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1. Introduction

Many authors have made great strides in extending the celebrated F. and
M. Riesz Theorem to various abstract settings. Most notably, we have, in
chronological order, the work of BOCHNER {1], HELSON and LOWDENSLAGER
[7], de LEeuw and GLICKSBERG [4], and FORELLI [6]. These formidable
papers build on each other’s ideas and provide broader extensions of
the F. and M. Riesz Theorem. Our goal in this paper is to use the
analytic Radon-Nikodym property and prove a representation theorem
(Main Lemma 2.2 below) for a certain class of measure-valued mappings
on the real line. Applications of this result yield the main theorems from
[4] and [6]. First, we will review briefly the results with which we are
concerned, and describe our main theorem.
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The F. and M. Riesz Theorem states that if a complex Borel measure
on the circle is such that

¥
/ e du(t) =0, forall n <0,

-7

(i.e.  is analytic) then p is absolutely continuous with respect to Lebesgue
measure. The first extension is due to BOCHNER [1] who used very elaborate
methods to show that if the Fourier transform of a complex Borel measure
on the two dimensional torus vanishes off a sector with opening strictly
less than 7, then the measure is absolutely continuous with respect to
the two-dimenstonal Lebesgue measure. A few years later, HELSON and
LOWDENSLAGER [7}, and de LEEUW and GLICKSBERG [4] revisited this
theorem and offered different proofs based on their abstract versions of
the F. and M. Riesz theorem. The paper [7] is classical; it contains
seminal work in harmonic analysis on ordered groups, an area of analysis
that flourished in the decades that followed. In [7], a measure is called
analytic if its Fourier transform vanishes on the negative characters, and
thetr version of the F. and M. Riesz Theorem states:

if a measure 1 is analvtic, then its absolutely continuous part and its
singular part, with respect to Haar measure on the group, are both analytic.

Looking at the F. and M. Riesz Theorem from a different perspective,
de LEEUW and GLICKSBERG considered the setting of a compact abelian
group G on which the real line R is acting by translation via a continuous
homomorphism from R into . Thus the dual homomorphism maps the
dual group of G to R. In this setting, analytic measures are those with
Fourier transtorms supported on the inverse image of the positive real line.
The de Leeuw-Glicksberg version of the F. and M. Riesz Theorem states:

the Borel subsets of G on which an analytic measure vanishes identically
is invariant under the action of R.

De LEEUW and GLICKSBERG called a measure whose null sets are invariant
under R quasi-invariant. With this terminology, their result states that
every analytic measure is quasi-invariant.

The notion of quasi-invariance and analyticity were extended by FORELLI
[6] to the setting in which the real line is acting on a locally compact
topological space. Since Forelli’s setting is closest to ours, we will
describe it in greater detail.
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ANALYTIC MEASURES AND BOCHNER MEASURABILITY 41

Forelli’s main results. — Let €} be a locally compact Hausdorff space,
and let T : ¢ — 1; denote a representation of the real line R by
homeomorphisms of the topological space {2 such that the mapping
(t.,w) — Tiw is jointly continuous. The action of R on  induces,
in a natural way, an action on the Baire measures on ). With a slight
abuse of notation, if x is a Baire measure and A is a Baire subset of €2,
we write T3 for the Baire measure whose value at A is (T3 A). Denote
the Baire subsets by 3, and the Baire measures by M (€2, X), or simply
M (¥). A measure v in M (%) is called quasi-invariant if the collection
of subsets of ¥ on which v vanishes identically is invariant by 7. That is,
v is quasi-invariant if |¢v|(T;A) = 0 for all ¢ if and only if |v|(A) = 0.

Using the representation T', one can define the spectrum of a measure in
M () (see (2) below), which plays the role of the support of the Fourier
transform of a measure. A measure in M (X) is then called analytic if
its spectrum lies on the nonnegative real axis. With this terminology,
Forelli’s main result states that:

an analytic measure is quasi-invariant.

As a corollary of this result, FORELLI ([6], Theorem 4) showed that
analytic measures trarslate continuously. That is,

if p is analytic, ther: t — Typ is continuous from R into M (¥).

When §? is the real line, and T; stands for translation by ¢, a quasi-
invariant measure, or a measure for which the mapping t — Tip is
continuous is necessarily absolutely continuous with respect to Lebesgue
measure. These facts were observed by de LEEUW and GLICKSBERG [4] and
for these reasons the main results in [4] and [6] are viewed as extensions
of the F. and M. Riesz Theorem.

Goals of this paper. — Although FORELLI proves that analytic measures
translate continuously as a consequence of quasi-invariance, it can be
shown that, vice-versa, in the setting of FORELLI's paper, the quasi-
invariance of analytic measures is a consequence of the continuity of
the mapping ¢ — Tip (see Section 5 below). The latter approach is the
one that we take in this paper. As we now describe, this approach has
many advantages, and the main resuits of this paper cannot be obtained
using Forelli’s methcds.

Let ¥ denote a sigma algebra of subsets of a set {2 and let M (¥) denote
the space of complex measures defined on .. Suppose that T' : ¢ — T}
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42 N. H. ASMAR AND S. J. MONTGOMERY-SMITH

is a uniformly bounded group of isomorphisms of M (¥). Using the
representation 7', we can define the notion of analytic measures ad in [6],
or as described in Definition 1.2 below. For an analytic i in M (3), we
ask: under what conditions on 7" is the mapping ¢ — T;p continuous?

Clearly, if this mapping is to be continuous, then the following must
hold: if v is analytic such that for every A € X, T; v (A) = 0 for almost
all £ € R then v is the zero measure.

Our main results (Theorems 2.5 and 3.4 below) prove that the converse
is also true. We call the property that we just described hypothesis (A)
{(see Definition 1.3 below), and show, for example, that if a representation
T, given by mappings of the sigma algebra, satisfies hypothesis (A), then
the mapping ¢ — T;p is Bochner measurable whenever u is analytic.
Using this fact, we can derive with ease all the main properties of analytic
measures that were obtained by FORELLI [6]. By imposing the right
conditions on T, we are able to use the analytic Radon-Nikodym property
of the Banach space M (¥) to give short and perspicuous proofs which
dispence with several unnecessary conditions on the representation. In
particular, in many interesting situations, we do not even need the fact that
the collection of operators (7} )ser forms a group under composition.

Notation and Definitions. — We use the symbols Q, R and C to
denote the rational numbers, the real numbers, and the complex numbers
respectively. The circle group will be denoted by T and will be customarily
parametrized as (e'; 0 < ¢ < 27). Our measure theory is borrowed from
Hewritt and Ross [8]. In particular, the convolution of measures and
functions is defined as in [8], §20. We denote by M (R) the Banach
space of complex regular Borel measures on R. The space of Lebesgue
measurable integrable functions on R is denoted by L! (R)), and the space
of essentially bounded measurable functions by L> (R). The spaces
H'(R) and H>® (R) are defined as follows:

H'(R)={f e L' (R); f(s) = 0,5 < 0};
and

H®(R) = {f € L (R); /R F()g(t)dt = 0forall g € H (R)}.

Let (€2, X) denote a measurable space and let £ (¥) denote the bounded
measurable functions on (2. Denote by M (¥) the Banach space of
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ANALYTIC MEASURES AND BOCHNER MEASURABILITY 43

countably additive complex measures on ({2, ¥) with the total variation
norm. Suppose that T = (Ti)+cr is a collection of uniformly bounded
invertible isomorphisms of M (¥) with

(1) ITE | < e

for all t € R, where c is a positive constant. (Note that we do not require
that (T3)~! = T_;, but only that T} be invertible.) The following definition
determines the class of measures that we will be studying.

DeriNiTioN 1.1, — Ler (T3)icr be as above. A measure p € M (X) is
called weakly measurakle if, for every A € ¥, the mapping t — T; u(A)
is Lebesgue measurable on R.

We next introduce our notion of analyticity. We will show at the end
of this section that our notion of analyticity agrees with Forelli’s notion
in [6], when restricted to Forelli’s setting.

DeriNITION 1.2, — Let (T3 )ier be a uniformly bounded collection of
isomorphisms of M (X). A weakly measurable y € M (¥) is called weakly
analytic if the mapping t — Tt u(A) is in H>* (R) for every A € ¥.

Our Main Theorem (Theorem 3.4 below) states that, under a certain
condition on T that we described in our introduction, if p is weakly
analytic then the mapping ¢{ +— T; u is Bochner measurable. This key
property is presented in the following definition.

DEerINITION 1.3, — Lei T = (Tt)1er be a uniformly bounded collection
of isomorphisms of M (X). Then T is said to satisfy hypothesis (A) if
whenever . is weakly analytic in M (X), such that for every A € 3,
Tip (A) = 0 for almost all t € R, then i must be the zero measure.

We emphasize here that the set of ¢’s for which the equality Ty (4) = 0
holds depends in general on A. Hypothesis (A) is crucial to our study.
We offer two main sources of examples where it is satisfied. The first one
is related to Forelli’s setting [6].

Example 1.4. — Suppose that € is a topological space and (7t ):cR is a
collection of homeomorphisms of 2 onto itself such that the mapping

(t, w) — Thw

is jointly continuous. Lzt 3 denote the Baire subsets of €2 (hence X is the
smallest o-algebra such that all the continuous complex-valued functions
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are measurable with respect to ). This is Forelli’s setting, except that we
do not require from €2 to be a locally compact Hausdorff space, and more
interestingly, we do not assume (thus far) that (7;);cg forms a group. For
any Baire measure (s, define T}y on the Baire sets by Ty (A) = p (T3 (A)).
Now, suppose that 4 is such that 77 i (A) = 0 for almost all ¢, for any given
Baire set A. Then it follows that for any bounded continuous function f
that [ f o Tydy = 0O for almost all ¢. Since the map ¢ — [ f o Tidy is
continuous, it follows that [ fdu = 0. Now suppose that 4 = F710, x).
Then 41 (A) = limy— [ max{0, min{f, 1}}/"dy = 0. From this, it is
easy to conclude that ;. = (0, and so T satisfies hypothesis (A4).

Our second source of examples is given by the abstract Lebesgue spaces
which provide ideal settings to study analytic measures, in the sense that
the main results of this paper hold with very relaxed conditions on the
representation. (See Theorem 2.5 and Remarks 3.8 and 4.4 below.)

Example 1.5. — Suppose that > is countably generated. Then any
uniformly bounded collection (7} );cr by isomorphisms of M (%) satisfies
hypothesis (A). The proof follows easily from definitions.

The next example will be used to construct counterexamples when a
representation fails hypothesis (A). It also serves to illustrate the use of
hypothesis (A).

Example 1.6, — (a) Let 3 denote the sigma algebra of countable and
co-countable subsets of R. Define v € M () by

v(A) = { 1 1f A 1s co-countable,
0 if Ais countable.
Let 6; denote the point mass at t € R; and take j. = v — &). Consider the
representation 7' of R given by translation by £. Then it is easily verified
that ||| > 0, whereas for every A € ¥ we have that T3 (p) (A) = 0 for
almost all £ € R. Hence the representation T' does not satisfy hypothesis
(A).

The following generalization of (a) will be needed in the sequel.

(b) Let « be a real number and let 3, u, v, &, and T; have the same
meanings as in (a). Define a representation 7" by

jwfr\ — (’,me}.
Arguing as in (a), it is easy to see that 7" does not satisfy hypothesis (A).

Organization of the paper. — In the rest of this section, we introduce
some notions from spectral synthesis of bounded functions and show
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how our definition of analytic measures compares to Forelli’s notion.
Section 2 contains our Main Lemma and some preliminary applications
to generalized analyticity. Although this section does not contain our
most general results, it shows the features of our new approach which
is based on the analytic Radon-Nikodym property of BUKHVALOV and
DaNILEVICH {3]. In Section 3, we deal with a one-parameter group acting
on M (¥). Using results from Section 2, we derive our main application
which concerns the Bochner measurability of the mapping ¢t — T;u. In
Section 4, we specialize our study to representations that are defined by
mappings of the sigma algebra and prove results concerning the Lebesgue
decomposition of analytic measures. Finally in Sectton 5, we assume that
the representation is given by point mappings and give a short and simple
proof that analytic measures are quasi-invariant. The results of Sections 4
and 5 generalize their counterparts in FORELLI’s paper. We also show by
examples that Forelli’s approach cannot possible imply the results of the
carlier sections. Section 5 concludes with remarks about further extensions
of our methods to the setting where R is replaced by any locally compact
abelian group with an ordered dual group. These extensions combine the
version of the F. and M. Riesz due to HELSON and LLOWDENSLAGER [7]
with the results of this paper.

Now let us discuss the definition of analyticity according to FORELLIL
We give this definition in our general setting of a representation 7" of R
acting on M (X). For a weakly measurable y € M (X), we let

T (w) = {f € L' R): [ T4 (s - 1) =0
for almost all s € R forall A € E}.

Define the T-spectrum of p by

(2) specr (p) = ﬂfej(ﬂ){x €R; f(x) =0}.

The measure 4 is called T-analytic if its T-spectrum is contained in [0, oc).
The result we need o equate Forelli’s notion of analyticity with the
notion we present is tke following.

Prorosimion 1.7. — A measure ;1 € M (X) is weakly analytic if and only
if it is T-analvtic.
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46 N. H. ASMAR AND S. J. MONTGOMERY-SMITH

It follows almost immediately from the definitions that if p is weakly
analytic, then it is T-analytic. The converse is not so obvious, and requires
the following notions. Our reference for the rest of this section is RUDIN
(f10], Chapter 7).

Given ¢ € L™ (R), define its ideal by

T(¢)={felLl; f=¢p=0}
One definition of the spectrum of ¢ is (see [10], Chapter 7, Theorem 7.8.2)

(3) () = (Ve () (X ERIF () =0}

A set S C R is called a set of spectral synthesis if whenever ¢ € L™ (R)
with o (¢) C S, then ¢ can be approximated in the weak-* topology
of L (R) by linear combinations of characters from S. (See [10],
Section 7.8.) With this definition, the following proposition follows easily.

ProposiTioN 1.8. — Let S be a nonvoid closed subset of R that is a set of
spectral synthesis. If ¢ € L> (R) with o (¢) C S, then

[ 1@tean=o
R

for all g in L* (R) such that § = 0 on —S.
The proof of Proposition 1.7 now follows immediately from the fact that
[0, 0o) is a set of spectral synthesis (see [10], Theorem 7.5.6).

2. The Main Lemma

In our proofs we use the notions of Bochner measurability and Bochner
integrability. A function f from a o-finite measure space (Q2,%,u) to a
Banach space X is Bochner measurable if it satisfies one of the following
two, equivalent, conditions:

« 73 (A) € X for any open subset A of X, and there is a set E € ¥ such
that 4 (Q\E) = 0 and f(F) is separable;
« there is a sequence of simple functions f,, : 2 — X suchthat f,, — f ae.

Furthermore, if [ ||f|| dp < oc, then we say that f is Bochner integrable,
and it is possible to make sense of [ fdy as an element of X. In particular,
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it P: X — Y is a bounded linear operator between two Banach spaces,
then P ([ fdu) = [ Pfdp. We refer the reader to [9], Section 3.5.

In this section we prove our Main Lemma about the Bochner
measurability of functions defined on R with values in a Banach space
with the analytic Radon-Nikodym property. This property of Banach spaces
was introduced by BUKHvVALOV (see, for example [2]) to extend the basic
properties of functions in the Hardy spaces on the disc to vector-valued
functions.

Let B denote the Borel subsets of T, and let X denote a complex
Banach space. A vector-valued measure i : B — X of bounded variation
(in symbols, u € M (B, X)) is called analytic if

27
/ M du(t) =0 forall n < 0.
Jo

Analytic measures 'were extensively studied by BukHvALov and
DANILEVICH (see for example [3]). We owe to them the following definition.

DeFmniTion 2.1. = A complex Banach space X is said to have the
analytic Radon-Nikodym property (ARNP) if every X -valued analytic
measure v in M (B, X) has a Radon-Nikodym derivative — that is, there
is a Bochner measurable X -valued function f in the space of Bochner
integrable functions, L' (T, X), such that

n(a)= [ g

JA
for all A € B.

Like the ordinary Radon-Nikodym property, the analytic Radon-
Nikodym property is about the existence of a Bochner measurable
derivative for vector-valued measures. However, the difference between
the two properties, due to the fact that ARNP concerns only analytic
measures, makes the class of Banach spaces with the ARNP strictly larger
than the class of Banach spaces with the Radon-Nikodym property. In
this paper, all we need from this theory is the basic fact that M (X))
has ARNP. Here, as before M (X) denotes the Banach space of complex
measures on an arbitrary c-algebra ¥ of subsets of a set 2. According
to [3], Theorem 1, a Banach lattice X has ARNP if and only if ¢y does
not embed in X. (Here, as usual, ¢y denotes the linear space of complex
sequences tending to zero at infinity, and Banach lattices can be real or
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complex.) Since M (X) is a Banach lattice that does not contain a copy
of ¢p, if follows that M (X)) has the analytic Radon-Nikodym property.
(To see that ¢y does not embed in M (3), note that M (¥) is weakly
sequentially complete, but that ¢y is not. See [5], Theorem IV.9.4.)

Before we state our lemma, we describe the setting in which it will be
used. This will clarify its statement and proof.

Let E denote the subspace of £> (R) consisting of the bounded simple
functions on 2. The subspace £ embeds isometrically in M (2)*. Then £
is a norming subspace of M (X)* for M (X). It is also easy to verify that
every weak-* sequentially continuous linear functional on £ is given by
point evaluation. That is, if L. : £ — C is weak-* sequentially continuous,
then there is a measure ;o € M (X)) such that

(4) L{a)= /) ady

for every a € E. To verify this fact, it is enough to show that the set
function given by

(%) p(A)=L(1y)

defines a measure in M (), and this is a simple consequence of the
weak-* sequential continuity of L.

Let T = (T})tcr be a family of uniformly bounded isomorphisms of
M (X)) such that (1) holds. Suppose that i € M (X) is weakly analytic,
and let f(t) = Typ for all ¢ € R. Then ||f (¢)|| < ¢]|p|| where ¢ is as in
(1), and for all & € E, the function ¢ — « (f (¢)) is in H* (R). With this
setting in mind, we state and prove our Main Lemma.

MAIN LEMMA 2.2. — Suppose that X is a complex Banach space with the
analytic Radon-Nikodym property, and that E is a norming subspace of X*,

the Banach dual space of X. Suppose that for every weak-* sequentially
continuous functional

(6) L:E—-C
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there is an element © € E such that

(7) L(a) = a(z)

forall « € E. Let R -— X be such that

(8) supy || f (¢)| < o0
and
(9) t—a(f(t)

is a Lebesque measurable function in H>* (R) for all o € E. Then there
is a Bochner measurable function, essentially bounded

(10) g:R—- X

such that for every o € E, we have

(11) a(g(t) =a(f(t))
for almost all t € R. (The set of t’s for which (11) holds may depend on «.)

LemMmA 2.3. — Suppose that X is a Banach space, and that G : T — X
is a Bochner integrable function for which there is a constant ¢ such that
for all Borel sets A C T

(12) M G (6) %H < eA(A).

(Here A (A) denotes the Lebesgue measure of A). Then G is essentially
bounded.

Proof. — There is a function H : T — X such that H = G a.e., and the
range of H is separable. Thus there is a countable sequence {a, } C X*

BULLETIN DES SCIENCES MATHEMATIQUES



50 N. H. ASMAR AND §S. J. MONTGOMERY-SMITH

such that ||, || <1 and ||H (#)|| = sup,, «,, (H (#)) for all # € T. From
(12), it immediately follows that for every n € N that

' aé
/ o (H(8)) ;)1— <cA(A),
JA

L

from whence it follows that «, (H (#)) < ¢ ae. Hence ||H (6)] =
sup, o, (H (8)) < ¢ a.e., and the result follows.

Proof of Main Lemma 2.2. — Let ¢(z) = /% be the conformal
mapping of the unit disk onto the upper half plane, mapping T onto R.
Let F' = f o ¢. For every o € E we have that 8 — « (F (§)) € H™ (T),
since by assumption « (f (t)) € H> (R). Consequently, we have

27 o db
(13) / a(F () — =0 foralln> 0.
0 2w

For a € F, define a measure i, on the Borel subsets of T by

' db
(14) o) = [ atFn g
JA m
Then for all continuous functions i on T, we have
" ' dé
(15) [ n@an. @) = [ neram s
JT Jr 27

We now claim that for every A € B(T), the mapping « — pn (A)
is weak-* sequentially continuous. That is, if «, — « in the weak-*
topology of E, then p,_ (A) — pa (A). To prove this claim, note that if
«, — « weak-*, then we have that for all § € T,

(16) w (F (8)) = a(F (6)).
Also, by the uniform boundedness principle, we have that

sup,, |lan il = M < cc.

So, for all # € T, we have |a, (F(8))] < ||au||||F (8)|] < C. Hence by
bounded convergence, it follows from (16) that

1) o, ()= [ oG [ aPO)F =@,

o =
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establishing the desired weak-* sequential continuity. By the hypothesis
of the lemma, there is 1 (A4) € X such that the mapping « — o (A)
is given by

(18) a— o (A) =a(u(A)) foralla € E.

We now show that for all Borel subsets A of T that

(19 el < [ 1ren 5.

This follows, because £ is norming, and hence, given 4, and ¢ > 0, there
is an o € F with [jrf) <C 1 and {|u (A)]| < |a (s (A))| + €, and because

el =| [ a@won g < [ 1O,

From (19), it is easily seen that the set mapping A — p(A) defines an
X -valued measure of bounded variation on the Borel subsets of T. Let n
be a positive integer ard let « € E. We have

o (L e du(9)> = /T e dp(9) = /T e""”a(F(f)))gg =0.

And so, since F is norming, it follows that
/ ein(-) du (0) =0
T

for all » > 0. Now, appealing to the analytic Radon-Nikodym property of
X, we find a Bochner integrable function G : T — X such that

df

2

(20) wia) = [ o)

for all Borel subsets A of T. Using (20), (18), and (14), we see that, for
all « € F and all A = B

b

[ @5 =atuta) = ()= [ aEons
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Since this holds for all &« € E and all A € B, we conclude that, for
a given a € E,

(21) a(G(0)) =a(F(6)) ae.b.

From (19), (20) and Lemma 2.3, it follows that G is essentially bounded.
Let

(22) g(t) =G (¢7 (1))

Then g is Bochner measurable, essentially bounded, and for each « € F,
for almost all ¢t € R,

alg(t) =a(G(¢71 (1) = a(F (™' (1)) = a(f (1)),
completing the proof.

When applied in the setting that we described before the lemma, we
obtain the following important consequence.

THEOREM 2.4. — Let (Ti)ier be a one-parameter family of uniformly
bounded operators on M (X) satisfying (1), and let j1 be a weakly analytic
measure in M (X). Then there is a Bochner measurable, essentially
bounded function g : R — M (X) such that, for every A € %,

g(t)(A) = Ten (A),
for almost all t € R.

Note that the set of ¢’s for which the equality in this theorem holds
depends on A. Our goal in the next section is to establish this equality
for all A € ¥ and almost all ¢ € R, under additional conditions on 7.
This will imply that the mapping ¢ — T;u is Bochner measurable when
1 is weakly analytic. However, when the sigma algebra is countably
generated, this result is immediate without any further assumptions on the
representation. We state it here for ease of reference.

THEOREM 2.5. — Suppose that Y. is countably generated, and let (T;)icr
be a one-parameter, family of isomorphisms of M (X) satisfying (1).
Suppose that i is a weakly analytic measure in M (X). Then there is
a Bochner measurable function g : R — M () such that,

g(t) =Tip
for almost all t € R.
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Proof. — Suppose that ¥ = o ({A,}72;), where the set {A,}32; is
closed under finite unions and intersections. Apply Theorem 2.4 to obtain
a Bochner measurable function g from R into M (%) such that for almost
all ¢t € R and all n we have Tyu (Ay,) = ¢g(t)(A,). Since ¥ is the
closure of {A,}52; under nested countable unions and intersections, the
theorem follows.

3. Analyticity of measures and Bochner measurability

In this section, we prove our main result which states that if p is weakly
analytic, then the mapping ¢ — T;p is Bochner measurable from R into
M (¥). As an immediate consequence of this result we will obtain that
the Poisson integral of a weakly analytic measure converges in M (X) to
the measure, and we also obtain that the mapping ¢ — T3y is continuous.
Both of these results are direct analogues of classical properties of analytic
measures on the real line.

The proofs in this section require the use of convolution. To define
this operation and to derive its basic properties, we will need additional
conditions on the representation 7. We start by stating these conditions,
setting in the process the notation for this section. These conditions are
automatically satisfied in the case of a representation by mapping of the
given sigma-algebra.

We let T = (T;);cr, be a one-parameter group of isomorphisms of
M (%) for which (1) holds, satisfying hypothesis (A). Here, as before,
M (%) is the Banach space of countably additive complex measures on an
arbitrary sigma algebra = of subsets of a set 2. We will suppose throughout
this section that the adjoint of 7; maps £ into itself; in symbols:

(23) T . L2 (8) — L7 (3).

Although this property will not appear explicitly in the proofs of the main
results, we use it at the end of this section to establish basic properties of
convolutions of Borel measures on R with weakly measurable p in M (X).
More explicitly, suppose that v € M (R) and p is weakly measurable.
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Define a measure v 7y (or simply » * i, when there is no risk of
confusion) in M (X) by

vxr pn(A) = /R T (A) dv (F),

for all A € 3. It is the work of a moment to show that this indeed defines
a measure in M (X). We have:

sforall t € R, Ty (v x7 p) = vsp (Typ);
» the measure v 7 u is weakly measurable;
s for o, v € M (R), and px weakly measurable, o (v*7p) = (oxv) *7 8.

For clarity’s sake, we postpone the proofs of these results until the end
of the section, and proceed towards the main results,

Recall the definition of the Poisson kernel on R.: for y > 0, let

Ly
PU(IE):;T‘:L_2+U23

for all z € R. Let p be a weakly analytic measure in M (3), and let g
be the Bochner measurable function defined on R with values in M (3),
given by Lemma 2.2. Form the Poisson integral of g as follows

(24) Poeg(t)= [ gtt-a) P, () do.

where the integral exists as a Bochner integral. Because the function g is
essentially bounded, we have the following result whose proof follows as
in the classical setting for scalar-valued functions.

PropositioN 3.1. — With the above notation, we have that

(25) 1inl1/—>l] Py *q (t) =g (f)

for almost all t € R.

We can now establish basic relations between the Poisson integral of
the function g and the measure .

LemMMmA 3.2. — For all t € R, we have

Py g(t)=Py«Typ.
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Proof. — For A € 3., we have

Py*g(t)(A)=/ 9(s) (A) Py (t — 5) ds

= / (Tsp) (A) Py (t — s)ds
R

:/ (Ti—sp) (A) Py (s)ds
R

— Py + (L) (A).

Since this holds for all A € X, the lemma follows.

LemMa 3.3. — Let t¢ be any real number such that (25) holds. Then
for all t € R, we have
liml’/—»() ‘Plj * r‘rf/l' = 117‘—10 (.g (t())),
in M ().
Proof. — Since Py * g (t9) — g (to), it follows that
Ti—t, (Py * g (to)) = Tiy, (g (t0))-
Using Lemmas 3.2 and the basic properties of convolutions, we get
Ti—t, (Py x g (to)) = Tiet, (Py x Tiyp) = Py = Tip,
establishing the lemme.

We can now prove the main result of this section.

MaiN THeoREM 3.4. — Suppose that T = (1i)ier is a group of
isomorphisms of M (X)) satisfying hypothesis (A) and such that (1) and
(23) hold. Let i be a weakly analytic measure, and let g be the Bochner
measurable function on R constructed from i as in Theorem 2.4. Then for
almost all t € R, we have

Tip = g (t).

Consequently, the mapping t — Ty is Bochner measurable.

Proof. — 1t is enough to show that the equality in the theorem holds
for all ¢ = ty where (25) holds. Fix such a #y, and let A € ¥. Since
the function ¢ — Ty (A) is bounded on R, it follows from the properties
of the Poisson kernel that

Py« (Tip) (A) — Tip (A)  foralmost allt € R.
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But by Lemma 3.3, we have
Py, x (Tip) (A) — Tit, (g (To)) (A) forallt € R.

Hence

Ty (A) = Tit, (9 (t0)) (4)

for almost all ¢ € R. It is clear from Lemma 3.3 that the measure
T_:+,9 (to) is weakly analytic, since it is the strong limit in M (X) of
weakly analytic measures. Applying hypothesis (A), we infer that

"= T—fug (t())
Applying T3, to both sides of the last equality completes the proof.

From Theorem 3.4 we can derive several interesting properties of
analytic measures, which, as the reader may check, are equivalent to
the F. and M. Riesz Theorem in the classical setting. We start with a
property of the Poisson integral of weakly analytic measures.

THEOREM 3.5. — Let T and i be as in Theorem 3.4. Then,

lmyoPy*xp=p
in the M (X)-norm.

Proof. — Let ty € R be such that Py*g (t5) — g (to) in the M (X)-norm
(recall (25)). We have

T 4, (Pyxg(to)) — T—s, (9 (t0))
in the M (X)-norm. But T4 (P, * g (t0)) = Py x p, and T_4,g (to) = 1,
and the theorem follows.

The following generalizes Theorem 4 of FORELLI [6] which in turn is a
generalization of Theorem (3.1) of the LEEUW and GLICKSBERG [4].

THEOREM 3.6. — Let o and T be as in Theorem 3.5. Then the mapping
t — Tyu is uniformly continuous from R into M ().

Proof. — It is easily seen that for each y > 0, the map ¢ — Py * g (t) is
continuous. By Lemma 3.2, it follows that the map ¢ — P, x Tip =
T; (Py * p) is continuous. By Theorem 3.5 and (1), we see that
T: (Py * p) — Tip uniformly in £, and the result follows.

TreoreM 3.7, — Let T be a representation of R acting on M (X) and
satisfying hypothesis (A), (1), and (23). Suppose that P is a bounded linear

TOME 122 — 1998 — N° 1



ANALYTIC MEASURES AND BOCHNER MEASURABILITY 57

operator from M (L) irto itself that commutes with T; for each t € R. If
1 is a weakly analytic measure in M (X), then spect (Pp) is contained in
spect u. In particular, P, is weakly analytic.

Proof. - Clearly, it is sufficient to show that J (u) C J (Pu). So,
suppose that f € J (u). Define the measure v = f x7 p. Now, the map
t — Typ is Bochner measurable, and hence the map t — f (x)T_;p is
Bochner integrable. By properties of the Bochner integral, it follows that

/ fF@O)YT_tpdt = v.
R
From the definition of 7 (1), we see that for each A € ¥
Tsv(A) = / fW) To—tp(A)dt =0 ae. s.
R

Hence by hypothesis (A), it follows that » = 0. Thus, once again, using
the properties of the Bochner integral, we see that

| Hs=nTPudt= [ £ ToiPu
R R

_ T, ( /R £ T_tudt)

= PT,v=0.

Hence, for every A € X, we have that
[ =0T Pu (At =0

that is, f € J (Pu).

Remark 3.8. — When X is countably generated, using Theorem 2.5,
instead of the Main Theorem of this section, we can derive a version
of Theorem 3.7 without the additional condition on the adjoint (23), and
more interestingly, without assuming that T is a representation by a group
of isomorphisms on M (¥). The hypotheses of Theorem 2.5 are enough
to derive these results.

We end this section with the proofs of the properties of convolutions
that we stated at the outset of this section. Throughout the rest of this
section, we use the following notation: y is a weakly measurable element
in M (X); v and o are regular Borel measures in M (R); T = (T3)icr
is a one-parameter group of operators on M (X) satisfying hypothesis (A)
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and such that (1) and (23) hold. The convolution of i and v is defined
on the sigma-algebra > by

(26) v u{A) = /R T_ s (A)dy(t),

for all A € ¥. When there is no risk of confusion we will simply write
vy for v s p.

Using dominated convergence, it is easy to check that (26) defines a
measure in M (X)), and that || = u|| < ef|p|] |||, where ¢ is the as in (1).

LemMa 3.9, — Suppose that [ € L (X). Then the mapping t —
Jo fd(Tip) is Lebesgue measurable on R. Furthermore,

(27) / / fd(T_s) pdv (s) = fdv * .
JR JQ JQ
Proof. ~ Tt is sufficient to prove the lemma in the case when f is a
simple function, and then it is obvious.
CoROLLARY 3.10. — For all t € R, we have
Ti(v*p) =v=(Tip).

Moreover, the measure v « ji is weakly measurable.
Proof. — For A € ¥, we have

e (@) ()= [ (Teon) (A o
/ / Ti 1 4dT— pudr (s)
. R JQ

= / T{14dv x p (by Lemma 3.9)
JR

= / LydTy (v * p)
JR
=T (vx*p)(A).

To prove the second assertion, note that ¢ — T (v * u)(A) = vx
(s — Tyu(A))(t), and so the function t — T; (v * p) (A) is Lebesgue
measurable, being the convolution of a measure in M (R) and a bounded
measurable function of R.
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CoroLLARY 3.11. — With the above notation, we have

(e*xv)*p=0xv*p).

Proof. — For A € X2, we have

(c*xv)*xu(A) = / (T_sp) (A)d (o xv)(s)

// ey 1) (A) dv () do (5)

(by [8, Theorem (19.10)])
- / (v (Toupt)) (A) dor (5)
JR

= / T_o(vs*p)(A)do(s) (by Corollary 3.10)
JR
=o* (v*pu)(A),

and the lemma follows.

4. Lebesgue decomposition of analytic measures

In their extension of the F. and M. Riesz Theorem to compact abelian
groups, HELSON and LLOWDENSLAGER [7] realized that while an analytic
measure may not absolutely continuous with respect to Haar measure,
its absolutely continucus part and singular part are both analytic. This
property was then generalized by de LEEUwW and GLICKSBERG [4] and
FOreLLL [6] to the Lebesgue decomposition of analytic measures with
respect to quasi-invariant measures, which take the place of Haar measures
on arbitrary measure spaces. In this section, we derive our version of this
result as a simple corollary of Theorem 3.7. We then derive a version
of this theorem in the case when > consists of the Baire subsets of a
topological space, without using the group property of the representation.

The setting for this section is as follows. Let T = (1})scr denote a
one-parameter group given by mappings of a sigma algebra Y. With a
slight abuse of notaticn, we will write

Tip(A) = p (T (4))
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forall t € R, all A € X, and all 4 € M (X). Note that conditions (1)
and (23) are satisfied. In addition to these properties, we suppose that 7'
satisfies hypothesis (A), and so the results of the previous section can be
applied in our present setting.

DerINITION 4.1. — Let T be as above, and let v € M (X) be weakly
measurable. We say that v is quasi-invariant if, for all t € R, v and T1v
are mutually absolutely continuous.

The following is a generalization to arbitrary measure spaces of
Theorem 5 of FORELL! [6].

THEOREM 4.2. — Let T be as above, and let 1. and o be weakly measurable
in M (X) such that o is quasi-invariant and . is weakly analytic. Write
W= pq + 1y for the Lebesgue decomposition of p with respect to a. Then
the spectra of p, and s are contained in the spectrum of p. In particular,
o and i are both weakly analytic in M (%).

Proof. — Define I’ on M (3) by P (n) = n,, where 7, is the singular
part of 7 in its Lebesgue decomposition with respect to o.

It is easy to see that the quasi-invariance of v is equivalent to the fact
that for all A € ¥, we have || (A) = 0 if and only if T}|v| (A) = 0 for
all ¢ € R. Consequently,

PoTi(n)="ToP(n).

Now apply Theorem 3.7.

Example 4.3. — Consider Examples 1.6 (a) and (b). Clearly, the measure
it = (v —bdp) is weakly analytic with respect to the representations 7, for
any a, since, for every A € X, T (A) = 0 for almost all t € R, and so
the function ¢ — T p(A) is trivially in H> (R). However, p, = —6,
and hence T}y = —e'8;, which is not weakly analytic if o < 0.

Remark 4.4. — Using Remark 3.8, we see that Theorem 4.2 also holds
under the hypotheses of Theorem 2.5.

We can use Remark 4.4 to show that, on topological spaces where the
action of R is given by jointly continuous point mappings of the underlying
space, Theorem 4.2 holds even if we dispense with the group property of
the representation.

THEOREM 4.5. — Let 2 be a topological space, and let (T} )tcr be a family
of homeomorphisms of ) such thar (1, w) — Tiw is jointly continuous.
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Suppose that | and v are Baire measures such that v is quasi-invariant,
and write |1 = 14 + s for the Lebesgue decomposition of p with respect to
v. It pu is weakly analytic, then the spectra of p, and s are contained in the
spectrum of . In particular, i, and ps are both weakly analytic in M ().

Proof. — It is enough to consider u,. Let 3 denote the sigma algebra
of Baire subsets of €2, and let A € ¥. We want to show that the mapping
t — Tius (A) is in H*° (R). We will reduce the problem to a countably
generated subsigma algebra of X that depends on A, then use Remark 4.4.

A simple argument shows that for each C € ¥, there exist a countable
collection of continuous function {f,; & — R} such that C is contained
in the minimal sigma-algebra for which the functions f,, are measurable.
Furthermore, for each continuous function, we have that f o I3 — f o T},
pointwise as t — ;. Hence, we see that C is an element of

2(C)=0((fu oT,f1 T,fl . ..T,?tl)_l (—r, o0):
n€N,ri,r.....,7 €R)

=o((fpoTE TE . TENY ™ (=1, ) :
ne€N,r, ra,..., 7 €Q).

Clearly ¥ (C) is countably generated, and invariant under 77 and T,‘_1
for all ¢ € R.

Let B denote the support of p,, and let X (A, B) = o (X (A4),X (B)).
Again, we have that ¥ (A, B) is countably generated and invariant by all
TEL Let pugls (A.B)» bz (4.B)» and V|5 (4 py denote the restrictions of s,
1, and v to the 3 (A, B), respectively. It is clear that v|v (4 p) is quasi-
invariant and that p|s( 34 py is weakly analytic, where here we are restricting
the definitions to the smaller sigma algebra ¥ (A, B). By Remark 4.4, the
measure (LL]S(A_B))5 is weakly analytic. But, us|x(a.py = (s (4.B))s
and hence ¢ — Tiu, (A) is in H>* (R), completing the proof of the
theorem.

5. Quasi-invariance of analytic measures

In this last secticn, we use some of the machinery that we have developed
in the previcus sections to give a simpler proof of a result of de LEEUW,
GLICKSBERG, and FORELLI, that asseris that analytic measures are quasi-

invariant. We will show by an exmple that uniess the action is restricted
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to point mappings of the underlying topological space, such a result may
fail. Thus, the various results that we obtained in Sections 2 and 3 for
more general representations of R cannot be obtained by the methods of
ForeLLI [6] which imply the quasi-invariance of analytic measures.

As in the previous sections, we start by describing the setting for our
work. Here (T3):cr denotes a group of homeomorphisms of a topological
space {2, and ¥ stands for the Baire subsets of (2. Given a Baire measure
i, we let Ty be the measure defined on the Baire subsets A € X by
(Tip) (A) = p (T A). Applying Theorem 3.5, we have that P, « o — g in
the M (X) norm. Using the Jordan decomposition of the measure ., we see
that I, = || — |p]. Hence, from the proof of Theorem 3.6, we see that the
mapping ¢ — Ty|u| is also continuous. Define a measure v in M (X), by

) L[ dt
(28) v (A) = ; ./ﬁx Tf'ﬂ (A) mj

for all A € ¥. Note that v = I} * |ul.

LemMma 5.1. — For all t € R, we have T;|u| < v, and hence Tiji < v.
Proof. ~ Let A € ¥. Since the mapping ¢ — T;|u| (A) is continuous
and nonnegative, the lemma follows easily.

Lemma 5.2. — Let h(t, w) denote the Radon-Nikodym derivative of
Tip with respect to v. Then the mapping t — h(t.-) is continuous
from R into L' (v). Consequently it is Bochner measurable, and hence
(t, w) — h(t, w) is jointly measurable on R x €.

Proof. — The first part of the lemma follows once we establish that the
real and imaginary parts, ¢ — 9Rh (¢.-) and ¢ — Jh(¢,-), are continuous.
We deal with the first function only; the second is handled similarly. Let
B={weQ R w)—h(t'.w)) >0} We have

IR (At ) = At D)
= / IR (h(t, w) =k (. w))|dv (w)
= / R(h(t,w)—h{t, w))dv(w)
/B
+ R(h(t,w)—h(t w)dv(w)

O\B
ST () (B) = T (Jp]) (B) + T2 (Jul) (Q\B) = Ti- (Jul) (2\B)].
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The continuity follows now from Lemma 5.1. To complete the proof of
the lemma, note that since ¢ — h (¢, -) is Bochner measurable, it is the limit
of simple functions h,, (¢, -) each of which is jointly measurable on R x €2.

One more property of the function h is needed before establishing the
quasi-invariance of analytic measures.

LEMMA 5.3. — Suppose that yu € M (3) is weakly analytic, and let
h(t, w) be as in Lemma 5.2. Then there is a Baire subset Sy of §) such
that v (Q\Qy) = 0, and for all w € Y, the function t — h(t, w) is in
H>(R).

Proof. — By Lemma 5.2, the function ¢ — h(t,-) is bounded and
Bochner measurable. Hence, for any g(¢) in H!(R), the function
h(t, w)g(t) isin L' (R, L' (v)). Moreover, for any Baire subset 4 € ¥,
we have

//hfw)q t) dtdv (w // (t, w)g(t)dv (w)dt

:/ Ton(4) g (1) dt = 0
JR

since p is weakly acalytic. Since (29) holds for every A € 3, we
conclude that the function w — fp h(t, w)g(t)dt = 0 for v-almost
all w. Hence there is a subset ©, € ¥ such that v (Q2\Q,) = 0 and
Jr h(t.w)g(t)dt = 0 for all w € Q. Since H' (R) is separable, it
contains a countable dense subset, say {g,}. Let Qy = ()€, . Then,
v(Q\Q,) = 0, and for w €  and all ¢ € H'(R) we have that
Jg P (t, w)g(t)dt = 0 which proves the lemma.

We now come to tne main result of this section. In addition to the
preliminary lemmas that we have just established, the proof uses the fact
that a function in H> (R) is either zero almost everywhere or is not zero
almost everywhere.

THEOREM 5.4. — Suppose that t — I} is a one-parameter group
of homeomorphisms of a topological space $) with the property that
(t, w) v Tyw is continuous, and let Y. denote the sigma-algebra of Baire
subsets of Q. Suppose that p € M (X) is weakly analytic. Then p is
quasi-invariant.
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Proof. — We use the notation of the previous lemma. For w € {2 and
A € X, we have

Tilpl(A) = Tfl-f—.s‘lﬂl(T_,sA
= / \ (hi(t+ s, w)|dv (w).

Hence,

B0 Tl = [ I}Jul(A)Tid—_f_—sy)

= [ L s sl
:'/Q '/Cwlh(t+s,w)l7r—(l—;_—s—.2—)du(w)
:/;20 /C] (t+ s, w)|—(1—£l%—)du(w),

where C, = {s € R;w € T_,A}. Since for w € g, the function
t — h(t,w) is in H> (R), it follows that this function is either zero
t-a.e., or not zero t-a.e. Let & = {w € Q; h(l, w) = 0, for almost all
t € R}. Then € € X, and from (30) we have that

ds

(1) Tilul(4) = ./QU\QI / bl )|y e

+ 5%)

Hence, Tt|p| (A) = 0 if and only if

’ ds

h t 8. _— =

/C lh ( +s‘w)[ﬂ(1+sz>
for v-almost all w € 3\€2;. Since the integrand is strictly positive except
on a set of zero measure, this appens if and only if the Lebesgue measure
of C., os zero for v-almost all w € §2p\;1. But since this last condition
doest not depend on ¢, we see that T¢{u| (A) = 0 if and only if |u| (A) = 0.

That Theorem 5.4 does not hold for more general representations is
demonstrated by the following example.

Example 5.5. — Let = {0, 1}, and let £ consist of the power set of
2. Denote by &, and é; the point masses at O and 1, respectively. Then

w
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6p and 61 form a basis for M (%), and every element in M (X) will be
represented as a vector in this basis. For t € R, define T; by the matrix
T et cost e*lsint
P \—e¥sint M cost )
Note that T satisfies hypothesis (A). Also, it is easy to verify that &) is

weakly analytic. However, T;/960 = —61, and & and 61 are not mutually
absolutely continuous. Hence 6y is weakly analytic but not quasi-invariant.

Final Remarks. — Tae approach that we took to the F. and M. Riesz
Theorem can be carried out in the more general setting where R is replaced
by any locally compact abelian group G with an ordered dual group I,
and where the notion of analyticity is defined as in [7] using the order
structure on the dual group. With the exceptions of G = R and G = T,
the main result of §3, concerning the Bochner measurability of ¢t — Tipu,
fails even in the nice setting of a regular action of G by translation in
M (G). However, we can prove a weaker result that states that a weakly
analytic measure is strongly analytic, that is, whenever 6 € M (3)* (the
Banach dual of M (X’), then the map ¢ +— 6 (Tip) is in H> (G). This
result, in turn, implies the version of the F. and M. Riesz Theorems prove
by HELSON and LOWDENSLAGER [7] for actions of locally compact abelian
groups on abstract measure spaces. This work is done in a separate paper
by the authors.
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