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1. Introduction

In reality, closed-form solutions for nonlinear problems are difficult to come-by and this has resulted in the development
of numerical and other approximate solutions [1]. Recently, the application of the homotopy perturbation method (HPM)
to nonlinear initial boundary value problems shows that there is a rapid convergence of the sequence constructed by this
method to the exact solutions [2,3]. In this paper, we consider the initial value problem (IVP)

o,
di +6e =0, (1)
X

0(0) =0, (2)
which describes the temperature equation in a pressure driven porous media combustion with weak internal thermal

diffusion [4]. In the absence of reactant consumption, the general heat balance equation for the one-step reaction system
can be written as [1]

90

a=A9+5e@=o, in 2 (3)
90 )

— +Bi6 =0, 3£, (4)
aon

where A is an operator and § is related to the characteristic chemical reaction, while % is the outward normal derivative
on the boundary and Bi is the Biot number, a parameter which determines whether or not the temperatures inside a body
will vary significantly in space.
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2. Homotopy perturbation technique

In line with [5,6,3,7-11], we illustrate the homotopy perturbation method, we consider the nonlinear equation
Aw) —f(r) =0, reg, (5)
with the boundary conditions:
au
Blu,— ) =0, (reaf), (6)
an
where A is a general differential operator, B is a boundary operator, f (r) is a known analytic function, and 92 is the boundary

of domain £2. The operator A is generally divided into two parts; L and N, where L and N are linear and nonlinear parts of A,
respectively. Therefore, (3) may be written as

L(u)+N(u) —f(r)=0. (7)
We construct a homotopy v(r, p) : £2 x [0, 1] — R which satisfies

H(v, p) = [L(v) — L(up)] + p[L(uo)] + pIN(v) — f(n)] = 0, (8)
or

H(v, p) = [L(u) — L(uo)] + p[A(w) — f(N] =0 9)

where p € [0, 1] is called the homotopy parameter and ug is an initial approximation of (5) which satisfies the specified
boundary conditions. When p = 0 or p = 1, we have

H(v,0) = L(u) — L(ug) = 0, Hw,1) =A() —f(r) =0. (10)

On the other hand, if p € (0, 1), then the homotopy H (v, p) deforms from L(u) — L(ug) to A(u) — f(r). Thus, the solution of
(5)-(6) may be expressed as

v =vp +pur +p’va +pus + . (11)

Eventually, at p = 1, the system takes the original form of the equation and the final stage of deformation gives the desired
solution. Thus taking limit

u:limlv:v0+v1+v2+. (12)
p—)

3. Some particular examples

3.1. Example I

We start by applying the homotopy technique to an initial value problem of the form

do 0

— +de” =0. (13)

dx

0(0) = 0. (14)
In line with [1], we define homotopy as

do dyo dyo 9

_— - — 4+ =0. 15

dx dx +P ( dx +oe (13)
Suppose that the solution of (13)-(14) takes the form

0 = vo + pv1 + p*v; + pPv3 + ptvg +pPus -, (16)
with an initial approximation

vo(X) = yo(x) =c, (17)

where c is to be determined. Eq. (15) may be expressed as [7]

de dyo dyo 912 013
- _ =2 L se (146 L4+ L. )=0, 18
dx dx+p[dx+e R TIET (18)
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where 6; = pv; + p?v; + p>vs + p*vs + p°us - - -. After substituting (16) into (18), and collecting terms in powers of p, we
obtain

dv, dyo
— 4+ —— 4 8e% =0, 19
T (19)
dvz
— 4+ (Se”"vl = O, (20)
dx
dvs | sen (v, 4 Y1) — 0 1)
—_— U —_— = 5
dx 2T
dug ; vf
— +8e" vz + v+ — | =0, (22)
dx 6
dus viv, v v
—— + §e'0 L4 24 )—p, 23
a <U4+U‘v3+ 2 T2t (23)
v1(0) = v2(0) = v3(0) = v4(0) = v5(0)--- = 0. (24)
The solutions of (19)-(23) are
52 53 5 8°
v = —8ex, vy = Eezcxz, v3 = —§e36x3, Vg = ZE4CX4’ and v = —Eescxs. (25)
The fifth order approximation is given by
2 83 54 55
0 =vg+vi+vy+vs+vs+vs =c—dex+ Eezcx2 - §e35x3 + Ze‘“x4 - geSCxS. (26)

By using (14) on (26), we obtain ¢ = 0, and the solution corresponds to the exact solution

=3 COX 1+ 8x). 27)

!
= n n:

3.2. Example Il

The steady state formulations of (3)-(4) due to Frank-Kamenetskii have been developed and studied by many others
[12,1,13,14]

20 jdo

— +-—+48xFef =0, 28
dx? +xdx toxTe (28)
do

—(0) =0, 6(1) =0, (29)
dx

where j is related to the geometry and § is a numerical exponent. Thus after substituting (16) into (28)-(29) and collecting
terms in p,

d2U1 Jj dvy dz)’o

<2t 3 d + aZ +8xFen =0, (30)
%—}—ﬁ%—f—&c’ﬂevom =0, (31)
% + i;% +ox e (Uz + f) =0, (32)
% ici;: + 8x Pev (v3 + vivy + lj) =0, (33)
d?vs  jdus vtz | Yy

2 2 4
) 7 —B avo Ul Z17e 1)
a2 Txax TXE (”“J”’“’“LZ!Jr 2! +4z>_0' (34)
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The solutions of (30)-(34) are

secx*—h 52020428
Vg = C, v = — - s Uy = - : >
2-pi+1-8) 2-B)23+1-8)(G+3—28)
e 5%e*(2j+4—3p) 538
T 22 =BG+ 1-B2(+3-2B)(+5-3B) ’
444c (932 C 11ip 2
oo — 84 (32 4 16j — 11jB — 258 + 17 + 96?) - 35)

X
12C-B*G+1-8PG+3-2B)G+5-38)G+7—4p)
24j* + 3165° — 206528 + 60952 8> — 18905°B
—8%% | 4+1416f% — 745j8° + 3468j8% — 5190j8 + 2516] | x10~>8
+3248% — 19918° 4 44198% — 42348 + 1488
1202 =BG +1—=B)G+3-2B)2G+5-38)G+7—4B8)(+9—-58)
where 8 # 2, which is also satisfied by the corresponding closed-form solution [14]. The value of c is determined by using
the Dirichlet condition in the boundary conditions (29). For example, whenj = 8 = 0and § = 0.86, ¢ = 0.8363.

Vs =

3.3. Example Il

An unsteady 1D form of (3)-(4) is

90 829+59 0, (x,t) e cCnR? (36)
— = t+3de" =0, (x, N,

o o '

0(x,0) = 1/2x(1 — x), (37)
de

—(©,t)=0, 6(1,t)=0. (38)
dx

In line with [3], we construct homotopy in the form

00 _duy _ (20 v () € 2 C N (39)
ot e Plae o ) % o

After substituting Eq. (16) into Eq. (39) and collecting terms in p,

31)1 321)0 dl)o

g _ 270 70 ew, 40
at X2 dt + (40)
81}2 821)] o

vy _ , 41
ot X2 tetu 4D
dus 0%y | . v? 42
9 e T\ ) (42)
0vy4 9%vs " vf

S = e te (mromt ). @)
dvs 9%vy " v% vaz vf

2 R R TR TR (44)

In line with [1], it is convenient to choose vg = 1/2x(1 — x), then

vy = (e%xw - 1) t (45)

e ebin 4 (1, : 2 [ezx1 (46)
V) = — - — — ,
Y 2

t3 lx(lfx) lx(lfx) 1 2 x(1—x) 1 ! lx(]ﬂc)
v =5 |56l —|—<5e2 —7) S —x) #2000 4 (5 —x) e, (47)
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Fig. 3. 3D plot of O(x, t) against x (HPM).

4

2
vy = % —20 + 6e2*17Y _ 20eX170) 4 373¥170 4 34 (% - x) (1%

592 _x 2e%’“l"‘)—i—Zl L. 4e%"(1"‘)4—52 1 & 2
2 2 2
1 t N 6 1
-8 (5 —x) + (5 - x) ~20 (5 - x) e 217 |@2r(1—) (48)

> [0%v) 1 30 , 15 , 1 ..\]
vs = — | —= 4207 (¥ 4 vl + o + —uitul 4+ ot ) [e2¥1Y, 49
> 5![ax2 L TR NS TR SR The (49)
where
2 1 3 g R
vy = v/t vy = t—ze 7 X=Xy, vy = t—33!e 7 X=X, vy = t—43!e 7 X0, (50)

4. Conclusion

It is observed that Fig. 1. obtained by the fifth order approximation (HPM) converges to the profiles given by the exact
solution (Fig. 2). Similarly, in the unsteady state, Figs. 3 and 4 show that the HPM solution is reliable as it confirms the
numerical solutions obtained by NDSolve in the MATHEMATICA package. Although the approximate homotopy perturbation
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Fig. 4. 3D plot of (x, t) against x (NDSolve).

method is found to work extremely well in the examples considered, the approach may be less effective and accurate in the
presence of more complicated nonlinear source terms.
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