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1. Introduction and main result
1.1. Introduction

The aim of this paper is to study a general class of scalar and vectorial Schrédinger equations in presence of local and
nonlocal potentials, modelling an electric and magnetic field and a Newtonian type interaction, respectively. This class of
problems includes various physically meaningful particular cases, that will be individually described in details later in this
section. In fact, we would also like to discuss the latest developments available in literature for this kind of issue, particularly
when approached via the technique initiated by the 2000 work of R. Jerrard and J. Bronski [4]. More precisely, let m > 1,
N>1,0<p<2/N, >0 and let

V:RN >R,  A:RVSRY,  ¢:RVSR, (11)
S unctions satis ying suitable assumptlons that wi e stated in the fo owing. en, 1f 1 denotes the complex
be C3(RN) functi isfyi itabl ions that will b d in the following. Then, if i d h 1

imaginary unit, consider the Schrédinger equation

—ie0gd + Latd + V00 =6l }P8d + 5@ x16eljed inRY x (0, 00),

dx.0) =l inRY, (5)
j=1,...,m,
where ¢, = (;;, M RN x Rt — C™ is the unknown, the magnetic operator La is defined as

2 1
Lag 1= = A¢ =AM - V& + |40 "¢ — = divx AGOL,
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the convolution is denoted by (@ * v)(x) := fq)(x— y)v(y)dy, and

m m
2p ., |~J|2P | Fi|PTL g P 2._p.|-il? PRI
1P =g P+ Y Syl PP e =+ ) eyl
i#] i#]
for some nonnegative constants «;, B, ¥ij, w;jj such that y;j = y;ji and w;j = wj;, for all i, j=1,...,m. By rescaling prob-

lem (S) with ¢.(x,t) = . (ex, et), we reach the following system, where ¢ appears now only in the arguments of the
potentials V, A and &

0 + Lad + V (ex)pl = 1017701 + @ (620 19 2¢] in RN x (0, 00),
P2 (x, 0) = Pp(X) inRY, (P)
j=1,...,m,

with ¢z = (¢],...,¢™) : RN x RT — C™ and

1 1 1 1
Lagi= =509 — ~AEx) - Vo + 5|A(gx)|2¢ — 5 dive Aeng. (12)

As we have already recalled, here V:RN — R and A:RN — RN are an electric and magnetic potentials, respectively. The
magnetic field B is B=V x A in R? and can be thought (and identified) in general dimension as a 2-form HE of coefficients
(9;Aj — 3jA;). We will keep using the notation B=V x A in any dimension N.

We point out that the general Schrédinger problem (S) we aim to investigate contains, as particular cases, the following
physically meaningful situations.

ClassL. If m=1, A=0, 8j =w;jj =¥;; =0 and «; = 1, one finds:

2
. & .
igdh e + o ALe = V(XL + 1P =0 inRN x (0, 00),

Le(x,0) = o (x) in RN,

This is the classical Schrédinger equation with a spatial potential. For general results about local and global existence of
solutions, regularity, orbital stability and instability, we refer the reader to [6] and to the references therein. From the point
of view of the semi-classical analysis of standing wave solutions . (x, t) = ug(x)e"'Et for E € R, the Schrodinger equation
reduces to a semi-linear elliptic equation. In the last few years a huge literature has developed starting from the celebrated
paper by Floer and Weinstein [10] (see the monograph [2] by Ambrosetti and Malchiodi and references therein). Concerning
the soliton (or, equivalently, point-particle) dynamics, that is the study of the qualitative behaviour of the solutions of this
equation by choosing as initial datum a suitably rescaled ground state solution of an associated elliptic problem, we refer
e.g. to the works [4,11,13,17] and to the recent monograph [5] (see also e.g. [15,16] for works in the mathematical physics
community). Very recently, in [3], Benci, Ghimenti and Micheletti provided the first result on the soliton dynamics with
uniform global estimates in time.

ClassIl. f m=1, Bj =wjj=7¥;j =0 and «j =1, one finds:

2
180 Le — %(?V - A(X)> e = V(0L + 12?2 =0 inRY x (0, 00),

L6 (x,0) = Go(x) inRY.
This is the Schrodinger equation with a time-independent external magnetic field. For general facts about this equation, we
refer again to [6] and to the references therein. For the semi-classical analysis of standing wave solutions, we refer the
reader to the recent work [7] and to the various references included. For the full (soliton) dynamics, we refer to the recent
papers [23,25] which, to our knowledge, are the first contributions for this equation. In [25], the concentration centre is
precisely the one predicted by the WKB theory.

ClassIll. f m=1, A=0 and «; = ¥;j = w;j =0, one finds:
2
. € B 2 N
180 e + — ALe = V(X)L + g P 8|70 =0 InRTx (0, 00),
Ce(x,0) = %0 (%) inRN.

This is the Hartree or Newton-Schrddinger type equation. For basic facts about this equation, we refer again to [6] and refer-
ences therein. For the study of standing waves in the semi-classical regime, we refer to [26] and the references included.
The physical motivations for these equations were detected by Penrose who derived the Schrédinger-Newton equation by
coupling the linear 3D Schrédinger equation with the Newton law of gravitation, yielding
2
. 3 .
iedkGe + 5 Ale = V(0L + W k5o =0 in R3 x (0, 00),

—2 AW, = p|g 1 in R3,
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where u is a positive constant. Of course, this system is equivalent to the nonlocal equation

2

: € 2, _0 inR3 _or 1
lgatfs"‘?ACS—V(X)Q‘FW&*MH e =0 inR” x (0, 00), Yo (x) =

A7e? x|
For the study of point-particle dynamics for this equation with smooth nonlocal potentials, we refer the reader to [12],
where the authors follow an approach different from that used in [4,17].

ClassIV. If m =1 and «j = y;j = w;j =0, one finds:

1 2
ieatcE—EGV—A(x)) fa—V(X)Ca‘f‘gﬁNd’*MHZCa:O in RN x (0, 00),

Ze(x,0) = 20(x) in RN,

This is the Hartree type equation with magnetic field. As for the previous cases, concerning the basic facts about this equation,
we refer to [6]. With respect to the semi-classical analysis of standing waves we are not aware of any paper. The soliton
dynamics behaviour is contained in the present paper for smooth potentials.

ClassV. If m=2, A=0 and 8; = w;j =0, one finds:

2
. & 2 1 -1 .
warc2+7Ac§—V(x>c§+a1|c;|”c§+m|;§|"* 2P =0 inRN x (0, 00),

|p+1

2
. & 2 -1 .
warc§+7A;3—V(x>c3+oez|c3|”cﬁwulzg 12277 =0 inRN x (0, 00),

¢e(x,0) = o (%) inRN.
This is the weakly coupled Schridinger system with two components. With respect to the semi-classical analysis of standing
waves, in the last few years the interest for this systems has considerably increased. We refer for instance to [1,18,20,24] for
the study of the structure of the associated ground states solutions (vector versus scalar ground states depending upon the

strength of the interaction y4, > 0). For the behaviour in the semi-classical limit, we refer the reader to [8,20]. The soliton
dynamics behaviour is contained in [21,22], essentially in the 1D case.

1.2. The main result

In this section we shall provide the suitable background allowing us to formulate the statement of the main theorem of
the paper.

1.2.1. Framework and main ingredients
Throughout this paper we denote by Hs . the Hilbert space defined as the closure of C?O(RN; C™) under the scalar
product

U, VIH,, = s)'t/(Du -Dv + V(ex)uv)dx,

where Du = (D1u,...,Dyu) and D; :i‘laj — Aj(¢x), with induced norm

2
1
||u||12qA,g = /‘TV” — A(ex)u

dx+[V(8x)|u|2dx < 0.

/

The dual space of Hp ¢ is denoted by Hy o while the space Hfm is the set of u such that

2

< Q.

2

2 _ 2 1
lull =lul+ || -V —A@Ex) | u
Ag 1 12

Finally, H'(RN; C™) is equipped with the standard norm [¢[|%, = [[Ve|?, + [[¢]|?,. We study problem (P) for an initial
datum ¢g : RN — C™ given by
¢(J)'(X) =1j(% — xc (0))eAEXO) X O)4x£6 O j_1 . )
where xo/¢ and & are the initial position and the initial velocity in RN of the following first order differential system
Xe (t) = & (1),
Ec(t) = —eVV (exe (1)) — £&6 () x B(exe (1)),
X0
Xe(0) = —,
&

£:(0) = &o,

(D)
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with B =V x A. Notice that, for the solution of (D), we have

X(t) =&(0).
x(st) B E(H)=—VV(x()) — &) x B(x(t)),
Xe(t) = , o Ee(t) =E&(et), %(0) = xo. (1.3)
£(0) = &o.

The rescaled components (x(t), £(t)) of system (1.3) might appear in the proofs of some result. Notice that the initial datum
referred to the original problem (S) reads as

td = ¢0<> j<%>e%[A(XO)'(X—XoH-X‘éo], xeRY, j=1,...m.

This is the usual formula for the (soliton) initial datum considered in [4,17] when A =0 and in [23,25] when A # 0.

Furthermore, we assume that r = (rq, ..., rm) € HY(RN, R™) is (up to translation) a real ground state solution of the elliptic
system
—1Ar- +ri=r?r; inRV
S AT =T ’ (S)
j=1,...,m
with respect to the notation of | - |; previously introduced. We also set
m
mj:=|rjll%. j=1..m.  M:=) m; (1.4)
Notice that, setting for all t € R
1 2
HO =S [8O] + V(ex: (0) + M, (15)

where

M=~ ¢(0) Zﬁ]m +Zw1]mm]
i#]

it follows that H is a first integral associated with (D), namely
1
H(t) = H(0) = E|go|2 +V(x)+M, forallteR".
In turn, the function H is independent of both time and & > 0.

1.2.2. Assumptions on the potentials
We first give the following

Definition 1.1. Consider the potentials V :R¥N — R, A:RN — RN and @ :RN — R and a ground state solution r of (S) which
is chosen to build up the initial datum (I). We say that (V, A, &, 1) is an admissible string for the point-particle dynamics of
problem (P) if r; is radially symmetric, xjrj € L>(RN) foralli=1,...,N and j=1,...,m and the following Properties 1.2
(well-posedness) and 1.3 (non-degeneracy/energy convexity inequality) hold true.

Property 1.2 (Well-posedness). Assume that 0 < p < 2/N. Then, for all € > 0 and ¢o € Hp ¢, there exists a unique global
solution

¢e € C(RT, Hae) NCH(RT, HYy ),

of problem (P) with sup;cg+ | (t)llH,, < oo. Furthermore, the mass J\fgj associated with ¢)§(t),

N :=/|¢g(r)|2dx, teRY, j=1,....m

and the total energy Eg,

Ec(t) := /‘ Ve (X) — A(EX)Pe

dx+/V(8x)|¢g(X)| GIX—p—Z<>t]/|¢>g(x)|2p+2
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1 m . . 1" 4 .
o1 Z Vij/|<l5lg(><)|p+l|¢>3:(X)|p+l dx — EZﬁj //<1>(s(x—y))|¢é(x)|2|¢§(y)|2dxdy
ij,i%] =

1 & P2y, 2
-5 2 o [[ o=yl ol axdy. tert,
i, i]
are conserved in time, namely
NI =NI(0) and E.(t)=E.(0), forallteR", j=1,...,m.
Finally if ¢ € H .., then ¢ € C(RT, H% ) N CT(RT, L2(RN; C™)).

We also consider the functional £ : H'(RN; R™) — R associated with system (S)

1 2 = oj / 2p+2 u Vij f p+1 p+1
— v _ _J . _ . . .
E(u) 2/| u(x)|”dx ]E:l Pt |ujx)] dx 2 1 [ui )" Jujx [P dx

In a large range of relevant situations, a ground state solution r of (S) satisfies the characterisation
& =min{Ew): ue H'(RY,R™), [lull2 = lIrl2}. (1.6)
For m =1 this is a classical fact. For m =2 see e.g. [19].

We consider now the following

Property 1.3 (Non-degeneracy/energy convexity inequality). There exist two positive constants C and C’ such that the following
condition holds: if U € H(RN; C™) is such that IUll;2 = lIrll;2, where r is a ground state solution of (S), then

I'y <C(EU) —E)), (1.7)
where
ru=inf, UG = (€0rC+y). e+ ) [ (18)
yeRN

01.....0me[0,277)

provided that I'y < C'.

The energy convexity inequality is essentially a feature of a ground state solution r. It is generally a quite delicate
issue to consider, based upon nontrivial spectral estimates and the fact that the kernel of the linearized operator is N-
dimensional and spanned by the partial derivatives d;r of r. Let us point out which is the current knowledge of particular
cases, within our framework, where this assumption is indeed satisfied. For the Schrédinger equation with or without
magnetic field, Property 1.3 is satisfied, since the (unique) ground state solution of —%Ar +r =r2P*! is non-degenerate
and satisfies suitable spectral estimates (see the striking works of Weinstein [27,28]). For systems, already in the case of
two components, the situation is still very far from being completely understood. On the other hand, very recently Dancer
and Wei have proved in [8] the existence of non-degenerate ground state solutions in some particular cases, providing an
important tool in connection with Property 1.3. In the one-dimensional case, Property 1.3 has been verified in [22] for
two-components weakly coupled nonlinear Schrédinger system. The main obstacle in dealing with the higher-dimensional
case is the smoothness of the energy functional £ which is not of class C2 due to the presence of the coupling terms
[1¢'[P*1|¢I [P+, being p <2/N < 1.

1.2.3. Statement of the result

On the external potentials V and A, on the nonlocal term @ and on the ground state solution r of (S) which is chosen
to build the initial datum (I), we assume that they are admissible for the point-particle dynamics in the sense indicated
above and that the following conditions hold:

(V) V e C3(RN) is positive and ||V || < 00;
(A) AeC3RN;RN) with Al < oo;
() @ e C3(RN) positive with || @3 < oo.

We shall think & as a smooth function decaying at infinity as |x|~° for some p > 0 (for instance, in RN with N > 3,
decaying as the Coulomb potential |x|>~N) having a maximum point at the origin.
Under the previous assumptions, we can state the main result of this paper.
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Theorem 1.4. Assume that @ = 0 in the vectorial case m > 1. Let ¢ be the family of solutions to problem (P) corresponding to the
initial datum (1) modelled on a ground state r of (S) and let (x¢(t), & (t)) be the solution of (D). Then there exist § > 0, &g > 0 and
shift functions 981, .o, 0 RT — [0, 277) such that, if || Allc2 < 8, then

¢é x,t) = el(fg(t)'x""es (O+A(exe (D) (X=X (f)))rj (X — X (t)) + Cl)é (x, 1),

where ||a)f;(t) Iyt < O(e), foralle € (0, &9) and j =1, ..., m, locally uniformly in time with the time scale &~ 1. Furthermore, without
restrictions on || Al| 2, there exists eg > 0 such that

6206, 0| =1j(x = X (1) + DE(x, 1), (19)
where ||c?)g g1 < OCe), foralle € (0, &9) and j =1, ..., m, locally uniformly in time with the time scale 1.

This kind of results has the origin in some works in linear geometric asymptotics which go back to the 70’s (see [14]).
We stress that, in the vectorial case m > 1, we are not aware of any physically reasonable model including the nonlocal
coupling terms. Hence, for m > 1, we consider systems of coupled Schrodinger equations with local terms, which are being
extensively studied in the literature of recent years.

Remark 1.5. Rescaling back to problem (S), the approximated representation formula reads as

. i j X — Xx(t i
£l (x, 1) = e EOXEILO+AKO) G-xO) (T()> i,

locally uniformly in time, where we have set ﬂg(t) = aegj(t/s) and Esj(x, t) = a)g(x/a, t/€), which reads as in [25] and in
the previously cited papers in the particular cases m=1, A=0 and @ =0.

Plan of the paper. In Section 2, we prove various preliminary lemmas, particularly focused on the asymptotic behaviour of
the energy, for & small. In Section 3, we prove some lemmas, focused on the asymptotic behaviour of the density and of
the momentum associated with the solution, for ¢ small. In Section 4, we prove a result yielding a precise control on the
norm of the error function w] which appears in Theorem 1.4. Finally, in Section 5, we conclude the proof of the main result,
Theorem 1.4.

Notations.

(1) The imaginary unit is denoted by i.

(2) The conjugate of any z € C is denoted by z, the real and imaginary parts by %z and 3z.
(3) The symbol Rt means the positive real line [0, co).

(4) The ordinary inner product between two vectors a,b € RN is denoted by a - b.

5) The standard LP norm, 1 < p < oo of a function u is denoted by ||u||;r.

(
(6) The symbols 9 and 3; mean 2 and % respectively. A means 57% 4o+ JBX—%J
(7

—_ D

The symbol CX(RN;C™), for k € N, denotes the space of functions with continuous derivatives up to the order k.
Sometimes CX(RN; C™) is endowed with the norm

lplice = > [DY¢] ;0 < o0

lo| <k

(8) The symbol [ f(x)dx stands for the integral of f over RN with the Lebesgue measure.
(9) The symbol C%* denotes the dual space of C2. The norm of a v in C2* is

V]l c2+ :sup”/qﬁ(sx)vdx

e CC(RY), 1ol < 1}.

Clearly, C%* contains the space of bounded Radon measures.
(10) C denotes a generic positive constant, which may vary inside a chain of inequalities.
(11) O(s) is a generic function such that the limsup of e~ 1O(¢) is finite, as ¢ — 0.

2. Some preliminary stuff

Observe that, from Property 1.2, due to the choice of the initial datum (I), the masses ./\/g(t) are also independent of ¢.
Indeed, via the mass conservation law, by the form of the initial datum and (1.4), we have

N =N = /|¢£(x, ) dx= f\rj(x—xgw))\zdx: Irj112, = mj, 1)

foralle >0, teRt and j=1,...,m.
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We now recall a useful identity (see e.g. [17, Lemma 3.3]).

Lemma 2.1. Assume that g :RN — R is a function of class C2(RN), llgllc2 < oo, and that r is a ground state solution of (S). Then,
as € goes to zero, forany i =1, ..., m it holds

/g(ex +yrix dx = / grE(x) dx + O(e?),
forevery y e RN,
In a similar fashion, we have the following counterpart to be used for the nonlocal term.

Lemma 2.2. Assume that g: RN — R is a function of class C*>(RN), llgllc2 < oo, and that r is a ground state solution of (S). Then,
as € goes to zero, forany i, j=1, ..., mit holds

/ / g(ex— )7 ri (y) dxdy = mim;g(0) + O(e?).

Proof. By Taylor expansion, for some point & of the form & = et (x — y) with t € (0, 1), we have

N
/ / g(e(x — y)rf ri(y) dxdy = g(0) / / 7 (ori(y)dxdy + &y Dpg(0)- / / (Xn — Y17 (015 (y) dxdy
h=1

h,k=1

2 N
=D f / DZ8(6)(xh — Y (X — yOr? (Or () dxdy
N

=mim;g(0) +& Y _ Dpg(0) / xnr? (%) dx / ri(y)dy

h=1

N
— & Dng(0) f yurs(y)dy f 7 (x) dx

h=1

2 N
+S Y [ / D78(6) (Xt — Y (X — yOr? (Or? () dxdy

h.k=1

2 N
=mim;g(0) + % > / / D} 8(E) (xn — yn) (X — yiOT7 (05 (y) dxdy
h,k=1

=mim;g(0) + O(&?).

In the above computations we used the fact that |Dﬁkg($)| < |Igllc2 < oo, that, since r; is radially symmetric, fzhrl.2 (2)dz=0
and, finally, that zyr; € L2(RN) for any h and i (cf. Definition 1.1). O

In the next result we obtain an asymptotic formula for the energy, linking the functionals E¢, £ and H, up to an error
O(g?) (see also [25]).

Lemma 2.3. For every t € R, as & goes to zero, it holds

Eo(t) = £(r) + MH(t) + O(?).

Proof. Taking into account that, in view of Lemma 2.1, for all j=1,...,m we have
/rf(x)\A(strxo)]zdx: |AGxo)|"m;j + O(£?),
/rf(X)A(ex +x0) - (A(x0) + 0) dx = A(x0) - (A(X0) + o)m; + O(&?),

as € goes to zero, it is readily checked that, for any j=1,..., m, we get

2
/‘ (? - A(ex)) (rj(x — X (0)) @A) x=xeODFx5ol) [ gy — /}Vrj(x)|2 dx +mjlgo|? + O(?).
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In turn, by combining the conservation of energy (see Property 1.2) and the conservation of the function H (see defini-
tion (1.5)), taking into account Lemmas 2.1 and 2.2, as € goes to zero, we get

Eo(t) = Ec(0) = ( (X Xe (0)) llA(Xo)'(X—Xs(O))+X-§OJ)

2
; Y ifA (x—=x¢ (0 .
- EZ/KT _A(SX)> (Tj(x—xe(O))e‘[ X0)-(x=xz ( )H‘Xfo]) dx
j=1
E 2 J 2p+2 4 . :
" -_1/V(x°+8x)rf(x)dx_z._l p+1/|rf| " dx—”z :i#ijr]/Irin* 7P+ d

_Z'BJ // (ex—y) ‘r](x)| ‘U(Y)| dxdy — Z @ij // (ex—y)) ‘r,(x)| |r](y)\ dxdy

i,J,i#]

—5(T)+Z/V(xo+8x)r x)dx + = Zm]|§0| —I—MM—i—(’)( )

] 1

=&+ ijV(xo) + % ij|so|2 + MM+ 0(e*) =E0) + MH(®) + O(e?). O
j=1 j=1

The function p : RN x RT — R™N is the (magnetic) momentum of ¢, defined as
P == 3(Pe (X, ) (Ve (x, ) — 1A(EX)Pe (x. 1)), x€RY, teR™. (22)

Then, we have the following

Lemma 2.4. Let ¢ be the solution to problem (P) corresponding to the initial datum (I). Then there exists a positive constant C such
that

[i7' Ve 0) = A0 (. D2 < C,

forallt e RT and any ¢ € (0, 1]. In particular,

sup
teR+

< 0.

/p?(x, t)dx

Proof. By Property 1.2 the total energy E. is conserved and, in addition, can be bounded independently of ¢ (due to the
choice of initial datum, see Lemma 2.3). Taking into account the positivity of V and the definition of E., it follows that
there exists a positive constant C such that

2

H %V%(-, t) — A(ex)ge (-, dx

_ / ‘%wg(x, £) — A(eX)de (X, )

:2E8(t)—2/V(£x)|¢g(x 0| dx+—2a,/|¢s(x 0P dx

> / [pix. 0 glix, 0 dx

i,j,i#j

+) Bj // ®(e(x — ) |¢Lx. 0 [¢L (v, 0| dxdy
j=1

p+

+ Z wU// (e(x— )| oL O [¢d(v. 0] dxdy

i.J.i#]

m
— Zaj/|¢§(x, t)|2p+2 dx
=1
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2 = ; -
+— yijf|¢2(x,t)|p+1|¢é(x,t)|p+ldx
PHL

+3 8 //@(s(x—y))!¢£(x>!2!¢£<y)!2dxdy
j=1

+ 2 oy [[ ofec-p)lsioPloly.of xay.

ij,i#]j

By combining the diamagnetic inequality (see e.g. [9] for a proof)

. ae inRN

|V|pd|| < ‘(T —A(ex))¢>é

with the Gagliardo-Nirenberg inequality, setting ¢ = 2‘;% € (0, 1), we obtain

v j
T A(ex) | oz (-, 1)

for any j=1,...,m. While, by the conservation of mass, we deduce that

9

1626, 0 sz < |62 0] 12 [V ]@2C 010 < #0157 2
L

|l o) =N O =mj, j=1,....m,

independently of ¢ (see formula (2.1)). Hence, for all € > 0, we get

pN
' 2p+2 -0+ | 1o j pN
e\’ 2p+2 X i - e\ - e\ X & )
GLCO[55 <P Vgl e — Aenglc.n)| < C(Te)
12
for any j=1,...,m and for some positive constant C, where we have set, for t > 0,

.= max ¥, ro=
j=1,...m

.....

‘1%]' (1) — AEPLC, 1)
i e\ e

L2
Observe also that, as @ is uniformly bounded, for any i, j=1,...,m we have

f/ ®(e(x— y)|plx, ) *|pl (v, )| dxdy < nyas;(x, t)|2dx/|¢g(y, t)|*dy = cmym.

Finally, notice that, by Young inequality

. : 1, 1 i
/|¢g<x, 0" el 0P ax< Sl 0[S + el 055,

(2.4)

(2.5)

for any j=1,...,m. Putting now together all the previous inequalities from (2.3) to (2.5), we finally obtain (Y3 (t))? <
C + C(Ye(t)PN for t > 0. Taking into account that pN < 2 by the assumption on p, if Y:(t) was unbounded with respect
to t or ¢, the above inequality would yield a contradiction. Hence 7% is uniformly bounded with respect to t and &, so
that the first assertion of Lemma 2.4 holds. In order to prove the final assertion observe that, taking into account the mass

conservation law, by Hoélder inequality we get

/p?(x, t)dx

for all t € R™. The assertion follows by taking the supremum over t in RT. 0O

<C,

1
Ve (-, 1) — AEX)Pe (-, 1)
1 L2

< / 20| dx < [ge .0 2

For the next lemma we need to introduce the total magnetic momentum qg‘ defined as

m

qix 0= Z(p?)j(x, t), xeRN, t>0.
=

Then, on a suitable function v (related to the solution ¢, ), we have the following

Lemma 2.5. Let ¢ be the family of solutions to problem (P) corresponding to the initial datum (I). Let us set, for any ¢ > 0, t e R*

and x e RN

Ylx, t) = e SO IR OlgmiAex O] (x £ x (1), 1), j=1.....m,

(2.6)
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where (x: (t), & (t)) is the solution of system (D). Then, as € goes to zero,
E(Ye(®) = E(r) = MH(t) — / V (£X)| s (x, t)|2 dx + %M|Sa(t) + z‘\(sxg(t))\2
— (& + A(ex: (D)) - [q;\ (x, t)dx — (&c(t) + A(exe (1)) - / A(EX) | (x, 1) |2 dx

1
+ 5/|A(8x)|2|¢g(x, t)|2dx+/A(8x) -qA(x. b dx

1& 4 ,
+ zzﬁf f/q)(s(x—y))lzﬁé(x, 0% [¢d (v, t)|* dxdy

+— Z wu// (e(x— y)|oLx, 0 [¢d (v, O] dxdy + O(e?).

l] i#]
Proof. By a change of variable ‘we see that ||1pg(t)||f2 =m; for j=1,...,m. Hence the mass of ¥(t) is conserved through
the motion. Let pl(x,t) = (@ (x, ) VPl (x,t)) for xe RN, t e Rt and j=1,..., m be the j-th magnetic-free momentum.

A direct computation yields

E(Yed) = f Ve (x, 0 dx + = ZmJ!§g<t>+A(ex£<t))| _Z(Sa(f)‘f‘/\(sxa(f))) / pl(x,t)dx

j=1

”“Za’/ b0 - pT > w [l1gix ol gl ol ax

i,j,i#j
so that we obtain

E(e®) = f ‘ Ve (x,t) — A(EX)9e

dx__/\A(gx)] e (x, 0)] dx+Z/A(8X) pl(x, t)dx

+ = ij‘gs(t)‘i‘A st(t))| —Z Es(t)+A(3Xs(t)))'/pé(xvt)dx

j=1

"“Za’/wx e > i [leix ol gloo " dx.

i,j,i#]
Then, taking into account the definition of E.(t) and of H and Lemma 2.3, we obtain

1
E(We (D)) — E(r) = MH(t) — / V (e)| e (x, r>|2dx+—M|sg<t>+A(ex$<r))|2

— (£ () + A(exs (D)) prg(x t)dx — —/\A(sx)y |¢e (%, t)| dx

j=1
mo 1 ) .
+fA(ex)-Zpé(x, t)dx+EZﬂ;//d)(a(x—y))|¢é(x,t)|2|¢é1(y,t)|2dxdy

+s 3 oy [ [ @(eci=)lsieoPloly.of dxdy +0(e?),
11!#1

as € goes to zero. Finally, since ps(x t) = (p Y(x, t) + A(ex)\zﬁg(x t)|?> and recalling the definition of qE we obtain the
desired conclusion. O

Now let us introduce two functionals in the dual space of C2
/ I (x, ) - g () dx = / @(ex) - @7 (¢, dx — Mg (ex: (1)) - & (D), Vg € C*(RY; RY), (2.7)

/ng(x, HP(x) dx:/<p(sx)y¢g(x, 0> dx — Mo(sx:(0), Vo € C2(RV; R), (2.8)
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for all t e RT, where M is given in formula (1.4). Moreover, define the function 2, :R* — Rt as Q.(t) = 2:() + pg‘ ®),
where

, teRT,

+ sup + [ye(®)

lolles <1

Qe(t) = V I x, t)dx

/ T2 (x, )@ (x) dx

, teRT (2.9)

i) = l/n;(x, t) - Ax) dx
and
Ve(t) == Mexg(t)—/exx(sx)\%(x, t)]zdx, teRT,

where x € C°(RN) is such that 0 < x <1, x(x) =1 in B(0, p) and x (x) =0 in RN\ B(0, 2p), for a suitable § > 0 that will
be suitably chosen later.
Now we are able to prove an estimate on the energy of .

Lemma 2.6. Assume that @ =0 if m > 1 and let v, be the function defined in formula (2.6). Then there exists a positive constant C
independent of € such that

0< E(WYe(D) — £ < CR:(1) + O(e?),

forallt e R* and any ¢ > 0.
Proof. We claim that £2,(0) = O(¢?) as € goes to zero. In fact, by definition of £2,, we have

+ sup + 7] + pf(0). (2.10)

loll s <1

2:(0) = ‘ f 1} (x, 0)dx / T2 (x, 0)p(x) dx

First of all, let us estimate the first term in the right-hand side of (2.10). Taking ¢ =1 in (2.7) and using (I), we get

/17; (x, 0)dx=fqg‘(x, 0) dx — M£(0)

=2 / J(BL(x, 0) (Ve (x, 0) — iA(ex)L (x, 0))) dx — Mg
=1
= Z/rf (x — x£(0))[A(x0) + &0 — A(ex) | dx — Mé&o
=
=MA(xp) — Z / rjz-(x — x¢(0)) A(ex) dx
=1

=MA(xg) — Zfrjz-(x)A(ex—kxo)dx =0(g?),
=1

as € goes to zero, in light of Lemma 2.1. In a similar fashion, one gets ,og“ (0) = O(£2). Now consider the second term in the
right-hand side of (2.10). Let ¢ € C3(RN) with lellcs < 1. Then,

/ T2 (x, 0)p(x) dx = / P(EX)|ps (x, 0)|2dx — Mo(x(0))

m
=y / @(ex+ x0)r? (x) dx — Mo (x0) = O(€?)
j=1
as ¢ goes to zero, again using Lemma 2.1. We finally estimate y,(0). As above we have

¥e(0) = Mx(0) — efxx (£2)| e (x. 0)|” dx

=Mxg—¢ Z / XX (sx)rjz. (x — x¢(0)) dx = Mxo — Z f(ex +x0) x (ex+ xo)rjz(x) dx
= =

=Mxo— Y / Xox (Xo)r5(x) dx + O(e?) = Mxo(1 — x (x0)) + O(e?),
j=1
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thanks to Lemma 2.1. Now, from [17, Lemmas 3.1-3.2] (where one has to use the §, at some point a is defined as (54, @) =
@(ga) for all ¢ € C>(RN)), we learn that there exist three positive constants Ko, K1, K2 such that, for all y,ze RN, Kq|sy —
€z| < |8y — 8zllc2» < Kaley —ez|, provided that [|8y — ||z« < Ko. Let then p = K1 SUpPgepg, 17 SUPtefo, /6] [€Xe (£)] + Ko, Where
To > 0 is fixed (to be chosen later on, see Lemma 3.4). Then, in view of the definition of y, we obtain that y,(0) = O(¢?)
as ¢ goes to zero, since |xg| < p. Hence the claim is proved.

Now we are ready to prove the assertion of Lemma 2.6. By using Lemma 2.5, the definition of H, (2.7) and (2.8) we
obtain

E(e®) — &M = %Ml&;(tﬂ2 + MV (exs () + MM
- / V(ex)] e (x, 1)) dx+ %M!&(t) +A(exe )
- / I} (%, D[ (8 (6) + A(ex: (1)) ] dx — M[E: () + A(exe (D)) ] - £ (t)
— (&) + A(exe (D)) - < / T2 (%, H)A(x) dx + MA(xe (t)))

+%/‘A(8x)]2|¢g(x, t)|2dx+/17;(x, AR dx + MA(exe (D) - & (£)

1< . ‘
+ ggﬂf /ffp(s(x—y))\cbé(x, 0)%|¢d (v, t)|* dxdy

1 « . ,
+3 2 Cl)ij/-/@(s(x—y)”(ﬁé(x, 0 [el(y, O] dxdy + O(&?).
i i)

Let us set (with the convention that w;; = B;)

Ne(t) =

2 %f/q)(w—w)wé(x, O |y, dxdy - 2@ Y Dmm;

i j=1 i.j=1

In turn, using the definition of M, we have
E(Ye(t)) — E) < Me(t) + MV (exc(1)) — f M2(x, OV (x)dx — MV (x4 (D)) + %M}A(axe )
- f M} (x, O)[6:(0) + Aexe () ] dx — (0 () + A(sx: (1)) / M2 (x, ) A(x)dx — M|A(ex, (1)) |2
+ %/ng(x, B|A)|* dx+ %1\/1|,«\(e><5(t))|2 +/17; (x, AR) dx + O(?)
=ne(t) — / M2 (x, )V (x) dx — / M} (x, O () + Aexe (1)) ] dx
— (&0 + A(ex: (D)) / T2 (x, ) A(x) dx

1
+ 5/1782()(, t)|A(x)|2dx+/17;(x, HAR) dx + O(e?)

<Ne(t) + C2:(t) + O(2),

for e sufficiently small. If m > 1 we assume that @ =0, and the assertion follows. If instead m = 1, observe first that from
definition (2.8), by choosing ¢(x) = @ (x — ¢y) and @(y) = @ (ex:(t) — y) respectively, we have

/qﬁ(sx—sy)yqs;(x, r)ydeZ/nf(x, D (x — ey)dx +my P (ex. (1) — ey),

m1/(D(exg(t)—8y)|¢g(y,t)|2dy=m1/Hsz(y,t)q)(exe(t)—y)dy—i—(D(O)m%.

In turn, we have
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M () <C‘/[/ M2 (x, )@ (x — ey) dx + m; P (exe () —8y)]|¢§(y,t)|2dy—<1>(0)m%

:C‘/Ung(x’t)(p("_Ey)d"}"";(y’“‘zdﬁml/C”(EXs(f)—EY)}ab;(y,t)\zdy—cb(O)mf

<Cmy sup
lells<1

+ Cmy

/1752("» t)e(x)dx

f M2y, 0@ (sx: () — y) dy‘

<C sup < CR:(t) <C2%(0).

lellcz<1

/ T2 (x, )@ (x) dx

In turn, we conclude that
E(We(®) — E(r) < CR2:(0) + O(&?)

as ¢ goes to zero, for some positive constant C. Hence the proof of Lemma 2.6 is complete. O

Since the function {t — $2¢(t)} given in (2.9) is continuous and recalling that £2;(0) = O(¢?) as € — 0 (see the proof of
Lemma 2.6), for any fixed Top > 0 and o¢ > 0, we can define the time

Ty :=sup{t €[0,To/e]: 2¢(s), I'y,(s) <0p, forallse (0,t)} >0, (2.11)
for any ¢ > 0, where Iy, is defined according to (1.8) and Iy, ) = 0. Now we are able to provide the main result of this

section, related to a representation formula for the solution ¢, of problem (P). For the proof, it is enough to adapt the proof
of [25, Theorem 4.2]. The fact:

Theorem 2.7. Let ¢, be the family of solutions to problem (P) corresponding to the initial datum (I) modelled on a ground state
solution r of problem (S) and let (x.(t), é-(t)) be the global solution of (D). Then there exist positive constants &y and C, locally
bounded functions 6}, ..., 0" :R* — [0,27) and y, :RT — RN such that

¢é (x,t) = ei(Ee(f)'X+9£] (O+A(exe () (X=X (f)))rj (X — Ve (t)) + wi‘ o,
where ||a)£(t)||H1 <CV/82:(t)+O(e), foralle € (0,80), t € [0, T¥)and j=1,...,m.
3. Density and momentum identities

This section is devoted to some important identities involving the momentum pg‘ and the total magnetic momentum qg‘
related to problem (P).

Proposition 3.1. Let ¢, be the solution to problem ( P) corresponding to the initial datum (I). Then the following identities hold true

3¢l
at

(x,t):—divx(p?)j(x,t), xeRN, teR™, j=1,....m, (3.1)

361? A 2
/W(x, t)dx:—fqe (*,1) ><SB(sx)dx—/EVV(ex)}¢g(x,t)| dx

+2_8i //W@(s(x—y))!¢£(y)|2!¢£<x)!2dxdy
j=1

+ Y wy //eW(s(x— e |’ |ed o[ dxdy. (3.2)

ij=1,i#j
fort e RY, where B =V x A is the magnetic field associated with A.
Proof. The proof follows the lines of the corresponding proof in [25] for the scalar case without the presence of nonlocal

potentials. By formula (2.2), for any j=1,...,m, (pg‘)j is the vector whose components, which we denote by (p?)f_,, are
given by (p2)) = J(PL(x, ) (Pl (x, 1) — 1Ae(ex)pl(x,1))), for £=1,...,N. Let us fix j=1,...,m. Hence
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N

—dive(p2) (x, 1) = — 35 (8eL(x, 1) (30l (x, £) — 1A (eX) B (2, 1))

(=1
N . .
Z (B2 0, ) (87,01 (x. £) — 10, Ag (X)L (x. 1) — 1A (€X)3e L (x. 1))
=1

=2A(x) - R(VPL(x, 1 (x, 1)) — 3($L(x, ) AGL(x, 1)) + div A(ex)|pd (x, D]

Moreover, using (P) and taking into account the definition of L,, we get

) 2
|¢8| (%, £) = 23(GL(x, ) (LagL (x, £) + V (e0PL(X, ) — | (X, t)|2p¢g(x £) — @ (ex) * e 2L (x. 1))

= —S((ﬁg (x, ) Agl (x, t)) +2A(ex) - m(¢>£ (x, OV (x, £)) + divy A(ex) |¢5

so that identity (3.1) holds true. Now let us prove the second one. By definition of the total magnetic momentum q?, for
any £=1,..., N, we have

9(gh m gy M o m . 82
(‘a’i)%; (’;‘;)%;(s(a@éamé) (0 (¢0c92) ; S(ocdionel) Amx)Z i
N (o) S a|¢s|2
=2 S(aplonel) = Y (0 (Bloel)) AZ(EX)Z :
j=1 j=1

and so, integrating over RN, it is easy to see that
G a| |2
[ 2 = 22/ (ndlacgd) dx - Z/ (00 (B o)) i — ZfA (o012 33)

Let us consider the first term in the right-hand side of (3.3). Conjugating the equation, multiplying it by 2ia@¢g, £=1,...,N,
and taking the imaginary part, we have

23(0eplovgd) = —N(AGLovgd) +2A(ex) - S(Viorpl) + | A |* 9 (BLordd) + dive A(ex)3(10es))
+ 2V (R (BLA0dL) — 2017 b 9el) — 2R((®(ex) * 1 2) FLoe bl

m 2 . . . .
N (@i (iloed)) +Zae<' il )+2A(sx>~s(vééae¢é)+|A(sx>|2m(q$éaz¢é)

1

+ divy A(sx)s(%amg) + ag(V(é‘X)‘qﬁg! ) — eagng)wg yz

m
(7 s T I S L P L T O E )

i=1,i#j

1

p+l

— 289 (@ (ex) * | ") plovgd) — 2 Z a)U‘R (@(ex) = |0t ") dloesl).

Hence, integrating over RN and using the H2-regularity of the functions involved, for all £=1, ..., N we obtain the follow-
ing identity

2/s(at¢‘>g'ae¢g)dx:2/A(gx).s(w‘)gamg) dx+/|A(sx)]2m(¢‘>§ae¢g)dx+/diva(ax)s(égamg)dx

—€f3eV(8X)}¢s| dx 2 Z y,]f!¢>g!”“|¢s|p "9 (@Loel) dx
i=1,i#j

_2,3jfsn((q5(ex)* |02 dlocpl)dx—2 Y w,-,-/?)’i(((b(sx)* |6L|%)BLoeel) dx
i=1,i£]
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Notice that
/divXA(sx)s(égamg)derz/A(sx) -3(VLapgl) dx = sZ/agA,-(gx)s(&ga@g)dx
i=1

Moreover, thanks to the regularity of ¢g, we have

2
Z /!%!"“\M" "9t(¢lorel) d Z /,%,pﬂwp 1 <|¢>g| )

i,j=1,i#j i,j=1,i#j

1
L [l el
1] 1,i#j
m

1 )
=1 X [t el ax=o

ij=1,i<j

and

/ R((P(ex) |0 | BLoesd) dx = / / @ (e(x— 1)) |6 )" R(BL0)degl 0) dy dx

. J(y)12
= [[ oo miolon o (P ) ayas
1 : .
=—5//8az¢(8(x—y>)|¢é(y)|2|¢é<x>|2dxdy

forall £=1,..., N. While, with the same arguments, we get

1
Z wu/m (@ (ex) %[ [*)plovgd) dx = Z wij /fsEW (e — ) |6 [0 | dudy.

i=1,i#j i=1,i#j

Hence, it is easy to see that

2/%(8t<13£35¢g)dx=Z/e&h(sx)i‘s(&ﬁé)@é)dx—l—/|A(sx)|zag<|¢5| )dx
i=1

—/saszx>|¢£\2dx 8 //83e¢(8(x— Wi Pleteo P dxdy

Z a)z]//835¢ ex— ) |eL[* |l | dxdy
i=1,i#j

Z/SBKA (e0)3(PLoigl) dx + Z/SA (£X)0Ai(ex) || dx
—/8345V(8X)|¢é‘ dx—ﬁjffeazcb(s(x—y))\¢é(y>| |61 (0| dxdy

S /[eagcb e — )|k )20 [P dxdy (3.4)
i=1,i#j

forall ¢ =1,..., N. As for the second term in (3.3), using again the regularity of ¢g, we get [ J(de (:;_Sgatqsg))dx =0, for any
=1,..., N. Finally, as for the third term in the right-hand side of (3.3), by (3.1) we get

2 .
/A (ex) "”"3' (x, t)dx_—/Ag(sx) dive(p2)’ (x, t) dx

:ZfSBiAg(sx)(p?)g(x, t)dx
i=1
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=) f £diAc(eX)I (b1 (x, ) (32 (x, ) — iAi(€X)$L (x, 1))

:/ZeaiAl(ex)Ts(zﬁg(x, )bl (x, t))dx—/ZsA,-(ex)BiAg(sx)\qbg(x, n)’dx  (35)
i=1 i=1

forany £=1,..., N. Then (3.3)-(3.5) yield

/8(%)[ (x,t)dx = Z/ e Ai(ex) — 9iAp(ex)) 3 (BLoi1) dx

i,j=1

- Z /SA () (3e Ai(ex) — BiAc ()| ¢l | dx

i,j=1

- Z/saevwx)wéfdx— Zﬂ,- /feaub(e(x— )| sle|” axdy

-3 [[ eveoteci—m)leicn P lodool axdy

i=1,i#j

_/(qg‘(x, t) x sB(ex))edx—/sagV(ex)]ng]de

—Zﬁf [[ eveotec— e lodcol axdy

Z wij //88e<1> ex— ) |6l )[*[¢d 0| dxdy

i=1,i#j

for any £=1,..., N, so that (3.2) is proved. O

Remark 3.2. Taking into account the definition of qg‘, by (3.1) easily follows

3¢ >
at

which is consistent with the conservation’s laws for the nonlinear Schrédinger equation.

(x,t) = —divyq?(x,t), xeRN, teR™,

We now give some estimates on the momentum p? and the total magnetic momentum q’e“ related to problem (P).

Lemma 3.3. Let ¢ be the solution of problem (P) corresponding to the initial datum (1) and let (x¢(t), & (t)) be the global solution
to (D). Then, in the notational framework of Theorem 2.7, there exist &9 > 0 and C > 0 such that

|2x, 0] dx = msy, 0| oo + a2 (x, 0 dx — MEs D8y, 0 || 20 < C26(0) + O(62),
foreveryte[0,T;)and ¢ € (0, &o) and forall j =1, ..., m, where T} is given in (2.11).

Proof. For any v € H!(RY), we have the formula |V|v|® = |[Vv|> —

o 2
%. Then, by virtue of Lemma 2.6, it follows that

2
<E(IYel) — €M) + 5 Z/'“‘("’Swg” dx < CR:(0) +O(e?),

i |?

for all t e RT and & > 0. Moreover, since |||1//§|||Lz =|rjllz forall j=1,...,m and E(|Y¢|) > £@) by means of (1.6), we
have

(T Jyi2

\Y
M dx < C2:(t) + O(&2), (3.6)
¥z |2

for every t e RT and € > 0 and for all j=1,...,m. Following the blueprint of [25, Lemma 6.1], we get the assertion (see

also [21]). O
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Lemma 3.3 allows us to prove the following result on the distance between the point y.(t) found out in Theorem 2.7
and the trajectory x.(t). For the proof, follow the blueprint of [25, Lemma 6.3].

Lemma 3.4. In the notational framework of Theorem 2.7 there exist 9 > 0 and To > 0 (cf. the definition of T} = T;(To)) such that
18, 6y — Oys 0 ll cox < C‘ng(t) - 8)’8(U| C2:(t) + O( )
foralle € (0, &), t € [0, T), where T; defined as in (2.11).

Next, we state a strengthened version of Lemma 3.3, obtained thanks to Lemma 3.4. Follow the blueprint of [25, Lem-
ma 6.4] for a proof.

Lemma 3.5. Let Tg be as in Lemma 3.4. Let ¢ be the family of solutions to problem ( P) with initial datum (I) and let (x.(t), & (t)) be
the global solution of (D). Then there exist &9 > 0 and C > 0 such that

|2 x, 0 dx = mjde, ]| o + 2 0 dX = MEe (084, 0| cn < C26(0) + O(£2),

forall e € (0, g9), t € [0, TY).
In particular, by the definition of §2., there exists § > 0 with

|2 x, 0> dx = Moy, || cor + 2% ) dX = MEe (084, ]| con < C26(0) + O(2), (3.7)
foralle € (0,&) and t € [0, T{), provided that ||Al|c2 < 8.

Remark 3.6. In Lemma 3.5, while the C%*-norm control holds on IT} = |¢J(x, t)|>dx — m;éy, ) for each j=1,...,m, the
control on the momentum holds for the total magnetic momentum qg‘ (x,t). This is in fact natural, since looking at the
second identity in Proposition 3.1, it is clear that it cannot hold for each individual (p’g“)j, unless some other (disturbing)
integral terms are added to the formula.

4. Uniform estimation of 2,

Before proving the main result we give an estimate showing that the quantity £2.(t) can be made small at the order
O(g?), uniformly on finite time intervals, as & goes to zero.

Lemma 4.1. Let T be as in Lemma 3.4 and &g, § as in Lemma 3.5. Then there exists C > 0 such that (}g(t) < Ce?, forall € € (0, 89)
and t € [0, T}).
In addltlon if we assume that ||A||c2 < 6 for § > O sufficiently enough, then §2.(t) < < Ce? foralle € (0,80) and t € [0, T )

Proof. By the definition of /7!, Lemma 3.5, Proposition 3.1 and system (D), we obtain

1
'/ dtH (x,t)dx| =

‘/ £ (x, t)dx—Mé'g(t)’

= ‘/q?(x, t) x eB(sx)dx+/5VV(€x)|¢g(x, t)|2dx

+3 8 [fsw(e(x— W)|#L[*|¢leo]* dedy
j=1

S oy [ [ eve(en—y)lsiwPleloof axdy

i,j=1,i#j

— MeVV (ex¢(t)) — Me&e () x B(ex.(1))|.

If m> 1, we do not have to manage the nonlocal terms, since @ = 0. If instead m = 1, recalling that V& (0) = 0, by
Lemma 3.5 and arguing as at the end of the proof of Lemma 2.6, we get

f/ eV (et — )|l ) ol 0] dxdy‘ <e[C2:(0) +0(e?)], 41

for some positive constant C, for all € € (0, &9) and t € [0, T}). In turn, it holds
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d
’/ EH;(X, t)dx

< ‘/q?(x, t) x eB(ax)dx+/8VV(ax)|qbs(x, t)|2dx

— / MeVV (£X)8x, (1) dx — / Meée (t) x B(eX)dx, () dx

+[C82:(0) + O(e?)]

Sé /(q? (%, 1) — M&c (1)8x, (1)) % B(ex)dx

+e +£[C2:(t) + O(e?)]

/VV(SX)(I%(& O = Mby, ) dx

< Ce[[qA (%, 0 dx — Mée (085, || cor + Ce | |6 (x. )| dx — My, )| o + £[CR: () + O(2)]
<e[C2:(t) +0(e?)]. (4.2)

for all € € (0, &0) and t € [0, T}). Hence, recalling that £2,(0) = O(g?) as & goes to zero,

t
d
+/‘/Eﬂg(x, T)dx
0

for all € € (0, gp) and t € [0, T{). Now, let ¢ € C3(RM) such that ll¢llcs < 1. Again in light of Proposition 3.1 and Lemma 3.5,
we have

’/H;(x,t)dx

<‘/n;(x,0)dx

t
dr < Ce%*(1 +at) + Ce/!}g(t)dt, (4.3)
0

d _»
/ EHS x, o (x)dx

9
= /¢(8X)§ |¢£(X7 t)|2 dx — MSV(P(é‘Xe(f)) . Se(t)’
=|- / @(ex) divy g2 (x, t) dx — MeV(exe (1)) .gg(t)‘

= /st(ex)~q?(x, t)dx—/MsV(p(sx) £ (B)dx, 1) dx

= /eV(p(EX) . (CI? (%, ) — MEe ()5x, (1)) dx

< Cellql (. t) dx — M&e ()8x, 1) || e < €[CS2:(0) + O(?)]. (4.4)
for all € € (0, &p) and t € [0, T}). Thus, arguing as above, we get
t
sup /ng(x, Hp(x)dx| < Ce?(1+et) + Ce / 2¢(1)dr, (4.5)
lelles<1 0

for all € € (0, &9) and t € [0, T}). Finally, again via Proposition 3.1 and Lemma 3.5, we have

e (0)] = ‘Msfg(t) + / exx (ex) divy g2 (x, t) dx

= ‘Maég(t) —/V(sxx(ex)) g3 (x, b dx

=¢&

/V(xx(sx))Mss(t)(Sxe(t) dx—/V(xx(sx)) g2 (x, t)dx

<eC| gl (x. ) dx — M& (D84, ) | 20 < €[C26(0) + O(2)]. (4.6)

which implies
t
reo] <ceti+en+ce [ e, 47)
0

for all € € (0, &) and t € [0, T}). Collecting the above inequalities, recalling the definition of Qg (t) and taking into account
that, for t < T}, by the definition of T} it holds &t < &T} < To, we get

t t
Q.(t) < Cce2( +€t)+C8/[}g(‘C)dT§C82+C8/Q3(T)df
0 0
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for all € € (0, &9) and t € [0, T}). Hence, Gronwall Lemma yields
Q. (t) < Ce2eft < Ce?,

for all € € (0, &) and t € [0, T}), which gives the assertion. Finally, concerning the last assertion of the lemma, recalling
again Lemma 3.5 and taking into account the definition of pf (®), if |Allc2 <8 for § > 0 small enough, we conclude the
proof. O

5. Proof of Theorem 1.4 completed
5.1. First conclusion of Theorem 1.4

Let To be as in Lemma 3.4 and &, § as in Lemma 3.5. By Lemma 4.1 and the definition (2.11) it follows that T} =To/e,
for all & € (0, 8p). Hence, §2,(t) < C&? for all € € (0, &g) and t € [0, To/¢], in light of Lemma 4.1. Moreover, by Theorem 2.7
there exist functions 6}, ...,0" :R* — [0,27) and y, :R* — RN such that

. . . j . _ .
¢é x,t) = el(é"a(f) X+0z (D) +A(exe (1) (x Xs(f)))rj (X — Ve (t)) + wé ),

where ||a)£(t)\|H£ < C/2:(t)+O(¢e), and hence, we have ||a)g(t)||HS <O(e), forall e € (0,80),t€[0,Tg/eland j=1,...,m.
Lemmas 3.4 and 4.1 also yield |x.(t) — y:(t)| < O(e), for all € € (0, &g) and t € [0, To/¢]. Finally, using (A), (V) and (1.5), we
get

[ i(Ee O30 OFAGROI 0O (1 (x — y (6)) — (¢ — %6 (0)) | 2

< /|§8(t) +A(8x€(t))|2|rj(x— Ve () —rj(x—xg(t))|2dx+/|Vrj(x—yg(t)) - Vrj(x—xg(t))|2dx

+ [ st 960) = 1y = x:0) Pt < Clxe 0 = ye 0 < CO(E2). (5.1)
for all € € (0, &g), t € [0, To/¢e]. Therefore, it follows that

” ¢é (x,t) — el (f)~X+9g(f)+A(SXs(t))-(X—Xs(f)))rj (X — X (t)) H?{l < 0(82), (5.2)

for all € € (0, &), t €[0, To/€] and j=1,...,m. Hence, Theorem 1.4 holds true in [0, To/€]. Now, let us take x‘if =2x:(Tp/€)
and & = &,(Tp/€) as new initial datum in system (D) and the functions

$1(0) = rj(x — x5)elACKD GG e RN j=1,m,

as new initial datum for problem (P). Arguing as above, we can show that Theorem 1.4 holds true in [To/€, 2To/€] and
so, in any finite time interval [0, T/€], with T > 0. The proof of Theorem 1.4 is now complete under the assumption that
lAllc2 <38.

5.2. Second conclusion of Theorem 1.4

To prove the second part of Theorem 1.4, namely formula (1.9), we follow the argument of [23] (which is based upon
the original paper by Bronski and Jerrard [4]). Let us give a brief sketch of the proof. Based upon the identity (see for
instance [23, p. 2571]) holding for all v e H'(RM)

2 A(EX) (1)2
= % +[VIVI, PPy =3((Vvx ) — iAEVR. D)),
the energy functional of the Schrédinger problem is rewritten as
E(6) = EE™ (6) + EQ(t) + EE(D) + EZ'(©),

where we have set

Vv
- — A(ex)v

EPU(t) = / V(ex)|ge (x, )] dx,
1w i 2 1 = i 2p+2
EP(t) ;zigﬂqugy(x,m - m;aj/’qbé(x,t)] P72 ax

1 = ; ;
- 2w [k o ol ax
p i,j,i#]j
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A(&X) 2
&) = / [(p™ 7 (x, t))fl
|¢s(x t)|?

‘1 . .
EN(t) =~ Zﬁj /f @ (e(x— ) [l x.O*[¢d v, 0| dxdy

. Z oy [ [ @(ete=y)loio el .ol dxay.

111#1

Notice that, with respect to our notations, we have Eb(ﬁ, w.oytm) =&(r1,...,m) since r; are real valued and positive func-
tions. Moreover E'§(|w§| S = Eb(ld)g Ll = é‘(|¢>€ . |#T']). At this stage, keeping in mind that we possess
Lemma 2.3, which expands the energy Eg(t) up to an error O(g? ) by repeating the steps of the proof of [23, Lemma 3.5],
it is readily seen that, as & goes to zero,

<E2(|g4), M) = E2(r1, ... tm) < C82:(0) + O(2).

This conclusion plays the role of Lemma 2.6 and, as a consequence, by the non-degeneracy/energy convexity property
(applied with U = (|¢>g l,..., 19T, see e.g. [4, Proposition 1] for the scalar case), yields

(|2 |. M) = (11 (- + Ye®©)s o T (- + Ye ©)) | 51 < CR(0) + O(e?), (53)

for some y,(t) € RN,
Moreover, again by the steps of the proof of [23, Lemma 3.5], we get

Z | [(pAE0 (x, 1)) |2

mj

<EX(t) — <CR2:(0) +0O(e?), (5.4)

] 1

as ¢ goes to zero. To achieve this conclusion, one also needs to take into account the following elementary inequality
(following from the standard Cauchy-Schwarz inequality)

2
‘/qs (x,t)dx

Furthermore, for any j =1, ..., m we have the inequality (see [23, inequality below formula (28)]; see also [4, formula (3.2)])
. : 5 . .
‘ (PAx 0) ([P 0)) i< ! / A0V T[N D)
e] mj |2 (x)12 2 mj
Summing over j=1,...,m, we get

A(ex) 2
<MZ|f(p 9 (x, t))deI

mj

eR" .

j=1

|pd (x

1%/ ’ e g 5O - Z @20 017
|62 ()] mj 23 m;
In turn, in light of (5.4), we obtain
A(gx) j A(ex) j
‘(P j(X, 0y  (fp FX, t) )|¢8 dx () + O(?), (5.5)
|z (0] mi

as € goes to zero, for any j=1,...,m. Inequalities (5.3) and (5.5) are precisely what is needed in order to prove (3.7)
of Lemma 3.5 (see the proof of Lemma 6.1 in [25], in particular formula (6.5) therein; see also the proof of Lemma 4.3
in [21]). Once inequality (3.7) of Lemma 3.5 holds true the rest of the proof continues as before, yielding the assertion from
inequality (5.3).
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