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Abstract

This study presents an analysis of the association between the coefficient of permeability of active clays and their porosity and tortuosity.
Montmorillonite was selected because it is used as a barrier in geo-environmental projects and its sensitive structure results in wide variations in
permeability when in contact with pore fluids. The microstructural approach was selected for a numerical simulation using the discrete element
method (DEM). A DEM code was developed by considering the mechanical force, diffuse double-layer repulsion, and van der Waals attraction as
the inter-particle interaction. The coefficient of permeability was calculated by simulating consolidation tests, and the DEM simulations were
compared with the experimental data. The results show that the coefficient of permeability decreased as the void ratio decreased. At the same void
ratio, there was a deviation between the coefficient of permeability for clay–electrolyte systems caused by the micro-fabric and variations in
tortuosity. Micro-fabric evolution during loading showed that increasing the stress state caused a reorientation of the particles perpendicular to the
direction of loading and increased the anisotropy of the particle orientation, increasing the tortuous flow path. A dispersed or oriented structure
can occur at the same void ratio for different clay–electrolyte systems, causing variations in the coefficient of permeability.
& 2015 The Japanese Geotechnical Society. Production and hosting by Elsevier B.V. All rights reserved.
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1. Introduction

Compacted active clays are used as barriers in geo-environ-
mental projects because of their low permeability and high
buffering capacity (Komine, 2008). In spite of the benefits of
these active clays, they are known as problematic soils. The high
specific surface area (SSA) and high cation exchange capacity
(CEC) of clay cause more surface area to be exposed to pore fluid
following the formation of the new fabric (Mitchell, 1993). The
chemical compatibility of compacted soil has been of concern to
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geotechnical engineers and soil scientists since the early 1980s
when the serious leakage of hazardous chemicals was discovered
in underground burial facilities (Xu, 1994).
Changes in hydraulic conductivity are usually postulated to

be the result of micro-fabric changes caused by pore fluid
chemistry. For example, calcium montmorillonite has higher
permeability than sodium montmorillonite (Mitchell, 1993).
Thermodynamically, clay has a greater affinity for high
concentrations of sodium and divalent cations (such as
calcium) than lower concentrations. The tendency of clay to
exchange a cation leads to the rearrangement of the particles,
potentially changing the permeability (Guyonnet et al., 2005).
A number of studies have examined the permeability of clay

in contact with various pore fluids (Petrov and Rowe, 1997;
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Notations

ε static dielectric constant
n concentration of cations
ν valance of cations
ψ0 surface potential
T Temperature
l particle length
H Hamaker constant
α angle between pair particles
Ks shear stiffness coefficient
KN normal stiffness coefficient
W particle width

γ fluid density
η fluid viscosity
S specific surface area
τ Tortuosity
e void ratio
Le effective (or actual) length
θ angle between flow direction and particle

orientation
CEC cation exchangeable capacity
Cv coefficient of consolidation
mv coefficient of volume compressibility
Aij fabric tensor
M anisotropy of the particle orientation
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Siddiqua et al., 2011). These and other studies (Olsen, 1960;
Mesri and Olson, 1971a) investigated the effect of the pore
fluid, the stress level and the void ratio on the hydraulic
conductivity of clay. The studies showed that increasing the
stress level decreased the permeability as a result of a reduction
in porosity. Mesri and Olson (1971a) showed that hydraulic
conductivity varies for different pore fluids at the same void
ratio. The effect of particle rearrangement on permeability was
not investigated in these studies.

It has been shown that the hydraulic conductivity of clay is
strongly dependent upon the type of particle fabric (Mitchell,
1993; Olsen, 1960). The rearrangement of the particles affects
the tortuosity and porosity, two important microstructural
parameters in the evaluation of permeability. This means that
microstructural methods are the best approach for monitoring
their behavior (Ichikawa et al., 2004). Experimental studies
have traced variations in hydraulic conductivity at the micro-
scopic scale using SEM and XRD analyzes (Melchior et al.,
2002; Egloffstein, 2011).

Although experimental methods enhance the understanding
of clay behavior, there are limitations to controlling all the
parameters that could influence the results, especially since
experimental tools cannot systematically evaluate the micro-
fabric or the particle rearrangement. The pore fluid character-
istics and the initial fabric of the samples should be prepared in
the first stage of any experimental study (i.e., homoionic or
disperse montmorillonite) (Mesri and Olson, 1971a). These
processes are sensitive and occasionally inaccessible. Limita-
tions to controlling and monitoring the parameters that affect
the clay behavior have led researchers to use numerical
methods in place of experimental methods (Zdravkovic and
Carter, 2008).

A common numerical procedure for simulating soil behavior
at the microscopic level is the discrete element method (DEM)
(Cundall and Strack, 1979; Zhu et al., 2008), which has been
used as a virtual laboratory (Zdravkovic and Carter, 2008;
Munjiza, 2004). Due to the discontinuous nature of soil,
researchers have tested the use of DEM models to simulate
non-cohesive soils (Zhu et al., 2008; Liu et al., 2003) and
cohesive soils (Anandarajah, 1994). The good agreement
between DEM simulations and experimental results indicates
that DEM models are powerful tools for modeling clay behavior
(Anandarajah, 2003). The authors recently used DEM models to
simulate one-dimensional compression behavior in montmorillo-
nite (Bayesteh and Mirghasemi, 2013a; Bayesteh and
Mirghasemi, 2013b). The results indicated compatibility between
theoretical and existing experimental data.
Past studies quantified the effect of the void ratio and the

stress level on clay hydraulic conductivity in contact with pore
fluid (Yu and Li, 2004). Differences in permeability at the
same void ratio in the results have been explained by the
differences in particle arrangement and tortuosity; however,
particle rearrangement and the variation in their tortuosity due
to changes in pore fluid characteristics have not yet been
quantified. To attain this goal, the present paper used DEM to
systematically examine changes in the coefficient of perme-
ability of montmorillonite at different pore fluid compositions
and stress levels. A DEM model was used to investigate the
anisotropy of a particle orientation and to evaluate the
variations in microstructural parameters affecting the coeffi-
cient of permeability, such as tortuosity. Simulations were
done on pure montmorillonite with different salt concentra-
tions and cation types. The results indicate that, at the same
porosity, the difference in permeability for montmorillonite at
two pore fluid compositions depends on the variations in
particle anisotropy and tortuosity. The main limitation of this
study is the 2D modeling, considering the saturated media and
the simulation behavior at high void ratios.
2. Theoretical background

The Kozeny-Carman (KC) equation is a widely-used
relationship between the physical properties of a fluid, namely,
the soil mass and the saturated hydraulic conductivity (Scholes
et al., 2007), as shown in Eq. (1):
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where γ is the fluid density, η is the fluid viscosity, S(or SSA)
is the specific surface area, τ is the tortuosity and e is the void
ratio. Laboratory studies have shown that the KC equation can
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predict the permeability of sands and clays with some
modifications (Chapuis and Aubertin, 2003). If the density
and viscosity of the pore fluid remain the same during leaching
for a mineral (constant SSA), then
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where subscripts 1 and 2 are used to denote the type of pore
fluid. In Eq. (2), porosity and tortuosity control the clay
coefficient of permeability in contact with various pore fluid
chemistries (Mitchell, 1993; Olsen, 1960).
2.1. Porosity effects on permeability

In order to understand the flow through a porous medium in
micro scale, it is necessary to find the size and the arrangement
of the pore structures, and then the flow regime within the pore
structure. Inter-particle and intra-particle pores usually exist at
the representative elementary volume (REV) (Mitchell, 1993).
These pores are categorized based on the shape and the size of
the clay particles (Fig. 1). The basic structure of montmor-
illonite clays is a combination of bound alumina and silica
sheets, as illustrated in Fig. 1. The stacking of basic sheets into
layers and the binding of these layers produces particles of
different sizes. Montmorillonite particles range in thickness
from 1 nm to about 1/100 of its width (Van Olphen, 1993).

The size and the quantity of the pores influence the
coefficient of permeability (Mitchell, 1993). Studies have
shown that permeability increases as porosity increases
(Siddiqua et al., 2011; Mesri and Olson, 1971a). The classic
KC equation only considers a unique void ratio as the REV
porosity; thus, Olsen (1960) presented a dual-porosity model to
enhance the KC equation by separating the void space into
inter-cluster and intra-cluster voids. Since the selection of pore
size depends on the scale of the study, this study devised a
model for clay permeability through the cluster pores under a
high void ratio and investigated the porosity for the intra-
particle. It should be noted that the dual-porosity model is
Fig. 1. Basic unit cell, sheet and cluster of montmori
common for use with compacted clays at a low range in void
ratio. Thus, only intra-cluster pores are considered here.
2.2. Tortuosity effects on permeability

Tortuosity affects the permeability of porous media. It is
defined as the effective (or actual) length Le of the path of a
hydraulic flow passing through a unit length L of a medium, as
depicted in Eq. (3). Thus, Le is always greater than L (Scholes
et al., 2007; Mohajeri et al., 2010).

L

L 3
eτ = ( )

In granular media, the shape of the particles, the packing method
and the angularity are the most important parameters affecting
tortuosity (Scholes et al., 2007). There is no direct experimental
method to investigate tortuosity, as there is for microstructural
parameters, such as the specific surface area, porosity or pore size
distribution (Barrande et al., 2007). Some studies have investigated
tortuosity using a numerical approach. Yu and Li (2004) used a 2D
square particle system to derive a geometric model for tortuosity.
Matyka et al. (2008) studied the tortuosity-porosity relationship
using a microscopic model of a porous medium organized as a
pack of overlapping squares. Sobieski et al. (2012) used a DEM
numerical method to determine the tortuosity in porous beds
consisting of randomly packed spherical particles.
In contrast to granular material, the tortuosity in clay differs

depending on the scale of the study. The parameters affecting the
tortuous flow path through cluster pores are similar to those for
granular material, as illustrated schematically in Fig. 2. Tortuosity
depends on the void ratio and the size and the form of the clusters
(Olsen, 1960; Scholes et al., 2007). For a multi-scale hydraulic
conductivity study limited to one cluster, intra-cluster porosity
affects the tortuosity, the mineralogy and the arrangement of the
particles within a cluster. The flow path through an oriented
arrangement of particles (Fig. 3c) is longer than that for a random
arrangement (Fig. 3a). Therefore, the parameters leading to
changes in the clay microstructure, such as mineralogy, pore
llonite particles for REV and different pore sizes.
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fluid characteristics and the angle between particles and stress, are
important for evaluating tortuosity (Mitchell, 1993).

Olsen (1960) defined a relationship among tortuosity,
particle dimensions, particle angle and porosity (e), as shown
in Eq. (4). Parameters a, b and θ are defined in Fig. 4, where θ
is the angle between the flow direction and particle orientation.
In the proposed model, an increased length/width ratio and
increased parallel particles lead to higher tortuosity.

⎜ ⎟⎛
⎝

⎞
⎠f

a

b
e, ,

4
τ θ=

( )

The dimensions of clay minerals a and b can be estimated
from previous studies and the XRD analysis (Mitchell, 1993;
Ichikawa et al., 2004). If the mineralogy remains the same
during leaching for a specific mineral, the tortuosity depends
Fig. 2. Tortuous flow path between clusters.

Fig. 3. Tortuous flow path through intra-particl
on the void ratio and the angle between particles. During
loading or leaching, it is not possible to use experimental tools
to determine the angle between particles. SEM and XRD
analyzes only qualitatively measure the fabric of the particles
at a specific step (Hattab and Fleureau, 2011). In this study, a
DEM model was used to measure changes in the angle of the
particles during compression to investigate the effect of the
void ratio and particle angle on tortuosity.
2.3. Inter-particle forces

The three main steps in the DEM calculation are the
evaluation of the inter-particle forces, the identification of the
contacting particles and the evaluation of Newton's second law
using the central difference method (Cundall and Strack, 1979;
Zhu et al., 2008). In a DEM analysis, the inter-particle forces
are determined based on a suitable particle–particle interaction
equation called a “contact law”.
The mechanical interaction is the only contact force in

granular media. In contrast to granular materials, there are
mechanical forces between clay minerals and physico-chemi-
cal interactions between them. The diffused double-layer
(DDL) repulsion and van der Waals attraction are the main
e pores for different particle arrangements.

Fig. 4. Model and parameters for tortuous flow paths within intra-cluster
particles.



H. Bayesteh, A.A. Mirghasemi / Soils and Foundations 55 (2015) 1158–11701162
forces between the clay minerals based on their SSA, CEC and
pore fluid chemistry (Mitchell, 1993; Van Olphen, 1993).

The authors have recently developed a new method using a
DEM algorithm to model clay behavior considering the inter-
particle forces, whose effect of the water (pore fluid) is
simulated by considering the inter-particle forces (Bayesteh
and Mirghasemi, 2013a; Bayesteh and Mirghasemi, 2013b). In
this method, the repulsive force between two particles can be
determined by Eq. (5) (Bayesteh and Mirghasemi, 2013b).
Details of this equation were described in previous studies
(Anandarajah, 1994; Bayesteh and Mirghasemi, 2013b). Based
on this equation, the magnitude of the DDL repulsion depends
on the following system variables: the static dielectric constant
(ε) of the medium, the concentration and valance of the cation
(n, ν), the intensity of the surface charge (surface potential
(ψ0), temperature (T), the geometry of the particle pairs
(particle length (l), the distance between the pair particles
(H) and the angle between them(α)).

F f T n l H, , , , , , , 5R 0 0ψ ν ε α= ( ) ( )

The mechanical contact force is calculated by defining the
stiffness coefficient as for granular materials (Mitchell, 1993;
Bayesteh and Mirghasemi, 2013). In this approach, the normal
(FN) and the shear (FS) forces are developed as a function of
penetration distance Δ, as shown in Eq. (6), where K is the
stiffness coefficient. The normal and shear penetration lengths
between two particles are calculated based on the magnitude of
overlap using Eq. (6):

⎡
⎣⎢

⎤
⎦⎥

⎡
⎣⎢

⎤
⎦⎥

⎡
⎣⎢

⎤
⎦⎥

F
F

K
K
0

0 6
N

S

N

S

N

S

Δ
Δ

= ×
( )

The other effective force controlling the behavior of clay is
the van der Waals attractive force. In this study, the method
proposed by Anandarajah and Chen (1997) has been used to
calculate the van der Waals attractive force.

F f H l d W, , , , 7A α= ( ) ( )

where H is the Hamaker constant, l is the length, d is the
distance between particles, W is the width and α is the angle of
the particle.

When discrete particles are close enough, due to external
force or changes in pore fluid characteristics, an overlap
between their DDL occurs (Mitchell, 1993). According to
the value of the overlapping area, repulsion or attraction
develops and can be calculated by the above equations. Thus,
the main step in DEM is to find the interacting particles. This
step has been called “contact detection” (Cundall and Strack,
1979; Munjiza, 2004). To find the discrete particles in contact
in a DEM simulation, an algorithm was devised to calculate an
effective interaction zone based on the thickness of the DDL,
the geometry of the particles and the effective distance
between them (Bayesteh and Mirghasemi, 2013b). This
effective area around the discrete particles is called the area
of repulsion (AOR). A contact detection procedure has been
proposed to simplify and to increase the effectiveness of the
programming by a step-by-step implementation (Bayesteh and
Mirghasemi, 2013b).
Finding the particles in contact, setting the contact list,

finding the particles in contact by double-layer repulsion and
calculating the DDL repulsion forces, finding the particles in
contact by van der Waals attraction, finding the particles in
mechanical contact and calculating the mechanical forces are
the main steps of the proposed algorithm (Bayesteh and
Mirghasemi, 2013a; Bayesteh and Mirghasemi, 2013b).
2.4. Permeability calculation

The Terzaghi theory of consolidation is used to calculate the
coefficient of permeability by considering the observed numer-
ical one-dimensional consolidation time-settlement curves
(Siddiqua et al., 2011; Mesri and Olson, 1971a). In this
method, the coefficient of consolidation (Cv) is firstly deter-
mined using the logarithmic method (Mesri and Olson, 1971a).
Then, by considering the initial and the final pressure in each
stage of loading and the related void rations, the coefficient of
volume compressibility (mv) is obtained. This means that the
permeability is not a part of the DEM cycles.
After that, the coefficient of permeability in each stage is

extracted from the calculated (mv). More details will be
discussed in Appendix A.
Terzaghi made these comparisons when he developed his

theory and found satisfactory agreement. By comparing the
measured and computed coefficients of permeability on
remolded and disturbed samples, Mesri and Olsen (Mesri
and Olson, 1971a) have shown that the calculated coefficients
of permeability using the Terzaghi method are low by 5–20%.
Indeed, when the specimen is compressed, the distance

between particles decreases. There is uncompressible water
between particles in saturated media. Therefore, the pore water
drains out due to a decrease in the voids between the particles.
This procedure was used in previous studies (Anandarajah,
1994; Anandarajah, 2003; Bayesteh and Mirghasemi, 2013a;
Bayesteh and Mirghasemi, 2013b).
Several studies have used the Terzaghi theory to calculate

the coefficient of permeability during the leaching of pore
fluids (Siddiqua et al., 2011; Mesri and Olson, 1971a; Di Maio
et al., 2004). In this study, the coefficients of permeability were
calculated using their coefficients of consolidation by DEM
simulating the one-dimensional consolidation of the montmor-
illonite using different pore fluids.
3. Analysis

3.1. Boundary condition

To simulate the compressibility behavior of montmorillo-
nite, a 1400� 1400 nm box, similar to that used in a classic
oedometer test, was confined by four boundary walls. These
boundary walls were assumed to be rigid and to be capable of
translational movement.
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3.2. Initial conditions

Discrete clay elements, with random locations and orienta-
tions, are automatically placed within the box using a
computer random-generator algorithm. Each clay particle
(which is depicted in Fig. 1 by: L/B¼�100) was assumed
as a discrete element in DEM. In the existing SEM photos, the
montmorillonite particle lengths are generally 80–220 nm and
1–3 nm in thickness, so these dimensions are used (Mitchell,
1993). The cation exchange capacity and SSA of the mon-
tmorillonite are assumed to be 100 meq/100 g and 800 m2/g,
respectively (Van Olphen, 1993; Tripathy et al., 2004). An
example of the initial assembly of clay particles is shown in a
previous study (Bayesteh and Mirghasemi, 2013a).

Variations in pore fluid characteristics affect the hydraulic
conductivity of clay (Siddiqua et al., 2011; Mesri and Olson,
1971a; Di Maio et al., 2004), so numerical samples were
prepared using different pore fluids to trace the effect of the
pore fluid chemistry on the changes in permeability for
montmorillonite. Salt concentration and the type of exchange-
able cations are the most important parameters influencing the
clay microstructure and changing the permeability (Mitchell,
1993; Mesri and Olson, 1971b). The test program devised for
this study is shown in Table 1. Salt type and concentration
were selected based on common pore fluid characteristics in
engineering projects (Mitchell, 1993).

3.3. Loading and compression

When the repulsive, attractive and mechanical forces are
turned on, the interparticle forces are activated and the
condition of the particles submerged in clay–water (electrolyte)
is simulated. A new arrangement is then induced based on the
new inter-particle forces. Particles move and the distance
between neighboring particles changes until equilibration
between mechanical and physico-chemical forces accrues
(Anandarajah, 1994). This stage is called relaxation.

To simulate one-dimensional compression, the horizontal
boundary walls are moved vertically at a prescribed velocity to
reach the needed strain. During a simulation, the time step and
the numbers of computational cycles (Ncycle) are chosen to
reach a static equilibrium state. The quasi-static simulations are
checked by controlling the unbalanced force (Bayesteh and
Mirghasemi, 2013a) To prevent numerical instability, the
relaxation mode is activated without wall movement after each
loading step.
Table 1
Test program.

Test ID Salt Type Cation
Valance

Concentration(M) Temp.(K) Di-electric
constant

1 NaCL 1 0.1 293 80
2 0.01
3 0.001
4 CaCL2 2 0.01
5 0.001
In the laboratory odeometer test, samples are usually loaded
instantly. In simulation with DEM, the sample should be
loaded gradually through a certain number of cycles to prevent
numerical instability. By introducing a strain rate boundary
mode, the simulation will reach the predefined loading after a
certain number of cycles (Anandarajah, 1994; Anandarajah,
2003).

3.4. Modeling pore water pressure

The effect of pore water pressure can be simulated by
considering the inter-particle forces (Mitchell, 1993;
Anandarajah, 1994; Bayesteh and Mirghasemi, 2013a). The
DDL repulsion and van der Waals attraction are induced as a
result of the existence of pore water pressure between clay
particles. Indeed, clay particles behave electrically like plate
capacitors. The plates, i.e., the clay crystal faces, are con-
sidered to be uniformly negatively charged over their surface
(Mitchell, 1993). When brought into contact with an aqueous
solution, the reactive surfaces of the soil particles interact with
the ions and molecules in the solution. When they are located
in a fluid, these charges are counterbalanced by positive ions
and an electrical field is developed locally. Therefore, the
cation concentration decreases with the increasing distance
from the clay particles (Mitchell, 1993). The clay surface and
the distributed charges adjacent to it are called the diffused
double-layer (DDL). When two particles approach each other
very closely and their outer electron clouds start to overlap,
strong repulsive force occurs, as illustrated schematically in
Fig. 5. In other words, the calculated physico-chemical forces
in the each time step represent the pore water pressure and
clay–water interaction. Based on the DDL theory, if there is no
water between the clay particles, these mechanisms of DDL
repulsion and van der Waals attraction cannot be developed.

3.5. Numerical parameters

The critical time step for non-cohesive particles has been
proposed as t m K2 /10 /crΔ π= , where “m” is the mass of a
particle and “k” is the stiffness coefficient (Cundall and Strack,
1979). The particle density is assumed to be kN s m2.7 /2 4( · ),
which is equal to N s nm2.7 10 /33 2 4× ( · )− , and the maximum
stiffness coefficient is assumed to be 1. 5 10 7× − N nm/( ).
Therefore, the critical time step for a 1� 100 nm clay particle
is 8.4 10 sec13× − . No recommendations exist for cohesive
particles. Therefore, according to the test situation, when
unbalanced force was satisfied, a higher time step was used
to save the running time. Thus, the time step 8.4 10 sec12× − is
applied here to save on computing time. To ensure quasi-static
deformation using a strain rate of not more than 10 1/sec5− ,
approximately 1015 time steps were necessary to reach a strain
of 10%.
The quasi-static simulations were checked by controlling the

unbalanced force (resultant force applied to each particle
related to the maximum force applied to each particle).
According to the existing recommendation (Ng, 2006), this
value was controlled to be less than 5%. Therefore, to save on



Fig. 5. Schematic of diffuse double-layer and mechanism of repulsion development.
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running time, the time step decreased when the unbalanced
force was higher than this value. The computations were very
time-consuming. Two computers with powerful CPU (core i7
2600 K) were used. The running time for one consolidation
test was about 1 month.

Contact detection between adjacent particles is the most
challenging aspect of this simulation. For this purpose, a
computer code was developed to find particles in repulsive,
attractive and mechanical contact forces (Bayesteh and
Mirghasemi, 2013a; Bayesteh and Mirghasemi, 2013b). Based
on common DEM validation methods (Anandarajah and Chen,
1997), verifications were performed for the present model and
are presented elsewhere (Bayesteh and Mirghasemi, 2013a).
4. Test simulations and analysis

4.1. Simulation of consolidation tests

Bayesteh and Mirghasemi (2013a) showed a series of
consolidation (e-log p) curves for various clay–water systems
with the results of the DEM simulation, the theoretical line
(based on DDL theory) and existing experimental data. In
order to compare the numerical simulations with the existing
experimental data, the pore fluid and the mineral characteristics
in the numerical assumption were selected to be the same as
those in the experimental data. In this study, the void ratio was
calculated using Eq. (8), where A is the total area of the particle
assembly, Li is the particle length and di is the thickness of the
particle.

e
A L d

L d 8

i i

i i
=

− ∑
∑ ( )

The thickness of the particle directly depends on the SSA.
The theoretical SSA for the pure montmorillonite (¼800 m2/g)
is used in this study. However, the presence of a small
percentage of other minerals in the composition of the pure
montmorillonite samples can cause a difference between the
SSA values from the laboratory measurements and those from
the theoretical calculations. Therefore, a limited deviation
between the assumptions of the SSA of a pure mineral and
the laboratory samples causes a minor deviation between the
DEM results and the experimental data (Bayesteh and
Mirghasemi, 2013a). Another source of deviation may be
due to the assumptions used in this study. The DEM results do
agree very well with the theoretical curve because the same
parameters were used in both the numerical simulation and the
theoretical calculations.
As mentioned previously, the coefficients of permeability

were calculated using simulated consolidation curves for
various pore fluids and the Terzaghi method. Details of the
other consolidation curves have been discussed elsewhere
(Bayesteh and Mirghasemi, 2013a).
One advantage of a DEM simulation is the capacity to

measure particle rearrangement during the simulation. Particle
orientation histograms were determined at each step of loading
to monitor the particle microstructure during compression.
This histogram has an angular distribution that can be drawn as
a rose diagram giving the number of particles as a function of
orientation. A histogram of the initial angle of the particles is
illustrated in Fig. 6. It can be seen that, at the initial
configuration, the particles were randomly generated and the
histogram formed an approximate circle. Fig. 7 illustrates the
particle histograms after compression up to 1000 kPa. The
assemblies are compressed and reoriented and, by increasing
the vertical pressure, the particles rotate to an orientation
perpendicular to the loading direction and the intensity of their
orientation increases along the horizontal axes. This change in
particle orientation from vertical loading has been shown in
SEM photos (Hattab and Fleureau, 2011) and the XRD
analysis (Guyonnet et al., 2005).
To quantify the change in orientation of the particles during

consolidation, a fabric tensor was used (Satake, 1982).

A
N

n n
1

2 9
ij

V

i j∑=
( )

where N is the number of particles in volume V and n¼ (n1, n2)
is the unit vector along the particle orientation. Coefficient M,
defined in Eq. (10), represents the anisotropy of the particle
orientation, where subscripts 11 and 22 are considered along
the horizontal and vertical axes, respectively (Satake, 1982).



Fig. 6. Micro-fabric histogram in initial state.

Fig. 7. Micro-fabric histogram after compression up to (P¼1000 kPa).

Fig. 8. Permeability-void ratio curve for Na-montmorillonite by salt
concentration.

Fig. 9. Permeability-void ratio curve for Ca-montmorillonite.

H. Bayesteh, A.A. Mirghasemi / Soils and Foundations 55 (2015) 1158–1170 1165
M
A

A 10
11

22
=

( )

Initially, the particles are randomly oriented and the aniso-
tropy coefficient in the horizontal orientation (A¼0.248) is
approximately as same as for the vertical orientation
(A22¼0.254); thus, M 1≅ and the assembly distribution is
isotropic. During compression, M increases because of the
reorientation of the particles perpendicular to the direction of
the loading. This means that the angle of particle orientation is
near 01 or 1801 and the anisotropy increases dramatically.

4.2. Permeability measurements and validation

The relationship between the void ratio and the coefficient
of permeability for montmorillonite is depicted in Figs. 8–10.
The dashed lines are the measured coefficients of permeability
reported by Mesri and Olson (1971b) that were calculated
using the Terzaghi method. As depicted in Figs. 8–10, the
coefficients of permeability calculated using DEM simulations
are in acceptable agreement with the experimental results. The
little scatter in data was mainly caused by the assumption used
in the DEM simulations, which are mentioned in Section 4.1.
The ranges in void ratio differ significantly for Na- and Ca-

montmorillonites based on their thickness of DDL. The
double-layer thickness strongly depends on the valance of
the cations (Komine, 2008; Mitchell, 1993). The valance of the
pore fluid cation (ν) in the Ca-montmorillonite is more than in
the Na- montmorillonite.

⎫⎬⎭
⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟

Ca
Na

K

K
K K

2
1

1 1

Ca mont

Na mont
Ca mont Na mont

2

1 .

.
. .

υ
υ

→ =
→ =

⇒

> ⇒ <

+

+ −

−
− −

Thus, the double-layer thickness for Ca-montmorillonites is
less than for Na-montmorillonites. The void ratio seriously
depends on the double-layer thickness. The higher double-
layer thickness leads to a higher void ratio (Komine, 2008;



Fig. 10. Permeability-void ratio curve for montmorillonite for different salts.

Fig. 11. Relationship between permeability, void ratio and vertical pressure for
Na-montmorillonite.

Fig. 12. Relationship between anisotropy, void ratio and vertical pressure for
Na-montmorillonite.

Fig. 13. Relationship between anisotropy, void ratio and vertical pressure for
Ca-montmorillonite.

H. Bayesteh, A.A. Mirghasemi / Soils and Foundations 55 (2015) 1158–11701166
Mitchell, 1993). Therefore, the void ration for Ca-montmor-
illonites is less than for Na-montmorillonites.

Fig. 11 shows the permeability-void ratio and permeability-
vertical pressure curves for Na-montmorillonite. The solid lines in
this figure represent trend lines for DEM simulations. They indicate
that permeability decreases as vertical pressure increases and
increases when porosity increases, as shown in Eq. (2). Figs. 12
and 13 show the relationship among the micro-fabric of the
particles, the void ratio and the coefficient of permeability. Fig. 12
depicts the relationship among the anisotropy of particle orienta-
tion, the void ratio and the vertical pressure for Na-Montmorillo-
nite, while Fig. 13 depicts this for Ca-montmorillonite.

As can be seen for both sodium and calcium montmorillo-
nite, the anisotropy of the particle orientation increases as the
vertical pressure increases because the particles are reoriented
perpendicular to the loading direction (Fig. 7). Moreover,
increasing the void ratio decreases the anisotropy in accor-
dance with the random structure of the particles. The
relationships among the anisotropy of the particle orientation,
permeability and vertical pressure for the Na-montmorillonite
are depicted in Fig. 14. These results show that the coefficient
of permeability decreases as the anisotropy increases because
of the reduction in the void ratio.
The above results are useful in monitoring micro-structural

clay behavior, especially in geo-environmental engineering.
These figures are the bases for generating Figs. 15–17, which
describe the effect of tortousity on the permeability behavior of
various clay–water systems.
5. Discussion

The KC equation shows that porosity is the main parameter
controlling the variation in the coefficient of permeability. The
decrease in permeability as the porosity decreases results from



Fig. 14. Relationship between anisotropy, coefficient of permeability (k) and
vertical pressure for Na-Montmorillonite.

Fig. 15. Void ratio vs. anisotropy for montmorillonite with 0.001 M and
0.01 M sodium.

Fig. 16. Void ratio vs. anisotropy for montmorillonite with 0.1 M and 0.01 M
sodium.
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the decreased void space for flow, greater influence of the
DDL, adsorption of pore fluid in the available voids, and the
probably of a reorientation of the particles perpendicular to the
direction of flow (Mesri and Olson, 1971b), which increases
the tortuous path. All the results from the DEM numerical
simulation are in good agreement with the theory (Xu, 1994).

An important question is how the coefficient of permeability
changes at the same void ratio for two pore fluids. Fig. 8 shows
that, at a void ratio of 5, the coefficient of permeability for Na-
montmorillonite is about 2 � 10�10 cm/s at a salt concentra-
tion of 0.1 M and 8 � 10�11 cm/s at 0.001 M. This means
that the permeability for montmorillonite at an electrolyte
concentration of 0.1 M is 2.5 times higher than for
0.001 M. Mesri and Olson (1971a) qualitatively suggested
that this difference at the same void ratio depends on the
micro-fabric of the particles and tortuosity. To date, only
qualitative investigations have been done on the influence of
particle reorientation during compression.

A DEM model was used in this study to calculate the
influence of particle reorientation on the coefficient of perme-
ability. For this purpose, the anisotropy of the particle
orientation (M) was plotted against the void ratio for various
electrolyte concentrations (Figs. 15 and 16). As can be seen,
the particle anisotropy differed at the same void ratio. For
example, at a void ratio of 5, the anisotropy was about 25 for
an electrolyte concentration of 0.01 M and 65 for that of
0.001 M. There is a wide variation in "M" for these two types
of clay–water systems (in the assumed void ratio). Thus, a
logarithmic scale was used to cover all data. However, Fig. 16
shows void ratio vs. anisotropy for Na-montmorillonite with
sodium concentrations of 0.1 and 0.01 M, whose variation is
less than in the previous case (in the assumed void ratio). Thus,
they were plotted in arithmetic scale.

Different pore fluid concentrations cause different thick-
nesses of the DDL (Komine, 2008; Mitchell, 1993). At one
void ratio, different particle arrangements may occur, as
illustrated schematically in Fig. 3. The lower pore fluid
concentration leads to a more disperse structure (Mitchell,
1993). At a constant confining stress on the boundaries, the
particles are forced into parallel arrangements, leading to
increased anisotropy, as shown in Fig. 3c. The DDL theory
posits that the increased pore fluid concentration (or increased
valance of the pore fluid cation) results in a flocculated
structure (Mitchell, 1993); thus, at the same void ratio,
anisotropy decreases (Fig. 3a). The experimental data used
here have high void ratios (between 2–8) (Mesri and Olson,
1971b). In this range of void ratios, the soil–water system can
be assumed as a suspension (Mitchell, 1993). Therefore, the
dual-porosity model, which is used with higher compacted



Fig. 17. Measured relative coefficient of permeability against the calculated
value.
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clays (Komine, 2008; Tripathy et al., 2004), can be disregarded
in this case, and the total sample can be assumed as a cluster.
Thus, the intra-porosity controls the behavior.

It can be suggested that the difference in the coefficient of
permeability for the two types of electrolytes can be explained
by the difference in the anisotropy of particle orientation. To
measure this, a method was proposed in this study to calculate
the relative coefficient of permeability for montmorillonite for
two types of pore fluid. Using Eq. (2) and the same void ratio
for the two clay–electrolyte systems, the ratio of the coefficient
of permeability can be expressed as
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The range in the data used in the DEM simulations is near to
the upper bound of the recommended range (Chapuis and
Aubertin, 2003). The KC equation clearly shows the effect of
tortuosity on the clay permeability, while other equations do
not consider the tortuosity. Therefore, in spite of the limitations
of the KC equation, it is used to demonstrate the effect of
tortuosity.

Eq. (4) shows that tortuosity is a function of the void ratio,
the dimensions of the particles and the angle between particles.
At the same void ratio, tortuosity is a function of the particle
dimensions and angles; thus, for a specific mineral (constant
dimensions), tortuosity depends only on the angle between the
particles:
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Using Eqs. (9)–(11), particle anisotropy can be written as

⎧
⎨
⎪⎪

⎩
⎪⎪ 13

A
N

n n

A
N

n n A
N

A
N

n n A
N

1

2

1

2

1

2
cos

1

2

1

2
sin

ij

V

i j
V V

V V

11 1 1 11
2

22 2 2 22
2

( )
∑

∑ ∑

∑ ∑

θ

θ
= ⇒

= ⇒ = ( )

= ⇒ = ( )

M
A

A
cot

14V

11

22

2∑ θ= = ( )
( )

The relationship between the anisotropy of the particle
orientation (M) and the angle can then be written as
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The difference between tortuosity for two clay–electrolyte
systems is a function of the particle orientation anisotropy.
Therefore, using Eqs. (11) and (15), the difference between
coefficients of relative permeabilities for two clay–electrolyte
systems is also a function of the particle orientation anisotropy:
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where a is a constant in the equation. In order to verify the above-
proposed equation, the measured coefficient of permeability ratios
for the clay–electrolyte systems at the same void ratio were
plotted against the calculated permeability ratios Eq. (16), as
depicted in Fig. 17. The horizontal axis shows the measured
relative coefficients of permeability for various clay–electrolyte
systems. For example, rectangular points show the ratio
K /K0.001M Na montmorillonite 0.1M Na montmorillonite( )− − . So, these data
are selected from Fig. 8. The vertical axis shows the calculated
ratios of the relative coefficients of permeability using Eq. (16)
and their anisotropies. For example, the rectangular data in
Fig. 17 can be calculated as Eq. (17), namely,
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By considering the measured and calculated relative coeffi-
cients of permeability (Fig. 17), it can be concluded that, at the
same void ratio, the differences between the coefficients of
permeability for the clay–electrolyte systems can be explained
by the difference in particle orientation. Obviously, extra data
are needed in order to prepare a good relationship between
tortuosity and particle anisotropy. This study devised a
conceptual model to formulate this phenomenon. Although
scattered data are seen in Fig. 17, the range in scattered data is
limited, the data are bounded between two line boundaries and
the constant (a) is close to one (0.8–1.2). Thus, at the same
void ratio, the differences between the coefficients of perme-
ability for the clay–electrolyte systems can be explained by the
difference in the particle orientations.

6. Conclusions

A series of DEM simulations was presented to model the
effect of porosity and tortuosity on the coefficient of perme-
ability for montmorillonite. A DEM code was prepared by
considering mechanical contacts, van der Waals attractive



Fig. A1. Void ratio vs. vertical pressure in each step.
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force and DDL repulsive force as interparticle forces. The
coefficients of permeability were calculated by simulating the
one-dimensional compression of pure clay considering the
Terzaghi theory and using the coefficient of consolidation. The
simulation results were verified using experimental data and a
good agreement was found. The results show that the
coefficient of permeability directly depends on the void ratio.
Increasing the porosity increases the coefficient of
permeability.

In both the literature and study simulations, it can be found
that there is a deviation between the coefficients of perme-
ability of the two clay–electrolyte systems at the same void
ratio. Past studies have hypothesized that this is a result of the
variation in the tortuous flows based on the micro-fabric of the
clay. To test this theory, a novel approach was presented to
determine tortuosity based on particle reorientation during
consolidation when in contact with various pore fluids.
Changes in the micro-fabric during loading were regularly
traced and the anisotropy of the particle orientation (M) was
determined. The results show that increasing the stress state
reorients the particles perpendicular to the direction of loading
and increases the anisotropy of the particle orientation and the
tortuous flow paths. Thus, at the same void ratio, an oriented or
dispersed structure occurs for different clay–electrolyte sys-
tems, causing a variation in the coefficient of permeability.

By using the Kozeny-Carman equation, a new formula
Eq. (16) has been proposed to calculate the relative coefficient
of permeability for two clay–electrolyte systems based on the
anisotropy of the particle orientation. This equation can be
used to show compatibility for a range of void ratios for the
predicted and measured coefficients of permeability.
7. Appendix A: permeability calculation

The following steps are used to calculate the permeability
based on the Terzaghi method, as was briefly mentioned in
Section 2.4:

During compression, the void ratio and vertical pressure in
each stage of loading were calculated, as depicted in Fig. A1.
By plotting time against vertical boundary displacement in
each step (Fig. A1), t50 was calculated. Then, the related Cv in
each stage of loading, (Cv)A, was determined using the
logarithm time method C .v A

d

t

0.196 2

50
{( ) = }× In this equation,

the height of drainage (d) is half the specimen height (same as
in the odeometer tests). Based on this assumption, during
compression, the water could be drained from the top and
bottom of the specimen. Indeed, when the specimen was
compressed, the particles moved and the distance between
them was reduced. There is uncompressible water between the
particles, and the media are saturated (the used DDL formulas
are based on the saturated media (Mitchell, 1993)). Therefore,
the pore water drains out due to the decrease in distance
between particles. This assumption was used in previous
studies (Anandarajah, 1994; Anandarajah, 2003; Bayesteh
and Mirghasemi, 2013a).
After calculating cv, mv was calculated using
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Finally, the permeability was calculated using
K C mA v A v A wγ=( ) ×( ) ×

The above steps were repeated for each stage of loading, and
the related coefficients of permeability were calculated.
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