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Abstract 

Liu, W.-P. and I. Rival, Enumerating orientations of ordered sets, Discrete Mathematics 88 

(1991) 239-247. 

Almost every connected, n-element ordered set has 2”” orientations. We exploit independent 

subsets and matchings to establish further such estimates for certain of the outstanding classes 

of ordered sets. 

According to all accounts it is a hard problem to characterize the graphs each 

of whose edges may be assigned a direction to produce the diagram of an ordered 

(cf. [3-71). For instance, Nesetril and Rod1 [3] show that it is NP-complete, a 

result which has highlighted the importance of studying particular cases and 

special classes. 

Thus, one such special problem is to determine (at least asymptotically) the 

number of orientations of the covering graph of an ordered set. Loosely speaking, 

we conjecture that any connected ordered set P has exponentially many 

orientations, that is, diagrams with the same underlying (labelled) covering graph 

as P. Our first main result provides compelling evidence in support. 

Theorem 1. Almost every connected, n-element ordered set has 2”13 orientations. 

Corollary 2. Every connected, n-element ordered set whose covering graph 
planar has 2ni3 orientations. 

Theorem 3. Let P be a connected ordered set whose covering graph G satisfies 

girth(G) 3 2 color(G)-1. 

Then P has at least 2ni3 orientations. 

is 

We came to this by way of two structural ideas which seem of independent 

interest. 
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(i) Is there, for every independent subset I of the covering graph of an 
ordered set, an orientation P in which every element of I is maximal in P? 

(ii) Is there, for every matching M of the diagram of an ordered set and, for 
every subset S of M, an orientation which reverses the edges in S and none in 
M-S? 

The first was raised in discussions on the general problem with R.J. 
Nowakowski. 

If lmax PI > n/3 then the inversion construction (about which more momen- 
tarily) yields 2n’3 orientations. If the diagram has a matching with at least n/3 
edges then (ii), if true, would imply that there are, again, 2n’3 orientations. What 
makes independent sets and matchings useful for the enumeration question is this 
well-known inequality 

maximum size of an independent subset +2 maximum size of a matching an, 

so either 

or 

maximum size of an independent subset sn/3 

maximum size of a matching an/3. 

Both questions have an affirmative answer provided, at least, that the girth and 
chromatic numbers of the covering graph satisfy the inequality of Theorem 3. 

What distinguishes one orientation from another? (See Fig. 1.) Given two 
orientations of the same graph one may be constructed from the other by 
reversing some of the edges. On the other hand, reversing a random subset of the 
edges need not produce an orientation at all. Naturally enough the problem to 
enumerate orientations settles on techniques to reverse edges. The best known of 
these is the pushdown, an operation which, for some maximal element reverses 
all of its incoming edges (cf. [2,4-61). A sequence of pushdowns is called an 
inversion. (See Fig. 2.) 

Notwithstanding our conjecture that there are exponentially many orientations 
of a connected, n-element ordered set, we have shown elsewhere (Liu and Rival 
[2]) that there are always at least n2/2 + n - nlog, n inversions and sometimes no 
more than (n’ - n)/2 of them. This certainly emphasizes that there must be other 
reversal operations. 

Fig. 1. The orientations of the three-element path. 
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Fig. 2. A sequence of pushdowns (an inversion) in which reversed edges are indicated by dashed 
lines. 

A connected, n-element ordered set has at least 2”-’ subsets of edges of its 
diagram. To decide just which of these subsets may be reversed to produce an 
orientation is the substance of our next result. 

Theorem 4. A directed graph Q constructed from the diagram of an ordered set P 
is itself an orientation of P if and only if P has no irreversible cycle with respect 
to Q. 

Actually there are precisely three types of irreversible cycles. For our purposes 
a cycle of P is a subset {a,, a2, . . . , a,, bI, b2, . . . , b,} of P such that there are 
chains C,, C2, . . . , C,, D,, D2, . . . , 0, satisfying, for each i = 1, 2, . . . , m, 
(see Fig. 3): 

(i) ai = top Ci = top Dj, 
(ii) bi = bottom Ci = bottom Di-1, 

(iii) Ci fl Dj = {a,}, 
(iv) C,+l fl Di = {b, + l}, 

(v) {aI, a2,. . . , a,, bl, b2,. . . , &I n (G U W = {ai, h, bi+l), 

(vi) {aI, a2, . . . , a,, h, b2, . . . , b,) n (G+l U Q) = {ai, ai+l, bi+l), 
with b,+I = bl. Let u t-v(P) stand for a covering pair of P. A cycle in which 
u + v(P) belongs to C, is an irreversible cycle with respect to Q, a directed graph 
obtained from P by reversing a subset of the edges of P, if the reversed edges of 
the cycle are precisely those of 

(i) (C, U C2 U. * *) - {u + v} 

b2 
Fig. 3. A cycle. 
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“I b bm 4 bz bm b, bz bm 

Fig. 4. The three types of irreversible cycles Z,, Z, and Z,. 

or those of 
(ii) (D,UD2U~-~)U{ut~} 

or those of 
(iii) C1 U C2 U . - . , 

where a, may be u and bl, v, and Ci, Di sets of (directed) edges. (See Fig. 4.) 

Proof of Theorem 1, Let us first be sure that a connected ordered set P with an 
m-element antichain A has at least 2” orientations. To see this we apply the 
pushdown operation. For any subset B of A, P has an orientation in which the set 
of maximal elements is precisely B. Indeed, as long as some a in B is not 
maximal, it is contained in some maximal element not in B, to which we may 
apply the pushdown operation. Thus, there are 2” different, labelled orientations. 

The setting for the rest of the proof derives from a classical result of Kleitman 
and Rothschild [l] according to which almost every connected ordered set has at 
most three levels, that is, every chain has at most three elements. Thus, of these 
three levels, one, at least, is an antichain with at least n/3 elements. In view of 
the remarks above, the ordered set will have at least 2n’3 distinct orientations. Cl 

Proof of Corollary 2. Thus, we have actually shown that every connected, 
n-element ordered set whose covering graph has chromatic number at most three 
has at least 2n’3 orientations. This, of course, applies whenever the covering graph 
is a tree. Moreover, as the covering graph can never contain any triangles it is a 
well-known fact that, as long as this covering graph is planar, its chromatic 
number is at most three too (cf. [6]). 0 

Proof of Theorem 4. Let Q be an orientation of an ordered set P and let P 

contain an irreversible cycle, either Z1, Zz or Z3. If it is Z1, then u t v(Q) and 
there is another chain in Q 

u**. . t- a, D1 CfD,C$. a. D,,-lCf,D,,,b, t-. . . + v 

where Cf is the dual of Ci. If it is Z, then v t u(Q) and, at the same time, there 
is another chain in Q 
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If it is Z3 then u + u(Q) and, at the same time, there is another chain in Q 

U*” . + alD,CgD2. . . D,,,_IC~D,,,b, t. . . t v. 

In any case, the existence of a nontrivial chain between a covering pair is 
impossible as Q is the diagram of an ordered set. 

Conversely, suppose P has no irreversible cycle with respect to Q. For 
contradictions, suppose that Q is itself not a diagram. In this case there is a 
directed edge in Q joining u and v, and a directed path C not containing this edge 
with one end u and other end U. We may assume that u t-v(P). We shall 
construct an irreversible cycle in P following the directed path joining v to u in Q. 

Suppose first that the directed edge points from v to u in Q and the directed 
path C is from v to u in Q. Let C1 consist of the consecutive strings of vertices x 
of C such that either x 2 u(P) or x <v(P). Put 

a, = maxp C, and b, = minp C,. 

Next, let D, consist of the next consecutive string of vertices satisfying x <a,(P) 

and put 

b2 = min, D,. 

Then C2 consists of the next part satisfying x > b,(P) and 

a2 = maxp C2. 

Eventually, there is an integer m, and a string D, of vertices x satisfying 
x <a,(P) and 

bl = min, D,,,, 

Then {al, a2, . . . , a,, bl, b,, . . . , b,} is an irreversible cycle of the type Z2. 
Suppose now that the directed edge points from u to ‘u in Q while the directed 

path is again from v to u in Q. Let C1 consist of the consecutive strings of vertices 
x of C such that x 2 u(P) or x 6 v(P). Set 

a, = maxp C, and bl = minp C1. 

As before define the consecutive chains Di, Ci+l with endpoints ai, b,+l to 
produce an irreversible cycle in P, this time of type Z;‘, the ‘complement’ of Z3. 

Now, suppose the directed path C is from u to v in Q. Then construct C1, the 
consecutive strings consisting of the vertices x of C such that x 2 u(P) or 
x G v(P). Put 

a, = maxp C1 and b,=min,C,. 

As before, we may again construct chains Di, Ci+l and endpoints ai, b,+l to 
produce an irreversible cycle which, in view of the directed edge from v to u in 
Q, is of the type Z3 and, if the directed edge is from u to v in Q, is of the 

type Z1. 
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Notice that Z2 is the ‘complement’ of Z, in the sense that interchanging the 
reversed and nonreversed edges of Z1 produces Z2. 0 

Independent sets and matchings. 

Let girth(G) stand for the smallest size of a cycle in the graph G and color (G) 
for its chromatic number. It is a well-known elementary fact that any graph G 
satisfying 

girth(G) > color(G) 

is the covering graph of an ordered set P, for, if the colors of G are denoted by 
1,2, . . . , k and Ai = {x in G 1 color(x) = i} then we may orient G such that 

A,=minP 

and, for i > 1, 

Ai = min(P - (A, U A2 U . . . U Ai-,)). 

On the other hand, there are, of course, ordered sets P whose covering graphs do 
not satisfy 

girth > color. 

Still, if this inequality does hold for an ordered set P then there is an orientation 
Q of P such that, if a in Ai, b in Aj, i <j, then b s u(Q), where Ai is the ith color 
class of the covering graph of P. 

Theorem 5. Let G be a connected graph satisfying 

girth(G) > color(G) + 1. 

Let I be an independent subset of G. Then there is an orientation P of G such that 
max P = I. 

Proof. Let G’ = G - 1. Color G’ with color(G) colors. Extend this coloring to G 
by giving every element of I a new color, color(P) + 1. Orient the graph in the 
standard way by directing each edge to the element with higher color. As 
girth(G) > color(G) + 1, this orientation P is a diagram orientation. Now 
I E max(P). We push down any ‘unwanted’ maximal element until I = max(P). 

Once the graph-theoretical condition that girth > color + 1 is dropped the 
conclusion itself need no longer hold. In Fig. 5 we illustrate a twelve-element 
ordered set whose covering graph has girth four (e.g. the cycle {a, g, h, i}) and 
chromatic number three (e.g. color classes {a, b, d, e, j}, {g, i, c, k}, {h, f, I}). 
We show that there is no orientation in which the independent subset 
{a, b, c, d, e, f} is contained entirely among the maximal elements. For, suppose 
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k 

i 1 

Fig. 5. 

there is one. We consider the nonmaximal elements g, h, i, j, k, I (see Fig. 6). In 
such an orientation the five-cycle {g, h, i, j, r} must contain a three-element 
(covering) chain. Of the five possible consecutive triples, and their duals, only 
one is at all ‘feasible’. For instance, g + h + i is impossible for otherwise g + a 
while g+ h + i+ a. Only the cases j-c l+g and g+ I+ j survive such an 
objection. In the former case, if I --c k then j 4 14 k + f while j --c f , and if k --c 1 
then k-< 14 g + b while k + b. The latter case is similar. Cl 

Theorem 6. Let P be an ordered set whose covering graph G satisjies 

girth(G) > 2 color(G) - 2. 

Let A4 be a matching of its diagram and S a subset of M. Then there is an 
orientation Q of P which reverses every of S and none of M - S. 

Proof. Let c be a color(G) coloring of the covering graph G of P and let R be the 
standard orientation of G induced by c, that is, a > b(R) if and only if 
c(a) > c(b). Let 

&=S-{a+b(R)(b *u(P)andb+uinS} 

U{a+b(R)Ib *a(P)andb+ainM-S}. 

a b c d e f 

Fig. 6. 
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Partition S, into two parts: El consists of those edges of S, not incident with a 
maximal element of R and E2 = S1 - El. For every edge a + b(R) in El, reverse it 
by recoloring a by a new color l/c(a) (color 1 is not used here). This gives at most 
color(G) - 2 new colors. The orientation RI given by the resulting coloring 
reverses all the edges of El, and none of it4 - S, and is a diagram orientation, 
since girth(G) > 2 color(G) - 2. Now consider the edges of EZ. An edge e in E2 
has its head u colored color(G). Thus r~ is maximal in R,. 

As the edges of M are independent, pushing down a maximal element reverses 
at most one edge of E2. So push down the heads of the edges of E,. That gives 
the desired orientation which reverses all the edges of S and none of M - S. 

Again, if the girth of the covering graph G is less than 2 color(G) - 1 then such 
an orientation need not exist. In Fig. 7 we illustrate a 22-element ordered set 
whose covering graph has girth four, chromatic number three, and whose diagram 
has a matching (in bold) which, however, cannot be reversed. Let S consist of the 
edge b F a(P). We show that if it is reversed then either b8 + b,(P) or a4 t- aiO(P) 
must be reversed. To see this let b + a(P) be reversed. Then either a + al(P) or 
b + b,(P) must be reversed. If b + b,(P) is reversed, then also b2 t b,(P), 
blo+ b,(P), then b4p b,(P) and b,+ b,(P), then bg+ b,(P) from which 
b8 F b,(P) too must be reversed, although it belongs to M - S. Similarly, if 
a, + u(P) is reversed then, eventually, u4 t- u&P) which belongs to M - S, must 
also be reversed. Cl 

We may apply these ideas in at least one setting to estimate the number of 
orientations. 

a6 
b 10 

Fig. 7. 
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Proof of Theorem 3. If G contains an independent set Z with II) a n/3, then, 
according to Theorem 5, any subset of Z can be the set of maximal elements of an 
orientation of P. So P, has at least 2’1’(a2”‘3) orientations. Otherwise, G contains 
a matching M with [MI 2 n/3. By Theorem 6, for any subset S of M, there is an 
orientation of P which reverses the edges of S but none of M - S. Again, we have 
at least 21M1(>2n’3) orientations. In any event, P has at least 2n’3 orientations. 0 
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