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In the first part of this paper, we characterize graded rings R =€P,_; R, for which the
category R-gr is equivalent with a category of modules over a certain ring.

In the second part, sufficient conditions are given for the following implication to hold: if
R-gr is equivalent with R,-mod (1 is the unit element of G), then R is a strongly graded ring.

Introduction

Let G be a group, with identity element e, R=&_.; R, a graded ring of type
G. Consider the functor R®; —: R.-mod— R-gr given by M— R®; M where
MER,-mod and R®; M is a graded left R-module by the grading
(R®g M), =R, ®x M.

Dade’s well-known result [3, Theorem 2.8] states that R is strongly graded iff
the functor R®, — is an equivalence between R,-mod and R-gr.

It is then natural to ask the following question:

What happens if R,-mod and R-gr are just categorically (1)
equivalent?

An easy example (see Example 3.5) shows that in this more general case R is not
strongly graded, even if the group G is finite (and thus the statement of [2,
Corollary 2.13] is slightly incorrect).

On the other hand, if the group G is finite, then Cohen and Montgomery
proved that R-gr is equivalent to (R# G*)-mod where R# G* is the smash
product of R with G (see [2, Theorem 2.2; 7]). Another proof of this fact can be
found in [5] where it is shown that R # G* is isomorphic to the ring of graded
endomorphisms of U =€D_ ., R(c) which is clearly a projective and finitely

* This paper was written while the first author was a member of G.N.S.A.G.A. of C.N.R. and while
the second author was a visiting professor of the C.N.R. at the university of Ferrara.
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generated generator of R-gr. Thus another question naturally arises:
What happens if R-gr is equivalent to A-mod, A a ring? (2)

The main aim of this paper is to study questions (1) and (2).

For this purpose we proceed as follows. After recalling in Section 0 some
definitions and results about modules over graded rings, in Section 1 we state the
definition of graded equivalence: two graded rings R and S of type G are called
left graded equivalent if there is an equivalence F:R-gr— S-gr, G:S-gr— R-gr
such that F and G commute for every o € G with the o-suspension functors. This
definition was set by Gordon and Green in [4] in the particular case when G =Z.

Anyway, it is easily seen that their main result on graded equivalences [4,
Theorem 5.4] still holds in this general setting. In particular any graded equival-
ence between R-gr and S-gr gives rise to a Morita equivalence between R-mod
and S-mod

In Section 2 we deal with question (2) above. We call a graded ring R left
F.G.G. iff there is a ring A and a category equivalence between R-gr and A-mod.
Theorem 2.2 is the central result on left F.G.G. rings. Among other facts, it is
proved that a graded ring R=6D,.; R, of type G is left F.G.G. iff R-gr has a
finitely generated generator iff R is left graded equivalent to a strongly graded ring
S iff there is a finite subset F of G such that for every 1€ G,R, =
Y,crR.-i R, -1, (in this case ;U =€, ., R, is a generator of R-gr).

In particular this last characterization is very useful for applications. The first
important one is that any left F.G.G. ring is right F.G.G. so that we can just
speak about F.G.G. rings without regarding of the side. Clearly any strongly
graded ring and any graded ring over a finite group G are F.G.G., but not every
graded ring is F.G.G.

Remark 2.4 illustrates why the polynomial ring in one variable over a division
ring with usual Z-gradation is not F.G.G. Other applications are the following
ones.

If g: R— S is a morphism of graded rings of the same type and R is F.G.G.,
then S is F.G.G. (Corollary 2.7).

The graded direct product of two graded rings R and § of the same type is-
F.G.G. iff both R and § are (Corollary 2.7).

If R is a graded ring of type G, H is a subgroup of G of finite index and R is
F.G.G., then R is F.G.G.

If R is a graded ring of type G and H is a finite normal subgroup of G and
R /gy is F.G.G., then R is F.G.G. (Corollary 2.8).

Conditions on M € R-gr are given for END(M) to be F.G.G. (Proposition
2.12).

At this point we focus our attention on those rings A such that R-gr is
equivalent to A-mod for a fixed F.G.G. graded ring R. Proposition 3.2 shows that
R-gr is equivalent to A-mod iff gr-R is equivalent to mod-A and thus we call such
a ring A an admissible ring for the F.G.G. graded ring R.
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It is proved that admissible rings for R are just the rings in the Morita
equivalence class of rings of graded endomorphisms of the modules U =
®, ., R(o), LU being a generator of R-gr.

An F.G.G. graded ring R is called S.F.G.G. if R, is an admissible ring for R,
i.e. S.F.G.G. rings are precisely the rings in question (1) above.

Not every F.G.G. ring is S.F.G.G. (Example 3.15), and, as we stated before,
not every S.F.G.G. ring is strongly graded (Example 3.5). Nevertheless in some
particular cases (S.F.G.G.) F.G.G. rings are strongly graded. For example, it is
proved that if an F.G.G. graded ring R has an admissible ring A with A modulo
its Jacobson radical simple artinian, then R is strongly graded (Corollary 3.13)
and also, if R is S.F.G.G. and R, modulo its Jacobson radical is semisimple
artinian, then R is strongly graded.

0. Notations and preliminaries

All rings considered in this paper are associative with identity 150 and all
modules are unital.

Let R be a ring. R-mod will denote the category of left R-modules. The
notation ,M will be used to emphasize that M is a left R-module.

Moreover if R and S are two rings, we will write ;M to mean that M is an R-S
bimodule (left R-module and right S-module). J(R) will denote the Jacobson
radical of R.

Let G be a multiplicative group with identity element e. Let R=__., R_be a
graded ring of type G. We denote by R-gr (gr-R) the category of graded left
(right) R-modules. f M =@ _., M, , N=@ .. N, are two graded left modules,
Homg (M, N) is the set of morphisms in the category R-gr from M to N, i.e.

Homg_, (M, N)={f:M— N| fis R-linear and
fIM)YCN,,VoeG}.

If M=, , M, is a graded left R-module and ¢ € G, then M(o) is the graded
left module obtained from M by setting M(o), = M, ; the graded left module
M(o) is called the o-suspension of M [6].

It is well known [6] that the mapping M— M(c) defines a functor
TX: R-gr— R-gr which is an equivalence of categories.

The forgetful functor R-gr— R-mod will be denoted by &,. If H is a subgroup
of G, then the ring R, with gradation (R(H))X =R for all y € H, is a graded
ring of type H.

If H is a normal subgroup of G, we will denote by R, the ring R endowed
with the grading of type G/H defined by R; = © ,., R,,, 6 = Ho € G/H.

Recall that the graded ring R=€D ., R, is called strongly graded if R_R_=
R for any o, 7 € G or, equivalently, if R_R_-: = R, for any ¢ € G (see [3, 6]).
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A graded left module M =@, _; M, over a graded ring R=, . R, is called
strongly graded if R M. = M__for any o, 7€ G.
Since we will use it several times we recall the following result of Dade:

Theorem 0.1. Let R=@__, R, be a graded ring of type G. Then the following
statements are equivalent:

(a) R is strongly graded,;

(b) The functor R®, —:R,-mod— R-gr given by M—> R®, M, where M €
R,-mod and R®, M is a graded left R-module by the gradmg (R®g M), =
R, ®g M, is an equwalence

(c) Every graded left R-module is strongly graded,;

(d) R is a generator of R-gr.

Proof. See [3, Theorems 2.8 and 4.6] or [6, Theorems 1.3.4 and 1.5.1]. O

Remark 0.2. It is easy to see that condition (c) can be weakened to the following
form:

(c') Every gr-simple left R-module is strongly graded.

In fact, in this case, if S is a gr-simple module, then S, # 0 so that R generates S in
R-gr. Thus, if (¢') is fulfilled, R generates every gr-simple left R-module. As any
finitely generated module M in R-gr contains a gr-maximal left submodule and R
is projective in R-gr, it follows that R generates every finitely generated module
in R-gr and hence R is a generator of R-gr.

Let M and N be graded left modules over the graded ring R=,_; R, . For
every 7 € G we set

HOM,(M, N), = {f: M— Nfis R-linear and f(M,)CN,_, ,Vo € G} .

HOM (M, N), is an additive subgroup of the group Hom (M, N) of all R-linear
maps from M to N

HOM,(M, N) = GBG HOM,(M, N),
TE

is a graded abelian group of type G. If either G is finite or M is finitely generated,
then HOMg(M, N) = Homg(M, N) (see [6, Corollary 1.2.11]). If M =N, then
END (M) = Hom,(M, M) with multiplication fg=g°f, f, § EEND (M), is a
graded ring of type G and M =D, _; M, is a graded right END ;(M)-module. In
fact if 7, 0 € G and f EEND,(M),, then (M,)C M, _.

If M, N € R-gr, then we say that N weakly divides M in R-gr if it is isomorphic
to a direct summand of a direct sum of a finite number of copies of M. M and N
are weakly isomorphic in R-gr if each of them weakly divides the other in R-gr.
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M € R-gr is said to be weakly G-invariant if M and M(o) are weakly isomorphic
for all o € G (see [3] and [6]).

A graded ring is called left gr-noetherian if it satisfies the ascending chain
condition for left graded ideals. Let R and S be two graded rings of the same type
G. A ring homomorphism f:R— S is called a graded ring homomorphism if
f(R,)CS, for all o €G.

Let A be a ring, G a group. We denote by A[G] the group ring of A over G
endowed with the G-grading: (A[G]), = A, for all 0 € G.

Let A be a ring, G a subgroup of Aut(A). We denote by A * G the graded ring
whose underlying abelian group is that one of the free A-module A‘“ with
multiplication defined by

(ag) * (bh) = (ag(b))(gh) g . hE€G,a,bEA

and G-grading (A* G), = Ag for all g€ G.

N will denote the set of non-negative integers, Z the ring of integers. If A is a
ring and n €N, n 0, then M, (A) will denote the ring of n X n matrices with
entries in A. We will adopt the convention M,(A) = {0}.

1. Graded equivalence

Definitions 1.1. Let R and S be graded rings of type G. A functor F: R-gr— S-gr
is called a graded functor if for every o € G, F commutes with the o-suspension
functor, i.e. if FoTX =T3oF.

A graded functor F:R-gr— S-gr is a graded equivalence if there is a graded
functor G:S-gr— R-gr such that FeG =1, and Go F = |

We say that R and S are left graded equivalent if there is a graded equivalence
R-gr— S-gr.

Remark 1.2. Let A be a ring and G a subgroup of Aut(A). Consider the graded
rings of type G, R= A[G] and S= A*G. As R and S are strongly graded (see
[6]), by Theorem 0.1 R-gr and S-gr are both equivalent to A-mod. In fact
R,= A=S,. Thus R-gr is equivalent to S-gr. Anyway R and S are not left graded
equivalent.

Graded equivalences were introduced by Gordon and Green in [4]. Even if
they considered only graded rings of type Z it is easily checked that all their
results concerning graded equivalences still hold in the general case of graded
rings of any type.

We quote from [4] some results we will use later.

Theorem 1.3. Let R and S be graded rings of type G. Then the following statements
are equivalent:
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(@) R and S are left graded equivalent;

(b) There is a Morita equivalence L:R-mod— S-mod and a graded functor
F:R-gr— S-gr such that @;o F = Lo @y;

(c) There exists an object P € R-gr such that ®@p(P) is a finitely generated
projective generator in R-mod and the graded ring END ,(P) is isomorphic to § as
graded rings.

Proof. See [4, Theorem 5.4]. O

Remark 1.4. Two graded rings can be Morita equivalent without being left
graded equivalent. For example, let k be any field and consider R = k[X, X ]
where X is a variable commuting with k& and with Z-gradation given by R, =
{aX" a€ k) foralln €Z. Let S = k[X, X '] with the trivial Z-gradation: §,=§
and S, =0 for n#0, n € Z. Then R-mod = S-mod but R-gr is not equivalent to
S-gr in any sense. In fact, R being strongly graded, by Theorem 0.1 R-gr is
equivalent to k-mod while it is easily checked that S-gr is equivalent to (A-mod)z,
where A is the ring k[ X, X '] without any grading. More examples can be found
in [4].

2. F.G.G. rings

Definition 2.1. Let R be a graded ring. We will say that R is left F.G.G. if there is
aring A and a category equivalence between R-gr and A-mod.

Theorem 2.2. Let R be a graded ring of type G. The following statements are
equivalent:

(a) Risleft F.G.G;

(b) R-gr has a finitely generated generator;

(c) There is a finite subset F of G such that U = ®_ . R(o) is a generator of
R-gr;

(d) R is left graded equivalent to a strongly graded ring S,

(¢) There is a strongly graded ring S of type G such that R-gr is equivalent to
S-gr;

(f) There is a finite subset F of G such that, for every T€G, R, =
Y. crR.-1,R, .. Moreover, if (f) is fulfilled, U=, c; R(0) is a generator of
R-gr.

Proof. (a) = (b). Let A be a ring and let F: R-gr— A-mod, G : A-mod— R-gr be
a category equivalence. Then G(A) is a finitely generated (projective) generator
of R-gr.

(b) = (c). Let V be a finitely generated generator of R-gr. Then, as ©,_; R(0)
generates R-gr (see [6]), there is a finite subset F of G such that U = D, .- R(o)
generates V.
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(©)=>(d). Let F be a finite subset of G such that ;U=€ ., R(o) is a
generator of R-gr. Then LU is weakly G-invariant. In fact, for every 1 € G, the
r-suspension TF : R-gr— R-gr being an equivalence of categories, THU) = U(r)
is a finitely generated projective generator of R-gr. Thus, as U generates—in
R-gr—U(7) which is finitely generated and projective, U(r) weakly divides U in
R-gr and conversely, as U(7) generates—in R-gr—U, which is finitely generated
and projective, U weakly divides U(r) in R-gr. This holds for every 7 € G. Thus
U is weakly G-invariant and hence END(,U) = § is a strongly graded ring of type
G (cf. [3, Theorem 4.6] or [6, Theorem 1.5.1, p. 43]). Apply now Theorem 1.3.

(d)=>(e). Trivial.

(¢)=(a). Let S be a strongly graded ring such that R-gr is equivalent to S-gr
and set A=S,. By Theorem 0.1 S-gr is equivalent to A-mod. Thus R-gr is
equivalent to A-mod.

(©(f). U=, R(0) is a generator of R-gr iff for every r € G there is an
n, €N and a surjective morphism U""— R(7) in R-gr. Now let n €N and let
f:xU"— R(7) be a morphism. Identify ,U" with D_., (R(c))". Then, for each

o, there exists r, = (r,, ..., ¥,,) € (R,-1,)" such that, for every x =(x,),c, €
U" where x, = (x,,,...,%,,) € R(c)"
f@) = 2 2 Xy (3)
ocEFi=1

Clearly f is surjective iff there is an x € U” such that f(x)=1 and then x &
(U"),-1, f being a graded morphism. Thus f is surjective iff, for each ¢ € G,

there exists X, =X 055 X,,)E(R(@)),-1=(R,-1,)" such that
z:a’EF Z?:I Xoilgi = L.
Then

> R ,R,-,=R

“lp T R -
gefF

Conversely if ¥ .. R,-1,R,-1, =R,, then, for each o € F, there is an y_€&
R,-1,R, -1, such that X .y, =1. For each o € F we can write

n

El

Yo = X ;T

agi’ oi
i

[

where, for eachi=1,...,n, x_, and r_, are suitable elements of R -, and R -1,
respectively and n, € N. Now, F being finite, we can assume that n_ is constant
equal to a suitable n for every o € F. Then defining f: U"— R(7) via (3) we get
the required surjective morphism. O

Corollary 2.3. Let R be a graded ring of type G. If R is strongly graded or G is
finite, then R is left F.G.G. O
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Remark 2.4. Not every graded ring is left F.G.G. For example let ¥ be a division
ring and consider the polynomial ring R = J/[x] with the usual gradation of type
Z: R,=0for n<0and R,={ax"|a€ ¥} for n>0. Clearly R does not satisfy
condition f of Theorem 2.2.

Notation and definition 2.5. Let R be a graded ring of type G. For every subset X
of G we set R(X) =D, ., R(a).

If F is a finite subset of G and R(F) satisfies condition f of Theorem 2.2, then
we will say that F satisfies left-(f) for R. An analoguos definition holds for right-(f)
for R.

Corollary 2.6. Let R be a graded left F.G.G. ring of type G and assume that
F C G satisfies left-(f) for R. Then R is right F.G.G. and F' = {¢ '|c € F}
satisfies right-(f) for R.

Proof. For each 7 € G we have

Re = 2 RT—laRU—lf .

oEF

Then, for each 8 € G, we have

Re = 2 R(goqa—1)—10R0—1(09—1071) 5
geF

ie.
Re= Z Ro,oRa—lo,fl
o€EF
which is easily seen to be the ‘right’ version of condition f of Theorem 2.2 with
respect to the finite set F'. [

In view of Corollary 2.6 from now on we will simply say that a graded ring R is
F.G.G. without mentioning left or right, but we will still distinguish between
left-(f) or right-(f).

Let R and S be two graded rings of the same type G. We will denote by
R®* S the ring R® S endowed with the grading over G defined by

gr
(R&S),=R,®S,, og€GCG.
Let G be an abelian group, R and § two graded algebras of type G over a ring

H. We will denote with R ®% S the #-algebra R®,, S endowed with the grading
of type G defined by

gr
R@S),= D (RS®S,).

7€G,01
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Corollary 2.7. Let R and S be two graded rings of the same type G. Then

(1) If g:R— S is a morphism of graded rings (g(1)=1), R is F.G.G. and F
satisfies left-(f) for R, then S is F.G.G. and F satisfies left-(f) for S;

(2) R®* Sis F.G.G. iff both R and S are. Moreover, F C G satisfies left-(£f) for
R®* S iff it satisfies left-(f) for both R and S;

(3) If G is abelian, R and S are graded ¥ -algebras and either R or S is F.G.G.,
then R®3, Sis F.G.G.

Proof. (1) If F satisfies left-(f) for R, then, foreveryr€ G,R, =X ., R, R -1,
and hence

1=g(1)€ E g(R,-1,)8(R,1,) .

As g(R,-1,)C S,-1, and g(R_-1,) C S, -1, the conclusion follows.

(2) If a subset of G satisfies left-(f) for a certain ring, then it is clear that any
finite subset of G which contains this one satisfies left-(f) for the same ring. Thus
if both R and S are F.G.G., then we can assume that there is a finite subset F of
G which satisfies left-(f) for both R and S. Then, for every v € G, we have

R,= 2, R, \,R, -,

ocEF
and
S, =2 81,8, .
gEF
Hence

(R®S), =R, ®S, = (2 R,,ll,R(,_l,) @(2 5,711,5(,717)

ocEF ogEF

= 2 (RT'IO' 69S‘rfla)(Ra'fLr @ So'711'

ogEF

= z (R%S)T*la(Rés)aflr ‘

oEF

Thus F satisfies left-(f) for R®* S, hence, by Theorem 2.2, R®* S is F.G.G.
Conversely, if R®* § is F.G.G. and F satisfies left-(f) for R®* S, then, as the
projections over R and S are graded ring-homomorphisms, both R and § are
F.G.G. and F satisfies left-(f) both for R and for S, in view of (1).

(3) Assume that R is F.G.G. The map

gr
g:R—R % S
defined by g(r) = r®1, r € R, is a morphism of graded rings. Apply now (1). O

Corollary 2.8. Let R be a graded ring of type G and H a subgroup of G. Then
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(1) If H has finite index in G and R" is F.G.G., then R is F.G.G ;
(2) If H is finite and normal in G and if R,y is F.G.G., then R is F.G.G.

Proof. (1) Let E be a finite set of representatives of the left cosets of G modulo
H:G= U . eH. Let FC H satisty left-(f) for R“". Then for every y € H

Re = (R(H))e = 2 (R(H))X—IU(R(H))071X = 2 RX710R0_1X N

og€eF gEF
Let L ={ec|e € E, o0 € F}. Then, for every T€ G

Re = E RT’I/\RA‘I-r .

AEL

In fact, if 7 € G, then 7 = gy for a suitable ¢ € E and y € H. Then

2 RT—IAR)‘AIT = 2 R7—150R0_—1E—1T = 2 Rx’lcha_lx = Re .

AEL geF o€EF

(2) Let 7: G— G/H be the canonical projection. Since R s, is F.G.G., by
Theorem 2.2 there is a finite subset F of G such that for every 1€ G

(R<G/H> )'n(e) E (R(G/H) )w(fla)(R(G/m )w(a—lf)

This means

S Ry= 2 (2 R (S Reon).

h€H oc€F ‘h€EH kEH

As h# k implies (R, -1,,R;-1,-1,) N R, =0, it is easy to see that

Tﬂ'h

2 (2 RT loh h 10-17)’

ce€F “heH
ie.
R,= > R, R,

AEL

where L={ch|lc€F,h€H}. O

Proposition 2.9. Let R be a left gr-noetherian ring of type G, H a subgroup of G.
IfRis F.G.G., then R"™ is F.G.G.

Proof. Let V be a finitely generated generator of R-gr. Then, by [6, Corollary
I11.3.13], V@ js finitely generated. Let us prove that v# s a generator of
R"-gr.
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Let x € H and note that (R*)(x) = (R(x))"’. In fact, for every h € H, it is

(R0, = (R™),, = Ry, = (RO, = (ROO), = (RGN, .

Moreover, if V"—R(x)—0 is an epimorphism in R-gr, then
(VY™ = R(x)"™ =0 is an epimorphism in R™-gr. Then it easily follows that
V# is a generator of R", Therefore, by Theorem 2.2, RY" is F.G.G. O

Definition 2.10. Let R be a graded ring of type G, M, N € R-gr. We shall say that
M w.-h. (weakly-homogeneously) divides N in R-gr if for every o,7€ G, M(0o)
weakly divides N(o7) in R-gr, i.e. iff M(o) is isomorphic in R-gr to a direct
summand of a direct sum of a finite number of copies of N(o7).

Notation 2.11. Let R be a graded ring of type G, M € R-gr, F a subset of G. We
shall denote with M(F) the graded left R-module D, _, M(o).

Proposition 2.12. Let R be a graded ring of type G, M € R-gr. Then the graded
ring END(M) is F.G.G. iff there is a finite subset F of G such that M w.-h. divides
M(F) in R-gr. In this case F satisfies left-(f) for END(M).

Proof. END(M) is F.G.G. iff there is a finite subset F of G such that for every
TEG:

(END(M)), = 2 (END(M)), -1, (END(M)), -,
or equivalently
(END(M)), = 2. (END(M))_ (END(M)),-1.-1 foreveryr€ G,

i.e. such that for every 7 € G there is an n, €N and elements f,, € END(M)
g, €EEND(M), -1 -1, i=1,...,n,, 0 €F, such that

T

T

1M = 2 ﬁagi(r = E gio’ of;'a' N

gEF cEF

Now, for every 6 € G,
END(M),, = Hom,_(M(6), M(870)) ,
END(M),-1,-1 = Hom,_, (M(870), M(6))

and M(670) = (M(0))(67). Thus we get that END(M) is F.G.G. iff there exists a
finite subset F of G such that M w.-h.divides M(F). O
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Proposition 2.13. Let R be a graded ring, A a ring and F:R-gr— A-mod,
G : A-mod— R-gr a category equivalence. Then there is a positive integer n and an
idempotent matrix « € M, (A) such that

R, =Z=aM, (A« .
Proof. Let ,Q = F(xR). Then ,Q is projective, finitely generated and R, =

End,_ (xR, xR)=End,(,0Q). 40, being projective and finitely generated, is a
direct summand of A for a suitable n EN. [

3. Admissible rings and S.F.G.G. graded rings

Lemma 3.1. Let R be a graded ring of type G, F' = {0, ..., 0,} a finite subset of
G, U= R(F). Then
"R, R,,1 ... R, 1]
192 1
R,,-1 R, ... R,
271 20,
(1) EndR-gr(RU) =
”nal_l Unail e Re
and
-Re Ra_la Ro_lu' ]
1 2 1 n
R,-1, R, R, -1,
2 1 2 n
(2) Endgr-R(UR) =
Ro’“(r Roﬁlo' Re
L 1 n 92 =

Proof. (1) See [6, Lemma 1.5.4].

(2) Easily proved in a way analogous to (1). One should only note that if
e,,...,e,is a homogeneous basis of U, with deg e, = o; and if f € End,, (Ug),
then for everyi=1,...,n

f(ei)=]§,1 er, withdegr,=o,'o,. O

Proposition 3.2. Let R be an F.G.G. graded ring of type G, A any ring. Then the
following statements are equivalent:

(a) R-gr= A-mod;

(b) There exists a finite subset F of G such that U = R(F) is a generator of R-gr
and End,_ (U) is Morita equivalent to A;

R-gr
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(c) For every finite subset F of G, if U= R(F) is a generator of R-gr, then
EndR_g,(U) is Morita equivalent to A;

(d) gr-R=mod-A.
If these conditions are fulfilled we shall say that A is an admissible ring for R.

Proof. (a) = (c). Let U = R(F) be a generator of R-gr. Then § =END(,U) is
strongly graded and S, = End, (U). Thus A-mod ~ R-gr = S-gr = S,-mod.

(¢) > (b). Trivial in view of Theorem 2.2.

(b) = (a). See (e) = (a) of Theorem 2.2.

(b)= (d). Let U = R(F) be a generator of R-gr. Then F satisfies left-(f) for R,
and Corollary 2.6 shows that U = R(F) where F={o '|c € F}.

U is a generator of gr-R. If F={o,,...,0,},then F={a;',...,0,'}, and
by Lemma 3.1
"R, R,o,1 ... R 1]
192 1
00_71 R(’ . s Rg O,—l
291 2%
Endgr-R([])g
(7(7~1 Ie(7 0.71 Y Re
n“1 n“2 -
=End, . (U). d

Definition 3.3. Let R be a graded ring of type G. We shall say that Ris S.F.G.G.
if Ris F.G.G. and R, is an admissible ring for R.

Remark 3.4. Clearly, by the well-known result of Dade (see Theorem 0.1) every
strongly graded ring is S.F.G.G.

The following example shows that the converse, even if the group G is finite,
does not generally hold:

Example 3.5. Let A be a commutative ring such that AX A=A (e.g. A=
Il,., B,, B,= B any commutative ring, / an infinite set) and consider the graded
ring R = A x {0} of type G ={0,1}. Then for U= R(G) we have

End, . (U)= (‘3 2) SAXA= A,

Thus R is S.F.G.G. Clearly R is not strongly graded.
Anyway, if R is an F.G.G. (resp. S.F.G.G.) ring having ‘special type’ of

admissible rings, then R is strongly graded. To be more precise we need the
following:
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Definitions 3.6. We shall say that a ring A has

(1) property (*) if any non-zero finitely generated projective left A-module is a
generator of A-mod;

(2) property (x*) if any finitely generated projective left A-module with
edomorphism ring isomorphic to A is a generator of A-mod.

Before relating these definitions with our study of F.G.G. rings we want to
investigate a little bit the class of rings with property (¥) (resp. (¥%)).

Clearly any ring, for which non-zero finitely generated projective modules are
free, has property (*). Moreover, we have

Proposition 3.7. Let A be a ring, J = J(A) its Jacobson radical. If A/J has property
(*¥) (resp. (*%)), then also A has this property.

Proof. Let ,P be a finitely generated projective left A-module. Then (see [1,
Proposition 17.9]) ,P is a generator of A-mod iff , P generates every simple left
A-module. Clearly this holds iff , P/J(,P) generates every simple left A-module,
i.e. every simple left A/J-module.

By [1, Proposition 17.10], J(,P)=JP. Thus ,P generates A-mod iff ,P/JP
generates every simple left A/J-module. Clearly ,P/JP= A/J®, P is a finitely
generated projective left A/J-module. Moreover,

End ,,,(P/JP)=End(,P)/J(End ,P)
(cf. [1, Corollary 17.12]). Thus if ,P is non-zero, then P/JP is non-zero and if
End(,P)= A, then End, ,(P/JP)= A/J.
Therefore if A/J has property (*) (resp. (**)), then A has this property too. [
Lemma 3.8. Any simple artinian ring A has property (%).
Proof. Let ,P be a non-zero finitely generated projective left A-module. Clearly
P has a simple quotient. As all simple left A-modules are isomorphic, ,P

generates every simple left A-module and hence ,P is a generator (cf. [1,
Proposition 17.9]). O

Corollary 3.9. Let A be a ring, J = J(A) its Jacobson radical. If AlJ is simple
artinian, then A has property (¥). O

Lemma 3.10. Any semisimple artinian ring A has property (+%).
Proof. Obvious. [

Corollary 3.11. Let A be a ring, J = J(A) its Jacobson radical. If A/J is semisimple
artinian, then A has property (*+). O



When is R-gr equivalent to the category of modules? 291

Proposition 3.12. Let R be a graded ring. Then

(1) If R is F.G.G. and has an admissible ring A with property (), then R is
strongly graded,;

(2) If Ris S.F.G.G. and R, has property (%), then R is strongly graded.

Proof. Let F: R-gr— A-mod, G : A-mod — R-gr be a category equivalence. Then
4P=F(R) is a finitely generated projective left A-module (and End(,P)=
End, . (zR) = R,). Thus if A has property (*) (resp. A = R, has property (**)),
then ,P is a generator of A-mod.

Thus ;R =¥ G(,P) is a generator of R-gr. By Theorem 0.1, this means that R
is strongly graded. O

Corollary 3.13. If R is an F.G.G. graded ring having an admissible ring A with
AlJ(A) simple artinian, then R is strongly graded. []

Corollary 3.14. If R is a S.F.G.G. graded ring and R_/J(R,) is semisimple
artinian, then R is strongly graded. []

Example 3.15. Let D be a division ring and R = D X M, the trivial extension of D
by the bimodule ,M,. Then R is a graded ring of type G ={0,1} with
R,= D x {0} and R, = {0} X M. Clearly R is F.G.G. but not strongly graded, as
R,R,=0. R is not S.F.G.G. In fact, as R, =D x {0} if R were S.F.G.G., by
Corollary 3.14 R would be strongly graded.
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