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Abstract

In this paper, we study the existence-uniqueness and large deviation estimate for stochastic Volterra
integral equations with singular kernels in 2-smooth Banach spaces. Then we apply them to a large class
of semilinear stochastic partial differential equations (SPDE), and obtain the existence of unique maximal
strong solutions (in the sense of SDE and PDE) under local Lipschitz conditions. Moreover, stochastic
Navier—Stokes equations are also investigated.
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1. Introduction

The aims of this paper are three folds: First of all, we prove the existence and uniqueness of
solutions with continuous paths for stochastic Volterra integral equations with singular kernels
in a 2-smooth Banach space. Secondly, the large deviation principles (abbrev. LDP) of Freidlin—
Wentzell’s type for stochastic Volterra equations are established under small perturbations of
multiplicative noises. Thirdly, we apply them to several classes of semilinear stochastic partial
differential equations (abbrev. SPDE). Compared with the well-known results on SPDEs, the
main contributions of the present paper are that we can prove the existence and uniqueness of
strong solutions (in the sense of SDE and PDE) for SPDEs, and give a unified treatment for the
LDPs to a large class of SPDEs.

In finite-dimensional space, stochastic Volterra integral equations with regular kernels and
driven by Brownian motions were first studied by Berger and Mizel [3]. Later, Protter [52] stud-
ied stochastic Volterra equations driven by general semimartingales. Using the Skorohod integral,
Pardoux and Protter [47] also investigated stochastic Volterra equations with anticipating coeffi-
cients. The study of stochastic Volterra equations with singular kernels can be found in [14,16,
65,36,44], etc. Recently, the present author [68] studied the approximation of Euler’s type and
the LDP of Freidlin—Wentzell’s type for stochastic Volterra equations with singular kernels. In
particular, the kernels in [68] can be used to deal with fractional Brownian motion kernels as
well as fractional order integral kernels. The study of LDP for stochastic Volterra equations is
also referred to [44,36].

Since the work of Freidlin and Wentzell [21], the theory of small perturbation large deviations
for stochastic differential equations (abbrev. SDE) has been studied extensively (cf. [2,62], etc.).
In the classical method, to establish such an LDP for SDE, one usually needs to discretize the
time variable and then prove various necessary exponential continuity and tightness for approxi-
mation equations in different spaces by using comparison principle. However, such verifications
would become rather complicated and even impossible in some cases, e.g., stochastic evolution
equations with multiplicative noises.

Recently, Dupuis and Ellis [19] systematically developed a weak convergence approach to the
theory of large deviation. The central idea is to prove some variational representation formula for
the Laplace transform of bounded continuous functionals, which will lead to proving a Laplace
principle which is equivalent to the LDP. In particular, for Brownian functionals, an elegant vari-
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ational representation formula has been established by Boué and Dupuis [5] and Budhiraja and
Dupuis [10]. A simplified proof was given by the present author [67]. This variational repre-
sentation has already been proved to be very effective for various finite and infinite-dimensional
stochastic dynamical systems even with irregular coefficients (cf. [54,55,11,68,56], etc.). One
of the main advantages of this argument is that one only needs to make some simple moment
estimates (see Section 4 below).

On the other hand, it is well known that in the deterministic case, many PDE problems of
parabolic and hyperbolic types can be written as Volterra type integral equations in Banach
spaces by using the corresponding semigroup and the variation-of-constants formula (cf. [22,
28,48]). An obvious merit of this procedure is that the unbounded operators in PDEs no longer
appear and the analysis is entirely analogous to the ODE case. Thus, one naturally expects to take
the same advantages for SPDEs in Banach spaces. However, it is not all Banach spaces in which
stochastic integrals are well defined. One can only work in a class of 2-smooth Banach spaces.
The definition of stochastic integrals in 2-smooth Banach spaces and related properties such as
Burkholder-Davis—Gundy’s (abbrev. BDG) inequality, Girsanov’s theorem, stochastic Fubini’s
theorem and the distribution of stochastic integrals can be found in [43,6,7,45], etc. Thus, sim-
ilar to the deterministic case, we can develop a parallel theory in 2-smooth Banach spaces for
SPDEs. It should be emphasized that besides the usual SPDEs driven by multiplicative Brownian
noises, a class of stochastic evolutionary integral equations appearing in viscoelasticity and heat
conduction with memory (cf. [53]) can also be written as abstract stochastic Volterra equations
in Banach spaces.

In the past three decades, the theory of general SPDEs has been developed extensively
by numerous authors mainly based on two different approaches: semigroup method based on
the variation-of-constants formula (cf. [64,15,6-8,66], etc.) and variation method based on
Galerkin’s finite-dimensional approximation (cf. [46,35,58,34,41,51,69,26], etc.). A new regu-
larization method is given in [71]. An overview for the classification and applications of SPDEs
are referred to the recent book of Kotelenez [33]. In the author’s knowledge, most of the well-
known results are primarily concentrated on the mild or weak solutions, even measure-valued
solutions. Such notions of solutions naturally appear in the study of SPDEs driven by the space—
time white noises, and in this case one cannot obtain any differentiability of solutions with respect
to the spatial variable.

Nevertheless, when one considers an SPDE driven by the spatial regular and time white noises,
it is reasonable to require the existence of spatial regular solutions or classical solutions in the
sense of PDE. For linear SPDEs, such regular solutions are relatively easy and well known (cf.
[35,58,20], etc.). However, for non-linear SPDEs, there seems to be few results (cf. [34,39,67,
71]). A major difficulty to prove the spatial regularity of solutions is that one cannot use the
usual bootstrap method in the theory of PDE since there is no differentiability of solutions with
respect to the time variable. The present author [67] solved this problem by using a non-linear
interpolation result due to Tartar [63]. Obviously, for the regularity theory of SPDEs, by using
Sobolev’s embedding theorem (cf. [1]), it is natural to consider the L”-solutions of SPDEs. This
is also why we need to work in 2-smooth Banach spaces. It should be noticed that the L?-theory
for SPDEs has been established in [6-8,34,17,18,66], etc. But, there are few results to deal with
the LP-strong solution in the sense of PDE. In the present paper, we shall prove a general result
about the existence of strong solutions in the sense of both SDE and PDE (see Theorem 6.6
below).

We now describe the structure of this paper: In Section 2, we prepare some preliminaries for
later use, and divide it into three subsections. In Section 2.1, we prove a Gronwall’s lemma of
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Volterra type under rather weak assumptions on kernel functions. Moreover, two simple examples
are provided to show this lemma. In Section 2.2, we recall the It integral in 2-smooth Banach
spaces and Burkholder—Davies—Gundy’s inequality as well as Kolmogorov’s continuity criterion
of random fields in random intervals. In Section 2.3, we recall a criterion of Laplace principle
established by Budhiraja and Dupuis [5,10] (see also [70]).

In Section 3, using the Gronwall inequality of Volterra type in Section 2.1, we first prove
the existence and uniqueness of solutions for stochastic Volterra equations in 2-smooth Banach
spaces under global Lipschitz conditions and singular kernels. Next, in Section 3.2, we study the
regularity of solutions under slightly stronger assumptions on kernels. Moreover, a BDG type of
inequality for stochastic Volterra type integral is also proved. In Section 3.3, employing the usual
localizing method, we prove the existence of a unique maximal solution for stochastic Volterra
equation under local Lipschitz conditions. Lastly, in Section 3.4, we discuss the continuous de-
pendence of solutions with respect to the coefficients.

In Section 4, using the weak convergence method, we prove the Freidlin—-Wentzell large devi-
ation principle for the small perturbations of stochastic Volterra equations under a compactness
assumption and some uniform non-explosion conditions for the controlled equations. We also
refer to [38,56] for the application of weak convergence approach in the LDPs of stochastic
evolution equations (the case of evolution triple). In the proof of Section 4, we need to use the
Yamada—Watanabe Theorem in infinite-dimensional space, which has been established by On-
drejat [45] (see also [57] for the case of evolution triple). We want to say that although Ondrejat
only considered the case of convolution semigroup, their proofs are also adapted to more general
stochastic Volterra equations. Moreover, since we are considering the path continuous solution,
the proof in [45] can be simplified.

In Section 5, a simple application in a class of semilinear stochastic evolutionary integral
equations is presented, which has been studied in [13,4,31], etc., for additive noises. Such type
of stochastic evolution equations appears in viscoelasticity, heat conduction in materials with
memory, and electrodynamics with memory [53].

In Section 6, we apply our general results to a large class of semilinear stochastic evolution
equations driven by multiplicative Brownian noises. A basic result in semigroup theory states
that if f is a Holder continuous function in Banach space X, then

t
t— /St,sf(s) ds is continuous in Z(£),
0

where ¥, is an analytic semigroup and £ is the generator of T;. We will use this result to prove
the existence of strong solutions (in the sense of PDE) for semilinear SPDEs. The corresponding
LDPs are also obtained (see also [61,49,11,56,38], etc., for the study of LDPs of stochastic
evolution equations). More applications can be found in an uncompressed version [72].

In Section 7, we prove the existence and uniqueness of local L?-strong solutions for stochas-
tic Navier—Stokes equations (SNSE) in any dimensional case. In the two-dimensional case, we
also obtain the non-explosion of solutions. Moreover, the LDPs for two-dimensional SNSEs
are established in the case of both Dirichlet boundary and periodic boundary. We remark that
the LP-solutions for SNSEs have been studied by BrzeZniak and Peszat [9] (bounded do-
main) and Mikulevicius and Rozovskii [40] (the whole space). The large deviation result for
two-dimensional SNSEs with additive noise was proved by Chang [12] using Girsanov’s trans-
formation. In [60], the authors also used the weak convergence method to prove the large
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deviation estimate for two-dimensional SNSEs with multiplicative noises. But, they worked
in the L?-space and only for weak solutions. Here we can do it for strong solutions in L”-

space.

We conclude this introduction by making the following CONVENTION: Throughout this paper,
the letter C with or without subscripts will denote a positive constant, whose value may change
from one place to another. Moreover, we also use the notation E1 < E; to denote E1 < C - E»,

where C > 0 is an unimportant constant.
2. Preliminaries

2.1. Gronwall’s inequality of Volterra type

Let A :={(z,s) € Ri: s < t}. We first recall the following result due to Gripenberg [27,

Theorem 1 and p. 88].

Lemma 2.1. Let k : A — R be a measurable function. Assume that for any T > 0,

t
= /K(t,s) ds e L=, T)
0

and

e
/K(~+e,s)ds < 1.

Lo°(0,T)

lim sup
€l0

Define

t

ri(t,s) =«(,s), Fat1(t, s) :=/K(t,u)rn(u,s)du, neN.

N

Then for any T > 0, there exist constants Ct > 0 and y € (0, 1) such that

/rn(~, s)ds

<Crny", VneN.

0 L>®(0,T)
In particular, the series
o0
r(t,s) = Z ru(t,s)
n=1

converges for almost all (t, s) € A, and

(2.1)

2.2)

(2.3)
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t

t
r(t,s)—k(t,s) :/k(t,u)r(u,s) du =/r(t,u)k(u,s)du 2.4)

N N

and forany T > 0,
1
t > /r(t, s)ds € L*(0,T). (2.5)
0

The function r defined by (2.3) is called the resolvent of «. All the functions x in Lemma 2.1
will be denoted by . In what follows, we shall denote by % the subclass of J#~ with the
property that

+e
/K(-+E,S)d$ =0.

L%(0,T)

lim sup
€l0

We also denote by 7~ | the set of all nonnegative measurable functions x on A with the property
that for any 7 > 0 and some 8 = 8(T) > 1,

t
t /xﬁ(t,s)ds e L0, T). (2.6)
0

It is clear that Z2 | C J#y C 2 and for any k1, k3 € J£ (resp. #~1) and C, Cp > 0,
Cik1 + Cokp € Hy  (resp. FS1).
LetO0<he Ll (Ry).Ifk(t,s)=h(s), then k € %) and

t

r(t,s) =h(s)exp{ /h(u) du};

N

if k(¢t,s) =h(t —s), then k € %) and

rt,s)=a(t —s) = Zan(t —5), 2.7)

n=1
where

t

ay(t) =h(), an41(7) ::/h(r—s)a,,(s)ds.

0
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When0<helL! (R4), aclassical result due to Paley and Wiener (cf. [42, p. 207, Theorem 5.2])
says that

o0
aeL'(R;) if and only if /h(t)dt <1. (2.8)
0

In this case, a(s) = fl(s) /(1 — fl(s)), where the hat denotes the Laplace transform, i.e.:

o0
h(s) = / e h()dt, s>0.
0
We want to say that (2.8) is useful in the study of large time asymptotic behavior of solutions for
Volterra equations. An important extension to nonintegrable convolution kernel can be found in
[59,29] (see also [27]). A simple example is provided in Example 3.2 below.

We now prove the following Gronwall’s lemma of Volterra type (see also [28, Lemma 7.1.1]
for a case of special convolution kernel).

Lemma 2.2. Let k € # and r,, and r be defined respectively by (2.1) and (2.3). Let f, g : Ry —
R4 be two measurable functions satisfying that for any T > 0 and some n € N,

t
t— /r,, (t,s)f(s)ds € L°°(0, T) (2.9)
0

and for almost all t € (0, 00),

t

/r(t, s)g(s)ds < +o0. (2.10)
0
If for almost all t € (0, 00),
t
f(t)<g(t)+/K(t,S)f(S)ds, (2.11)
0
then for almost all t € (0, 00),
t
f(@)<g() +/r(t,s)g(s) ds. (2.12)

0
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Proof. First of all, if we define
t
h(t) :=g(t) —|—fr(t, s)g(s)ds,
0
then by (2.4) and (2.10)
t
h(t)y=g() + / k(t,s)h(s)ds fora.a.r e (0,00).
0

Thus, by (2.11) we have

t

f@) —h@) < /K(l, s)(f(s) —h(s))ds foraa.t € (0,00).

0

Set f(t) := f(t) — h(r) and define

f*@):=esssup f(s), t>0,
s€[0,7]

and
10 :=inf{t > 0: f*(t) > 0}.
Clearly,  — f*(t) is non-decreasing and
f@) <0 foraa.rel0,1).
We want to prove that
T9 = +00.

Iterating inequality (2.13), we have

t t

f) < /rn(t,s)f(s)ds < /r,,(t,s)f(s)ds, Vn e N.

0 0

By (2.9), one knows that F*(T) < +oo0 for any T > 0. Moreover, for almost all r > 0,

t t
f@) (2%4)/rn(z,s)f(s)ds <f*(t)/rn(t,s)ds, Vn e N.
70

70

(2.13)

(2.14)
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Suppose 19 < 4-00. Then, for any 7" > 1, we have

/rn(-, s)ds

%0 L%(1.T)

(2.2)
—

0< f(T) < fXT)- 0

as n — oo, which is impossible. So, 7o = +00. O
The following two examples show that (2.12) is sensitive to k € Z".

Example 2.3. For Cy > 0, set

kcy(t,s) =

It is clear that

t

/KCO (t,u)du = CO((n/Z) — arcsin(s/t)).

s

From this, one sees that

ICCO¢<%/, if Co >2/m;
ke, € X Ny, if0<Co<2/m.

Consider the following Volterra equation

t

x(t)://cco(t,s)x(s)ds, t>0.
0

If Co = 1, there are at least two solutions x(¢) =0 and x(¢) =¢; if Cop = %, there are infinitely
many solutions x(¢) = constant; if 0 < Cp < 2/, by Lemma 2.2 there is only one solution

x(t)=0in Ly (Ry).
Example 2.4. For Cp > 0 and «, 8 € [0, 1), set

C
o,f 0

Ko (t,8) = ——"—, s<I.
co (-5) (t — s)%sh

It is clear that

t

1
1
/Kg;)ﬁ(l, S)dSZCotliaiﬂ‘/mds- (2.15)

u u/t
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From this, one sees that

/cg;)ﬁgéji/, ifa +p > 1and Cy > 0;
1
k2P ¢ v ifa+B=1and Cy> b
Co : - 07 ) A=spesh ™
0
1 1
B : .
Kg() E%n%c, 1fa+ﬁ=1&ndco<fm S,
0

/caﬁet%@l, ifa +pB < 1and Cy > 0.

Consider the following Volterra equation

t

x(t):/k%’f(t,s)x(s) ds, t=>0.
0

If @ + B < 1, by Lemma 2.2 there is only one solution x () =0 in L5, (Ry); if o = g = Co =
1/2, there are at least two solutions x (t) = 0 and x (t) = /.

2.2. Ito’s integral in 2-smooth Banach spaces

Throughout this paper, we shall fix a stochastic basis (£2, F, P; (F;);>0), i.e., a complete
probability space with a family of right-continuous filterations. In what follows, without special
declarations, all expectations [E are taken with respect to the probability measure P.

Let {WX(t): t >0, ke N} bea sequence of independent one-dimensional standard Brownian
motions on (2, F, P; (F;)i>0). Let ! 2 be the usual Hilbert space of all square summable real
number sequences, {ex, k € N} the usual orthonormal basis of /2. Let X be a separable Banach
space, and L(/%; X) the set of all bounded linear operators from [ to X. For an operator B €
L(lz; X), we also write

B=(By, Bs,...)e XY, By = Bey.
Definition 2.5. An operator B € L(I%; X) is called radonifying if

the series Z Bey - Wk(l) converges in L2(£2; X).
k

We shall denote by Lo(1%; X) the space of all radonifying operators, and write for B € Lr(%X),

I1Bll,q2:x) = (E” Bey - Wk(l)”;{)l/z.

(2.16)
Here and below, we use the convention that the repeated indices will be summed.

The following proposition is well known, and a detailed proof was given in [45, Proposi-
tion 2.5].
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Proposition 2.6. The space L, (1%; X) with norm (2.16) is a separable Banach space.

In order to introduce the stochastic integral of an X-valued measurable (F;)-adapted process
with respect to W, in the sequel, we assume that X is 2-smooth (cf. [50]), i.e., there exists a
constant Cx > 2 such that for all x, y € X,

Ix + yli% + lx — yl% < 20x 0% + Cxllyllk-
Let now s — B(s) be an Ly (I2; X)-valued measurable and (F)-adapted process with

T

/”B(S)Hiz(lzgx) ds <400 as., VT >0.
0

One can define the It6 stochastic integral (cf. [45, Section 3])

t t

t—1;(B) := / B(s)dW(s) = / Bi(s)dW¥(s) e X
0 0

such that t > Z;(B) is an X-valued continuous local (F;)-martingale. Moreover, let T be any
(F;)-stopping time, then

AT t
/ B(s)dW(s) =/1{S<r} - B(s)dW (s).
0 0

The following BDG inequality for Z;(B) holds (cf. [45, Section 5]).

Theorem 2.7. For any p > 0, there exists a constant C, > 0 depending only on p such that

T p/2
2
E( sup ) < CP]E</”B(S)||L2(12_X) ds) : (2.17)
te[0,T] 0 ’

The following two typical examples of 2-smooth Banach spaces are usually met in applica-
tions.

t

/ B(s)dW (s)

0

p

X

Example 2.8. Let X be a separable Hilbert space. Clearly, X is 2-smooth. In this case, Ly (I*; X)
consists of all Hilbert—Schmidt operators of mapping /2 into X, and

0o 172
1Bl L, %) = (Z ||Bek||§g) :
k=1
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Example 2.9. Let (E, £, 1) be a measure space, H a separable Hilbert space. For p > 2, let
LP(E, u; H) be the usual H-valued L”-space over (E, &, u). Then X = LP(E, u; H) is 2-
smooth (cf. [50,6]). In this case, by BDG’s inequality for Hilbert valued martingale we have

2/p
1B, g5 = E( / | Be(x) - Wk(l)llﬁu(dX))
E
2/p
< ( JElBw- Wk(1)|\ﬂ’;u(dx>)
E

< c,,( / (g||3k<x>u§ﬂ)mu<dx>)

= Cpll Bl o per2emy- (2.18)

2/p

Hence,
LP(E, w; P @ H) < Ly(1% X) = Lo (I*; LP(E, p; H)).

We also recall the following Kolmogorov’s continuity criterion, which can be derived directly
by Garsia’s inequality (cf. [64]).

Theorem 2.10. Let {X (¢),t > 0} be an X-valued stochastic process, and t a bounded random
time. Suppose that for some Cy, p > 0and § > 1,

E[(X (1) = X(9)) - Ls,rero,en | & < Colr —s1°.

Then thefe exist constants C1 > 0 and a € (0, (6 — 1)/ p) independent of Co and a continuous
version X of X such that

I1X (1) —X(s>||§';) <cic

E( sup -
s#tel0,7] |t —s|oP
2.3. A criterion for Laplace principles

It is well known that there exists a Hilbert space so that /> C U is Hilbert—-Schmidt with
embedding operator J and {WX(z), k € N} is a Brownian motion with values in U, whose co-
variance operator is given by Q = J o J*. For example, one can take U as the completion of
with respect to the norm generated by scalar product

1
o 7\ 2
(h,h’)Uzz(Zhl’%> . hoh el

k=1
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For T > 0 and a Banach space B, we denote by B(B) the Borel o-field, and by Cr(B) the
space of all continuous functions from [0, '] to B, which is endowed with the uniform norm.
Define

07 = :h:/fz(s)ds: heL*(0, T;lz)} (2.19)
0
with the norm
T 12
Al = (fHMs)ll,i ds) ,

0

where the dot denotes the generalized derivative. Let u be the law of the Brownian motion W
in C7(U). Then

(Cr(U), &5, 1)

forms an abstract Wiener space.
For T, N > 0, set

Dy := {h € (3 e < N}

and
AJTv — { h : [0, T]1— [? is a continuous and (F;)-adapted } _ (2.20)
process, and for almost all w, h(-, w) € Dy
It is well known that with respect to the weak convergence topology in ZzT (cf. [32]),
Dy is metrizable as a compact Polish space. (2.21)

Let S be a Polish space. A function 7 : S — [0, oc] is given.

Definition 2.11. The function 7 is called a rate function if for every a < oo, the set {f € S:
I(f) < a}iscompactinS.

Let {Z. :C7(U) — S, € € (0, 1)} be a family of measurable mappings. Assume that there is
a measurable map Z : ZZT S such that:

(LD); Forany N > 0, if a family {h€, e € (0, 1)} C AK, (as random variables in Dy ) converges
in distribution to & € A;,, then for some subsequence ¢, Z, (- + hjék‘)) converges in
distribution to Zg(h) in S.

(LD), For any N > 0, if {h,,n € N} C Dy weakly converges to h € EZT, then for some subse-

quence hy,,, Zo(hy,) converges to Zo(h) in S.
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For each f €S, define

.
I(f)y:==5 inf  |hl%, (2.22)
2 ey f=zot) T

where inf ) = oo by convention. Then under (LD),, I (f) is a rate function. In fact, assume that
1 (fy) < a. By the definition of 7 (f;;), there exists a sequence h,, € £, such that Zy(h,) = f, and

1 B2 < 1
E” ”||£2T\a+;’

By the weak compactness of Dy, 2, there exist a subsequence ny, (still denoted by n) and & € £2T
such that &, weakly converges to & and

1717, < lim |IA,]7, <2a.
T

n—o00 T

Hence, by (LD), we have
Aim [ Zo(hn) = Zo() |5 =0
and

1(Zo(h)) < a.
We recall the following result due to [5,10] (see also [67, Theorem 4.4]).

Theorem 2.12. Under (LD); and (LD),, {Z,, € € (0, 1)} satisfies the Laplace principle with the
rate function 1 (f) given by (2.22). More precisely, for each real bounded continuous function g
onS:

g(Ze)
€

lir%elogE“<exp|:— D =—}nfS{g(f)+I(f)}. (2.23)

In particular, the family of {Z, € € (0, 1)} satisfies the large deviation principle in (S, B(S))
with the rate function 1(f). More precisely, let ve be the law of Z. in (S, B(S)), then for any
A e B(S):

— inf I(f) <liminfelogv:(A) <limsupelogve(A) < — inf I(f),
feA° e—0 feA

e—0

where the closure and the interior are taken in' S, and I (f) is defined by (2.22).
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3. Abstract stochastic Volterra integral equations

In this section, we consider the following stochastic Volterra integral equation in 2-smooth
Banach space X:

t

t
X(t):g(t)+fA(t,s,X(s))ds+/B(t,s,X(s))dW(s), (3.1)
0

0

where g(¢) is an X-valued measurable and (F;)-adapted process, and

A:AXx 2 xX—>XeMpxBX)/B(X)
and
B:Ax 2 xX— Ly(I%X) e Ma x BX)/B(L (1% X)).

Here and below, A := {(¢,s) € Ri: s < t}, and M, denotes the progressively measurable o -
field on A x £2 generated by the sets E € B(A) x F with properties: 1g(t, s, -) € Fs for all
(t,s) € A,and s — 1g(¢, s, w) is right continuous for any t € R} and w € £2.

We start with the global existence and uniqueness of solutions for Eq. (3.1) under global
Lipschitz conditions and singular kernels.

3.1. Global existence and uniqueness

In this subsection, we make the following global Lipschitz and linear growth conditions on
the coefficients:

(H1) Forsome p >2andany T > 0,

t
ess sup /[/q (t,s) +xa(t, s)] -]EHg(s)“%ds < +00,
t€[0,T] o

where «1 and k; are from (H2) and (H3) below.
(H2) There exists x| € £ such that for all (#,s) € A, w € 2 and x € X,

|A@, s, 0, 0) |y <ki1(2,9) - (Ixlx +1)
and
HB(t, s, W, x)Hiz(ﬂ;X) <ki(t,s) - (||x||§§ + 1).
(H3) There exists k» € % such that for all (z,s) € A, w € 2 and x,y € X,

|A@, s 0, x) — At 5,0, ¥) | <i2(t.s) - lx — ylx
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and

2 2
| B, 5, 0,2) = Bt 5,0, M|} 2. S K200, 8) - llx = ¥l
We now prove the following basic existence and uniqueness result.

Theorem 3.1. Assume that (H1)—-(H3) hold. Then there exists a unique measurable (F;)-adapted
process X (t) such that for almost all t > 0,

t t
X(t):g(t)+/A(t,s,X(s)) ds+/B(t,s,X(s))dW(s), P-a.s., (3.2)
0 0

and for any T > 0 and some Cr p ,, > 0,

t

B[ X0} < Crp [Engm fp+esssup [t -Engmn;;ds} 63
tell,
0

for almost all t € [0, T], where p is from (H1). Moreover, if
t
t> //q(t, s)ds € L (Ry), (3.4)
0

then for almost all t > 0,

t

B <o (Bl 12+ [ 100 Elsco] s
0

t u

+/r,;1(t,u)- |:/E1(u,s) -]E||g(s)“§ds:| du), (3.5)

0 0

where k| = C~'p,,(| - k1, Iz, is defined by (2.3) in terms of k1, and C) x,, C'p,Kl are constants only
depending on p, k1.

Proof. We use Picard’s iteration to prove the existence. Let X (¢) := g(¢) and define recursively
forn e N,

t t
Xn+1(t):g(t)—|—/A(t,s,Xn(s))ds—i—/B(t,s,X,,(s))dW(s). (3.6)
0 0
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Fix T > 0 below. By (H2), BDG’s inequality (2.17) and Holder’s inequality we have

t p
el <2017+ ([ 000) )
0

t

f B(t,s, Xn(s)) dW (s)

0

p
+E

X

t

14
<E[g0)|% +E(/K1(t,s) (1Xn ) | + l)ds>
0
g

t
"‘E(/”B(” s, X”(S))”iz(lz;X) ds)
0

t t p—1
<E}|g(t)|\§+/xl(r,s).E(|]Xn(s)||§+ 1)ds - (/Iq(t,s)ds>
0 0

P
t t 2

+/;q(t,s).E(||Xn(s)||§+1)ds- </K1(t,s)ds)

0 0

t
<1E||g(t)||§+cr,,,~CT+CT,,,/K1(t,s)-E||xn(s)||§ds, 3.7)
0

where Cr := esssup;¢(o.7] |f0t k1(t,s)ds| and Cr ) := C¥_1 + C(Tp_z)/z.
Set

fn@)= sup E| X, |-

n=1,...,

Then
t
Funl®) < Cropoa (B2 +1) + / B1(0.5) - fn(s) ds,
0

where k1 = Cr,p «, - k1 and the constant Cr , ., is independent of m.
Let r, be defined by (2.3) in terms of 1. Note that by (2.4)

t t

/r,;l(t,s)~E||g(s)||§ds—/kl(t,s)~E||g(s)||§ds

0 0



1378 X. Zhang / Journal of Functional Analysis 258 (2010) 1361-1425

t t

:/(/r,;l(t,u)lzl(u,s)du> -]EHg(s)“%dS

0 N
t u
=/r,zl(t,u)(/121(u,S)~E||g(s)||§ds) du.
0 0

Hence, by Lemma 2.2 and (H1), we obtain that for almost all # € [0, T],

t

SpE[Xu) ] = fim_ fu() < Crpe (Engm 15+ / ) -E||g<s>||§zds)
t

< Cropu (Eng(r>!|§+ / k1(1,5) - E||g(s)||% ds

0
t u
+/r,;] (t,u)(/l?l(u,s) -E”g(s)”%ds) du) 3.8)
0 0
t
2.5) p p
< Cropi |:IEHg(t)||X—|—ess sgp fxl(t,s)~E||g(s)||de]. (3.9)
tel0,T]
0

On the other hand, set

Zn,m(t) = Xn(t) - Xm(t)

and
£ = limsupE|| Zym ()| 3
n,m—00

As the above calculations, by (H3) we have

t 2
E|Zut1mir )5 <E /(A(t, S, Xn(9)) = A, 5, Xm())) ds
0 X
t 2
+E /(B(t,s, Xn(8)) = B(t,5, X (s))) dW (s)
0 X

t

< /Kz(l, DE E” Z/z,m(s)||§gds'
0
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By (3.9), (H1) and using Fatou’s lemma, we get

t

f@ </Kz(t,s)-f(s)ds.

0

By Lemma 2.2 again, we have for almost all ¢ € [0, T'],
. 2
f(@) =limsupE| Z, ()| 5 =0.
n,m— 00

Hence, there exists an X-valued (F;)-adapted process X (¢) such that for almost all 7 € [0, T],

. 2

lim E| X, () — X0y =0.

n—oo

Taking limits for (3.6), one finds that (3.2) holds.

Moreover, estimate (3.3) follows from (3.9). Note that when (3.4) is satisfied, the constant
Cr,p in (3.7) is independent of 7. Hence, estimate (3.5) is direct from (3.8). The uniqueness
follows by similar calculations as above. 0O

Example 3.2. Let for § > 0,
678;&‘
h(s):=——=—, t>s20.
slog”s

It is easy to see that & € L' (R.). Consider the following stochastic Volterra equation:

1 1

X(z)=x0,/|1og(m1)]+/h(r—s)A(X(s))ds+/ h(t —s)B(X (s)) dW (s),
0

0

where A : X — X and B : X — Ly(/?; X) are global Lipschitz continuous functions. By elemen-
tary calculations, one finds that

t

—8(t=9) 1] Al
sup/ ¢ llogs A D ds < +o00.
120 o

(t —5)log>(t — s)

So, (H1)—(H3) are satisfied with p = 2. Moreover, by (2.8) and (3.5), one finds that if § is large
enough, then for any 7 > 0,

supE”X(t) ||§g < +o00.
t>T

We remark that in this example, X (0) = oo.
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3.2. Path continuity of solutions
In this subsection, in addition to (H2) and (H3), we also assume that:

(H1)" The process t — g(t) is continuous and (F;)-adapted, and for any p >2and T > 0,
P
E( sup [[g]}) < +oe.
1€[0,T]

(H4) Foralls <t <t,we 2 and x € X,
A 5.0.) = At 5.0,5) | <AL 125) - (Il + 1)
and
[B(.s.0.%) = Btos. . 0| oy <M 1s) - (Il + 1),

where A is a positive measurable function satisfying that for any 7 > 0 and some
y=y(T),C=C(T) >0,

t

/A(t/,t,s)ds §C|t/—t
0

Y. 0<tr<t' <T. (3.10)

Theorem 3.3. Assume that (H1)' and (H2)—(H4) hold, and the kernel function i in (H2) belongs
to J- 1. Then there exists a unique X-valued continuous (F;)-adapted process X (t) such that
P-as., forallt >0,

t t

X(t)=g(t)+fA(t,s,X(s))ds+fB(t,s,X(s))dW(s) (3.11)

0 0

and forany p 22 and T > 0,
E( sup [X()[}) < +oo. (3.12)
1€[0,T]
Moreover, if for some § > 0andany p 22, T > 0,

E|g(t) — @} < Crplt' — |,

then, t — X (t) admits a Holder continuous modification and for any p > 2, T > 0 and some
a >0,

X=X~
E( " X ( /) a()”X><CT,p,a-
i#refo,r] =1l
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Proof. First of all, forany p > 2 and T > 0, by (H1) and (3.3) we have

ess sup E||X(1)|§ < +oo. (3.13)
t€l0,T]
Set

t

J(@) ::/B(t,s,X(s))dW(s)

0

and write for 0 <t <t' < T,

t

()~ T = f [B(r'.5.X(5)) — B(r.s. X ()] dW(s)
0

/

t

+ / B(t',s, X())dW(s) =: Ji (¢, 1) + L (t', 7).

t

In view of k] € J#%1, (2.6) holds for some 8 > 1. Fix p > 28* (8* := B/(B — 1)). By BDG
inequality (2.17), (H2) and Holder’s inequality, we have

t

a0l < = [ (ol )

t

P
2

I % I . 2;%
< (/kff(/,s)ds> E(f(||X(s)||§f +l)ds>
t t

t

p 3.13
1 [ o a 8 g,

t

< |-t

and by (H4) and Minkowski’s inequality,

t 14

2
0l < 2 [ (ol + )
0

P
! z

[ (e 1))

0
P
2

t
(3.13) (3.10)
< (/A(t’,t,s)ds) < |t/—t|y2_p.
0

<
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Hence, forall 0 <t <t/ < T,
EJI() = s < |r =% +]e—r |7
Similarly, we may prove that forall 0 <t < ¢ < T and p > 8%,

t t

/A(t’,s,X(s))ds—/A(t,s,X(s)) ds

0 0

P
#!t—t’]”’+|t—t’\ﬁi".
X

E

The desired conclusions follow from Theorem 2.10. O

We conclude this subsection by proving a lemma, which will be used frequently later. We put
it here since the proof is similar to Theorem 3.3.

Lemma 3.4. Let t be an (F;)-stopping time and
G:Ax 2 — Ly(I*:X) e Ma/B(La (1% X)).
Assume that forall 0 <s <t <t and w € £2,
|G, s, w) ||i2<12;x> <k(t,s) - f2(s, w), (3.14)
|G(t'.s5.0) = Gt.5. 0[] oy <A 1.5) - F2(5. ), (3.15)

where k € -1 and for any T > 0 and some o > 1 and y > 0,

Yovo<t<t'<T,

t
/A“(t/, t,s)ds < Crlt' —t
0

and (s, w) — f (s, w) is a positive measurable process with

T AT

E(/fp(s)ds><+oo, Vp>2.

0

Thent — J(t) := f(; G(t,s)dW(s) € X admits a continuous modification on [0, t), and for any
T > 0 and p large enough

t

E sup /G(t,s) dW(s)
te[0,T AT] 0

where the constant Cr is independent of f and t.

P TAT

)gCﬂE(/ f”(S)dS>,
0

X
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Proof. Fix 7 > 0 and write for 0 <t <¢' < T,

t t

J{A)=J@) = /G(t/,s) dW(s) +/[G(z’,s) — G(t,5)]dW(s)

t 0

= Ji(t', 1) + (', 7).

In view of k € %21 and (2.6), by BDG’s inequality (2.17) and Holder’s inequality we have, for
some B > 1 and p > 28" (B* = /(B — 1)),

t'AT »
E|J1(t. 1) - Ly seooplls < E /G(t’,s)dW(s)
INT X

p/2
||Gr I X)d)

G. 14) ( //-\ " (S)ds>p/2
fore

2L t'AT ML*
( > -E(/fzﬁ*(s)ds)
INT
T AT
< | =] 1.E</fl’(s)ds>
0
and for p > 2a™ (@ = o/(a — 1)),
INT p/2
E[i(r 1) - Vseo.on |y < E(/”G GU,S)”Z(F;X)“)
0

INT

(315) (/
0
% AT ZaL*
(/A“ 7,1,5) ) E(/ fz‘x"(s)ds>
0 0

TAT

yYr
< |t’—t|2°‘-E(/fp(s)ds>.

0

p/2
A t,s) - £2(s) ds)
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Hence, forany p > 2(a* v *) and 0<r <t/ < T,

TAT

E|(J(1') = J®) - Ly sero.on]| s = | — o] 705 E( / fp(S)ds).

0

The desired result now follows by Theorem 2.10. O
3.3. Local existence and uniqueness
In this subsection, we assume that:

(H2)" For any R > 0, there exists k1 g € #~1 such that for all (¢,s) € A, w € 2 and x € X with
lxllx < R,

HA(I, s, a),x)”X + HB(t, s, , x)Hiz(lz;X) <k1,R(2, 5).

(H3)" For any R > 0, there exists kp g € % such that for all (#,s) € A, w € 2 and x,y € X
with [[x[[x, [ylx < R,

||A(t,s,a),x) —A(t,S,(,(), y)”xgl(Z,R(tvS) : ”.X' _y”X

and

2
|BGt,s,0,) = B, s, 0, )|} 2.5y < k2.0, 8) - 1x =yl

(H4)" For any R > 0, there exists a measurable function Ag satisfying that for any 7 > 0 and
some y, C >0,

t
/AR(t’,t,s)ds <Clt -1t
0

N

YooKt <t' KT,

such that forall s <t <1/, w € 2 and x € X with ||x||x < R,
HA(I’, s, a),x) — A(t, s, a),x)”X + HB(I’,S, w,x) — B(t, s, w,x)”iz(lz;x) < )LR(I’, t, s).
We first introduce the following notion of local solutions.

Definition 3.5. Let 7 be an (F;)-stopping time, and {X (¢); ¢ € [0, 7)} an X-valued continuous
(F;)-adapted process. The pair of (X, 7) is called a local solution of Eq. (3.1) if P-a.s., for all
t €0, 1),
t t
X(t)=g@)+ [ A(t,s, X(s))ds + | B(t,s, X(s))dW(s);
0 0
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(X, 7) is called a maximal solution of Eq. (3.1) if

lim || X (1, )|y =400 on{w: T(w) <400}, P-as.
ttt(w)

We call (X, t) a non-explosion solution of Eq. (3.1) if
P{a): T(w) < +oo} =0.

Remark 3.6. The stochastic integral in the above definition is defined on [0, ) by

t tAT,

/‘B(t,s,X(s))dW(s)znli)nolo / B(t,s,X(s))dW(s), t<rt,
0 0

where 1, :=inf{t > 0: | X(¢)||x >n} /'t asn — oo.
We now prove the following main result in this section.

Theorem 3.7. Under (H1) —<(H4)', there exists a unique maximal solution (X, 7) for Eq. (3.1) in
the sense of Definition 3.5.

Proof. For n € N, let x,, be a positive smooth function on R, with x,(s) =1, s < n, and
xn(s) =0, 5 > n+ 1. Define

An(t,s,0,x) = A(t,s,0,x)  xa(llxllx),

By(t,s,0,x) := B(t, 5,0, %) - xu(lIxx)-

It is easy to see that for A, and B,, (H2) holds with «i 41, (H4) holds with A,4, and (H3)
holds with some k3 , € . Thus, by Theorem 3.3 there exists a unique continuous (F;)-adapted
process X, (¢) such that forany p >2 and T > 0,

IE( sup ||Xn(t)||§g) SCTpn
1€[0,T]

and

t

t
X,t)=g@)+ / A, (t, s, Xn(s)) ds + / B, (t, s, Xn (s)) dW (s). (3.16)
0 0

We have the following claim:
Let t be any stopping time. The uniqueness holds for (3.16) on [0, 7).

We remark that when t = T is non-random, it follows from Theorem 3.1. Let X;(¢),i =1, 2, be
two X-valued continuous (F;)-adapted processes and satisfy on [0, 7),
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t t
Xi(t)=g(t)—i—/A,,(t,s,X,-(s))ds+/B,,(t,s,X,'(s))dW(s), i=1,2.
0 0

Set
Z(t) = X1(t) — X2(2).

Since k3, € #p, as the calculations in (3.7), by BDG’s inequality (2.17) and (H3) for A,, and B,,,
we have

E|Z@) - 1p<n|%

tAT p tAT %
<E</ Kg,n(t,s)-HZ(s)Ude> +E(/ Kg,n(t,s)-HZ(s)Hggds)
0 0
t p t g
=E(/K3,,,(t,s) Npger) - ||Z(s)“xds> +E<f;<3,,,(t,s) Aygar) - ||Z(s)||§§ds>
0 0
t
</K3,n(t,s) ‘E||Z(s) - 1g<ry| 5 ds. (3.17)
0

By Lemma 2.2, we get
E[Z(®) - ly<ey| =0 foralmostall r € [0, T],
which implies by the arbitrariness of 7' and the continuities of X;(¢),i =1, 2,

X1O)lo,7y = X2()lo,7)-

The claim is proved.

Now, for n € N, define the stopping times
T =inf{r > 0: | X, (1)« > n}
and
on :=inf{r > 0: | X,p1(0) |y > n}.
By the above claim, we have

Xn(')|[0,tn/\<7,,) = Xn+1 () |[0,t,l/\(7,1)’
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which implies
Ty <0y < Tytl,  aS.
Hence, we may define
T(w) := lim 7,(w)
n—oo
and for all ¢ < t(w),
Xt o) =X,0t,w), ift<rt(w).

Clearly, (X, 7) is a maximal solution of E~q. (3.1) in the sense of Definition 3.5.

We next prove the uniqueness. Let (X, T) be another maximal solution of Eq. (3.1) in the
sense of Definition 3.5. Define the stopping times

Ty 1= inf{t > 0: ||)~((t)||X > n}

and

L b
I
=
>
[}

Ty =Ty ATy,
It is clear that

T, /'T as.asn— 0o,

and

t
10,8 (1) - X (1) = 1192, (1) - g(O) + 110, 5,) () - / Alt, s, X(5))ds
0
13

+ ljo,7,)(®) '/B(t,s,)?(s)) dw (s)

0
t
=1jp:)®) -gt) + l[o,fn)(f)-fAn(t,S,X(S))dS
0
t
+1[o,fn)(l)'/Bn(t,s,f((s))dW(s).
0

By the above claim again, we have

XOlo,2) = )N((')l[o,fny
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So

XOlo,5) = XOlo,2)-
By the definition of maximal solution we must have T =t =7. O

We have the following simple criterion of non-explosion.

Theorem 3.8. Assume that (H1), (H2) and (H4) hold, and x| in (H2) belongs to #- . Then
there is no explosion for Eq. (3.1).

Proof. Let (X, t) be a maximal solution of Eq. (3.1). Define
T, c=inf{r > 0: [ X(0)|y >n}.

By BDG’s inequality (2.17) and Holder’s inequality, and using the same method as estimating
(3.17), we have, for any T > 0 and some 8 > 1 and p > 28* (8* = B/(B — 1)),

P
E[X®) - 1ji<z,)

AT,
= feolf 2 [ s xo)] )
0

ATy
/ B(t,s, X(s)) dW(s)
0

p
+E

X
tATy 14
<E|g0)|% +]E< / k1(t,s) - (| Xy + l)ds)
0

)
2

[AT,
+E< / |B(,s, X(5)) ”iz(lz;X) ds)
0

IAT, ) f{_)*
<sleolg+=( [ (xolf )
0

_r_
26%

tATy
+E(/ (||X(s)||§f*+1)ds)
0

t

<cry|lolf +1+ [l el |
0

where the constant Cr,, is independent of 7.
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By Gronwall’s inequality, we obtain

sup E[X (1) - Ly |5 < Crop-
tel0,T]

Using this estimate, as in the proofs of Theorem 3.3 and Lemma 3.4, we can prove that for any
T>0and p > 2,

sup]E( sup ]||X(t)||§><CT,,,.

neN tel0,T Aty

Hence,

lim P{t, <T}= lim P{ sup ||X(t)||X>n}
n—>00 n—00 te[0,T ATy ]

< lim IE( sup ]"X(t)"gg)/np

=00 \iel0,T Aty
< lim Cr,/n? =0,

n—oo

which produces the non-explosion, i.e., P{t <oo}=0. 0O

Remark 3.9. One cannot directly prove

sup B[ X (t A )| § < +00, V>0,
neN

to obtain the non-explosion, because it does not in general make sense to write

AT,
/ B(t ATy, S, X(s)) dW(s).
0

3.4. Continuous dependence of solutions with respect to data

In this subsection, we study the continuous dependence of solutions for Eq. (3.1) with respect
to the coefficients.

Let {(gm, Am. Bm), m € N} be a sequence of coefficients associated to Eq. (3.1). Assume that
foreachm € N, (g, A, Bm) satisfies (H1)'—(H4)' with the same « g, k2, g and Ag as (g, A, B),
and for each p > 2,

lim sup Efgu(®)—g®|%=0 (3.18)
tel0,T]

m—00

and foreach 7, R > O,
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t
lim sup /”Am(t,s,x) — A(t,5,x) || ds =0, (3.19)
M= 1el0.T].Ixx<R 0
t
lim sup /|| Bu(t,s,x) — B(t,5,%)|7 (2 ds =0. (3.20)
" 1el0.T L Ix X <R S e

Let (X, Ti) (resp. (X, 7)) be the unique maximal solution associated with (g,,, Ay, Bin) (resp.
(g, A, B)). Foreach R > 0 and m € N, define

tnlf :=inf{t > 0: ||X(t)|

xo [ Xm @] > R}

Suppose that for each ¢ > 0,

lim sup P{tX <1} =0. 3.21)

R—o00 1y

Then we have:
Theorem 3.10. For each t > 0 and € > 0,
Jim P{| X (1) = X (1) > €} =0.
Proof. For R > 0and m € N, set
ZR0) = (X)) — X)) - Loky-
Then

ZR) = IR, @)+ 1L, + IS0+ If 0 + I8, @),
where
Jl]?m(t) = l{tgr,ﬁ] : [gm(t) - g(t)],
R

AT,
Jz’fm(z) =l gor) - /[Am(t,s,Xn(s))—Am(t,s,X(s))]ds,
0

T @ =1pcory- [ [An(t,s, X(5)) — A1, X (5))] ds,

I8 @) =1pcory | [Bu(t, s, Xm(9)) — Bu(t. s, X ()] dW (s),

m

O\E S
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R
m

INT
Js{em(t) = l{zgr,ff] . / [Bm(t, s, X(s)) — B(t, s, X(s))]dW(s).
0

Fix T > 0. Clearly, for any p > 2 and ¢ € [0, T],

E|JR,0]% < Sup Engm<n-—g<wﬂx T

For JX (1), by (H3) and Holder’s inequality we have, for p large enough (k2 g € #%1)
2m y q y p larg g ,

tAtR P
IwhmawP<E(/klﬂnwaMw—X“WX“>
0
t i
<;{/K§R0J>m} ~ [/szowx<u}
0

t

cfE”zg(s)Hg;ds.

0

For me (t), we have

Atk

P
E|JR, |5 < IE( sup / [Am(t,s, %) — A, s, x)HXdS>

Ixlx<R

t P
<( sup  sup /||Am(t,s,x>—A(aw)llxds)

r€l0.TT Ixlx SR o
=: ‘731?1/” .
Similarly, by BDG’s inequality (2.17) we have, for p large enough

t

B|8,0l; < [ Elz8o];a
0

and

[SIaS]

t
IEHJSI?m(t)HQSCp( sup  sup /”Bm(t,s,x)—B(t,s,x)”iz(lz;x)ds> ::jslfm.

tel0,T] [Ixlx<R rd
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Combining the above calculations, we get

t
2|28 < Tin -+ T8+ T+ € [E|Z50) |
0

By Gronwall’s inequality and (3.18)—(3.20) we get, for any R > 0 and p large enough
: Ren\|IP —
lim E|ZE0]2 0.
Hence
P[Xn(0) = X ()| > e} < P{[Xn () = X0 |5 Loy > €} + Pz <1}
< IE” Z,ﬁ(t) ||§/ep + P{tnlf < t}.
First letting m — oo and then R — oo, we then get the desired limit by (3.21). O
4. Large deviation for stochastic Volterra equations
In this section, we study the large deviation of small perturbations for stochastic Volterra

equations and work in the finite time interval [0, T'].
In what follows, we fix a densely defined closed linear operator £ on X for which

Sp:={reC: 0<¢p<largr| <7} Cp(D), 4.1)

and for some C > 1,

Jo =)~ ”L(X) < A€ Sg,

C
14 (Al
where p(£) denotes the resolvent set of £. The above operator £ is also called sectorial (cf. [28,
p- 18]). It is well known that £ generates an analytic semigroup

It = 6_2[, t 2 0.
Moreover, we also assume that £~! is a bounded linear operator on X, i.e.,
0ep(L).

Thus, for any o € R, the fractional power £ is well defined (cf. [28,48]). For @ > 0, we define
the fractional Sobolev space X, by

Xy = @(2"‘)
with the norm

Il = | £y
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For o < 0, X,, is defined as the completion of X with respect to the above norm. It is clear that
Xy 1s still 2-smooth, and B € Lz(lz; Xg) if and only if £*B € Lz(lz; X), i.e.,

1Bl 02, = |£7B || 02,5 (4.2)

We recall the following well-known properties about ¥, for later use (cf. [28, pp. 24-27] or
[48, p. 74]).

Proposition 4.1.

() % :X—> X, foreacht >0 and a > 0.
(ii) Foreacht >0, o € R and every x € X, T, L% = £*T;x.
(iii) For some § > 0 and each t,a > 0, the operator £*%; is bounded in X and

€% Tx | < Cat™e ™ |Ixllx, VxeX.
@iv) Let o € (0, 1] and x € Xy, then
[Fx — xllx < Cat”|Ix]lx, -
(v) Forany0< 8 <q,

i
-3

8
Ixllx, < Capllxll™«llxllg, . VxeXq.

In addition to (H2)’, (H3)" and (H4)', in this section we assume that g and A, B are non-
random, and:

(H1)"” For some § > 0,

lg@) —g(t)|x <Crlt— t’}‘s, t,t' €[0,T],

and for some « > 0,
sup ||g(t) ”Xoc < 400.
+€[0,T]

(H2)” For the same « as in (H1)” and any R > 0, there exists a kernel function «,, g € % such
that for all (¢, s) € A and x € X with ||x||x < R,

A5 0], + 1B DI ey ) < k).
2

Remark 4.2. If the «,, g in (H2)” belongs to %< 1, then (H2)” implies (H2)' in view of X, — X.
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Consider the following small perturbation of stochastic Volterra equation (3.1)

t

t
Xe(t)zg(t)+/A([,S,Xé(s))ds+ﬁ/B(t,s,Xé(s))dW(s), 4.3)
0

0
where € € (0, 1). By Theorem 3.7, there exists a unique maximal solution (X, 7¢) for Eq. (4.3).
Below, we fix T > 0 and work in the finite time interval [0, 7], and assume that for each € €
0, 1),
e>T, as.
By Yamada—Watanabe’s theorem (cf. [45,57]), there exists a measurable mapping
P, :Cr(U) - Cr(X)
such that
Xc(t, 0) = P (W(-, ) ().
It should be noticed that although the equation considered in [45] is a little different from
Eq. (3.1), the proof is still adapted to our more general equation.

We now fix a family of processes {h¢, € € (0, 1)} in .A](, (see (2.20) for the definition of Af,),
and put

X0 = o (Wi, o)+ )
L) = W .

€ \/E
Here, we have used a little confused notations X, and X€, but they are clearly different. By
Girsanov’s theorem (cf. [45, Section 7]), X€(¢) solves the following stochastic Volterra equation
(also called control equation):

'
Xt)=g@)+ A(t,s,Xe(s))ds+fB(t,s,XE(s))ﬁé(s)ds
0

+ Ve | B(t,s, X (s)) dW(s). (4.4)

/
/

Although £ is defined only on [0, T'], we can extend it to R by setting h(t)=0fort > T so
that Eq. (4.4) can be considered on R.. We shall always use this extension below. Let 7€ be the
explosion time of Eq. (4.4). For n € N, define

o :=inf{r > 0: | X°(0)|y > n}. 4.5)

Then 7} /' ©€ as n — oo. We have:
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Lemma 4.3. For any o € (0, o), there is an a > 0 such that for p sufficiently large

sup E
€€(0,1)

sup

( X — Xe(t)llggao
t#t'€[0,T At

|t, _ t|ap ) < CNv”,T,PvKa,n-,‘IO'

Proof. Note that

1X@) - Tpgenr |,

€
IATE

el + [ A5 x0) ], 0
0

IATE AT,
+ / IB(1,s, X)) (5) |y ds + /€ / B(t,s, X(s))dW (s)
0 0 Xa
=:J1(t) + Jo(t) + J3(t) + Ja(t).
By (H2)"” and (4.5) we have
tATS p
E|JZ(I)|p < CnE( / Ka,n(tv s) dS) < Cn,T,p,Ka,,,

0

and by Holder’s inequality

p
E|J3(0)|" <E |B(1,5, X)), dS)

V4
nB@&anMMWXMWKowpw)

IATS )4

n 7
<N§E</ HB(LS,XE(S))”Z(ﬂ;Xa)dS)
0
< CN,}’!,T,P,KC(,H’

where we have used that 7€ € A% .
Similarly, by BDG’s inequality (2.17) and (H2)” we have

IATS z
E|J4(0)]” <CpE< f IIB(t,S»X€<s>)lliz<zz;xa>d8) S Cntpkan:
0
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Combining the above calculations, we get

sup sup E|X() - Iy
€€(0,1) 1€[0,T]

%a < CN,n,T,p,Ka.na p=2. (4.6)
Moreover, as in the proofs of Theorem 3.3 and Lemma 3.4, by (H1)”, (H2)' and (H4)’, for
some 3 > 1 and p > 285 (B} :=B3/(B3 — 1)), we have that forany 0 <7 <1’ < T,

_P_
sup E| (X(r) = X“0) Ve |5 < Crpn(lr =7 e = [ F e = /| ),

€e(0,1)

Thus, by (v) of Proposition 4.1 and (4.6), for any «g € (0, &) and p large enough we have

sup E[[(X(t") = X)) - Ly e<raeey |5
€€(0,1) “0

S CN T pokanao (| — t’|5” + - t/|¥ + |t = t’|2ﬁL*)]’a¢70

The desired estimate now follows by Theorem 2.10. O

In order to obtain the tightness of the laws of {X€, € € (0, 1)} in C7(X), we assume that:

(C1) £ !is a compact operator on X.
(C2) limy— o0 SUPcc(0.1) Plo: 7 (w) < T} =0.

Note that (C2) implies
P{a): %(w) > T} =1.
We now prove the following key lemma for the large deviation principle of Eq. (4.3).

Lemma 4.4. Undef (Cl) anNd (C2), there exist subsequenNce €x | 0, a probability space (S~2, F , 15)
and a sequence {(h*, X*, W*)}ren as well as (h, X", W) defined on this probability space and
taking values in Dy x Cy(X) x Cy(U) such that:

@) (ék, ):(k, Vi/k) has the same law as (h*, X, W) for each k € N;
(i) (B*, X%, W5y = (h, X", W) in Dy x Cr(X) x Cr(U), P-a.s. as k — 00;
(i) (h, X™) uniquely solves the following Volterra equation:

t t

Xh(t):g(t)+/A(t,s,Xh(s))ds+/B(t,s,Xh(s))fz(s)ds. .7

0 0

In particular, (LD); in Section 2.3 holds.



X. Zhang / Journal of Functional Analysis 258 (2010) 1361-1425 1397

Proof. Let oy € (0, @) and a > 0 be as in Lemma 4.3. For R > 0, set

(1) = x($) I,
Kg:= {xeCT(X): |x@) |+ sup —SR}
t

sup
€[0,71 s#t€[0,T] [t —s|?
By (C1), Xy, — Xis compact (cf. [28, p. 29, Theorem 1.4.8]). Thus, by Ascoli—Arzela’s theorem

(cf. [30]), the set K is compact in C7(X). For any § > 0, by (C2) we can choose n sufficiently
large such that

sup Plo: 15 (w) < T} <6.
€€(0,1)

By Lemma 4.3 and Chebyschev’s inequality, for any R > n we have

P{X°() ¢ Kg} = P{X() ¢ Kr.75 > T} + P{X() ¢ Kp. 75 < T)

1X€(@) — X (), .
<P sup >R—np+ Pl <T}
s£1€[0,TATE] |t —s|?
1 X€@) — XG(S)IIQQ
<E[ sup O]KR—nV+ﬁ
s#1€[0,TATE] [t — s|eP

< CN,n,T,p,Ka,,,,ao/(R - n)p + €.

Therefore, for R large enough we have

sup P{X°() ¢ Kr}<2s.
€e(0,1)

Thus, by the compactness of Dy (see (2.21)), the laws of (h€, X¢, W) in Dy x Cr(X) x Cr(U)
is tight. By Skorohod’s embedding theorem (cf. [30]), the conclusions (i) and (ii) hold.
We now prove (iii). Note that by (i) (cf. [45, Section 8])

t t

Xk = g(:)+/A(r,s,X’<(s))ds+/B(r,s,Xk(s))/i"(s)ds
0 0

t
+ @/ B(t,s, X"(5)) dWk(s)
0
=g+ IO + IO+ J5 (1), P-as.
Set

7k ':inf{t >0: H)N(k(t)”X > n}

n -
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Then for any § > 0, by (i) and (C2) there exists an n large enough such that
sup l;{f,’f < T} = sup ﬁ{ sup Hf(k(s) ”X > n}
keN keN s€[0,T)

:supP{ sup ||X€’<(s)||X >n}

keN  Lsefo,)
=sup P{rsk < T} <.
keN

Hence, for any §’ > 0, by BDG’s inequality (2.17) and (H2)" we have

P{lIs0)] =8} < P{uf() 288 > T} + P{5y < T}

. EPIII5 (1) - Ty can %

X

§2

~ =k
e - C,RP ([ g t,s)ds
< k n (fo l,n( )ds) +5
872
€k - Cn,t
8/2

+34.

Thus, we get
Jim P75 (0] > 8} =0.

Let J;(t), i = 1,2, be the corresponding terms in Eq. (4.7). In order to prove that X" solves
Eq. (4.7), it is now enough to show that for any 7 € [0, T] and y € X*,

. k .
kli)n;oX(Jl- (t) = Ji(1), ¥)g» =0, i=1,2, P-as.

Observe that

t
(75 @) = Do), ¥ | < Iy le / [[B(z.s. X)) = B(r. 5. X" ()] ) [ ds
0

t

/X(B(t, s, Xh(s))[ilk(s) —h(s)], Y)x- ds

0
= Iyl - I3, (0) + I5 ().

+

By the weak convergence of i to & in Dy, we have

lim J%(t) =0.
k—o00
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Noting that by (ii), for almost all @ € 2 and some K (&) € N,

n(®) ;= sup ||Xh(s,c?))||xv sup  sup ||)Z'k(s,&))||X < 400,
s€l[0,T] k=K (@) s€[0,T]

we have, by Holder’s inequality and (H3)

t 1/2
11(.8) < [B@)] 2 - (/||B(t,s,)2’<(s,@)) — B(t.5. X" ) |7, 2.5 ds)
0

t

1/2
- B -2
<N- (/Kz,n(@(t,s)' | X (s, @) —Xh<s,w>llxds>
0
Do ask— 00,

where we have used h* (&) € Dy.
Similarly, we have

Jim [JE0) = H ] =0, Pas.

Combining the above estimates, we find that X h solves Eq. 4.7). O

Let 7(f) be defined by

e WPl S €0, (4.8)
ety f=

N[ =

1(f) =

where X" is defined by Eq. (4.7). In order to identify I ( f), we assume that:

(C3) Forany N € N,

sup sup ”Xh(t)HX < +o0.
heDy t€[0,T]

Similar to the proof of Lemma 4.4, we can prove that:
Lemma 4.5. Under (C3), (LD); in Section 2.3 holds.
Thus, by Theorem 2.12 we have proven:

Theorem 4.6. Assume that (H1)"—(H2)", (H2) ~(H4)’ and (C1)—~(C3) hold. Then, {X., € € (0, 1)}
satisfies the large deviation principle in Cr (X) with the rate function I (f) given by (4.8).
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Remark 4.7. Conditions (C2) and (C3) are satisfied if (H1)”, (H2) and (H4) hold, and « in (H2)
belongs to .#~ 1. In fact, we can prove as in the proof of Theorem 3.8

sup sup IE( sup HXE(t)“%)éCT,p,Kl,
neN €€(0,1) te[0,T AT ]

which then implies (C2). Condition (C3) is more direct in this case.
5. Semilinear stochastic evolutionary integral equations

In this section, we consider the following semilinear stochastic evolutionary integral equation:

t 1 t

X(t)=x0—fa(t—s)SX(s)ds—i—/(D(s,X(s)) ds—i—/W(s,X(s))dW(s), ;.1

0 0 0

where a : R; — R, is a measurable function, and
@ Ry x 2 xX—>XeMx BX)/BX)

and
W iRy x 2 x X— Ly(I%X) e M x B(X)/B(L (1% X)).

Here and below, M stands for the progressively measurable o -algebra over R x £2.
Consider first the following deterministic integral equation:

t

x(t) =x0 — /a(t —s5)Lx(s)ds. (5.2)

0

The solution of this equation is called the resolvent of (a, £), and denoted by &,xo9 = x(¢). Note
that in general

6t+s * &, 0 G;.
We make the following assumptions:

(S1) The resolvent {S;: ¢ > 0} is of analyticity type (wo, 6p) in the sense of [53, Definition 2.1],
where wp € R and 6y € (0, 7 /2].

(S2) Forany R > 0, there exist Cgp > 0and 8 € [0, 1) such thatforalls > 0,w € 2 andx,y € X
with [lx[Ix, [[yllx < R,

Cr

2
|G, 0.0]x+ ”w(s’w’x)”Lz(ﬂ;X) S GADE

and
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H®(S7w7~x)_¢(saw’y)"§§< _}’”X,

Cr_ |
— ||X
(s A1)B

|G, 0.0) = Ws.0. 9], g < — I3

L
—||X
(s AP

(S3) Foralls > 0, w € £2 and x € X, it holds that

C
||<D(s,w,x)||x < m(l + ||x||X),

|@ s, o, x)||iz([2;X) < (1+ x13).

_C
(s AP

The following property of analytic resolvent {S;: ¢ > 0} is crucial for the proof of Theo-
rem 5.2 below (cf. [53, Corollary 2.1]).

Proposition 5.1. Let G; be an analytic resolvent of type (wy, 6o). Then for any T > 0,

sup |G/ llLexx) < Cr (5.3)
1€[0,T]
and forany t € (0, T],
161l Losx) < Crt (5.4)

where the dot denotes the operator derivative and || - || L (x;x) denotes the norm of bounded linear
operators.

By a solution of Eq. (5.1) we mean that X (¢) satisfies the following stochastic Volterra equa-
tion:

t t
X(t)=61x0+/6,_5¢(s,X(s))ds+/6,_SII/(S,X(S))dW(s). (5.5)
0 0

Let us define
At,s,0,x) =6, ;D(s,w, x), B(t,s,w,x) =6, ;¥ (s,w,x).
‘We have:

Theorem 5.2. Under (S1) and (S2), there exists a unique maximal solution (X, t) for Eq. (5.5)
in the sense of Definition 3.5. Moreover; if (S3) holds, then T = +00, a.s.

Proof. First of all, it is easy to see by (5.3) that (H2)" and (H3)' hold with

Cg

k1, r(t,8) =Ko, R(L,5) =
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For0<s <t <t,we 2 and x € X with | x|x < R, we have

||A(t/,s, w,x) — A(t,s,a),)c)”X

Cg
(s AP

t'—s t'—s

= ” (Sr—s —61—5)P (s, w, x) ”X < 16 —s — Gi—s ”L(X;X)

Cr : G4 Cp 1

< S xydr < —— —-d

GADP / 16l Lex;x) dr AP / —dr
t—s

t—s
. Cr lo t'—s
T GADP B\ T

and

c ' —
|B(t, s, 0, x) — B(I,S,w’x)”iz(zz;X) < (s ARl)ﬁ logz( t— ss>

Note that the following elementary inequality holds for any y € (0, 1),
log(1+s5) < Cs”, Vs>0.

Therefore, for 0 <s <t <t/, w € 2 and x € X with ||x|x <R,

HA(I’, s,w,x) — A(t, s, a),x)“X + HB(I/,S, a),x) — B(t, s, a),x)”sz(lz;X)

Crt’ — )7 @=0"7_
S sADBE —s) |:1 + Y i| —.)»R(l ,t,S).

Thus, we find that (H4)" holds if y € (0, (1 — 8)/2).
Lastly, if (S3) is satisfied, it is clear that (H2) holds with «1 (¢, s) = —C e #.1, and (H4)

(sAD)P
also holds from the above calculations. The non-explosion then follows from Theorem 3.8. O

We now turn to the small perturbation of Eq. (5.5) and assume that @ and ¥ are non-random.
Consider

t t
Xe(t) = &30 + / &1 (s. Xe(s)) ds + Ve / &1 (5. Xe(s)) AW (s).
0 0

In order to use Theorem 4.6 to get the LDP for {X,, € € (0, 1)}, we also assume:

(S4) Let {&;: t > 0} be an analytic resolvent of type (wp, ). Assume that for some w; > wy,
0<6; <6y, C>0anda; >0,

la)| = C(r—o1l +1)7",  VaeC with Jarg(h — )| <61, (5.6)

where a denotes the Laplace transform of a. Moreover, we also assume that
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r

t
/a(s)ds +/|a(r +5) —a(s)|ds < Crlrl’, (5.7)
0 0

where r,t € [0, T]and T, > 0.

‘We have:

Theorem 5.3. Under (S1)—(S4) and (C1), for any xo € Z(£), {X¢, € € (0, 1)} satisfies the large
deviation principle in Ct (X) with the rate function I (f) given by (4.8).

Proof. From the proof of Theorem 5.2, it is enough to check (H1)” and (H2)”. By (5.6) and [53,
p. 57, Theorem 2.2 (ii)], we have

1£6: I Lcxix) < Ce”' (1+171), Vi >0,
which together with (v) of Proposition 4.1 yields that for any « € (0, 1) and T > 0,
€960 || e S Cr(1+2701%), Ve € (0, T1.

Thus, (H2)” holds by choosing o < %, where B is from (S3).
For (H1)”, since xg € 2(£) = X1, by (5.3) we have

1€ x0llx = 16 £x0llx < CllLxollx.

On the other hand, by the resolvent equation (5.2) and (5.7) we have, forany 0 <t <t < T,

t
160 — Grxollx < /|a(r’ —5) —alt — )| - 1£Sxollx ds
0

!

t
+/]a(t’ —5)| - 1£6,xolIx ds
t

s
<Crl€xollx - [ —1[.
The proof is thus complete by Theorem 4.6 and Remark 4.7. O

Example 5.4. Let a be a completely monotonic kernel function, i.e.,

a(t) = /e_” dp(s), t>0, (5.8)
0
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where s — p(s) is non-decreasing and such that floo dp(s)/s < oco. Then the resolvent {S;:
t > 0} associated with a is of analyticity type (0, 8) for some 6 € (0, /2) (cf. [53, p. 55, Ex-
ample 2.2]), i.e., (S1) holds. For (S4), besides (5.8) and (5.7), we also assume that for some
C,a; >0,

o0
C+1"< fe—“ ca(t)dt <400, Vir>0, (5.9)
0

which implies by [53, p. 221, Lemma 8.1(v)] that (5.6) holds. In particular,

a—1

m, O[G(O,l],

aq(t) =

is completely monotonic and satisfies (5.7) and (5.9), where I" denotes the usual Gamma func-
tion.
Moreover, for the kernel function ay, if

2
1<a<2——¢<2,
T

where ¢ comes from (4.1), then &; is analytic (cf. [53, p. 55, Example 2.1]). Notice that in [53],
—£ is considered. In this case, (5.6) and (5.7) clearly hold since a, (1) = 17%, Re A > 0.

6. Semilinear stochastic partial differential equations

When a = 1 in Eq. (5.1), one sees that Eq. (5.1) contains a class of semilinear SPDEs. How-
ever, it cannot deal with the equation like stochastic Navier—Stokes equation. In this section, we
shall discuss strong solutions of a large class of semilinear SPDEs by using the properties of

analytic semigroups.
Consider the following semilinear stochastic partial differential equation:

dX (1) =[-L£XO) + @ (1, X)) ]dt + ¥ (1, X)) dW (1), X (0) = xp. (6.1)
We introduce the following assumptions on the coefficients:
(M1) For some « € (0, 1),
@Ry x2xX, —>XeMxB(Xy)/BX)
and
¥Ry x 2 x X = La(I%Xa) € M x B(Xa)/B(L2 (1% Xg)).
(M2) For any R > 0, there exist Cg > 0 and g € [0, 1) with

a+pB <1
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such that for all s > 0, w € £2 and x, y € X, with ||x[|x,, [Iylx, <R,

Cr

2
[#6.0.0x+ 19600 exg) < A

and

C
||¢(S,Cl),x) - ®(S,(,(), y)”X g ﬁ”x _y”Xa’

|@ (s, 0, %) = (s, 0,0} < inx— |12
) 3 ) 7y LQ(ZZ;X%)\ (S/\l)ﬂ y Xa'
(M3) Forall s >0, w € 2 and x € X, it holds that
[@Gs. 0.0 € — (14 xlx, ).
XSG AP «

2 c 2
||‘1’(s’w’x)||L2(z2;x%) S m(l +lxl%,)-

By a mild solution of equation (6.1), we mean that X (¢) solves the following stochastic Volterra
integral equation:

t t
X() =f£,x0+/f£,_sq>(s,X(s)) ds+/§,_slll(s,X(s))dW(s). 6.2)
0 0

Theorem 6.1. Under (M1) and (M2), for any xg € Xy (a0 is from (M1)), there exists a unique
maximal solution (X, ) for Eq. (6.2) so that:

(i) t— X (t) € Xy is continuous on [0, T) almost surely,
(i) limgp | X (@)%, = +00 on {w: T(w) < +00};
(iii) it holds that, P-a.s., on [0, T),

t t

X(t):f,xo+/3,_s¢(s,X(s))ds—i—/TZ_SlIf(s,X(s))dW(s).
0 0

Moreover, if (M3) holds, then T = +00, a.s.

Proof. We first consider the following stochastic Volterra integral equation

' '
Y(t) = £ xg —i—/S“T,_SCD(s, SfaY(s)) ds +/£a5,_sW(s, SfaY(s)) dW(s). (6.3)
0 0
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Define
g(t) := £%%;xo,
A(t,s,w,y):= E“Q,,SQ?(S, w, E_“y),
B(t,s,w,y):= Eafl_sllf(s, w, Sfo‘y).

Let us verify (H1)'—(H4)'. Clearly, (H1)’ holds since xg € Xg.
By (iii) of Proposition 4.1 and (M2), forallt > s > 0, w € £2 and x, y € X with || x||x, |y]x <
R we have

|A. 5. 0.0y + ’|B(t’s""7x)”iz(z2;§§)

1 —o —a 2
< (t —9)® (”(D(S“’E x) ||X+ ”W(S’wvg x)”Lz(lz;X%))
Cr
S C— G AP (6.4)
and
||A(t, s,w,x) — A(t,s,w,y) HX
1 o _a
< m||q§(s,a),£ x) - (D(s,a),E y)”X
CR - —a _ CR _
Sty LR P eyt L bl 3
as well as

||B(t,s, w,x)— B(t,s,w,y) ”iz(lz;X)

<

—a —a 2
(t_s)a ||W(S,(,L),£ X) —lI/(s,a),E y)HLz(lz;X%)

<—8  x =3
(s anp

Hence, if we take

Cr

TR AP S

k1,r(t,8) =Ko, R(t,5) =

then (H2)" and (H3)' hold.
Let0 <y <1 — (a+ B). By (iv) of Proposition 4.1 and (M2) we have

HA(Z/, s, W, x) —A(t, s, w,x) ”X

=|(Ty— = DL*T P (5. 0, £7) |

Cr(' —1)
r— )@Y (s A 1)B

< (l‘/ - l)y ||£Ot+)/tzt_s(p(s’ w, £7ax) ”X S (
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and

IB(t,s,0,x) — B(t,s, w,x) ”iz(IZ;X)

N~ D2 (08 e
< (=) ||£a+y/2r~ctfs‘1/(5’ £7%) ”iz(lz;X)
' =07 | e (2 Cr(t' —1)Y
S — sty ”22[1’(5’2 ax)”Lz(lz;X) S —s)trsADE
So, if we take
I _ )Y
Ar(t 1,s) = Crt —1)

T (t—s5)tr (s A DB’

then (H4) holds.
Hence, by Theorem 3.7 there is a unique maximal solution (Y, t) for Eq. (6.3) in the sense of
Definition 3.5. Set

X(0) =LY ().

It is easy to see that (X, ) is a unique maximal solution for Eq. (6.2), which satisfies (i), (ii)
and (iii) in the theorem.

Lastly, if (M3) is satisfied, then as estimating (6.4), for the above A and B, (H2) holds with
some k| € -1, and also (H4) holds. So, by Theorem 3.8 we have T = oo a.s. O

Remark 6.2. The solution (X, t) in Theorem 6.1 is clearly a local solution of Eq. (6.2) in X.
However, it may be not a maximal solution in X because it may happen that

mlirr(rzu)HX(t,w) |y <400 on{w: T(w) < +oo}.

Next, we study the large deviation estimate for Eq. (6.1), and assume that @ and ¥ are non-

random. Consider the following small perturbation of Eq. (6.1):

dXc (1) = [-LXc () + (1, Xe (1)) ] dt + Ve¥ (1, X)) AW (1),  Xe(0) =xo. (6.5)

In order to apply Theorem 4.6 to this situation, we need the non-explosion assumptions as (C2)
and (C3). For a family of processes {h€, € € (0, 1)} in A]{, (see (2.20) for the definition of Aﬁ),
consider

t t
XE(1) :T,xo—i-/T,_SQD(S,XE(s))ds—i—/T,_slI/(s,Xe(s))fze(s)ds
0 0

1
+«/E/‘Zt_sl1/(s,XE(s))dW(s),
0
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and for h € €% (see (2.19))

t t
X" @) :T,xo+f3,_5¢(s,Xh(s))ds+/T,_SW(s,Xh(s))ﬁ(s)ds.
0 0

Below, for n € N we define
€ . - . €
T, 1= 1nf{t > 0: HX (t)”Xa > n}
Our large deviation principle can be stated as follows:

Theorem 6.3. Assume (M1) and (M2). Let xo € X; for some 1 > § > «, where « is from (M1).
We also assume that 9 (£) = X C X is compact, and

lim sup P{a): 75 (w) < T} =0 (6.6)

=00 ¢c(0,1)

and for any N > 0,

sup  sup ||Xh(t)||X < +o00. 6.7)
heDy t€[0,T] “

Then {X., e € (0, 1)} satisfies the large deviation principle in Cr(X,) with the rate function
I(f) given by

1(f):= inf  |al%,  feCr(Xeq). (6.8)
f=x"

1
2 (hee &

2.
T

Proof. By Theorem 4.6, it only needs to check (H1)” and (H2)” for Eq. (6.3). Since xq € X°
with § > «, by (iv) of Proposition 4.1, (H1)” holds with ' =8 — «a and &’ € (0,8 — «). As the
calculations given in (6.4), one finds that (H2)” holds witha’ € (0,1 —a — 8). O

Remark 6.4. If (M3) is satisfied, one can see that (6.6) and (6.7) hold by Remark 4.7.

Below we study the existence of strong solutions for Eq. (6.1). For this aim, in addition to
(M1) and (M2) with 8 = 0, we also assume:

(M4) For any R, T > 0, there exist § > 0 and o’ > 1 such that for all s,s" € [0, T], w € £2 and
x € X with [lx|lx, <R,

|@(s", 0. x) — D (s, 0, %) | < Cr.rls" — 5%, (6.9)

|G, 0.7, 2% ,, <Cror- (6.10)

a’
2

Let us recall the following result (cf. [28, Theorem 3.2.2] or [48, p. 114, Theorem 3.5]).
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Lemma 6.5. Let [0, T] > s — f(s) € X be a Holder continuous function. Then
t
t— fT,_xf(s) ds e C([O, TI; X]).
0

Using this lemma, we can prove the following result.

Theorem 6.6. Assume that (M1), (M2) and (M4) hold. For any xo € X1, let (X, t) be the unique
maximal solution of Eq. (6.2) in Theorem 6.1. Then:

(1) t— X(t) € Xy is continuous on [0, ) a.s.;
(i1) it holds that in X,

t 1 t

X(t)=x0—fQX(s)ds+/q>(s,X(s))ds+/w(s,X(s))dW(s)

0 0 0

forallt €[0, 1), P-a.s.
We shall call (X, t) the unique maximal strong solution of Eq. (6.1).
Proof. Forn € N, set
T =inf{r > 0: | X (0] >n}
and
G(t,5):==T—sW (s, X(5)).

Then by (iii) and (iv) of Proposition 4.1 we have

2 2
”G(t’ s)”Lz(lz;X]) < m W(Sv X(S))”Lz(zz;xa,/z)’

and in view of o’ > 1,

(' — 1)@=/

[G(".5) = Gt.9)| 1, g2, < m”‘l’(& X())

2
“ Lz(ﬂ;xa//z)'

Hence, by Lemma 3.4 and (6.10),
t
t— /‘T,_Sllf(s, X(s)) dW(s) e X;
0

admits a continuous modification on [0, ;).
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Moreover, starting from (6.3), as in the proof of Theorem 3.3, there exists an a > 0 such that
for p sufficiently large

X@) = X@)|%,
E( " X ( )/ a()llx
141/ €[0,T ATy ] [t/ —t|P

Thus, by (M2) and (M4) we know that

) < Cn,T,p-

s+ @(s, X(s)) € X is Holder continuous on [0, T A 7,] P-as.

Therefore, by Lemma 6.5 we have
t
t> /S,_Sqﬁ(s, X(s))ds € C([0, T A7), X1), P-as.
0
Noting that xo € X; and

t
Lo,y - X(O) = 1pge,) - Tixo + Liga,) - f Ty—s® (s, X (5)) ds
0

t
+ ly<o, -th_sd/(s,X(s))dW(s), Vi >0, P-as.,
0

by t, / t, we therefore have that  — X (¢) € X is continuous on [0, T) P-a.s.
Lastly, by stochastic Fubini’s theorem (cf. [45, Section 6]) we have

t 1 t

/EX(S) ds:/ﬂ‘ISdeS—F//S‘IA-,rQ)(r,X(r)) drds
0 0 00
r s
+//£Ts,r'1/(r,X(r)) dW(r)ds
00
r t
=x()—T,xo—l—//ETS_r(D(r,X(r)) dsdr
0o r
tr t
+//£Ts_rl11(r,X(r))dde(r)
o r
t

=x0— %ix0+ /[cb (r, X(r)) — Kt_,cb(r, X(r))] dr
0
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t

+ /[lll(r, X(r) =T ¥ (r, X(r) ] dW (r)
0
t t

:xo—X(t)+/<P(s,X(s))ds—i—/llf(s,X(s))dW(s)

0 0

on {r < 1,,}. The proof is thus complete by letting n — co. O
7. Application to stochastic Navier-Stokes equations
7.1. Unique maximal strong solution for SNSEs

Let O be a bounded smooth domain in R?(d > 2), or the whole space R4, or d-dimensional
torus T<. Let

WP (0) = (W), WP (©O):= (WP ()"
and
C32,(0) = {ue (CF)": diviw) =0}.

Notice that W™ (R?) = Wy"” (RY) and WP (T) = W;,"” (T9).
Let L2 (O) be the closure of Cgf’o (O) with respect to the norm in L (O) := (LP(0))4. Let

7, be the orthonormal projection from L2(0) to Lg (O). It is well known that &2, can be ex-
tended to a bounded linear operator from L” (0) to LY (O) (cf. [23]) so that for every u € L?(0),

u=2Z,u+Vn, mwe (L{;C(O))d.
The stokes operator is defined by
Apu:=—2,Au, Z(A,) :=H) NL2(0), (7.1)

where
HE := WP (O)NWyP(0) = 2(1 — A))
and A is the Laplace operator on L” (O).
It is well known that (A,, Z(A,)) is a sectorial operator on L2 (O) (cf. [24]). 1t should be

noticed that when O = R? or T?, since the projection &, can commute with V (cf. [37, p. 84]),
we have

Apu=—-AZ,u=—Au, uecZ(A,).

That is, the stokes operator is just the restriction of —A , on W22 (©) NLE(O), where © = R?
or T¢.
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Below, we write

and

Giga [25] proved that for « € [0, 1],
H) =[L2(0). Z(Ap)], =HE NLE(O), (7.2)

where HY = [L?(0), ]I-]Ig le and [-,-]4 stands for the complex interpolation space between two
Banach spaces. In particular, the following embedding results hold (cf. [48]): for p > 1 and
0<a < % <a<l,

lullgy, < lullp < lullgg . weHE, (1.3)
andforq}p,k—% <20 — %,
H) — Wke(0), (7.4)
and for o > %,
H? < Cp(0). (7.5)
In what follows, we fix
p>d, %<a<1, (7.6)

and consider the following stochastic Navier—Stokes equation with Dirichlet boundary (only for
bounded smooth domain):

du(?) =[Au@) + (u(®) - V)u@) + Vr ()] dt + F(t,u()) dr + ¥ (1, u(0)) dW (1),
u(, o =0,  divu() =0, (7.7)
u(0, x) =up(x),

where u and 7 are unknown functions, and
. p p . p P
F:Ry xH,, >H; and ¥ :R; xH, — Hj

are two measurable functions.
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Assume that:

(N1) For each T, R > 0, there exist § > 0 and Cr g s > 0 such that for all #, s € [0, T] and
u,veH}, with [ullg . [Vig <R,

| Ft.w) = F(s.9) | gr < Cr.rs (1t = sI° + u = Vil )-

(N2) For each T, R > 0, there exist &’ > 1 and Cr g > 0 such that for all ¢ € [0, T] and
u,v e B, with lullgr , [Vl <R,

19w = @, W), gy < Crrll0— Vg
2% Hy) 20

and

|| lll(l9 u) ||L2(12;Hp/) < CT,R~ (78)

Set

D(t,u) :=u~|—,@p[(u-V)u] + F(t,u). (7.9)

Then Eq. (7.7) can be written as the following abstract form:
du(t) =[-L,u(t) + @, w]dr + ¥, w)dW(s), u(0) = uy. (7.10)

Theorem 7.1. Let p > d and % <o < 1. Under (N1) and (N2), for any ug € Hg, there exists a
unique maximal strong solution (u, t) for Eq. (7.10) so that:

(i) t—>u(@) e Hg is continuous on [0, 7) a.s.;
(i) limyqq ||u(t)||H§ =00 on {t < +00};
(iii) it holds that in LY (O) = HY,

1 t
u(t) =ug+ /[—Spu(s) + @ (s, u(s))]ds + / ¥ (s, u(s)) dW(s)
0 0
t
=ug+ /[Apu(s) + Z,((u(s) - V)u(s))] ds
0
t t
—i—/F(s,u(s)) ds —i—fW(s,u(s)) dW (s),

0 0

forallt €[0, 1), P-a.s.
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Proof. In view of (7.6), (7.3) and (7.5), for any u, v € Hga we have

|2,[@-Vu— -9l < - 9u = -,

< u—= vl - [ VullLe + [Vl - [V = v,

< |jla—v - la v Slla—v .
< lw=viige - ullge + Vil - w=vilg

Thus, by (N1) and (N2), it is easy to see that (M2) and (M4) hold for the above @ and ¥. The
result now follows by Theorem 6.6. O

7.2. Non-explosion and large deviation for 2D SNSEs

In this subsection, we study the non-explosion and large deviation for SNSE in the case of
two dimensions. For this aim, in addition to (N1) and (N2), we also suppose that:

(N3) For any T > 0, there exists Ct > 0 such that forall7 € [0, T] and u € H?,
| F w2 < Cr(lully +1).
|7 wgp < Cr(lullgg, +1)
and fori =0, 1,
[% 6w me) < Cr(1+ ),
[# 6w g2z < Cr(1+ Tullg ).
where p and « satisfy (7.6).
We have the following result, the proof will be given in Lemma 7.7 below.

Theorem 7.2. Let p > d and % < o < 1. Assume that (N1)—-(N3) hold. Let (u, t) be the unique
maximal solution of Eq. (7.11) in Theorem 7.1. Then T = 400 a.s.

We now consider the small perturbation for 2D stochastic Navier—Stokes equation:

duc (1) = [—Lpuc(t) + @ (t,uc (1)) ] dr + Ve (t,uc (1)) dW (1), u (0) =ug

as well as the control equation:

duf (1) = [—L£,uc (1) + @ (t,uc (1)) + ¥ (¢, u¢ (1)) A€ ()] dr + Vew (,u (1)) dW (1),
ué(o)zuo, (711)

where h€ € A](, (see (2.20) for the definition of AIT\,), and T > 0 is fixed below.
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Let (u®, 7€) be the unique maximal strong solution of Eq. (7.11) with the properties:
lim|[u€(#)|yr =400 on{7€ < ool
tim w0 g [ < oo}

and t —> u¢(t) € Hg is continuous on [0, 7¢).
Before proving the non-explosion result (Lemma 7.7), we first prepare a series of lemmas.

Lemma 7.3. There exists a constant Ct > 0 such that for any t € [0, T] andu € HZ,

(u, —Lou+ & (s, u))H% < —%nuuf{% + CT(||u||f{% +1), (7.12)
(L2, —Lou+ @ (s, W)y < Cllulgpllullys + Cr(1+ ulg) (7.13)

and
[ @ W]y < Cr(1+ Iullge) - (1 + il )- (7.14)

Proof. Letue H% Noting that

1
(u. 2((u- V)u))go = {u. (u- Vyu)p, = 5/u(x) - V]u@)|*dx =0,
O
by (N3) and Young’s inequality we have
1
(u, —Lou+ @, u))Hg - —||u||%{% +(w,u+ F(t, u))H% <-3 ||u||§1% + CT(IIuIIilg +1).

Thus, (7.12) is proved.
For (7.13), noting that by Gagliado—Nirenberge’s inequality (cf. [22, p. 24 Theorem 9.3])
and (7.2)

il < lullyg -l < g - e,
by Young’s inequality we have
(S2u, 22(( Vu)e < ;I + | 22(@- Vw)
lul +C - Vyul,

2 2
lull?, 2 + Cllulig - IVl

2
hall? 2+ Cliullgg - Tullgg - ol

w|~4>|~4>|~4>|~4>-|~

lullg + Cluls - lul.
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and by (N3)

1
(Cou, Fs.w)gp < Enuni,% +Cr(l+ ||u||§[%).

Thus, (7.13) holds.
Let

p<g<
By Holder’s inequality we have

|25 Voul gy < - Vulis < ully - 1Vule < Dl - Tl
Estimate (7.14) now follows by (N3). O
Below, set for n € N,
s :=inf{r > 0: [|u‘@2) ||H§a >n}.
Lemma 7.4. There exists a constant Ct > 0 such that for all € € (0, 1) and n € N,
T ATy

0

s€l0,T ATe

Proof. By It6’s formula we have

t

Juc () Hil% = ||u0||f{(2) +2/(u€(s), —Loué(s) —i—db(s,ué(s)))ﬂ(z) ds
0

t

+ 2/(u€(s), ‘I’(S, UG(S))he(s))Hg ds

0

1
+2vE) f(ue (8). Wi (s, ) )2 AW ()
ko

t
e X [ontoonc o) fpgas
ko

= [uollgp + /1) + 20 + J3(0) + Ja(0).
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Set

f0:=E( swp [u®)]g).

RS VRN A
First of all, noting that by (7.12)

t

t
10 <= ol +cr [ (a o+
0

0
we have

l/\‘L'

1
E( s i) —HE(/ ||u€(s)HH2ds) CT/(f(sH—l)ds
AT
0

By (N3) and Young’s inequality we have

IATS

E( sup JZ(S)) < 2E<f ”“e(s)”H2 ) ”W(Sv“e(s)) ||L2(12'H2) : ”he(s)”zz ds)
se[0,1ATE] / 0 o
IATS 1/2
<2NE( [ 10l 196 6) ds)
0
IATS
1 2
< Zf(t) + CNE( / (1+ ||u€(s)||H(z)) ds)
0

t

< %f(t) + CN/(I + f(s))ds

0
Similarly, we also have
t

]E( sup J3(s)) < if(t)+C[(l + £(5))ds
[

se[0,tnTf] 0

and

IE( s J4(s) C/ + f(9)d

se[0,tnTf]
0
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Combining the above calculations we get

IATS t

(@) +2E / ||“6(s)||i1f ds <2||uo||ilé +Cy +CN/(1 + f(s))ds.
0 0

The desired estimate follows by Gronwall’s inequality. O

Set forn e N,
IATS
ne(t) = / [0 5) 3 - ) [z s +
0
1
— [ IOl )G - o+
0
and

0% (1) == infs > 0: nS(s) =1}

Clearly, t — n¢(¢) is a continuous and strictly increasing function, and the inverse function of
t = 0 (t) is just given by 5. Moreover, since 7;,(¢) > t, we have

O5(t) <t.

Lemma 7.5. For any K > 0, there exists a constant Cg n > 0 such that for all € € (0,1) and
neN,

E( s [uo)|fe) < Cro.
5€[0,08 (K)ATE] 1

Proof. Consider the following evolution triple
H3 C H C H}.
By Itd’s formula (cf. [58]), we have

t

”ue () ”il% = ||u0||il% + Zf(ﬂzuf (s), —=Louf(s) + @ (S, u (s))>H% ds
0
t

+2/(£2u6(s), W (5,0 () (9))gp ds
0
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t
+2V€) /<u€ ($), W (s, u (s)))H% dwk(s)
ko

t
+e X [t ) figas
k 0 !
=: ||u0||%1% + J1(0) + 12 (0) + J3(8) + J4(2).
Set

f@) = IE( sup [u(65(s) A ) Hip) = ]E( sup  uc(s) Hilz)
s€l0,1] ! 1

s€[0,05 (AT
For Ji(t), by (7.13) we have, for ¢ € [0, K],

05 (H)ATS
Ji(05 () A7) < / [CHUE(S)”;% ) ||u€(S)||i'{% +ok(1+ ”ue(s)“f{%)] ds
0
65 (1)
<c [ a6 n ) g anio) +Cx
0

5
= C/||u€(9,f(s) A z,f)||f{% ds + Ck.,
0

where the last step is due to the substitution of variable formula. So,

t
E( sup Ji(65 () A7) < C/f(s)ds +Ck.
s€[0,7] 0

Using the same trick as used in Lemma 7.4 and by (N3), we also have

t

E( sup Ji(G,j(s)At,f)) < lf(t)+cN,K/(f(s)+ 1)ds, i=234.
se0.1] 2 J

Thus, we get

t

70 < 2wl + o [ (£6)+ 1),
0

which yields the desired estimate by Gronwall’s inequality. O
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Set for M > 0,

¢S (M) :=inf{r > 0: |ju(t A r,f)”H% > M.

Lemma 7.6. For any M > 0 and q > 2, there exists a constant Ct y,n > 0 such that for all
€€ (0,1)andn eN,

E[ sup Hlle(l)“?{p ] <SCrmnN-
1€[0.T ATEALE (M)] 2

Proof. Setfort e [0, T],
ES() =t ATE ANES(M)

and for g > 2,

fo=E s |u ol ]
'€[0,65 ()] 2a

Note that

' '
ué(t) =%ug + / T,_scb(s, u (s)) ds + [ St_slll(s, ué(s))lf(s) ds
0 0

+ \/E/ T,,slll(s, u¢ (s)) dW (s).
0

By (iii) of Proposition 4.1, Holder’s inequality and Lemma 7.14, we have, for g > ﬁ,
t/
/ Ty_g® (s, u (s)) ds

q

E[ sup :|
’ 0 €

vel0&E 1] H,

/ & (
t . 1)

<E[ s (f LI PYRRIS TR N [ oG o)l
rel0Es @I\ ' —s) 0 )

& (1) ¢
(7.14)
< E[ f [0+ o)) - (14 o) g )]dS}<CM/(f(s)+1)dS
0 0

On the other hand, set

G(t,s) :=T—s¥(s,u(s)).
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Then by (iii) and (iv) of Proposition 4.1, we have

C
|Ga.s) ”ilga S -5 [ (s. 0% () ”iz(lng{;)

and for y € (0, (1 —a)/2),

|t — Y

’ 2
|G(.s) — G(t,s)HHga < =52

Therefore, using Lemma 3.4 for ¢ large enough, we get

1

/ G(t',s)dW(s)

2
H (s, u(s) H L(%HE)
E( sup
vel0. Trgs 01| o

q )
HY,
TAES (1)

<CTE< / ||W(S’“€(S>)||§2<zz;ns>ds>

0

(N3) t
< CT/(f(s> +1)ds.

0
Similarly, we have

t

f T (s, u¢ (s))fz6 (s)ds

0

q )
14
H2ot

E sup
t'e[0,TANEE(1)]

t

< CT,N/(f(S) + 1) ds.

0

Combining the above calculations, we obtain

t
fO<Cr N / f(s)ds+Crmn,
0

which yields the desired estimate by Gronwall’s inequality. O

Lemma 7.7. It holds that

lim sup P{o: 7f(0) <T}=0. (7.15)

=0 ¢(0,1)
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Proof. First of all, for any M, K > 0 we have

P{Ls(M) < T} < P{Ls(M) <T:05(K) > T} + P{og(K) <T}

=P{ sup Hu (t/\r )”H2>M (K)}T}
t€[0,T)

+ P{ sup 7n5(s) > K}
5€[0.T)

<Pl s Ju @y = M)+ P > k)
1€[0,65 (K)ATE] 1

gE( sup }]ue(t)}ﬁ{z)/Mz+E(HZ(T))/K
1€[0,0¢ (K)ATE) !

Hence, by Lemmas 7.4 and 7.5 we have

11m sup P{¢s(M) < T} =0.

—)OOng

Secondly, we also have
Plog <T}<Ples <Ti 05 (M)>T)+ P{gs(M) <T). (7.16)

For the first term, by Lemma 7.6 we have

Ple; <Tigi D> T)=P{ sup [0 )]y > m 6500 > T}
€[0,7)

P{ sup ”ué(t)”Hp >n;§n€(M)>T}
1[0, T AT 2o
P{ sup ||u€(t)||Hp }n}
€[0,TALE(M)ATE] 2a
Cr.mM.N
<B(_ s @l )/t <

€[0,T ALE(M)ATE]

where C7 p,n is independent of € and n. The desired limit now follows by taking limits
for (7.16), first n — oo, then M — co. 0O

Thus, using Theorem 6.3 we get:
Theorem 7.8. Let O = T? or a bounded smooth domain in R?. Under (N1)—=(N3), for ug € Hg ,

{ue, € € (0, 1)} satisfies the large deviation principle in Cr (Hga) with the rate function I(f)
given by

inf ||h||£z, feCr(Hy,),

{hety: f=u"}

SN

I1(f):=
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where u" solves the following equation:

t t
uh(t)=u0+/Auh(s)ds+/%((uh(s)-v)uh(s))ds
0 0
t t

+/F(s,uh(s))ds+/w(s,uh(s))h(s)ds.

0 0
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