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In this note, we report an error in the article by Zhang and Wu [2]. Before
we recall the invalid result in [2, Theorem 2.1], we introduce some notation.
Consider a linear functional differential equation of the form

’xxðtÞ ¼ Lxt;

where L : Cð½�r; 0�;RnÞ ! Rn is a bounded linear map, xt 2 Cð½�r; 0�;RnÞ
defined as xtðyÞ ¼ xðt þ yÞ; y 2 ½�r; 0� and Cð½�r; 0�;RnÞ is the Banach space
of continuous functions f : ½�r; 0� ! Rn with norm jjfjj ¼ supy2½�r;0� jfðyÞj:
Denote the C0-semigroup generated by the linear functional differential
equation by fT ðtÞgt50:
In [2] the authors claimed that for any m 2 R there exist constants g2 >

g1 > 0 and K; K can be chosen independent of m; such that

jjT ðtÞP�jj4Keðm�g2Þt; t50;

jjT ð�tÞPþjj4Ke�ðm�g1Þt; t50;

where Pþ is the eigenprojection associated with the spectral set fl 2
sðAÞ : Re l5mg; P� ¼ I � Pþ and A is the generator of fT ðtÞgt50; see
Theorem 2.1 in [2]. We call this family of exponential dichotomies as
uniform exponential dichotomies since constant K is independent of m: In
what follows, we show that this claim is false, i.e. there are no uniform
exponential dichotomies for delay equations.
Set C� ¼ P�Cð½�r; 0�;RnÞ: We claim that there exists a function fn 2 C_

such that jjfnjj ¼ 1 and jfnð�anÞj ¼ 1 for some an 2 ½0; r=2�. In fact, consider
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a sequence ffkg ( Cð½�r; 0�;RnÞ with the properties that jjfk jj ¼ 1, supp ðfkÞ
( �r=2; 0� for k ¼ 1; 2; . . ., and suppðfkÞ\ suppðflÞ ¼0/ whenever k=l.
Since C_ is of finite codimension, there is no loss of generality in assuming
that Pþfk ! g for some g 2 Cþ ¼ PþCð½�r; 0�;RnÞ: Hence fk � fl ¼
ckl þ gkl, where ckl 2 C_, gkl 2 Cþ and jjgkljj ! 0 as k; l ! 1: It is readily
seen that fn can be chosen for ckl=jjckljj ðk=lÞ; k; l sufficiently large.
From the inequalities

1 ¼ jfnð�anÞj ¼ j½T ðr � anÞfn� ð�rÞj4jjT ðr � anÞfnjj ¼ jjT ðr � anÞP�fnjj

4 jjT ðr � anÞP�jj4Keðm�g2Þðr�anÞ4Kemðr�anÞ;

it follows that K5e�mr�2; for m40; i.e., K cannot be chosen independent of
m as m ! �1:
The proof of Theorem 2.1 in [2] contains two mistakes. First, the norms of

Pþ and P� are estimated by 1, see (2.8) on p. 417, and the continuity of K2ðsÞ;
see (2.12) on p. 418, is used at s ¼ 0 where it is not continuous. The
discontinuity of K2ðsÞ can be easily seen from the above construction. Let us
study the estimates of the norms of the spectral projections in some detail.
Consider the following scalar delay differential equation:

’xxðtÞ ¼ axðtÞ þ bxðt � 1Þ;

where b=0: Since b=0; we know that there are infinitely many
characteristic roots such that Re l15Re l25 � � � ; Re lj ! �1 as j ! 1:
Let us switch to the complexification of Cð½�1; 0�;RÞ and the semigroup
fT ðtÞgt50:Denote the eigenprojection associated with the spectral set fljg by
Pj: It is known, see [1], that projections Pj have explicit matrix
representations. Note that at most one characteristic root is not simple.

Thus if j is large then Pjf ¼ ajfj; where fjðyÞ ¼ eljy; y 2 ½�1; 0� and aj ¼
cjð0Þfð0Þ þ b

R 0
�1 cjðtþ 1ÞfðtÞ dt: Here cjðyÞ ¼ cje�ljy; y 2 ½0; 1� and (via

an elementary calculation) cj ¼ 1

1þbe�lj
: From the representation of aj we see

that for all e small enough we can choose a function fe; jjfejj ¼ 1; feð0Þ ¼ 1;
such that jajj ¼ jajðfeÞj5

1

1þjbje�Re lj
� e: Thus jjPjjj5jjPjfejj5jajðfeÞje

�Re lj5
ð 1

1þjbje�Re lj
� eÞe�Re lj : Since e was arbitrary we get that jjPjjj5 e�Re lj

1þjbje�Re lj
! 1

jbj

as j ! 1:
Concerning the upper bounds, the following question arises: Is there a

constant M such that jjPþjj4M for all m 2 R? We admit that we do not know
the answer in general but for equations with complete system of (general-
ized) eigenfunctions of the generator (for definition see [1, Section 7.8]) the
existence of the uniform bound for the norms of the eigenprojections implies
convergent series expansion for all f 2 C: Indeed, it is known that

PN
j¼1 Pj

f ! f in C for all f 2 DðA1Þ: Since DðA1Þ is dense in C and the norms of
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the projections ðPþ ¼Þ
PN

j¼1 Pj have a uniform bound it follows that
PN

j¼1
Pjf ! f in C for all f 2 C: This motivates our expectation that the answer
is negative.
The aim of paper [2] was to show that the homoclinic solution xðtÞ ¼

ðsh 1Þðch tÞ�1 of ’xxðtÞ ¼ ðch 1Þðsh 1Þ�1xðtÞ � ðsh 1Þ�1ð1þ x2ðtÞÞxðt � 1Þ lies on a
finite-dimensional invariant manifold. Since Theorem 2.1 is false the whole
proof of the main result (Theorem 5.1) breaks down as well where the
uniformity was used to control the cut-off regions. Thus, it is still not known
whether the homoclinic orbit lies on a finite-dimensional invariant manifold.
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