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Abstract

In this work we use the sine—cosine and the tanh methods for solving the fifth-order nonlinear KdV equation. The two methods
reveal solitons and periodiokitions. The study confirms the power of the two schemes.
(© 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

This work is concerned with the fifth-order KdV equation of the fodm4

Up + 30u?Uy + 20UxUxy + 10UU3y + Usy = O, (1)
whereu = u(x, t) is a sufficiently often differentiable function. EfLL) is a special case of the standard fifth-order
KdV equation (fKdV)

Ut + Uy 4 BUyUyxy -+ yUU3x 4 Usy = O. 2)

The specific casé€l) is called the Lax case, that is characterizedsby: 2y anda = 1—%;/2. We shall asume that

the solutionu(x, t), along withits derivatives, tends to zero &g — oco. The fKdV equation(1) describes motions

of long waves in shallow water under gravaynd in a one-dimensional nonlinear lattide-f. The nonlinear fKdV
equation(1) is an important mathematical model with wide &pgtions inquantum mechanics and nonlinear optics.
Typical examples are widely used in various fields such as solid state physics, plasma physics, fluid physics an
quantum field theory.

A great deal of research work has been invested duhiagpaist decades in the study of the fKdV equation. The
main goal of these studies was its analytical and numesiation. Several differergpproaches, such as Backland
transformation, a bilinear form, and a Lax pair, have been used independently, by which soliton and multi-soliton
solutions ar@btained. Ablowitz et al.4] implemented the inverse scattering transform method to handle the nonlinear
equations of physical sigintance where soliton sations and rational sations were developed.

Solitons are nonlinear waves that are characterized by:
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(i) localized waves that propagatéthout change of identity and whose chasxatesembles particle-like behavior,
and
(i) stability against mutual collisions and width dependent on amplitude.

The objectives of this work are twofold. Firstly, we seek to establish exact solutions for the fKdV equation.
Secondly, we aim to implement two strategies to achieve our goal, namely, the tanh neth@dhd the sine-€osine
method [L1-14, and to emphasize the applicability ofthe methods in handling nonlinear problems.

The sine—cosine methoti1-14 and the tah mehod [7-1Q have the advatage of reducing the nonlinear problem
to a system of algebraic equations that can be easily solved by using a symbolic computation system such a
Mathematica or Maple. The power of the two methods that will be used derives from the ease of use for determining
shock or solitary types of solution. In what follows, the sine—cosine ansatz and the tanh method will be reviewed
briefly.

2. The sine-cosine method

The features of this method can be summarized as follows. A PDE
P(u, Ut, Ux, Uxx, Uxxx, - . .) =0, (3)
can be converted to an ODE
Qu,u,u”",u”,..)=0, (4)

upon using a wave variable = (x — ct). Eq.(4) is then integrated as long as all terms contain derivatives where
integration constants are considered zeros. The sokibf the reduced ODE equation can be expressed in the form

T
o L ©)
0 otherwise
or inthe form
. T
Ot — {asirf (u8)}, |$|s;_, ©)
0 otherwise

where A, u, and 8 are parameters that will be determined,and ¢ are the wavenumber and the wave speed
respectively. These assumptions give

W = —n?u2p2" cod¥ (u) + npa"B(nB — 1) cos¥ (), (7)
and

ul?) = 4% cod (ug) — 2urB(B — 1) (B2 — 28 + 2) cod~2(u¢)
+u* 2B (B — (B —2)(B — 3) cof 4 (ug), €)

where similar equations cdme obtained for the sine assumption. Using the sine—cosine assumptions and its derivatives
in the reduced ODE gives a trigonometric equation in R@st) or sin®(u&) terms. The parameters are then
determined by first balancing the exponents of each pair of cosines or sines to detBnifenext cdlect all
coefficients of the same power in &ggé) or sirf(ué), where theseaefficients have to vanish. This gives a system

of algebraic equations in the unknowfisA and . that will be determined. The solutions proposed) and (6)

follow immediately.

3. Thetanh method

The tanh method is developed by Malfligtf where the tanhs used as a new variablense all derivatives of a
tanh are represented by a tanh also.
Introducing a new independent variable

Y = tanh(ué), 9)
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leads to the changwf derivatives

d , d
—=uld-Y)—C,

de dy
d? d d?
— = —2u’YA - Y% — + 21 - YD —
T mY( )dY-I-M( ) qv2’
L =2u3(1-Y?@3Y? - 1)i —6ulY(1— \(2)20'—2 +u31 - Y2)3d—3 (10)
de3 dy dy? dvys’
Ll = —8u*Y(1-Y®)@3Y?- 2)i + 4t (1 — Y22 (9Y? — 2)0'—2
de4 dy dy2
4 2,3 d3 4 2\4 d4
—12utY(1-Y?2— 1-YH4—.
2u™Y( ) qv3 +u”( ) ava
We thenapply the following finite series expansion:
M
u(ug) = SY) =y aYX, (11)
k=0

whereM is a positive integer, in most cases, that will be determined. Howewdrjsfnot an integer, a transformation
formula is usually used to overcome this difficulty. Substituti¢id) and (11) into the ODE results in an algebraic
equation in powers of .

To deternine theparameteM, we usually balance the linear terms of highest order in the resulting equation with
the highest order nonlinear terms. Wikh determined, we collect all coefficients of powersYoin the resulting
equation where these coefficients have to vanish. This will give a system of algebraic equations involving the
parametersy(k = 0--- M), u, andc. Having deérmined these parameters, knowing tivatis a positive integer
in most cases, and usiti@y1), we obtain an analyc solutionu(x, t) in a closed form.

4. ThefKdV equation approached by the sine—cosine method

The fifth-order KdV equation
Ut + 30u2uy + 20uxUxy + 10uugy + Usx = O, (12)
can be written as
Ut + 10(U)x + 10(Utxx)x + 5((Ux))x + Usx = 0, (13)
that can be converted to the ODE
—cu + 10u8 + 10uu” + 5(u)? 4+ u® =0, (14)
upon using the wave variabfe= x — ct and integrating once. Using the assumpti®)s-(8)in (14) gives
—crcod (ué) + 1003 cosP (ué)
+10%.cod (u) | ~ru2p2 o (18) + Au?B(B — 1) cod 2(ug) |
+5[32u%p2 cod?(ug) — 32u?p? cod’ (ue) |
+ B cod (ug) — 2xu*B(B — D(B? — 28 + 2) cod ()
+aptB(B —D(B —2(B —3)codH(ut) = 0. (15)
Balancing co® (u&) with cod~4(ué) gives
36=p5-4, (16)
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so thatg = —2. Using this value fog, Eq.(15) becomes
(—c,\ T 16AM4> cos2(uk) — <15A2u2ﬁ2 L8812 — 28+ 2)) cos ()
(1003 + 1002626 (8 — 1) + 5324267 + 1B (B — (B — D(B — 3)) cos O(ué) = 0. (17)
Setting the coefficients of each dggé) to zero gives the system

B-D(B-2(B -3 #0,
16u% =c,

18
—150%u%p% = 20u*B (B — 1)(B* — 2B +2), 4o
103+ 10202B(B — 1) + 522p2B% = —2p BB — (B — (B — 3).
Solving the systen(18) leads to the results
B=-2
— 1\4/—
Hw=5vE (19)
1
A= —=4/C.
>Ve
This gives the periodic solutions farx, t):
1 1
ux,t) = —5\/6 sed (?VE(X - ct)) , (20)
and
1 1,
ux,t) = —5\/6 csé EJE(X —ct)). (21)
This also gives the soliton solutions fofx, t):
1 1
ux,t) = Eﬁseci? (5%()( - ct)) , (22)
and
1 1,
ux,t) = —Eﬁcscl‘? EJE(X —ct)). (23)
5. ThefKdV equation approached by the tanh method
In this section, we will use the tanh method to handle (#4) given by
—cu+ 10u® + 10uu” + 5(u")? 4+ u® = 0. (24)
Balancingu®) with u® in (24) by using(10) we find
M + 4 = 3M, (25)
so thatM = 2. This means that
uE) =ap+arY +apY2 (26)

Substituting(26) into (24), colleding the coefficients of’, and solving the resulting system, we find the following
sets of solutions:
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aO = E\/E»
ap =0,
1
a = _E\/Es
1 4
n = Eﬁ,
and
a0 — (VI0+ v2)(11+ 55)/C
4(15+ 74/5) ’
ap =0,
. V3c+ 25
Q= ——F~
2

1 4
/¢L=§43C+\/§C»

Using the result$27) will give the perodic solutions
ux,t) = —%\/E seé <%f‘/€(x - ct)) ,
and
1 1,
ux,t) = —EJE cs@ Eﬁ(x —ct) ),
and the periodic solutions
ux,t) = %\/E sech <%(‘/€(x - ct)) ,
and
1 1,
ux,t) = —EJE cschf EJE(X —ct)).

for thefirst set. However for the second set we find the soliton solutions

_ (V10+v2)(11+5V5)/c  V3c+c/b (14
uex, t) = REFEN - 5 tant? _E\/ 3c+ /B¢ (x — ct)
and
uex, t) = (VI0+v2)(11+5/5)C  v3c+cV5 coti? = 3c+ /B¢ (x — ct)
4(15+ 74/5) 2 | 2

and the periodic solutions

_ (V10+v2)(11+5V5)/c  V3c+c/b 1
ux,t) = PREEEN + 5 tarf 5 —v/3c++/5c (x — ct)
and
_ (WV10++v2)(11+5V5)/c  V3c+cvb 1
uex, t) = 251775 + 5 cot? SV -V3e+ VB¢ (x — ct)

(27)

(28)

(29)

(30)

(31)

(32)

(33)

(34)

(35)

(36)
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6. Discussion

In this work the sine—cosine and the tanh methods were used to present an analytic study of the fifth-order KdV
equation. Exact periodic and solitons solutions were obthifiee performances of the two schemes show that the two
methods are powerful and reliable. However, the tanh method provided two sets of solutions, whereas the sine—cosin
method gave only one set of solutions.
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