
Discrete Mathematics 260 (2003) 57–67
www.elsevier.com/locate/disc

Remarks on the bondage number
of planar graphs

Miranca Fischermann, Dieter Rautenbach, Lutz Volkmann∗

Lehrstuhl II f�ur Mathematik, RWTH Aachen, 52056 Aachen, Germany

Received 13 November 2000; received in revised form 15 August 2001; accepted 11 February 2002

Abstract

The bondage number b(G) of a nonempty graph G is the cardinality of a smallest set of edges
whose removal from G results in a graph with domination number greater than the domination
number �(G) of G. In 1998, J.E. Dunbar, T.W. Haynes, U. Teschner, and L. Volkmann posed
the conjecture b(G)6�(G)+1 for every nontrivial connected planar graph G. Two years later,
L. Kang and J. Yuan proved b(G)6 8 for every connected planar graph G, and therefore, they
con;rmed the conjecture for �(G)¿ 7. In this paper we show that this conjecture is valid for
all connected planar graphs of girth g(G)¿ 4 and maximum degree �(G)¿ 5 as well as for all
not 3-regular graphs of girth g(G)¿ 5. Some further related results and open problems are also
presented. c© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

We consider ;nite, undirected, and simple graphs G with the vertex set V (G) and
the edge set E(G). For u∈V (G) let NG(u)=N (u) be the neighborhood of u and
NG(X )=N (X )=

⋃
x∈X N (x) for a set X ⊆V (G). We denote by dG(u)=d(u)= |N (u)|

the degree of a vertex u, by (G) the minimum and by �(G) the maximum degree of
G. For a subset A⊆V (G), let G[A] be the subgraph induced by A. By dG(x; y)=d(x; y)
we denote the distance of the vertices x and y in the graph G. The girth g(G) of G is
the length of a shortest cycle in G. If G has no cycles we de;ne the girth of G to be

∗ Corresponding author.
E-mail addresses: ;scherm@math2.rwth-aachen.de (M. Fischermann), rauten@math2.rwth-aachen.de

(D. Rautenbach), volkm@math2.rwth-aachen.de (L. Volkmann).

0012-365X/03/$ - see front matter c© 2002 Elsevier Science B.V. All rights reserved.
PII: S 0012 -365X(02)00449 -1

brought to you by COREView metadata, citation and similar papers at core.ac.uk

provided by Elsevier - Publisher Connector 

https://core.ac.uk/display/82810323?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1


58 M. Fischermann et al. / Discrete Mathematics 260 (2003) 57–67

in;nite. A set D⊆V (G) is a dominating set of G, if D∪N (D)=V (G). The domination
number �(G) is the cardinality of a smallest dominating set. The bondage number b(G)
of a nonempty graph G is the cardinality of a smallest set of edges whose removal from
G results in a graph with domination number greater than �(G). Since the domination
number of every spanning subgraph of a nonempty graph G is at least as great as
�(G), the bondage number of a nonempty graph is well de;ned.
In 1998, Dunbar et al. [3] posed the following conjecture.

Conjecture 1.1 (Dunbar et al. [3]). If G is a nontrivial planar graph, then b(G)6
�(G) + 1.

In [3], the authors mentioned that Conjecture 1.1 is valid when the girth g(G)¿6.
In 2000, Kang and Yuan [6] con;rmed this conjecture for �(G)¿7, and they proved
that b(G)6�(G) + 2.

Theorem 1.2 (Kang and Yuan [6]). If G is a connected planar graph, then b(G)68.

Theorem 1.3 (Kang and Yuan [6]). If G is a connected planar graph, then b(G)6
�(G) + 2.

Recently, Develin [2] has given a short and elegant proof of Theorem 1.3.
If G is a nontrivial connected planar graph, then we show in this paper:

• b(G)66, when g(G)¿4.
• b(G)65, when g(G)¿5.
• b(G)64, when g(G)¿6.
• b(G)63, when g(G)¿8.
• If �(G)= 6 and every edge e= xy with d(x)= 5 and d(y)= 6 is contained in at
most one triangle, then b(G)67.

In [6], the authors show that b(G)67 when the planar graph G contains no vertices
of degree ;ve. In Section 4, we present diJerent generalizations of this result.

2. Preliminary results

First results on the bondage number can be found in a 1983 article of Bauer et al. [1]
(these authors used the term “domination line-stability” instead of bondage number).
In [1,4], it was proved that any tree has bondage number 1 or 2.

Lemma 2.1 (Bauer et al. [1], Teschner [7]). If G is a nontrivial graph, then b(G)6
d(u) + d(v)− 1 for every pair u and v of vertices with d(u; v)62.

Corollary 2.2 (Bauer et al. [1]). If G is a graph with (G)¿1, then b(G)6�(G) +
(G)− 1.
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A generalization of Corollary 2.2 was found independently by Hartnell and Rall [5]
and Teschner [7].

Lemma 2.3 (Hartnell and Rall [5], Teschner [7]). If G has edge connectivity �(G)¿1,
then b(G)6�(G) + �(G)− 1.

Lemma 2.4 (Hartnell and Rall [5]). If G is a nontrivial graph, then for every pair u
and v of adjacent vertices b(G)6d(u) + d(v)− 1− |N (u)∩N (v)|.
The following results about planar graphs are well known (cf. [8, p. 247–248]).

Lemma 2.5 (Euler’s Formula). If G is a planar graph with n(G) vertices, m(G) edges,
!(G) components, and r(G) regions, then r(G)= 1 + m(G)− n(G) + !(G).

Lemma 2.6. If G is a planar graph with n(G)¿3 vertices and m(G) edges, then
m(G)63n(G)− 6.

Lemma 2.7. If G is a planar graph, then (G)65. Furthermore, (G)63 when
g(G)¿4, and (G)62 when g(G)¿6.

Lemma 2.8. Let G be a planar graph with 36g(G)¡∞. If c is the number of cut-
edges in G, then

m(G)6
g(G)(n(G)− 1− !(G))− c

g(G)− 2
6

g(G)(n(G)− 2)− c
g(G)− 2

: (1)

Proof. Since every cut-edge is on the boundary of exactly one region and every noncut-
edge on the boundary of two regions, we deduce that g(G)r(G)62m(G)−c. Applying
Euler’s Formula, we obtain (1).

For a graph G, let ni(G)= ni be the number of vertices of degree i and �i(G)= �i
be the number of vertices of degree at least i for i=1; 2; : : : ; �(G).

Lemma 2.9. Let G be a connected planar graph with 36g(G)¡∞. If d(x; y)¿3 for
all vertices x; y∈V (G) with d(x)=d(y)= 2, then

3r(G)62m(G)− n2(G):

Proof. We proceed the proof by induction on n2(G). As we have seen in the proof of
Lemma 2.8, this inequality is valid when n2(G)= 0. Let now n2(G)¿1. If dG(u)= 2,
then the vertex u is on the boundary of a region F , bounded by at least four edges.
In view of the hypothesis, there exists a vertex v on the boundary of F with dG(v)¿3
and dG(u; v)= 2. Now we consider the planar graph H =G+uv. Then n2(H)= n2(G)−1
and H also ful;lls the condition dH (x; y)¿3 when dH (x)=dH (y)= 2. Therefore, it
follows from the induction hypothesis

3(r(G) + 1)=3r(H)62m(H)− n2(H)= 2(m(G) + 1)− n2(G) + 1;

and this yields the desired result.
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Remark 2.10. Let F1 be the graph with vertex set {u; u1; u2; u3} and edge set {uui | i
=1; 2; 3}∪ {u1u2}, and let F2 be the graph with vertex set {v; v1; v2; v3; v4} and edge
set {vvi | i=1; 2; 3; 4}∪ {v1v2; v3v4}. Furthermore, for every positive integer t, let H2; t

be the graph obtained from the complete bipartite graph K2; t with the partite sets {x; y}
and {w1; w2; : : : ; wt} and one additional edge xy. Now we de;ne the family G of graphs
by G= {C4; C5; F1; F2}∪ {H2; t | t¿1}, where C4 and C5 are the cycles of length 4 and
5, respectively.
With some more eJort, we can prove the following generalization of Lemma 2.9.

Since we do not use this result in our article, we omit its proof.

Theorem 2.11. Let G be a connected planar graph with 36g(G)¡∞. Then, G =∈G
if and only if

3r(G)62m(G)− n2(G)− n1(G):

3. Planar graphs of girth at least four

Theorem 3.1. Let G be a nontrivial connected planar graph. If g(G)¿4, then b(G)66:

Proof. If G is a tree, then it is easy to see (cf. [1,4]) that b(G)62. Hence, it remains
the case that 46g(G)¡∞.
In view of Lemma 2.7, (G)= 63. Hence, the desired result follows immediately

from Corollary 2.2, when �(G)=�64. Thus, we may assume that �¿5.
Because of n(G)= n= n1 + n2 + · · ·+ n� and 2m(G)= 2m= n1 + 2n2 + · · ·+ �n�,

it follows from Lemma 2.8 that

2m= n1 + 2n2 + · · ·+ �n�64n− 8=4n1 + 4(n2 + n3 · · ·+ n�)− 8;

and thus,

3n1 + 2n2 + n3¿n5 + 2n6 + 3n7 + 4n8 + · · ·+ (�− 4)n� + 8: (2)

Case 1: Let �=5. If 62, then the results follows from Corollary 2.2. In the case
=3, Lemma 2.1 leads to b(G)66, when there exist a vertex u of degree 3 and a
vertex v with d(u; v)62 and d(v)64. In the remaining case, we observe that n5¿3n3,
a contradiction to (2).
Case 2: Let �=6. If =1, then the results follows from Corollary 2.2. Now let

2663. Lemma 2.1 yields b(G)66, when there exist a vertex u of degree 3 and
a vertex v with d(u; v)62 and d(v)64 or when there exist a vertex u of degree 2
and a vertex v with d(u; v)62 and d(v)65. In the remaining cases, we observe that
�5¿2n2 + 3n3. Now (2) leads to the following contradiction:

2n2 + n3¿n5 + n6 + 8= �5 + 8¿2n2 + 3n3 + 8:

Case 3: Let �¿7. Lemma 2.1 leads to b(G)66, when there exist a vertex u of
degree 3 and a vertex v with d(u; v)62 and d(v)64 or when there exist a vertex u of
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degree 2 and a vertex v with d(u; v)62 and d(v)65 or when there exist a vertex u
of degree 1 and a vertex v with d(u; v)62 and d(v)66. In the remaining cases, we
observe that �5¿n1 + 2n2 + 3n3 and �7¿n1. Combining this with (2), we obtain

3n1 + 2n2 + n3¿�5 + 2�7 + 8¿3n1 + 2n2 + 3n3 + 8:

This contradiction completes the proof of Theorem 3.1.

Theorem 3.2. Let G be a nontrivial connected planar graph. If g(G)¿5; then b(G)65:

Proof. If G is a tree, then b(G)62. Hence, it remains the case that 56g(G)¡∞.
In view of Lemma 2.7, (G)= 63. Hence, the desired result follows immediately

from Corollary 2.2, when �(G)=�63. Thus, we may assume that �¿4.
Because of g(G)¿5, we obtain by Lemma 2.8

6m=3n1 + 6n2 + 9n3 + · · ·+ 3�n�610(n− 2);

and thus,

7n1 + 4n2 + n3¿2n4 + 5n5 + 8n6 + · · ·+ (3�− 10)n� + 20: (3)

Case 1: Let �=4. If 62, then the result follows from Corollary 2.2. In the case
=3, Lemma 2.1 leads to b(G)65, when there exist a vertex u of degree 3 and a
vertex v with d(u; v)62 and d(v)63. In the remaining case, we observe that n4¿3n3,
a contradiction to (3).
Case 2: Let �=5. If =1, then the result follows from Corollary 2.2. Now let

2663. Lemma 2.1 yields b(G)65, when there exist a vertex u of degree 3 and
a vertex v with d(u; v)62 and d(v)63 or when there exist a vertex u of degree 2
and a vertex v with d(u; v)62 and d(v)64. In the remaining cases, we observe that
�4¿2n2 + 3n3, a contradiction to (3).
Case 3: Let �¿6. Lemma 2.1 leads to b(G)65, when there exist a vertex u of

degree 3 and a vertex v with d(u; v)62 and d(v)63 or when there exist a vertex u
of degree 2 and a vertex v with d(u; v)62 and d(v)64 or when there exist a vertex
u of degree 1 and a vertex v with d(u; v)62 and d(v)65. In the remaining cases, we
observe that �4¿n1 + 2n2 + 3n3 and �6¿n1. Combining this with (3), we obtain the
contradiction

7n1 + 4n2 + n3¿2�4 + 6�6 + 20¿8n1 + 4n2 + 6n3 + 20:

Corollary 3.3. Let G be a nontrivial connected planar graph with g(G)¿5. If G is not
3-regular, then b(G)6�(G) + 1.

Proof. If �(G)=�¿4, then by Theorem 3.2, b(G)656� + 1. Since G is not 3-
regular, we have (G)62 in the case �=3. But then the desired result follows from
Corollary 2.2. Furthermore, it is easy to see that b(G)6�+ 1, when 16�62.

Theorem 3.4. Let G be a nontrivial connected planar graph. If g(G)¿6; then b(G)64:
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Proof. If G is a tree, then b(G)62. Hence, it remains the case that 66g(G)¡∞.
In view of Lemma 2.7, (G)= 62. Hence, the desired result follows immediately

from Corollary 2.2, when �(G)=�63. Thus, we may assume that �¿4.
Using Lemma 2.8 in a manner similar to that used in the proof of Theorem 3.2, we

obtain

2n1 + n2¿n4 + 2n5 + 3n6 + · · ·+ (�− 3)n� + 6: (4)

Case 1: Let �=4. If =1, then the result follows from Corollary 2.2. In the case
=2, Lemma 2.1 leads to b(G)64, when there exist a vertex u of degree 2 and a
vertex v with d(u; v)62 and d(v)63. In the remaining case, we observe that n4¿2n2,
a contradiction to (4).
Case 2: Let �¿5. Lemma 2.1 leads to b(G)64, when there exist a vertex u of

degree 2 and a vertex v with d(u; v)62 and d(v)63 or when there exist a vertex
u of degree 1 and a vertex v with d(u; v)62 and d(v)64. In the remaining cases,
we observe that �4¿n1 + 2n2 and �5¿n1. Combining this with (4), we obtain the
contradiction

2n1 + n2¿�4 + �5 + 6¿2n1 + 2n2 + 6:

Theorem 3.5. Let G be a nontrivial connected planar graph. If g(G)¿8; then b(G)63:

Proof. If G is a tree, then b(G)62. Hence, it remains the case that 86g(G)¡∞.
In view of Lemma 2.7, (G)= 62. Hence, the desired result follows immediately

from Corollary 2.2, when �(G)=�62. Thus, we may assume that �¿3.
According to Lemma 2.8,

5n1 + 2n2 − c¿n3 + 4n4 + 7n5 + · · ·+ (3�− 8)n� + 16;

where c is the number of cut-edges in the graph. Since c¿n1, we have 4n1+2n2¿5n1+
2n2 − c, so

4n1 + 2n2¿n3 + 4n4 + 7n5 + · · ·+ (3�− 8)n� + 16: (5)

Case 1: Let �=3. If =1, then the result follows from Corollary 2.2. In the case
=2, Lemma 2.1 leads to b(G)63, when there exist a vertex u of degree 2 and a
vertex v with d(u; v)62 and d(v)62. In the remaining case, we observe that n3¿2n2,
a contradiction to (5).
Case 2: Let �¿4. Lemma 2.1 leads to b(G)63, when there exist a vertex u of

degree 2 and a vertex v with d(u; v)62 and d(v)62 or when there exist a vertex
u of degree 1 and a vertex v with d(u; v)62 and d(v)63. In the remaining cases,
we observe that �3¿n1 + 2n2 and �4¿n1. Combining this with (5), we obtain the
contradiction

4n1 + 2n2¿�3 + 3�4 + 16¿4n1 + 2n2 + 16:

Since b(Cn)= 3 for a cycle Cn of length n¿10 with n ≡ 1 (mod 3), Theorem 3.5 is
best possible.
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4. Bounds implied by conditions on vertex degrees

Lemma 4.1 (Kang and Yuan [6]). Let G be a planar graph and v∈V (G) with d(v)
¿2. In addition, let Ev= {xy | x; y∈N (v) and xy =∈E(G)}. Then there is a subset
F ⊆Ev such that H =G+F is still planar and H [N (v)] is 2-connected when d(v)¿3
and connected when d(v)= 2.

Kang and Yuan [6] used Lemma 4.1 for their proofs of Theorems 1.2 and 1.3 and
for the proof of the next result.

Theorem 4.2 (Kang and Yuan [6]). If G is a connected planar graph without degree
5ve vertices, then b(G)67.

As further applications of Lemma 4.1, we present the following generalizations of
Theorem 4.2.

Theorem 4.3. Let G be a connected planar graph, and let A be the vertices of degree
5 which have distance at least three to the degree 1, 2, and 3 vertices. If all vertices
in A, which are not adjacent with degree 4 vertices, are independent and not adjacent
to degree 6 vertices, then b(G)67.

Proof. If there are two vertices u and v such that d(u; v)62 and d(u)+d(v)68, then
Lemma 2.1 implies the desired result. Therefore, we assume that d(u) + d(v)¿9 for
all vertices u and v with d(u; v)62.
Suppose that b(G)¿8, and let V2 = {v |d(v)62}, V3 = {v |d(v)= 3} and V4 =

{v |d(v)= 4}. In addition, let V5 be the vertices of degree ;ve which are not adjacent
with degree four vertices. Then X =V3 ∪V4 is an independent set and |N (V4)|=4|V4|.

Now let X = {v1; v2; : : : ; vr}, and G′ =G−V2. In view of Lemma 4.1, de;ne H0 =G′

and Hi =Hi−1 + Fi for 16i6r, where Fi is a subset of Evi = {xy | x; y∈N (vi) and
xy =∈E(Hi−1)}, such that Hi−1+Fi is still a planar graph and Hi[N (vi)] is 2-connected.
In the following we consider the planar graph H =Hr .

Claim. If V3 ∪V4 = ∅, then dH (y)¿7 for each y∈NH (V3)∪NH (V4).

Proof. By Lemma 2.4, for any x∈V3 ∪V4 and y∈N (x), if |N (x)∩N (y)|=0, then
d(y)¿5; if |N (x)∩N (y)|=1, then d(y)¿6; and if |N (x)∩N (y)|¿2, then d(y)¿7,
and so y is of degree at least 7 in H =Hr .

If V5 = ∅, then H − X is a planar graph with minimum degree at least 6, a contra-
diction to Lemma 2.7.
In the case V5 = ∅, the planar graph F =H − V3 has the following properties:

(a) The minimum degree of F is at least 4.
(b) V4 is exactly the set of vertices of degree 4 in F .
(c) V5 is exactly the set of vertices of degree 5 in F .
(d) The set Y =V4 ∪V5 is an independent set.
(e) For every vertex v∈NF(Y ), we have dF(v)¿7.
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Now we distinguish two cases.
Case 1: Let |V5|62|V4|. On the one hand, Lemma 2.6 implies for F

2m(F) = 4n4 + 5n5 + 6n6 + · · ·+ �(F)n�(F)
6 6n(F)− 12=6n4 + 6n5 + 6n6 + · · ·+ 6n�(F) − 12;

and thus,

2n4 + n5 = 2|V4|+ |V5|¿n7 + 2n8 + · · ·+ (�(F)− 6)n�(F) + 12 ≥ �7 + 12: (6)

On the other hand, the hypothesis, |NF(V4)|=4|V4|, and (e) lead to

2n4 + n5 = 2|V4|+ |V5|64|V4|= |NF(V4)|6�7;

a contradiction to (6).
Case 2: Let |V5|¿2|V4|. We consider the bipartite graph B with the partite sets Y

and NF(Y ) with the edge set {xy∈E(F) | x∈Y and y∈NF(Y )}. Then 46g(B)¡∞ or
B is a forest. Using Lemma 2.8 when g(B)¡∞ or the known inequality m(B)= n(B)−
!(B)6n(B)− 162(n(B)− 2) when B is a forest and n(B)¿3, we obtain

4|V4|+ 5|V5|= |E(B)|62(|V4|+ |V5|+ |NF(Y )| − 2)

and thus,

|NF(Y )|¿|V4|+ 3
2 |V5|+ 2: (7)

Finally, because of |V5|¿2|V4|, inequality (7) leads to the following contradiction to
Lemma 2.6:

|E(F)| = 1
2

∑

x∈V (F)
dF(x)

¿
1
2
{4|V4|+ 5|V5|+ 7|NF(Y )|+ 6(|V (F)| − |V4| − |V5| − |NF(Y )|)}

= 3|V (F)| − |V4| − 1
2
|V5|+ 1

2
|NF(Y )|

¿ 3|V (F)| − 1
2
|V4|+ 1

4
|V5|+ 1¿3|V (F)|+ 1:

Theorem 4.4. Let G be a connected planar graph. If there are two vertices u and v
such that d(u; v)62 and d(u) + d(v)68, or if

n5¡2n2 + 3n3 + 2n4 + 12;

then b(G)67.

Proof. If there are two vertices u and v such that d(u; v)62 and d(u)+d(v)68, then
Lemma 2.1 implies the desired result. Therefore, we assume that d(u) + d(v)¿9 for
all vertices u and v with d(u; v)62.
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Suppose that b(G)¿8, and let Vi = {v |d(v)= i} for i=1; 2; 3; 4. Then X =V2 ∪V3
∪V4 is an independent set such that |N (X )|=2n2 + 3n3 + 4n4.

Now let X = {v1; v2; : : : ; vr} and G′ =G−V1. In view of Lemma 4.1, de;ne H0 =G′

and Hi =Hi−1 + Fi for 16i6r, where Fi is a subset of Evi = {xy | x; y∈N (vi) and
xy ∈E(Hi−1)}, such that Hi−1 +Fi is still a planar graph and Hi[N (vi)] is 2-connected
when d(vi)¿3 and connected when d(vi)= 2. In the following we consider the planar
graph H =Hr .

Claim. If V2 ∪V3 = ∅, then dH (y)¿8 for each y∈NH (V2)∪NH (V3), and if V4 = ∅,
then dH (y)¿7 for y∈NH (V4).

Proof. By Lemma 2.4, for any x∈V2 and y∈N (x), if |N (x)∩N (y)|=0, then d(y)¿7
and if |N (x)∩N (y)|=1, then d(y)¿8, and so y is of degree at least 8 in H =Hr .

By Lemma 2.4, for any x∈V3 and y∈N (x), if |N (x)∩N (y)|=0, then d(y)¿6; if
|N (x)∩N (y)|=1, then d(y)¿7; and if |N (x)∩N (y)|=2, then d(y)¿8, and so y is
of degree at least 8 in H =Hr .

By Lemma 2.4, for any x∈V4 and y∈N (x), if |N (x)∩N (y)|=0, then d(y)¿5; if
|N (x)∩N (y)|=1, then d(y)¿6; and if |N (x)∩N (y)|¿2, then d(y)¿7, and so y is
of degree at least 7 in H =Hr .

We observe that ni(H)= ni = ni(G) for i=2; 3; 4 and (H)¿2. In view of Euler’s
Formula and Lemma 2.9, we obtain for the connected graph H the inequality

6m(H)− 6n(G) + 12=6r(G)64m(H)− 2n2(H);

and so,

2n2(H) + 3n3(H) + 2n4(H) + n5(H)¿�7(H) + �8(H) + 12:

This inequality and the facts that �7(H)¿2n2 + 3n3 + 4n4, �8(H)¿2n2 + 3n3, and
n5 = n5(G)¿n5(H), imply

2n2 + 3n3 + 2n4 + n5¿2n2 + 3n3 + 4n4 + 2n2 + 3n3 + 12;

a contradiction to the hypothesis n5¡2n2 + 3n3 + 2n4 + 12.

Analogously, but much simpler, one can also prove the next result.

Proposition 4.5. If G is a connected planar graph without degree four and degree
5ve vertices, then b(G)66.

5. Bounds implied by conditions on triangles

Let e= xy be a noncut edge of a connected planar graph G. Following Develin [2],
we de;ne

De=Dxy =
1

d(x)
+

1
d(y)

+
1
r1e

+
1
r2e

− 1;
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where r1e and r2e are the numbers of edges comprising the regions which e= xy borders.
In view of Euler’s Formula, we obtain for a graph G without cut edges

∑

e∈E(G)
De= n(G) + r(G)− m(G)= 2: (8)

Proposition 5.1. Let G be a nontrivial connected planar graph with �(G)= 6. If
every edge e= xy with d(x)= 5 and d(y)= 6 is contained in at most one triangle,
then b(G)67=�(G) + 1.

Proof. If G has a cut-edge, then by Lemma 2.3, b(G)6�(G)=�=6. Hence, we
assume in the following that G is 2-edge connected. If (G)= 62, then, in view of
Corollary 2.2, b(G)6�+ 1.
Let now ¿3 and e= xy be an edge of G and assume, without loss of generality,

that r1e6r2e .
If d(x)= 3 and d(y)65,
or d(x)= 3, d(y)= 6 and r1e =3,
or d(x)=d(y)= 4,
or d(x)= 4, d(y)= 5 and r1e =3,
or d(x)= 4, d(y)= 6 and r1e = r2e =3,
or d(x)=d(y)= 5 and r1e = r2e =3,
then by Lemma 2.4, b(G)67.
In the remaining cases, for each edge e= xy, consider the quantity Dxy.

If d(x)= 3, d(y)= 6 and r1e¿4, then De60.
If d(x)= 4, d(y)= 5 and r1e¿4, then De60.
If d(x)= 4, d(y)= 6 and r2e ¿4, then De60.
If d(x)=d(y)= 5 and r2e ¿4, then De60.
If d(x)= 5, d(y)= 6, then, by the hypothesis, r2e ¿4, and thus De60.
If d(x)=d(y)= 6, then De60.
Therefore,

∑
e∈E(G)De60, a contradiction to (8).

Theorem 1.2 and Proposition 5.1 lead immediately to the next corollary.

Corollary 5.2. Let G be a nontrivial connected planar graph with �(G)¿6. If �(G)
¿7 or if �(G)= 6 and every edge e= xy with d(x)= 5 and d(y)= 6 is contained in
at most one triangle, then b(G)6�(G) + 1.

Corollary 5.3. Let G be a nontrivial connected planar graph with �(G)= 5. If no
triangle contains an edge e= xy with d(x)= 5 and 46d(y)65, then b(G)66=
�(G) + 1.

Proof. If (G)= 62, then, in view of Corollary 2.2, b(G)66. Therefore, let ¿3.
If G has a triangle, then, by the hypothesis, the triangle contains an edge e= uv with
d(u)= 3 and d(v)= 3 or d(u)= 3 and d(v)= 4 or d(u)= 3 and d(v)= 5 or d(u)= 4
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and d(v)= 4. In all these cases, Lemma 2.4 leads to b(G)66. In the remaining cases,
g(G)¿4, and the desired result follows from Theorem 3.1.

6. Conclusion

Obviously, Conjecture 1.1 is true for �62 and in view of Theorem 1.2, it is also
true for �¿7.
If Ct is a cycle of length t, then b(Cn)= 3=�+1 when t≡ 1 (mod 3), and b(Ct ×K2)

= 4=�+1 when t≡ 2 (mod 4) (cf. [3, Proposition 17.20]). Furthermore, it is easy to
see that b(K6 −M)= 5=�+1, where M is a perfect matching of the complete graph
K6.
These examples show that Conjecture 1.1 is best possible for 26�64.

Question 6.1. Are there planar graphs G with 66b(G)68?

Theorems 4.3 and 4.4 as well as Proposition 5.1 lead us to the following conjecture.

Conjecture 6.2. If G is a connected planar graph, then b(G)67.

Conjecture 6.3. If G is a connected planar graph with girth g(G)¿4, then b(G)65.

Conjecture 6.4. If G is a connected planar graph with girth g(G)¿5, then b(G)64.
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