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A handcuffed design with parameters v, k, A consists of a set of ordered &-
subsets of a v-set, cdled handcuffed blocks; in a block (a; | @y ..., a) €ach dement
is assumed to be “handcuffed” to its neighbors. A block, therefore, contains
k — 1 handcuffed pairs, the pairs being considered unordered. Each element
of the v-set appears in exactly r blocks, and each pair of distinct elements of the
v-set is handcuffed in exactly A blocks of the design.

These designs have been studied recently by Hung and Mendelsohn [1], who
construct a number of families of such designs by recursive methods. In this
paper we show how difference methods can be applied to the construction of
handcuffed designs. The methods are powerful, and a number of families of
designs are constructed. A main new result is the determination of necessary
and sufficient conditions for the existence of handcuffed designs for al parameter
sets in which v is an odd prime power.

1. INTRODUCTION

The concept of handcuffed designs has recently been introduced by Hung
and Mendelsohn [I], who have also proved a number of results concerning
the existence of these designs. A handcuffed design with parameters v, k, A
consists of a set of ordered k-subsets of a v-set; the k-sets will be called
handcuffed blocks. In a block (a, , a, ,..., &) €ach element is said to be
“handcuffed” to its neighbors, whence the block contains k — 1 handcuffed
pairs (a, | a,), (a5, @s),.... (a,_, , &). These pairs are considered unordered.
A collection of & handcuffed blocks is said to form a handcuffed (v, k, A)
design if

(i) each element of the v-set appears in precisely r blocks (and at most
once in a block), and

(i) each (unordered) pair of distinct elements of the v-set is handcuffed
in exactly A of the blocks.
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It is readily shown [1] that the parameters of the handcuffed design
satisfy

(v — 1)2 = (k — Db, 0]

vr = bk @

In addition, it is easily shown [1] that any element of the u-set occursin
the interior (that is, not in the first or last position) of exactly u blocks,
where

u+r=Ap-—1. 3)

Given v, k, A, (1), (2), and (3) are thus necessary conditions for the
existence of a handcuffed design with these parameters. Solving for b, r,
and u in terms of v, k, A gives

M@ =1) CBEr=1) . MNo—1Dk=2)
b_m, rm——z(k—)— u—w. (4)

It is the purpose of this paper to show how difference methods can be
applied to the congtruction of handcuffed (v, k, A) designs. These methods
are smple yet powerful; they produce somewhat simpler constructions of
the designs constructed in [I], and yield many new designs besides. A new
result proved in the paper is that, if » is an odd prime power, and p, k, A
satisfy relations (1), (2), (3), then a handcuffed (z, k, A) design exists.

2. THE Use OF DIFFERENCE BLOCKS IN
CONSTRUCTING HANDCUFFED DESIGNS

We present a simple theorem which alows the easy construction of many
handcuffed designs. First we define one or two terms. Given an ordered
sequence of elements a, , a, ,..., a; from a module M, we call the differences
dy =@, Gy Gy ey @y, ax forwarddifferences and a, — a, , @y — a; ..y
a,_; — a;, backward differences. We now present

THeorem 1.  Consider a module M with v elements. Suppose we can find
m handcuffed blocks B, ,..., By, , each of size k, such that among the totality
of 2m(k — 1) forward and backward differences in the blocks each of the
v = 1 non-zero elements of M occurs exactly A times. Then the set of b = vm
blocks of the form

B+ 4, B,+8,.. B, + 0 @eM)
is a handcuffed (v, k, A) design.
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Proof. Clearly each element of A will occur in exactly r = mk blocks.
It only remains to check that each distinct pair of elements is handcuffed
in exactly A blocks of the design. Now x, y can be handcuffed together as
either (x, y) or (y, x). A block will contain (x, y) if and only if some
initid B, contains (e, , a;) handcuffed (in this order), with x = ¢, + 8,
y = a; + 8. This occurs for a unique 6 e M for g, , g;such that X — y =
a; —a; . Similarly, ablock will contain (y, x) if and only if some initia B;
contain (a, , a;) handcuffed with y = a; 4 8, x = a, -+ 6; this occurs for
aunique § € M for a, a such that y x = g, — & . Hence, the total
number of occurrences of (X, ¥) and (¥, X) equals the number of times
+(x — y) appears as a forward difference among the initial blocks
B, ;..., By OF, equivaently, the number of times (x — y) appears as a
forward or backward difference. But this equals A, and, hence, the theorem
is proved.

Comment. A necessary condition for the application of the above
theorem is evidently that

Av 1)
M- 3k = 1) (5

be an integer. We will return to discuss this point below.
An example should make the construction clear.

ExampLe. We consider the case v = 10, k = 4, A = 2. In this case
we observe that m = (v 1)/2(k - 1) = 3. Consider the residue classes
of integers 0, 1,..., 9 (mod 10), and the following three initial blocks:

B1(07 1) 95 2)’ B2(O’ 6. 1$ 5)’ B3(05 7, 9: 8)

The forward differences are +1, -8, 3, +6, +5, +4, +7, $2, $9,

whence among the forward and backward differences each non-zero residue

appears twice. The 30 blocks (i, L+ {9+ 2+1), (i,6+j 1+ i, 5+i),
(I, 7+49+1i,8+1i),i=0,.,, 9, then form the desired handcuffed
(10, 4, 2) design.

In the rest of the paper we employ the difference block method in
constructing various families of handcuffed designs. First, we note one or
two points concerning the parameters in a handcuffed (v, k, A) design.

Sincer — u is an integer, we have from (4) that

= Mo D ©

B=7r—u=
kK -1
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must be integral. We can now write b, r, u as

o _ Nk _n(k—2)

b_—z—’ 2! u= 2 (7)

In particular, we note that, when n is even, the parameters of the design
satisfy the necessary relation (5) (with m = n/2) for the application of the
difference method. When n is odd, such is not the case; nevertheless, as we
show below, modifications of the difference method can be applied in this
Stuation.

3. HaoorreD DeEsiass WITH A = 1

Hung and Mendelsohn show in [1] that, when A = 1, the necessary
conditions (1), (2), (3) for the existence of a handcuffed design are also
sufficient. They give recursive methods of construction for such designs.
In this section we give a somewhat shorter proof of this result via difference
methods. We consider two cases, depending on whether k is odd or even:

Case 1. kodd. Let k = 24 + 1; the relations (1)-(4) imply that v = 1
(mod 4h). In this case we write the parameters of the design as
p=4hm +1, k=2h+1,A=1,b= m@hm+ 1), r = m2h + 1).
Noting that A(» — 1)/2(k — 1) = m, we can attempt to find a handcuffed
(4hm +1, 2% + 1, 1) design by constructing m initial difference blocks of
size 2h + 1. Consider m blocks B, ,. . . , B,, , with the following 2h successive
forward differences in each block:

B +1,-2, 43, -4 .., -2h
By +Qh+ 1), —h + 2),.., -4h

B, +[2(m — Dh + 1], —[2(m — DA+ 2),..., -2mh.

The actual blocks are to be formed by starting with an arbitrary integer
(mod ») and then forming successive elements in the block from the given
forward differences.

We first of all observe that among the totality of 4mh backward and
forward differences (the backward differences just being the negatives of
the forward differences) each integer among 1, 2...., 4mh appears exactly
once. Hence, blocks B, ,..., B, constructed from these differences will by
Theorem 1 yield the desired handcuffed design, provided that B, ,..., B,
formed from the differences given are in fact proper blocks; that is, they
must consist of 2h - 1 digtinct elements. This is easily seen to be the case

582a/16/1-6
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for, if some element appears twice in a particular block B, , thisimplies
that some sum of x (x < 2h) consecutive forward differences in one of the
B;’s must be zero. But thisis clearly impossible; in fact,

X

a—-(@a+l)+@+2) = *(a+xwl):_-§(xeven)

:a+xi2‘1 (x odd).

Hence, initiad blocks B, ..., B, formed as described satisfy the requirements
of Theorem |, and we have proved

Trecrem 2. A handcuffed (v, K, 1) design existswith k = 2h + 1 if and
only if v =1 (mod 4h).

Thisis also Theorem 2 of [1].

ExawLe. Consider v — 17, k =5, A = 1. According to the above
procedure we form initid blocks B, , B, from the forward differences --1,
-2, 43, -4 for B, , and $5, -6, +7, -8, for B, . The actual
initial blocks can then conveniently be taken as B(0, 1, 16, 2, 15),
B,(0, 5, 16, 6, 15), and the 34 blocks of the design are obtained by devel-
oping B, and B, modulo 17.

Case 2. k even. Let k = 2h; then (I)-(4) imply tha v = 1
(mod 2h — I). We, therefore, havev = m(2h — 1) + 1, k= 28, )= 1,
b = mv/2, r = mkj2. We consider two subcases, according to whether m
is odd or even:

(i) meven (v odd). In this casewe can attempt to construct m/2 initial
difference blocks of size 24, as required by Theorem 1. We form blocks
B, .., B, , containing successive forward differences as follows:

By +1,-2, +3,..,+(2h — 1)

By. —2h, +(2h + 1),..., —(4h — 2)

Bz i £ (2h—1).

In a manner similar to that employed in Case 1 above, we can readily show
that blocks B, ,..., B,,;, constructed from the above forward differences
satisfy the conditions of Theorem 1, and, hence, that these initial blocks
yield the desired handcuffed design.

(i) modd (v even). In this case the necessary condition for the appli-
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cation of Theorem 1 does not hold, m/2 not being integral. However, a
modification of the difference method can be used as follows: Let
m =2t + 1, then we have vy - 1 = 2t2h - 1) + (2h — 1) and
b =yt + v/2. We can construct ¢ + 1 = (m + 1)/2 initial blocks, with
the following successive forward differences:

B +1,—2,.., +Qh = 1)
By —2h, +(2h + 1),..., —(4h — 2)

B +[(t — D2k — 1) + I],..., +Qh — 1)
Bfy 412k — 1) + 1], —[th ~ 1) + 2]...., +(t + )2k — 1).

Consider initial blocks B, ,..., B, , B}, formed to have these forward
differences. Consider the b = vt + p/2 blocks of the form B, + i,

By + i, B+ i(i=0 lu,0o 1), Bf;+ j(=01. (v—2)2).
That is, we use B}, to form only p/2 blocks. We now claim that the design
s0 formed is a handcuffed design with the stated parameters.

First, it is clear from their method of construction that each of the initial
blocks B,,..., B, contain 2k distinct elements. This is also seen to be true
of BY,; note that the (2h 1) forward differences in Bf, are in fact
/2 — (h =1)], —[p/2 = (h = 2)],..., [VI2 + (h — 1)]. We now need to
check that every element pair x, y is handcuffed exactly once in the design.
Following the lines of proof of Theorem 1, we note that any two elements
X, Y which differ by 41, +4-2 ,..., £t(2h = 1) will be handcuffed exactly
once, in one of the blocks derived from one of B, ,..., B,. Consider now
two elements X, y such that x —y = 4+(»/2 — i), where 0 < i< p 1.
These differences do not appear in B ,..., B, , but do appear in Bf, ;
in fact, they each occur twice among the forward and backward differences
in By, since (v/2 — i) = —(v/2 + i). Let the actual elements in BY,, be
(a1, ay 4.y az). If B, were used in the usual way to give v blocks, x and y
would appear handcuffed exactly twice. They would appear once in the
order (X, y) in positions (i, i + 1) of the #-th block derived from B}, ,
where g;., — g, is the unique forward difference in B}, equal to y — X,
and where § = x — g, . Also, x and y would appear once in the order
(Y, X), in positions (j, j + 1) of the §-th block, where a;., - g; is the
unique forward difference equal to X —y,and ¢ =y — a; = X = a;,, .
Now, from the construction of Bf,, it can be noted that in this case
@ , a;41) = @ira + v/2, a; + v[2). This implies that ' = X =~ g;,; =
X —a; —v/2 =0 —v/2. Hence,if 0 < 0 < v/2 — 1, thenv/2 < ¢ <v —1,
and vice versa. Therefore, if we form only the v/2 blocks Bf, + |
(I =0, 1,...,9/2 —1),x and y will occur in only one of the orders (X, y)
or (y, X) and, hence, be handcuffed precisely once.
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Hence, the design formed is, in fact, the desired type of handcuffed
design.
An example should make the construction clear.

ExampLe. Consderv —10,k=4,2=1, whenceb=15and m= 3,
h = 2 in our above notation. We form initial blocks B, and B,* with
successive forward differences +1, -2, 43 and +4, -5, $6, respectively.
The actual initial blocks can be taken as B,(0, 1, 9, 2), B,*(0,4, 9, 5). The
blocks (i, 1 +i,9+1i,2+1i),i=0,.,9and (j,4+ j,9+ j,5+)),
j = O,..,, 4, then yield the desired handcuffed design.

The above congtruction dlows us to state

Treorem 3. A handcuffed (v, k, 1) design exists with k = 2h if and only
if v=1(mod 2h ~ 1).

This is aso Theorem 3 of [I].

4. HANDCUFFED DESIGNS WITH A = 2

We can also construct designs for the case A = 2 in a straightforward
manner, by using difference blocks. We consider only the case in which k
is odd here, since it can be shown (see [1]) that designs with k even and
A = 2 can dways be found by writing down twice a design with the same k
values, and A = 1.

Suppose then that k = 2h + 1; then (1)—(4) imply that v = 1 (mod 2h).
Hence, we have parametersv = 2hm+ 1, k= 2h+ 1, A =2, b= m,
r = mk, and this suggests the possible construction of the desired designs
by forming m initial blocks of size k, saisfying the conditions of Theorem 1.
Consider the m blocks, with the following successive forward differences:

By +1,-2, +3 .., -2h
B;: 2h + 1), —(2h + 2),..., -4h

Bp: Am = Dh + 1,..., -2mh,

It is clear that blocks B, ,..., B, Will each contain 2h + | distinct elements.
Further, the forward and backward differences taken over al of B, ,.., B,
include each non-zero residue, modulo », exactly twice. Hence, by
Theorem 1 we have proved

Treorem 4. A handcuffed (v, k, 2) design with k = 2h + 1 exists if and
only if V=1 (mod 2h).
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Thisis also Theorem 5 of [1].

Hence, the existence problem for handcuffed designs withA =1or 2is
completely settled. We remark that results contained in Theorems 2 to 4,
along with alittle ssimple number theory, are used in [I] to also show that
the necessary conditions (1), (2), for the existence of a handcuffed (v, k, A)
design are also sufficient in the following other cases. k = 3; k even and
(A, k~1)=1; kodd and (A, 2k = 2) = 2.

It can be noted that, although the designs constructed in this and the
preceding section have the same parameters as those constructed in [1],
the designs here and in [1] are not generally isomorphic.

5. HANDCUFFED DESIGNS WITH ¥ = p% p Opp

We now consider the case in which v is an odd prime power, and show
that the necessary conditions (1), (2), (3) for the existence of a handcuffed
design are sufficient in this case as well.

Suppose v is an odd prime power. Since v is odd, we have from (7) that
n=Av 1)k —1) must be even, whence m=Av 1))2(k 1) is
integral. This suggests the possibility of constructing a design through m
initia blocks of size k. We now show that this can be done, regardless of
the value of k and A, aslong as v, k, A satisfy (1), (2), (3).

We assume in the construction below that k < v. Let x be a primitive
eement in GF(v). We form the following n/2 initial blocks:

. k—
B:1, x, x2,..., x*!

- yk-1 k 2k—2
By xF 1 xk L, X

By: x2k-2 x2k-1 3k

. k-1 2—-1 - 2
B g X-DO/D | tilinge,

Since k<v,and 1, x ,..., x*~2 give dl the non-zero eements in GF(v), it is
clear no two elements in any block are the same. We need now show that
among the forward and backward differences of B ,..., B2, €aCh non-zero
element of GF(v) occurs exactly A times. To show this we distinguish
two cases:

Case 1. X even. In this case we note that (k = 1)n/2 = (v — 1)A/2;
hence, the fina entry in B,,, is xt*-va/2 = 1, The (k -~ 1)n/2 forward
differences from the n/2 blocks are, therefore, x! — x9, x2 - x1,...,
xv-1 — x*-2 h/2 times each. That is, the forward differences are (x — I),
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X(X = 1), ¥((x = 1),..., x*%(x ~ 1), X/2 times each. These constitute all
the non-zero elements of GF(v) h/2 times each, and hence the forward and
backward differences together constitute all the non-zero elements of
GF(v) A times each.

Case (2). A odd. In this case we have

F k== (e =+ ().

Hence, the final entry in B,,, is x*~v/2. The forward differences from the
n/2 blocks, therefore, consist of

(@ (x=1), x(x =1), x}(x = 1),..., x*%x — 1), (A — 1)/2 times each,
and
(b)) (x~=1),x(x~—1),.., x*372x 1), once each.

The differences in (a) and their negative vaues congtitute al the non-zero
elements of GF(v) A — 1 times each. Further, we observe that among the
values in (b) and their negatives each non-zero element of GF(v) occurs
exactly once (note that if x(x — 1) = —xi(x —~ 1), with 0 < i<<{(v 3)/2,
0<j<<v—2, then since j—i=(—1)2, we have (v — 1)/2 <
j < v = 2). Hence, among the totality of forward and backward differences
in the blocks, each non-zero element of GF(v) appears exactly A times.

In virtue of Theorem 1, we now have proved

Theorem 5. If vis an odd prime power and v > k, then a handcuffed
(v, k, A) design exists for all v, k, A satisfying the basic relations (1), (2), (3).

The condition » > k in Theorem 5 is easily removed. Note that, if v = k,
then from (4) we have b = Av/2 = r; since v is odd, A must be even.
However, a design with the given value of v and having A = 2 exists, by
Theorem 4. Hence, such designs can be found for al even A = 2¢, by
simply writing down the design for A = 2 atotal of ¢ times.

6. HANDCUFFED DESIGNS WITH v = 2

The construction of the previous section can aso be applied in some
situations with p = 2¢, Suppose that v = 2¢ and that n = A(v — 1)/(k — 1)
iseven. Sincev  lisodd, Ais, therefore, even as well. Assume k<< v
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and let x be a primitive element in GF(2%) and consider the n/2 initial
blocks:

B;:1,x x%,.., x+!

B,: xk1, xk,.., x2k-2

. k— — (k—1)n /2
Bpse: x D21 x 12,

We note that x-1n/2 = xt-D¥2—- 1 whence among the forward
differences of B, ,..., B,,;» €ach non-zero element of GF(2) occurs exactly
X/2 times. Hence, among the forward and backward differences each
non-zero element of GF(2?) appears A times, and by Theorem 1, these
initial blocks lead to a handcuffed (v, k, A) design. We have, therefore,

proved

Tecrem 6. If v= 2>k and A(v —1)/(k — 1) is even, then a hand-
cuffed (v, k, A) design exists for all v, k, A satisfying (1), (2), (3).

Asin the case of Theorem 5, the restriction v > k is easily removed. If
A = 1)/(k = 1) is even, then if v = k, A is even. The desired design
exists for A = 2 by Theorem 4, and the design for k, A =2t can be
obtained by writing down the design for k, A = 2 atotal of  times.

7. ReATeED ProelEMs  AND Final  Cowents

Some work has been done on a number of other problems similar to
those discussed here, mainly in connection with the design of experiments.
For example, Williams [5] considers the construction of designs with v
elements in complete blocks of size k = v, such that each element precedes
every other element the same number of times, say ). Patterson and
Lucas [3] present similar designs, constructed mainly by trial and error for
use in agricultural experiments, for casesin which k< v. It is clear that
adesign of this type with parameters v, k, X' is also a handcuffed design
with parameters v, k, X = 2X'.

Another type of design which has been of some use in experimental
design is the so-called “neighbor” design. These are similar to handcuffed
designs except that the blocks are considered to be circular. That is, in the
block (a,, a, ,..., %), a; and a, are also considered to be handcuffed (or
said to be neighbors), as well as a, and g, , a, and g, , €etc. These designs
have been considered by Rees [4], who provides difference-type solutions
for small values of v and k, found mainly by trial and error. Lawless[2]
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has also considered this type of design, with the additional requirement
that the design be a balanced incomplete block design. These designs are,
like handcuffed designs, also of some interest in connection with the
concept of a block design on a graph (see [1]).

As afinal comment, we remark that it would be of great interest to try
to determine precisely for what sets of parameter values handcuffed designs
exist. A large number of these designs have now been constructed, and
a reasonable attack might be made on the complete problem.
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