

where

Ric

H(y (1), Z(1)) == —2881 (Z(v), Z(x)) — Hess R(Z(7), Z(v)) + 2|Ric* (2(1))|”

1
- Ric(Z(1), Z(v)) = 2Rm(Z(1), y (1), ¥ (), Z(1))

— 4(Vy ) Rie) (Z (1), Z(1)) + 4(Vz(r) Ric) (7 (1), Z(7)). (13)

In [6] this lemma is only proved in the case 1 = 0 and Z(71) = 0. However, the proof given
there can be easily adapted to the slightly more general case needed here.

Corollary 1. (See [6, Lemma 7.39] for a similar statement.) If the variation field Z is of the form

2(2) = \@z*(r) (14)

with a space—time parallel field Z* satisfying |Z*(t)| = 1, then
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2
ds?

g =1 T=T]

L(Ty) =27y (1), V20)S0, 7)), .\ i — 2J/TRic(Z (1), Z(D)) |17
0

5=l

f T=T]

7 =10
T
_/ﬁH(y(t),Z(t))d1+ VI
71
Proof. Since Z* is space—time parallel, Z satisfies

4 1
Vy@Z(t) = —Ric*(Z(1)) + ;Z(r), (15)

so that the last term in (12) vanishes. O

Corollary 2 (Hessian of L). (See [6, Corollary 7.40] for a similar statement.) Let Z be a vector
field along y of the form (14) and & := Z(t1) @ Z(12) € T(x,y)(M x M). Then

«/? =13

! T=1]

15}
Hessg(rl)@g(rz) L|(x,rl;y,t2)(§7 &< — f \/?H(V(T)v Z(T)) dt +
Ty

— 2J/TRicy(r)(Z(1), Z(D)) 122 (16)

T=11"

Proof. Let I" : (—¢, ¢) x [11, 72] = M be any variation of y with variation field Z and such that

Vzm)S(O, ‘L’]) and VZ(TZ)S(O, 1'2) vanish. (17)

Let[(s) := L(I'(s. 71). 715 I'(s. 7). 72) and [(s) := L(I(s. -)). Since [(0) =1(0) and [(s) > I(s)
for all s € (—e¢, &), we have I”(0) < {”(0) so that, using (17),

2

Hessg (r)y@g(r) Llx,ti:y,1) (6, &) = 52 L(I(s,t),t1: T (s, 1), 2)

2

:l//o gi”O - L
O <I"O)= 5

L(T5).
0

§=
The claim now follows from Corollary 1. O

Let now Z! (i =1,...,d) be space-time parallel fields along y satisfying Z(z1) = ue;
(and consequently Z;(12) = ve}), and Z;(7) := /T/1Z](7) (so that & = Z; (1)) ® Z;(12)).
In order to estimate Zflzl Hessg(rpy@g(r2) Ll(x,71:y,7) i, &) using Corollary 2 we will compute
Z?:l H(y(7), Z;(7)) in the following (see [6, Section 7.5.3] for a similar argument). Set I, I»
and I3 by
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__22

):

d
L= Z[— Hess R(Zi (1), Zi(0)) + 2|Ric*(Z:(0))|?

i=1

1
- = Ric(Zi(t), Zi(v)) = 2Rm(Z;(v), y (2), 7 (1), Zi (f))},
d
Z (Vz, 0y Ric)(Zi(v), ¥ (1)) = (Vy @) Ric) (Zi (1), Zi(D)].

Then Z?:l H(y(t), Zi(t)) = I + I + I3 holds. By a direct computation,

1
b= §<—AR(y<r>) +2IRicl* (v (1)) = —R(y (1)) + 2Ric(y (¢), y‘(r>)>. (18)

The contracted Bianchi identity divRic = %VR [18, Lemma 7.7] yields

4 2
L= %((divRi@(y'(r)) — (ViR (y (D)) = —%(vy-<f)R)(y(r)). (19)

For I, we have

= —2Z|: RIC Zi(1), Z; (r))) - Vy Ric)(Z,- (1), Z; (r)) — 2RiC(V}}(r)Z,'('C), Z,-(r)):|

d
d
=—2— GR(y(r))) + Z;V,;(T)R(y(t)) +4 ZRic(V];(r)Z,-(r), Zi(1))

dt
i=1

d
2 1 oR
:_Tt(t (v (T))-i-—( (1) )+4ZRiC(V)>(r)Zi(T),Zi(f)). (20)

i=1

Since Z; satisfies (15),

d
4> “Ric(Vyr)Zi (1), Zi (1)) 4ZRIC( Ric*(Z; (7)) + LZ(r) Z(r))

i=1
2 1
- _7’ <2|Ric|2(y(r)) -~ ;R(y(ﬂ))- @h

By substituting (21) into (20),

11=——<ar( (1)) + 2IRic|? (y(r))). (22)
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Hence, by combining (22), (19) and (18),

d

JR
S H(p (). Zi(0) = ;(—2—(y(r>) —2[Ric/?(y (1) — AR(y (1))

P 0T
1
- ;R(y(r)) + 2Ric(y (1), ¥ (1)) — 2<Vy<f>R>(y<r>)>.

Inserting this into (16) we obtain

d
> " Hessg(rg(e) Ll iy G &)

i=1

)
1

< ?/t3/2<2%(y(r))+2|Ric|2(y(r))+AR(y(r))
7

1
+ ;R(y(t)) —2Ric(y (1), y (D) + 2(vy~(,)R)(y(r))> dt

d/t
-

=1 .32

Riy@)|;Z7

T=1]

(73
=T 1
+ ;/t3/2<2|Ric|2(y(r)) + AR(y (1))

71

_dvT

t

T=1|

2 . .
— —R(y(®)) = 2Ric(y (1), y(0) | d=
which completes the proof of Proposition 1.
5. Coupling via approximation by geodesic random walks

To avoid a technical difficulty coming from singularity of L on the £-cut locus, we provide an
alternative way to constructing a coupling of Brownian motions by space—time parallel transport.
In this section, we first define a coupling of geodesic random walks which approximate g(t)-
Brownian motion. Next, we introduce some estimates on geometric quantities in Section 5.1.
Those are obtained as a small modification of existing arguments in [6,30,35]. The L-cut locus
is also reviewed and studied there. We use those estimates in Section 5.2 to study the behavior of
the L-distance between coupled random walks. The argument there includes a discrete analogue
of the Itd6 formula as well as a local uniform control of error terms. Finally, we will complete the
proof of Theorems 2 and 3 in Section 5.3.

Let us take a family of minimal £-geodesics {yxt)l,r2 i<t <1< T, x,y € M} sothat a
map (x, 71; ¥, T2) > yxry”2 is measurable. The existence of such a family of minimal £-geodesics
can be shown in a similar way as discussed in the proof of [20, Proposition 2.6] since the family
of minimal £-geodesics with fixed endpoints is compact (cf. [6, the proof of Lemma 7.27]). For
each t € [, T], take a measurable section @ of g(t)-orthonormal frame bundle O% (T)(M )
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of M. For x,y € M and 11, 13 € [11, T] with 71 < 12, let us define @;(x, 71; y, 12) € F(M) for
i=1,2by

1 (x, 115y, 12) = @ (x),

By(x, 713y, 12) =m0 @ (x),

where m\" is as given in Definition 2. Let us take a family of R?-valued i.i.d. random variables
(An)nen which are uniformly distributed on a unit ball centered at origin. We denote the (Rie-
mannian) exponential map with respect to g(t) at x € M by exp)(f). In what follows, we define a
coupled geodesic random walk X} = (X %t, Y. %Z) with scale parameter ¢ > 0 and initial condition
X% = (x1, y1) inductively. First we set (X %S, Yfgzs) := (x1, y1). For simplicity of notations, we set

ty = (s + &%n) A (T/T2). After we defined (X%)rels,r,1> we extend it to (XF)se[s,1,,1] DY

WD = NVAd 20 (XE, Tt YE, Tt hart, i =12,

1217

fi) (T —1 (1
X%t = exp(Xrgl, )<—8 n\/Zlefhzl),

T

Toty =1 - ~(2
Y‘L%t = expg,rf,2 )(—8 \/ZQAEL)

Tyin

for t € [t,, t,+1]. We can (and we will) extend the definition of X¢ for € [T7)/T2, T] in the
same way. As in Section 3, X%t does not move when 7; = 0. Note that the term +/d + 2 in

the definition of )A\,(;j_l is a normalization factor in the sense Cov(«/d + 2A,) = Id. Let us equip
path spaces C([a, b] - M) or C([a, b] - M x M) with the uniform convergence topology in-
duced from g(7). Here the interval [a, b] will be chosen appropriately in each context. As shown
in [14], (X%)zerz 5,11 and (YY) ¢[z,5, 71 converge in law to g(7)-Brownian motions (X )z e[z,5.7]
and (Y¢)ze[z,s,7] 0N M with initial conditions Xz,; = x1, Yz, = y1 respectively as ¢ — 0 (when
71 > 0). As a result, X? is tight and hence there is a convergent subsequence of X°. We fix such
a subsequence and use the same symbol (X¢), for simplicity of notations. We denote the limit in
law of X® as ¢ — 0 by X; = (X3,s, Y%,:). Recall that, in this paper, g(7)-Brownian motion means
a time-inhomogeneous diffusion process associated with Ag () instead of Ag(;)/2.

Remark 7. We explain the reason why our alternative construction works efficiently to avoid the
obstruction arising from singularity of L. To make it clear, we begin with observing the essence
of difficulties in the SDE approach we used in Section 3. Recall that our argument is based on the
1td formula. Hence the non-differentiability of L at the £-cut locus causes the technical difficulty.
One possible strategy is to extend the It6 formula for £-distance. Since L£-cut locus is sufficiently
thin, we can expect that the totality of times when our coupled particles stay there has measure
zero. In addition, as that of Riemannian cut locus, the presence of L-cut locus would work to
decrease the L-distance between coupled particles. Thus one might think it possible to extend
It6 formula for £-distance to the one involving a “local time at the £-cut locus”. If we succeed
in doing so, we will obtain a differential inequality which implies the supermartingale property
by neglecting this additional term since it would be non-positive.

Instead of completing the above strategy, our alternative approach in this section directly
provides a difference inequality without extracting the additional “local time” term. When the
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endpoint of minimal £-geodesic is in the £-cut locus, we divide it into two pieces. Then the pair
of endpoints of each piece is not in the £-cut locus. As a result, we obtain the desired difference
inequality of L£-distance even in such a case (see the proof of Lemma 4 for more details). In order
to follow such a procedure, it is more suitable to work with discrete time processes.

5.1. Preliminaries on properties of L-functional

Recall that we assumed the uniform lower Ricci curvature bound (2). On the basis of it, we
can compare Riemannian metrics at different times. That is, for 7] < 12,

g(t1) <K@ g(gy) (23)

(see [29, Lemma 5.3.2], for instance). Recall that pg(7) is the distance function on M at time 7.
Note that a similar comparison between pg(7,) and pg(r,) follows from (2). By neglecting the
term involving y in the definition of L(y), the condition (2) implies

. 2dK
inf L(x,t1;y,70) > ———
x,yeM 3

3/2 3/2
(/> —%). (24)
We also obtain the following bounds for L from (2) and (23). Let y : [t1, 2] — M be a minimal
L-geodesic. Then, for 7 € [71, 12],

e—2KT

2(ym2— /1)

2
pecin (v (1), Y (1)) — 3 dK (5,7 =) ) <Ly (@), ri; v (@), 1) (25)

(see [6, Lemma 7.13] or [30, Proposition B.2]). The same estimate holds for pg(z,) (¥ (1), ¥ (1))?
instead of pg7) (¥ (T1), y(r))z. Taking the fact that L-functional is not invariant under re-
parametrization of curves into account, we will introduce a local estimate on the velocity of
the minimal £-geodesic y .

Lemma 3. Let 11, 70 € [T1, T] and suppose that ) — t1 > § for some § > 0. Then, for any
compact set My C M, there exist constants C1 > 0 depending on K, My and § such that, for any
y it 2l = M with y (71), y(2) € Mo and 11 < T < 1,

. 2
7|7 @y <Cr. (26)
Proof. Though the conclusion follows by combining arguments in [6, Lemma 7.24] and [35,
Proposition 2.12], we give a proof for completeness. Let 0 € M be a reference point and take
ro > 0 so large that Bfo(/? (0) contains My. Take Ko > 0 so that sup, |Rg(r)| < Ko holds on
B;%(T)(o). We claim that there exists a constant Co > 0 such that

Lx,t1;y, 1)< Co 27

for any x, y € My. Take a constant speed g(7")-minimal geodesic yy : [71, T72] — M joining x

and y. Note that yy is contained in B,gO(T) (0). Thus, by virtue of (23), we have
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©
L(x,rl;y,rz)</ﬁ(|yo(f)|§,(,)+Rg(f>(yo(r)))dr
7|
2e2KT 32 _ 1312

2Ky

7 32 _ 32

ST e G S )
2T3/262KT KO

< dg(1)(x, v+ =132

382
Thus the claim follows since x, y € M.

By combining the above claim with (25), we can show that there exists r; > ro which
is independent of y such that y(7) € B,g](T)(o) for any 7 € [11, 12]. Take K; > 0 so that

[Ricg(z)lg(ry < K1 and |V R, (1)lg(r)y < K1 hold on Bfl(T)(o) for any t € [t1, T]. By a similar
argument as in [6, Lemma 7.13(ii)], there exists T* € [}, 72] such that

. 2 1
e < 2 m—vem

By virtue of (2), there exist constants c’], C; > 0 which depends on K, K| and T such that for
all 7{, 7} € [11, 2] with 7] < 17,

2dK
(L(V(fl)y niy(m) )+ 5 (5 - rf/z)). (28)

7:£|)}(":/)|g(r) /t]}y( )|g(T)+C/’ (29)
717 (e) [y < 11307 (23) [y + €1 (30)

The first inequality in (29) can be shown similarly as [6, Lemma 7.24]. It is due to a dif-
ferential inequality based on the L£-geodesic equation (7) which provides an upper bound of
0r (‘L’|)7(‘L’)|§(t)). By considering a lower bound of the same quantity instead, we obtain the sec-
ond inequality (30) in a similar way. Hence the proof is completed by combining (29) and (30)
with (28) and (27). O

Let us recall that the £-cut locus, denoted by £ Cut, is defined as a union of two different
kinds of sets (see [35]; see [6,30] also). The first one consists of (x, t1; y, 72) such that there
exist more than one minimal £-geodesics joining (x, ;) and (y, 72). The second consists of
(x, 71; ¥, 72) such that (y, rp) is conjugate to (x, 71) along a minimal £-geodesic with respect
to L-Jacobi field. Note that L is smooth on M \ £ Cut (see [35, Lemma 2.9]) and that £ Cut is
closed (see [30]; though they assumed M to be compact, an extension to the non-compact case
is straightforward).

5.2. Variations of the L-distance of coupled random walks

For proving Theorem 2, our first task is to show a difference inequality of A(f,X?) in

Tity, Taln

Lemma 4. We begin with introducing some notations. Set y, := e and let us define a

vector field )‘n+1 along y, by An+1(r) = T /twr, . (T), Where )‘:H-l is a space—time parallel

vector field along y,, with initial condition )A\;; 41 (Tity) = ii:)_ |- Let us define random variables ¢,
and X, as follows:
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o / Ty
Sntl 1= < n—H(T) Yu (D)) (r)|r ity

Tty

1 . 2
L1 1= ET?’/Z(RS'(T)(V”(T)) - |yn(T)|g(T))|f=f1tn

Toty
(2 i
" ‘L’:‘L_’|tn
ley,
- / ﬁH(wr),iZH(r))df)-
Tity

Here H is as given in (13). The term ¢, corresponds to the martingale part of A(f, X;) and
X, does to the one dominating the bounded variation part of A(z, X t f’t) in Section 3. As we
will see in Lemma 4 below, there is a discrete analogue of the It6 formula (and the corresponding
difference inequality) involving ¢, and X,. As aresult of our discretization, we are no longer able
to apply Proposition 1 directly to estimate X, itself. In this case, we can do it to the conditional
expectation of X, instead. Set G,, := o (A1, ..., A,). Then, since each @; is isometry and (d +
2)E[(Ay, i) {An, ej)] = §;j, Proposition 1 yields

E[Sut1 | Gal < (VGE——v”*>—-—— Atn. XE). 31)
For Mo C M, we define o, : C([s, T/T2] = M x M) — [0, c0) by

oM, (w, w) :=inf{t > s | wz; ¢ Mo or wz, ¢ Mo}.
For simplicity of notations, we denote o, (X®) and oy, (X) by ojf,lo and cr,?,,o respectively. As
shown in [14], for any n > 0, we can take a compact set My C M such that lim,_,¢ ]P’[olf,lo <

T < 1 holds (cf. [16]).

Lemma 4. Let Mo C M be a compact set. Then there exist a family of random variables
(0i)neN, e>0 and a family of deterministic constants (§(€))e=0 with limg_,¢ 8(¢) = 0 satisfying

> n <8 (32)
n; t,l<01f40/\(T/f2)
such that
A(tns1, X +1) S A(t0, X ) + €81 + &2 T + Qi (33)

Proof. When (X°(71t,), Tity; Y (D2ty), Taty) ¢ LCut, the inequality (33) follows from the
Taylor expansion with the error term Q; | = o(g?). Indeed, the first variation formula
([6, Lemma 7.15], cf. (8)) produces £¢,+1 and Corollary 2 together with (9) implies the bound
822n+1 of the second-order term. To include the case (X*(T1t,), Titn; Y (Taty), Toty) € LCut
and to obtain a uniform bound (32), we extend this argument. Set t,’ := (7| + 72)t,/2. Then we
can show
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(XS, Tit: va (7). 77) ¢ LCut,
(y" (t;tk)’ ‘E;Lk; X%;n, 'E2tn) ¢ L Cut

since minimal £-geodesics with these pair of endpoints can be extended with keeping its mini-
mality (cf. see [6, Section 7.8] and [35]). Set x;:+1 = expii”(i*)(«/fl + fz)L;H (t,))). The triangle
inequality for L yields

A(tn,an) (X%z,,v Titns va (7). T0) + L(va(5)). 705 X%, Toly),

=L
& & = o 4K * * * . & =
A(tn+1’ th+l) g L(Xflthrl ’ tltn—"_l’ xn+] ’ Tn+]) + L(xn+1 ’ Tn+1 ’ Xth)H»l ’ T2tn+1).

Hence

Atar1, X7 ) = A1, X)) < (L(XE L > Tt 15 X410 Trgr) — L(XG 0 Tt va (7)), 7))

Int1
+ (L(x:+1, trT—H; X§21n+1 s ‘Eztn_H) - L(Vn (T,T), 'C;:; X%tn, fztn))

and the desired inequality with Q% = o(¢?) holds by applying the Taylor expansion to each term
on the right-hand side of the above inequality.

We turn to showing the claimed control (32) of the error term Q. Take a compact set
M| D My such that every minimal £-geodesic joining (x, T1¢) and (y, Tot) is included in M
if x,y € My and r € [s, T/72]. Indeed, such M; exists since we have the lower bound of L in
(25) and L is continuous. Let us define a set A by

A={((r1,%), (13,2, (22, ) € (71, T x M) | x,y € Mo, 72 — 11 > (22 — T1)s,

B=(11+1)/2, Lx,11:2,13) + L(z,13; y, 1) = L(x, 11; y, @) }.

Note that A is compact. Let 71,1 : A — ([T1, T] % M)? be defined by

71 ((t1, %), (13, 2), (12, ) := ((z1, %), (13, 2)),
m2((11, %), (13, 2), (12, ¥)) := ((13, 2). (12, ¥)).

Then 71(A) and m2(A) are compact and 7;(A) N LCut = @ for i = 1,2. The second asser-
tion comes from the fact that (z, t3) is on a minimal £-geodesic joining (x, 71) and (y, 12) for
((x, 11), (2, 13), (¥, 2)) € A. Recall that £Cut is closed. Thus we can take relatively compact
open sets G, G2 C [71, T] x M such that 7; (A) C G; and G; N LCut=¢ fori =1,2. Then
the Taylor expansion we discussed above can be done on G or G, for sufficiently small €. Re-
call that L is smooth outside of £ Cut (see [6]). Thus the convergence £ 2Q,(¢) = 0 as & — 0
is uniform in n and independent of Xj as long as #, < 0540 A (T /72). Since the cardinality of

nit, < 6540 A (T /72)} is of order at most £72, the assertion (32) holds. O

We next establish the corresponding difference inequality for ®,(X}) (Corollary 3). For that,
we show the following auxiliary lemma.

Lemma 5. Let My C M be a compact set. Then there exists a deterministic constant C, > 0
depending on My such that max{|¢,|, | A(t,, an)|, |21} < Cr holds if t, < G}f/lo A (T /7).
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Proof. By the definition of ¢,, we have

160l < V2(d +Dtu—1 (T1|[Pa1 @t=D) |z, ) + RT01 @00y 5, )-

Thus the asserted bound for |, | follows from (26). Similarly, the estimate for A(z,, an) follows
from (24) and (27). For estimating X, we deal with the integral involving H in the definition
of X,,. Note that every tensor field appearing in the definition of H is continuous. As in the proof
of Lemma 4, take a compact set M1 D My such that every minimal £-geodesic joining (x, T1¢)
and (y, 7pt) is included in M if x,y € My and t € [s, T/72]. Since Xf’H € My x My holds on
the event {t, < 0/?40 A (T /72)}, the upper bound (26) of /7|y ()| implies that H (y, (1), Z(t))
is uniformly bounded for any vector field Z(z) along y,, of the form Z(t) = /T/t, Z*(r) with
a space—time parallel vector field Z*(t) satisfying |Z*(7)|(r) < 1. This fact yields a required
bound for the integral. For any other terms in the definition of X, we can estimate them as we
did for ¢, and A(#,, X} ). O

By virtue of Lemma 5, Lemma 4 yields the following:

Corollary 3. Let Mo C M be a compact set. Then there exist a family of random variables
(0i)neN, e>0 and a family of deterministic constants (§(€))¢>0 with limg_, 8(e) = 0 satisfying

R

n;t,1<<7}’f40/\(T/f2)

such that
2
Oes (X)) < 04, (X)) + —= (/B = VI A X;) ~ 2624 (/B - VA
n
+26(vTatns1 — v Eitnr 1)1 + 262V Tatnr1 — v/ Titnr1) Znti
+ 08, (34)

For u € [s, T /1], let us define |u], by
lule :=sup{s +&’n | n e NU{0}, 1 +&’n <u}.

Set &lf,lo = Loj,lojg + 2. Note that {c}j,lo =1,} € G, for all n € NU {0}. We finally prepare the
following moment bound of ®; (X;) before entering the proof of Theorem 2.

Lemma 6. There exist c3, C3 > 0 such that

E[ sup @;(X,)z]<C3(")S(xl,y1)2—|—C3.
s<I<T/%

Proof. Recall that © is uniformly bounded from below by (24). Take b > 0 so large that
O;x,y)+b>0for x,ye M and ¢ € [s, T/72] and set ®;(x, y) := O;(x, y) + b. It suffices
to show
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E[ sup 6% <4600, m)2 +C
s<t<T/%

for some C > 0. Take a relatively compact open set My C M and consider Ot AoE1o X e ).
0

Lemma 5 ensures that the term appearing in (34) is integrable on the event #, < O’MO. Thus
Corollary 3 and (31) yield that

E[@tm/\a'&o (Xfm/\(};/lo) - @tn/\&;jo( th /\U ) | gn] 8(8)
By imitating the proof of the maximal inequality (cf. [27, Chapter 2, Exercise 1.15]), we obtain

1

P sup 6,,(X;) >r] < ~(B:txy) +566)

n; Sgtng(;[gv[o/\(T/fZ)

for r > 0. Then, by following the proof of the Doob inequality in [27],

E[ s (6,(X) AR’ <4(b iy +56)’ (35)
$<tn <3y AT/ )

holds for each R > 0. By (23) and the definition of X*, there exist Cy;, > 0 such that

((:)tAo]f,,O (Xf) A R)2 < (ézn (XS ) A R)2 + Cumye

NG, Mo

for t € [t,, ty+1]- Thus (35) yields

E sip (6(X) /\R)z] <465 (x1, y1) +5(0)): + Cange. (36)
sétéa,’f,,o/\(T/fz)

Let us turn to estimate the second moment of sup, @t (X;). Note that we have

E[ sup  (6,(X) A R)2] < E[ sup (6,(X) AR) 0l > r] + RPlof), <1]. (37
s<I<T /% s<i<T /%

Since {w | o, (W) > t} is open and the map w SUPs <1 <T /%) (@t (W;) A R)? is bounded and
continuous on C([s, T/T2] = M x M), (36) yields

E[ sup (@,(X,) A R)z; 01(1)/10 > t] < liminfE[ sup ((:),(Xf) A R)z; aif,lo > t]

s<t<T /% =0 s<t<T /%
o A 2
< liminfE sup (©:(X) AR) ]
=0 s<t<ofy AT/2)

<46;(x1, y1).

Thus the conclusion follows by combining the last inequality with (37) and by letting My 1+ M
and R - oco. O
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5.3. Proof of Theorems 2 and 3

Proof of Theorem 2. First we remark that the map (x,y) — (X %., Y fz ) is obviously mea-
surable. Thus, we obtain the same measurability for the law of (X3, Yz,.). The integrability
of ®;(X;) follows from Lemma 6. We will show the supermartingale property in the sequel. For
s<sy<--<sp<t' <t<Tand fi,..., fn € Cc(MxM — R) with0 < f; < 1, set F(w) :=
]_[;'7:1 fj(ws;) for we C([s, T/72] > M x M). Take n > 0 arbitrarily and choose a relatively

compact open set My C M so that P[Gl(l)l < t] < 7 holds. Note that limsup,_, IP[a]f,IO <t]<n
also holds since {w | o (w) < 1} is closed. It suffices to show that there is a constant C > 0
which is independent of n and M such that,

E[( tAcd (XMJ}‘\}O) - @t’Ao}% (Xt’Ao,,O/,O ))F(X~Ao,?40)] <SGV (38)
holds. In fact, once we have shown (38), then Lemma 6 yields

E[(6:(X,) — 0,(X,)) F(X)] <0

0
since Oppy = X almost surely as My + M.

Take f € Cc(M x M) such that 0 < f < 1 and f|y =1, where U C M x M is an open set
containing My x My. Then, by virtue of Lemma 6 and the choice of My,

E[( [/\0’0 (Xt/\a ) @t’AJI?,[ (XI//\O';‘)/[ ))F(X-Aa]?,[o)]
<SE[(0:(X) — 0 (X)) f X)) f X)) F(X): oy, > 1] +2C,/ %/, (39)
where Cy := ¢30;(x1, y1)* + C3. Since {w | oM, (W) >t} is open,

E[(©:(X0) — O (X)) f X0) f Xi) F(X); oy, > 1]
< liminfE[ (61 (X7) — €0 (X7)) f (X7) £ (X0) F (X7): oy, > 1]
zligri)i(f)lfIE[(@mg(X‘fug) — O, (X)) (X)) (X, ) F(XE)s oy, > 2] (40)

Here the last equality follows from the continuity of & and f. Then

E[(Oy. (X)) = Oy, (X[ ) f (X, ) f (X, ) F(X): 0y, > 1]
< E[(@LthA6i40 (X‘EIJE/\&;IO) - @Lt’JsAaM (XLI’JE/\O'M ))F(X.EA&A%)]

1/2
+2E[ sup [04(X5) £(X5)[*] " Plok, <11
s<u<T/n

(41)

Since a function w SUP| <u<T/% |©, (W) f(wy)| on C([s, T/T2] > M x M) is bounded and
continuous, we have

1/2
limsupE[ sup |©,(X5) £(X5)[’] Pplot, <12 <Ci. (42)
£—0 s<u<T/n
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Now, with the aid of Lemma 5, the iteration of (34) together with (31) yields

E[(@mm% (X[ /)06 0) — O lndyy, (XTI/JSA&&O))F(X‘EA&}% )] < 3¢). 43)

&
M 0

Here 5(¢) is what appeared in Corollary 3. Hence we complete the proof by combining (40),
(41), (42) and (43) with (39). O

Proof of Theorem 3. Fix 1 <s <t < T/7;. We may assume

Tpo0, (P(T18, ) VOlg(z,1), ¢ (728, ) VOlg(7,1)) < 00

without loss of generality. Let 77 be a minimizer of 7,00, (p(T1s, -) Volg(z 1), ¢ (125, ) VOlg(5,1)),
where the existence of 7 follows from [31, Theorem 4.1], using the lower bound (24). For each
(x,y) € M x M, we take coupled Brownian motions (X7 );¢[z,s,7] and (ny)fe[fzsj] with ini-
tial values X’r-‘1 ¢ =x and YT:VZX =y as in Theorem 2. Since the law of (X*, Y”) is a measurable
function of (x, y), we can construct a coupling of two Brownian motions (Xz,., Yz,.) with initial
distribution 7 from ((X)Tfl,, nyz-))x’yEM as a coordinate process on C([s, T/T2] > M x M) by

following a usual manner. By Theorem 2, ¢ (®; (X ’Tfl o Yf)z ;) is a supermartingale. Hence we have

Bp(O:(Xre V)] = [ E[o(01(xX3,. ¥2,) Irdx.dy)
MxM

< f (B4 (x. )7 (dx, dy)
MxM

= Tpon, (P(T15, ) VOlg(zys), 4 (725, ) VOlg(aa)) -

Since the law of (X7, Yz,,) is a coupling of p(711, -) volg(z,1) and g (721, -) volg(z,r), we have

Tooo, (P11, ) VOlg(z 1), g (T2t ) VOlg(5,1)) < E[0(O:(Xz,1, Yeur)) ]
and hence the conclusion follows. O
Acknowledgments
We would like to thank Anton Thalmaier and an anonymous referee for very useful comments.

References

[1] M. Arnaudon, K.A. Coulibaly, A. Thalmaier, Brownian motion with respect to a metric depending on time; defini-
tion, existence and application to Ricci flow, C. R. Acad. Sci. Paris, Ser. I 346 (2008) 773-778.

[2] M. Arnaudon, K.A. Coulibaly, A. Thalmaier, Horizontal diffusion in C 1 path space, in: Sém. Prob. XLIII, in:
Lecture Notes in Math., vol. 2006, Springer-Verlag, Berlin, 2010, pp. 73-94.

[3] D. Bakry, On Sobolev and logarithmic Sobolev inequalities for Markov semigroups, in: New Trends in Stochastic
Analysis, Charingworth, 1994, World Sci. Publ., River Edge, NJ, 1997, pp. 43-75.

[4] H.-D. Cao, X.-P. Zhu, A complete proof of the Poincaré and geometrization conjectures—application of the
Hamilton—Perelman theory of the Ricci flow, Asian J. Math. 10 (2006) 165-492.



2766 K. Kuwada, R. Philipowski / Journal of Functional Analysis 260 (2011) 2742-2766

[5]1 B.-L. Chen, X.-P. Zhu, Uniqueness of the Ricci flow on complete noncompact manifolds, J. Differential Geom. 74
(2006) 119-154.

[6] B. Chow, S.-C. Chu, D. Glickenstein, C. Guenther, J. Isenberg, T. Ivey, D. Knopf, P. Lu, F. Luo, L. Ni, The Ricci
Flow: Techniques and Applications, Part I: Geometric Aspects, American Mathematical Society, Providence, RI,
2007.

[7]1 K.A. Coulibaly, Brownian motion with respect to time-changing Riemannian metrics, applications to Ricci flow,
Ann. Inst. Henri Poincaré Probab. Stat., in press.

[8] M. Cranston, Gradient estimates on manifolds using coupling, J. Funct. Anal. 99 (1991) 110-124.

[9] R.S. Hamilton, Three-manifolds with positive Ricci curvature, J. Differential Geom. 17 (1982) 255-306.

[10] E.P. Hsu, Stochastic Analysis on Manifolds, American Mathematical Society, Providence, RI, 2002.

[11] W.S. Kendall, Stochastic differential geometry, a coupling property, and harmonic maps, J. Lond. Math. Soc. 33
(1986) 554-566.

[12] B. Kleiner, J. Lott, Notes on Perelman’s papers, Geom. Topol. 12 (2008) 2587-2855.

[13] K. Kuwada, Coupling of the Brownian motion via discrete approximation under lower Ricci curvature bounds, in:
Probabilistic Approach to Geometry, Kyoto, 2008, in: Adv. Stud. Pure Math., vol. 57, Math. Soc. Japan, Tokyo,
2010, pp. 273-292.

[14] K. Kuwada, Coupling by reflection via discrete approximation under a backward Ricci flow, preprint, arXiv:
1007.0275v1, 2010.

[15] K. Kuwada, Duality on gradient estimates and Wasserstein controls, J. Funct. Anal. 258 (11) (2010) 3758-3774.

[16] K. Kuwada, R. Philipowski, Non-explosion of diffusion processes on manifolds with time-dependent metric,
Math. Z., doi:10.1007/s00209-010-0704-7, in press.

[17] M. Ledoux, The geometry of Markov diffusion generators, Ann. Fac. Sci. Toulouse Math. (6) 9 (2) (2000) 305-366.

[18] J.M. Lee, Riemannian Manifolds: An Introduction to Curvature, Springer-Verlag, New York, 1997.

[19] J. Lott, Optimal transport and Perelman’s reduced volume, Calc. Var. 36 (2009) 49-84.

[20] J. Lott, C. Villani, Ricci curvature for metric-measure spaces via optimal transport, Ann. Math. 169 (2009) 903-991.

[21] R.J. McCann, P. Topping, Ricci flow, entropy and optimal transportation, Amer. J. Math. 132 (2010) 711-730.

[22] J. Morgan, G. Tian, Ricci Flow and the Poincaré Conjecture, American Mathematical Society, Providence, RI, 2007.

[23] G. Perelman, The entropy formula for the Ricci flow and its geometric applications, preprint, arXiv:math/
0211159v1, 2002.

[24] G. Perelman, Ricci flow with surgery on three-manifolds, preprint, arXiv:math/0303109v1, 2003.

[25] G. Perelman, Finite extinction time for the solutions to the Ricci flow on certain three-manifolds, preprint, arXiv:
math/0307245v1, 2003.

[26] M.-K. von Renesse, K.-T. Sturm, Transport inequalities, gradient estimates, entropy, and Ricci curvature, Comm.
Pure Appl. Math. 58 (2005) 923-940.

[27] D. Revuz, M. Yor, Continuous Martingales and Brownian Motion, 3rd edition, Springer-Verlag, Berlin, Heidelberg,
1999.

[28] W.-X. Shi, Deforming the metric on complete Riemannian manifolds, J. Differential Geom. 30 (1989) 223-301.

[29] P. Topping, Lectures on the Ricci Flow, Cambridge University Press, 2006.

[30] P. Topping, L£L-optimal transportation for Ricci flow, J. Reine Angew. Math. 636 (2009) 93-122.

[31] C. Villani, Optimal Transport, Old and New, Grundlehren Math. Wiss., vol. 338, Springer-Verlag, 2009.

[32] E-Y. Wang, Successful couplings of nondegenerate diffusion processes on compact manifolds, Acta Math.
Sin. 37 (1) (1994) 116-121.

[33] E-Y. Wang, On estimation of the logarithmic Sobolev constant and gradient estimates of heat semigroups, Probab.
Theory Related Fields 108 (1) (1997) 87-101.

[34] E-Y. Wang, Functional Inequalities Markov Semigroups and Spectral Theory, Science Press, Beijing/New York,
2005.

[35] R.G. Ye, On the [-function and the reduced volume of Perelman I, Trans. Amer. Math. Soc. 360 (1) (2008) 507-531.

[36] Qi S. Zhang, Sobolev Inequalities, Heat Kernels under Ricci Flow, and the Poincaré Conjecture, CRC Press, Boca
Raton, FL, 2011.



	Coupling of Brownian motions and Perelman's L-functional
	Introduction
	Review and remarks on background of the problem
	Coupling of Brownian motions in the absence of L-cut locus
	Construction of the coupling
	Proof of Theorem 2 in the absence of L-cut locus

	Proof of Proposition 1
	Coupling via approximation by geodesic random walks
	Preliminaries on properties of L-functional
	Variations of the L-distance of coupled random walks
	Proof of Theorems 2 and 3

	Acknowledgments
	References


