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Abstract

We prove the existence and uniqueness of solutions in Sobolev spaces to second-order parabolic equa-
tions in non-divergence form. The coefficients (except one of them) of second-order terms of the equations
are measurable in both time and one spatial variables, and VMO (vanishing mean oscillation) in other
spatial variables.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

This paper continues the investigation of parabolic equations in [11] dealing with more general
class of coefficients than in [11]. The parabolic equation we consider is of the form

g +a (t, u g+ b D + et u=f €5)

in the Sobolev spaces Wll,’z, p>2.

In establishing L ,-theory for equations as above, no regularity assumptions are required for b*
and ¢ (i.e., b’ and ¢ are bounded measurable), whereas there could not exist a unique solution
to the above equation if the coefficients ¢/ are only measurable. In fact, there have always been
some regularity assumptions on @'/ in the literature. For example, if a%/ (¢, x) are uniformly con-
tinuous uniformly in ¢ (see [16]), then for f € L, the above equation has a unique solution

n o In they assumed a'/ t, x) to be in the space o as functions of (¢, x) € .
in W%, In [1] they d a'/ (t, x) to be in the space of VMO as fi f (t,x) € RI+!
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This result was generalized using a different approach in [14], so that a'/ (¢, x) can be measur-
able in 7 € R and VMO in x € R¥. Piecewise continuous a’/ were also dealt with in [9,23]. As
a predecessor of this paper, we considered in [11] coefficients a%/ (¢, x) which are measurable
in x! € R and VMO in (¢, ), r € R, x’ € R9~L. Here we denote x = (x!,x") e R?, x! e R,
x e RI-1

In this paper, we remove the regularity assumption with respect to # € R on a% (¢, x) (in [11]
a'l were assumed to be VMO in ¢ € R). More precisely, we assume that a'/ (¢, x) are measurable
in (7, x') € R? and VMO in x’ € R¢~! except that a'l (7, x) is measurable only in x! € R and
VMO in (¢, x') € R?. This class of coefficients a'/ clearly covers the class considered in [11].
By no means, however, does this paper make the results in [11] obsolete because here we have
to make use of results from [11] in our main steps. In addition, the paper [11] contains a very
important result about the case p = 2, where a'/ (including a'') are only measurable as functions
of (¢, xl). Note that the class of @'/ in this paper does not include the coefficients in [14] since
a'l is not allowed to be measurable in ¢ € R. However, the class of coefficients a/ we consider
here is considerable general, so that, for example, we do not require any regularity assumptions
on a'/ as long as they are functions of (r, x!) (a!! is a function of x!) satisfying the ellipticity
condition.

It is worth mentioning that, as noted in [10], in the elliptic case an example of an equation
in R, d > 3, was constructed in [15] (the original paper [27]) having no unique solvability
in W]%, where the coefficients of the equation are functions of only the first two coordinates.
Non-uniqueness of elliptic equations in a very generalized sense is proved in [20,22]. Note that
due to the unique solvability in W 1 2 of Eq. (1), by following the arguments in [9,26], we have the
weak uniqueness of stochastic processes associated with the parabolic equation. This would be
another motivation to investigate parabolic equations as in (1). Besides those papers referred to
earlier, we refer to papers [2-6,8,17-19,21,24,25] for more information about L ,-theory for both
elliptic and parabolic equations with rough coefficients—coefficients which are not uniformly
continuous. For weak uniqueness of stochastic processes, in addition to those mentioned in the
above, see [13] and references therein.

This paper is organized as follow. We present the main result in Section 2. To prepare for a
proof of the main result, we state and prove some auxiliary results in Section 3. Finally, we prove
Theorem 2.4 in Section 4. For the results in Section 3, we needed some properties of traces of
functions in parabolic Sobolev spaces [12] and parabolic equations with mixed norms [7].

2. Main results

We consider the parabolic equation (1) in the Sobolev space
Wy ((S. T) x RY) = {u: u,uy,uy ugy € Ly((S. T) x RY)},

< S < T < oo. The coefficients a'/, b, and ¢ satisfy the following assumptions.

Assumption 2.1. The coefficients a'/, b', and ¢ are measurable functions defined on ]RdH,
a' = a’'. There exist positive constants § € (0, 1) and K such that

b, x)| <K,  |et,x)| <K
d
SIS Y al @ x)wiod <57 o)
ij=1

for any (7, x) e R4*! and 9 € RY.
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To state another assumption on the coefficients a’/, we introduce some notation. Let
B, (x)= {y eR?: x —y| < r},
B.(x'y={y € R =y < rl,
Q,(t,x)=(t,1+7%) x B.(x),  [(t,x) = (1,1 +7r%) x B/(x),
Ap(t,x) = (t,t+r2) X (xl — 7 x! +r) x By (x").

Set B, = B+(0), B, = B,(0), O, = Q,(0) and so on. By | B;| we mean the (d — 1)-dimensional
volume of B;.(0). Denote

t+r2x1+r
oscx,(a"f,Ar(t,x))=r—3|3;|‘2/ /Ajj,(s,r)drds,
Iyl
x4
, B _2 ,
osc (@, Ap(t,x)) =17 | B /Al(f,xq(r)dr,
xl—r
where
AZ(S, T)= / |aij (s,7,y) —d (s, 1, Z)|dy' dz,
v,z €Bl(x)
Al(f,x/)(f) = / ’aij (0,1,y) —a" (o, 1, z’)\ dy'd7 do do.

(0,¥),(0.2 )T (1,x")
Also denote
O)Ice/ (aij) = sup  sup osCy (aij, Ar(t, %)),
(t,x)eRd+! r<R

O%ﬂx’)(aij) = sup  suposcy . (a’, As(t, x)).
(t.x)eRI+! r<R

Finally set

=04+ Y O (),
i#lorj#1

Assumption 2.2. There is a continuous function w(¢) defined on [0, co) such that w(0) = 0 and
ay <w(R) forall R € [0, 00).

Remark 2.3. It can be seen from our proofs that we use only the fact that R € (0, o0) can be
chosen so that ai is smaller than a constant which depends only on constants, especially, N, v,
and « in (17), appearing in the proof of Corollary 4.2.

In this paper we mean by vi/;@((o, T) de) the collection of all functions in Wll,’z((O, T) de)
vanishing at t = T'. The differential operator is denoted by L, i.e.,

Lu=u; +a%uyi j+buy+cu. 2)
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Here we present our main result. Throughout the paper, we write N = N(d,...) if N is a
constant depending only on d, ....

Theorem 2.4. Let p € (2, 00). Under Assumptions 2.1 and 2.2, for any f € L,((0,T) x RY),
there exists a unique u € W;’Z((o, T) x R?) such that Lu = f in (0, T) x R?. Furthermore,
there is a constant N =N(d, $, K, p, w, T) such that, for any u € W;],’z((O, T) x Rd),

”u”W,l,’z((O,T)X]Rd) < N”LM”L,,((O,T)XR”’)'
Remark 2.5. In case p = 2, by Theorem 2.2 in [11], the above theorem holds true under the

assumption that ¢’/ are functions of only (¢, x!) € R? satisfying Assumption 2.1. That is, we do
not need any regularity assumptions on the coefficient a%/ (¢, x ).

3. Auxiliary results
In this section the coefficients a’/ are assumed to be measurable functions of only (z, x!) € R2.
In addition, we assume that a!! is a function of only x! € R. Throughout this section we set
Lu(t,x)=u,(t,x)+a" (t, Xl)uxixj (t, x).
We denote by 3’ Q, (¢, x) the parabolic boundary of Q, (¢, x) defined as
30t x)=([t.t +r*] x B () U{(t +r,y): y € B-(x)}.

Lemma 3.1. There exists N = N(d, §) such that, for u € Wzl’z(Q,) with uly g, =0, we have

rZ/|ux|2dxdt+/|u|2dxdz<Nr4/|z:u|2dxdz.
o) 0 0

Proof:_ The proof is identical to that of Lemma 4.1 in [11]. In fact, Lemma 4.1 in [11] assumes
that ¢’/ are functions of only x!, but the proof there needs only the fact that a!! is independent
oft. O

Lemma 3.2. Let 0 < r < R. There exists N = N(d, 8) such that, for u € W,"*(QR),

IIMIIWZI,z(Qr) SN(I1Lu —ullLy0p) + (R — V)_2||M||L2(QR))-

Proof. The proof of this lemma is based on the estimate of solutions of the equation Lu = f
in Lz(Rd+]). To find the L;-estimate, see Remark 2.5 or, more precisely, Theorem 3.2 in [11]
with A = 1. Hence the proof of Lemma 4.2 in [11] can be repeated without any change. Also see
the proof of Lemma 4.2 in [10]. O

Lemma 3.3. Ler y = (y',...,¥%) be a multi-index such that y' = 0,1,2. Set y' =
0,92, ...,y and 0 < r < R. If h is a sufficiently smooth function defined on Qg such that
Lh=0in Qg, then

f|DV’h,;2dxdt+/|Dyh;2dxdzgN/ |h|? dx di,
O Or Or
where N=N(d,$,y, R,r).
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Proof. Use Lemma 3.2 and the argument in the proof of Lemma 4.4 in [10]. O

We recall some function spaces which we need in the following lemmas. As is well known,
we denote by H ; (RY), s € R, the space of all generalized functions u such that (1 — A2y e
L,,(Rd). Fork=0,1,2,..., W;f(.Q) is the usual Sobolev space and cktv (£2),0<v < 1,is the
Holder space. By CX(£2) we mean the space of all functions u whose derivatives D%u, |a| < k
are continuous and bounded in £2. As we recall,

[D*u(x) — D*u(y)|
lullcrev 2y = llullcr gy + sup
(£2) — (£2) O;kxyE-Q Ix — y|¥

XF#y

’

where

lullcky= >, sup|D*u(x)|.
\a|<k"€9

Lemma 3.4. Let u € W,*((0, 00) x R%) N C%([0, 00) x RY). Then we have

sup HM(S )” W Ry X N(d)llu”W' 2((0 o0)xRd)*

0<s<o0

Proof. Observe that

o0
/|ux,-(s,x)|2dx=—2//uxi,(t,x)ux,—(t,x)dxdt

R4 R4 s
o0 o
=2//uxixi(t,x)u,(t,x)dxdt<//|uxixi|2+|u,|2dtdx.
s Rd Rd s

Similarly, we obtain

/|u(s x)| dx<//|u,|2+|u| dtdx.

R4 s

The lemma is proved. O

In the rest of this paper, &, represents, depending on the context, one of h,i, i =2,...,d,
or the whole collection {h,2,...,ha}. By hy wemeanoneof hi,i =1,...,d, or the gradient
of h with respect to x. Thus A, is one of A, ;, where i € {1,...,d} and j € {2,...,d]}, or the
collection of them. Norms of these collections are defined arbitrarily.

Lemma 3.5. Let h be a sufficiently smooth function h defined on Q4 such that Lh =0 in Q4.
Then, for each x' € B},

4

/Hh(ﬁ ~,x/)||52(_2’2)dt+/||h 3D, 24

0
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/ [oase e 7y 0y dE S NIRIE g

where 1 < p<00,2<R<4,and N=N(,$, p, R).

Proof. We prove that, for each x’ € B/,

f”h(t"’x/) ||€2(—2,2) dt"'f”hx‘(t’ ~x) ”22(—2,2) <N, g,): €)
0 0

where 2 < 7 < R. If this turns out to be true, then using this and the fact that Lh,y = 0 we
obtain the inequality (3) with &,/ in place of &. Furthermore, using L£h,/,» = 0, we also obtain
the inequality (3) with &,/,s in place of h. Hence the left side of the inequality in the lemma is
not greater than a constant times

”h”iz(Qr) + ”hx/”iz(Qr) + ”hx’x/”IL)z(Qr)-

This and Lemma 3.3 finish the proof.
To prove (3), we introduce an infinitely differentiable function 5 defined on R? such that

1 1 on0,4] x[-2,2],
n(t.x') = 2 2 2
0 onR*\[(—r",r%) x (=r,1)],
where 2 < r < 1. For each x’ € Bi, view nh as a function of (¢, x!) € (0, 00) x R. Then by

Lemma 3.4

sup ”(’7}‘)(& ’x)HW IR) S 2||(’7h)( x)”w”((o 00)xR)

0<s <0

for each x” € B|. Note that the pth power of the left side of the above inequality is greater than
or equal to a constant times the left side of the inequality (3). Also note that the right side of the
above inequality is no greater than a constant times

/
172G w220,2)x iy @
Now notice that there exists an integer k such that, for each ¢ € (0, r2) and x! € (—r, r),

sup |h(t X x)| N||h(t X

X eB1

)HW"(B)

This inequality remains true if we replace & with h;, k.1, or h,1,1. Hence, for all x' e B{ , the
square of (4) is not greater than a constant times

/ [0 I+ U5 g

0 —r
2 2
+ ”hx] (t,)cl7 )“ WEB) + ”hx'x' (l,xl, ) ”Wé{(Bi)) dxldl,

which is, by Lemma 3.3, less than or equal to a constant times ||h||%2(Qr). The lemma is
proved. O
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LetL, L,((S,T)x £2),8C R?, be the space of functions u(¢, x) on (S, T) x §2 such that

‘ pla \'P
lullz, L,qs.myx2) = (/(/|M(l‘,x)|qu> dl) < 00.
s @

By W;:,?((S , T) x R%) we mean the collection of all functions defined on (S, T') x R¢ such that

“u||W},j§((S,T)><Rd) = ||u||Lp7Lq((s,T)x]Rd) + ||ux||Lp7Lq((s,T)><]Rd)

Flluxxlle, r,«s.myxrdy F luellL, 1,s.7)xRE) < 0.

We say u € Wy 2((S, T) x RY) ifu € Wh2((S, T) x RY) and u(T, x) =0.
The following theorem is taken from [7]. Note that in the theorem coefficients a'/ are inde-
pendent of 7.

Theorem 3.6. Let p > q > 2, 0 < T < 00, and L be the operator defined in (2). That
is, coefficients al, b, and ¢ satisfy Assumptions 2.1 and 2.2. In addition, we assume that
a'l are independent of t and, in case q =2, a'/ are functions of only x' € RY. Then for any
feLl, Ly(0,T)x RY), there exists a unique u € V‘i/,lj((o, T) x R?) such that Lu = f in
0,7T) x RY. Furthermore, there is a constant N, depending only on d, 8, K, p, q, T, and the
function w, such that, for any u € W;:?,((O, T) x RY),

el w12 0.7y xmey S NILUI L, 1, c0.7) <RS-

In the lemmas below we use the following notation:

[f],u.,v;Qr = sup |f(tvx) - f(S, y)|

(). s.y)e0, 1t —SIH+]x —y[V
(t,x)#(s,y)

Lemma 3.7. Let p > 4 and 2/p < B < 1/2. Assume that h is a sufficiently smooth function
defined on Q4 such that Lh =0 in Q4. Then

(xx'Tiv, 01 < Nl Ly (04)
where u=6/2—1/p,v=1/2—B8,and N =N, $, p, B).

Proof. First we note that 0 < u <1 and 0 < v < 1. We prove

(M, 00 + a0 S NI Ly 0.) (5)

where 2 < T < 3. Once this is proved, the lemma follows from the argument in the proof of
Lemma 3.5 (i.e., use Lh,» =0, Lh,,» =0, and Lemma 3.3).
For the proof of the inequality (5) it is enough to prove the following: for all s, t € (0, 1) and
x' € B,
|G, xy = hs, - x| 1y q) S NlE= sl 00, (6)
Hh([, s x/) ||C1+V(—1,1) + ||hx/(t’ ) X/) ”Cl(—l,l) < N”h”LQ(Q-[)? (7)
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where h(t,xl,x’ ) is considered as a function of only xte (—1, 1). Indeed, observe that, for

(#,%), (s, ¥) € Q1,
|n(t,x) = h(s, )| < |h(t, x", x") = h(t, y', X')|
+ Rty x) = k(e ' )+ Ry ) = h(sy' )|
< sup |ha (2 )| x =y + osup A (e 2 )| =y

’
|

—l<zl<l Z|<1
—1<z'<1
+ sup k(.2 ) —h(s. 2 YY)
—1<zl<1

SN(Jx =yl + 1t = sI") IRl Ly o)
where the last inequality is due to (6) and (7). This proves
)pv.01 < NIkl Ly 00
Similarly, (6) and (7) imply
[ ]uw.01 < NllLycon)-
We now prove (6) and (7), but instead of (7), we prove
||h(tv'v-x/)||cl+v(_1’l) gN”h”Lz(Qr)v (8)
where 2 < r < t. If this holds true, then, as in the proof of Lemma 3.5, by the fact that Lh,» =0
it follows that
||hx/(l, ) )C/) ||C1+v(_1’1) < N”hx’ ”Lz(Qr)'
This and (8) along with Lemma 3.3 prove (7).
Let 7 be an infinitely differentiable function defined on R? such that
1 1 on[0, 1] x[-1,1],
n(t,x') = 2
0 onR~\(—4,4) x (—2,2).

Also let
g(t,xl,x’) =— Z aij(t, )Cl)hxixj (t,xl,x’),
i#1or j#1
so that
he+a" (< Nho =g
Then

(nh); +a”(x1)(nh)xlx1 =ng+ 2a”nx1hx1 + (nt +a”nx1x1)h.

For each x’ € Bi, consider nh as a function of (¢, x') € (0, o0) x R. Then by Theorem 3.6 (note
that nh = 0 for t > 4), we have

1 1
”’7h||w,‘,;§((o,oo)xR) < N” ng +2a nahy + (m +a nxlxl)h‘|L,,7L2((0,oo)><R)’

where N = N (8, p). We see that, for each x” € B, the right-hand side of the above inequality is
not greater than a constant times

IRl L, Ly0.4x(=2.2)) + IhxllL, Ly(0.4)x(=2,2)) + N Axxr 1L, L5((0.4)x(=2,2))5
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which is, by Lemma 3.5, less than or equal to a constant times ||2]|,(p,). Hence it follows that
[ @G 120,00 xmy < N MAlIL2c0r) ©)

for all x" € Bi. Again we view nh as a function of (¢, x1) € (0, 00) x R. Then by Theorem 7.3
in [12]

|| (nh)(tv ) .X/) - (ﬂh)(s’ y X/) || sz_ﬁ(R) == Nlt —S |M || (nh)(1 )C/) || WII,;((O,OO)XR) (10)
foreach x’ e B{, where N is independent of s, ¢, and nk. Using an embedding theorem, we have

[mh) @, - x") = (h)(s, -, x) ||C1+V(R) <N|(h)(E, - x") — (nh)(s, -, x) ||H22—ﬁ(R),
where, as noted earlier, v = 1/2 — 8. From this, (9) and (10), we finally have
[mh) @, - x") = (gh) (s, -, x) ||C1+V(R) <Nt =s*lIrlLy00

forall x’ € Bi. This proves (6). To prove (8), we set s = 4 in the above inequality. The lemma is
proved. O

Let u € CgO(Rd+1) and f := Lu, where, as we recall, Lu = u; + aijuxixj. Assume that

all (xl), a'l (t, xl), i # 1 or j # 1, are infinitely differentiable. Then there exists a sufficiently
smooth function % defined on Q4 such that

{Eh =0 in Q4,
h=u ond Qs.

In the following lemma we establish an inequality for the functions u, f and / in the above.
Lemma 3.8. Let p >4 and 2/p < B < 1/2. There exists a constant N = N(d, 8, p, B) such that
(Pxx I, 00 S NIFlLas) + Nlluxxllya)s

where u =8/2—1/pandv=1/2—B.

Proof. We need only follow the argument in Lemma 4.6 in [10] along with Lemmas 3.1
and3.7. O

Denote by (1) g, (1,x,) the average value of a function u over Q, (1, xo), that is,

(W), (t,x0) = ][ u(t,x)dxdt.
0O (t0,x0)
Lemma3.9. Let k >4 andr > 0. Let a'/ be infinitely differentiable. For u € Cgo (Rd+1 ), we find

a smooth function h defined on Q,, such that Lh =0 in Q. and h = u on 3’ Q. Then there
exists a constant N = N (d, §) such that

f|hxx/ - (hxx/)Qr
O

Zdxdr < Ne P (1LuP)y, + (1P, ] (11)
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Proof. We first prove that the inequality (11) holds under the assumption that the inequality is
true for the case r = 1. In fact, this is done by the dilation argument shown in [10,11]. However,
rather than referring to these papers, we repeat here the argument. Let » > 0, x > 4, and & be a
sufficiently smooth function such that L4 =0in Q,, and s =u on 3’ Q,,. Set

82

P _ =2 2 A_ 0 ij(..2 1
hit,x)=r h(r t,rx), E———i—a”(r t,rx )axii)xf'

ot

Then / is defined on O, and
Lh(t,x) = (Lh)(r’t,rx) =0 in Qr, h=i ond Q,

where 7i(r, x) = r—2u(r’t, rx). Note that L satisfies the same ellipticity condition as £ does.
Thus by the assumption that the inequality (11) holds true for the case r = 1, we have

][|}A1xx’ - (ﬁxx/)Ql |2dx dt < NK_1/4[(|£12|2)QK + (mxx'z)QK]'
0
Notice that

][lex’ - (flxx’)Q1 |2dx dt = ][‘h"x/ - (hxx’)Q,- |2dx at,
0, o
(1£aP) o, + (1x) g, = (1LuP) o + (lusl?) . -

Therefore, the inequality (11) is proved for r > 0.
For the case r = 1, set p =8 and 8 = 3/8 in Lemma 3.8, so 2u = v = 1/8. Then using
Lemma 3.8 and the dilation argument in the above, we obtain

T 00 S NETA(1LuP) 5 + (luaal) ] (12)
On the other hand, by the fact that « > 4, we have
2
f|hxx/ — (hxx/)Ql | dx dt < N[hxx/]i’u’Ql < N[hxx/],zl,u,QKM'
01

This and (12) prove the case r = 1. The lemma is proved. O

Lemma 3.10. There exists a constant N = N(d, §) such that, for any k >4, r >0, and u €
CS (R, we have

][ |uxx/ — (Uxy) (o

Or

2 _
dxdt < NKd+2(|£u|2)Q” + Nk 1/4(|u”|2)Q”

Proof. Use Lemmas 3.9, 3.2, 3.1 and the argument in the proof of Lemma 4.8 in [10] (also see

Lemma4.7in[11]). O

4. Proof of Theorem 2.4

We assume in this section that all assumptions in Section 2 are satisfied. Especially, by L we
mean the operator defined in (2). In this section we set

Lou = u; —i—aij(t,x)uxixj.
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Let Q be the collection of all Q,(z,x), (t,x) € R*1, r € (0, 00). For a function g defined
on R4t we denote its (parabolic) maximal and sharp functions, respectively, by

(t,x)e

Mg(t,x) = sup ][’g(s, y)|dyds,
0
0

g'(t.x)= sup ][Ig(s,y)—(g)Q!dyds,
(1,x)eQ 0

where the supremums are taken over all Q € Q containing (z, x).

Theorem 4.1. Let 1, v € (1,00), 1/u+1/v =1, and R € (0, 00). There exists a constant N =
N(d,$, w) such that, for any u € C3°(QR), we have

() < N (@) [M (uax )] + N[M(1Loul®) ] [M (e )]’
where « = 1/(8d + 18) and B = (4d + 8)/(8d + 18).

Proof. Let « > 4, r € (0, 00), and (ty, x9) = (%o, xé, x(/)) € R4+ We introduce another coeffi-
cients @/ defined as

El”(xl)z ][ a“(s,xl,y’)dy’ds if kr <R,
Flcr(to,x(/))
Ez”(xl):J[a”(s,x],y’)dy/ds ifkr > R.
I'r

Incasei #1orj#1,
c_zij(t,xl) = ][ ai-j(t,xl, y’) dy/ ifkr <R,
By, (xg)

ail (x") = ][aij(t,xl,y/) dy' ifkr>R.

B

Set Lou = u; +a'u i ;. Then by Lemma 3.10, we have

2
(|uxx’ - (uxx’)Q,-(l‘(),xo)| )Q,(t(),x())

d+2(17 2 _1/4 2
S Nie (|L0u| )ri(to,X()) + Nk / (lu"x' )QK,.(tO,xo)' (13)
Note that
/ |Lou|*dx dt <2 / \Loul*dxdt + N(d) Y Xij» (14)
QO (10, x0) Qr (to.x0) i,j=1

where
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Xij = / |(c'zij —aij)uxixj|2dxdt: / ~-~<Iilj/uJi;/M,
Qicer (0, X0) Qier (t0,x0)NQ R

I = / @' — 'l [ dx dt,
Qicr (10,X0)NQOr

Jij = lui | dxdt.
Qicr (10,X0)NQR

Using the definitions of @'/ and assumptions on a%/, we obtain the following estimates for I; It
Kr < R,

x(])+lcr
Ihi<N / / |El11 —a“|dxdt<N(Kr)d+2(’),(fr’x/)(a“) < N(er)d2ak,.
xé —Kr FKr(’O’x(/))

In case kxr > R,

R
I SN//M“ —a'l dxdthRdJrzO%’x/)(a”) <N(Kr)d+2a§.
—R TR
Nowlet j£1lork#1.Ifkr <R,

lij <N / @' — a'|dx'dx" dt < N (kr)* 0% (a) < N(kr)"2d.
Agr (10,%0)
In case kr > R,
Iij <N / |Etij —d | dx'dx'dr < NR”H'ZO’I%/ (aij) < N(/cr)d"'zai.
AR

From the inequality (14) and the estimates for /;;, it follows that

- 1/ 1/
(|L0“|2)Qm-<ro,xo) < N(af) U(|”“|2M)Q:i(zo,xo> + N(|L0”|2)Qw(m,x0)'

This, together with (13), gives us

(|Mxx’ — (Mxx/)Qr(t(),xo) |2) 0, (to,x0)
< NKd+2(a§)l/v(|uxx|2M)]/M

Or (10,X0)
+ N2 (|Loul?) s+ N A (Jua ) (15)

Qr (t0,%0 ier (20,X0)

forany r > 0 and « > 4. Let
A(t,x)=M(|Loul?)(t,x),  B(t,x) = M(Juex|*)(t, %),
C(t, x) = (M (Jugx #) 1, 1)) /¥

Then we observe that (|Lou|?) Or (t0.x0) <AL, x) for all (¢, x) € O (fo, xo). Similar inequalities
are obtained for B and C. From this and (15) it follows that, for any (7, x) € R**! and Q € Q
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such that (¢, x) € Q,

(Juer = wexo) o < N2 (af)

for k > 4. Moreover, the above inequality also holds true for 0 < k¥ < 4 because

e, x) + N2 Az, x) + Niem V4B, x)

2 _
f|”xx’ - (Mxx’)Q| dxdt < (|Mxx’|2)Q < ‘/5’( ]/4B(t7 X)
)
for any (¢, x) € Q € Q. Therefore, we finally have
(Juxw = (e)ol’) g < NeT+2(af) " Clt, x) + Nk Att, x) + Nk~ V4B(e, x)

forallk >0, (t,x) € R4+ and 0 € Q such that (¢, x) € Q. Take the supremum of the left-hand
side of the above inequality over all Q € Q containing (¢, x), and then minimize the right-hand
side with respect to « > 0. Also observe that

2 2
(|uxx’ - (Mxx’)Q|)Q < (‘uxx’ - (uxx’)Q| )Q
Then we obtain
1 4d-+8
[u* (1,0 < N[(ak)""C(t, x) + A, x) |77 [Bt, )] ¥,
where N = N(d, 8, ). Upon noticing B(z, x) < C(t, x), we arrive at the inequality in the theo-
rem. This finishes the proof. O

Corollary 4.2. For p > 2, there exist constants R = R(d, 8, p,w) and N = N(d, 8, p) such that,
for any u € C3°(QRr), we have

“uxx“Lp(]Rd“) < N||L0”||Lp(Rd+l).

Proof. In this proof we set L, := LP(R‘H‘I). Let u be a real number such that p > 2u > 1.
Then by applying the Fefferman—Stein theorem on sharp functions, Holder’s inequality, and the
Hardy-Littlewood maximal function theorem on the inequality in Theorem 4.1, we obtain

lxxllz, < N(a ) ||uxx||L,,+N||L0u” IIMxxIIL , (16)
where, as noted in Theorem 4.1, 1/ + 1/v =1 and 2« + 28 = 1. On the other hand, let
g=Lou+ Ag—1u— Z aijuxixj,
J#Lks#1
where Ag_1u =u,2,2+ -+ uyaa. Then
u,—l—a”u Il +Ag_iu=g.

Note that the coefficients of the operator al u 1 + Ag—1u satisty the assumptions in [11]. Thus
by Corollary 5.2 in [11] there exists R = R(d 8 p,w)and N = N(d, §, p) such that

lugipill, <Nlgle,, ueC(Qr).
This leads us to

g, < N(ILoulle, + luxellz,). u€CE(QR).
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This and (16) allow us to have

#\ 5 2 2p
luxxllz, < NllLoullz, + N(ak)® luxxllz, + NIILoullL",‘,Iluxxlle-

Take another sufficiently small R (we call it R again), which is equal to or smaller than the R in
the above, so that it satisfies

N(ak)¥ <1/2. (17

Then we obtain

1 2
Sl < Nl Loull, + NI LoulF s 7).
This finishes the proof. 0O

Proof of Theorem 2.4. We have an L ,-estimate for functions with small compact support. Thus
the rest of the proof can be done by following the argument in [14]. O
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