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Abstract

We develop the concept of integral Menger curvature for a large class of nonsmooth surfaces. We prove
uniform Ahlfors regularity and a cl*a priori bound for surfaces for which this functional is finite. In
fact, it turns out that there is an explicit length scale R > 0 which depends only on an upper bound E for
the integral Menger curvature .#, (%) and the integrability exponent p, and not on the surface X itself;
below that scale, each surface with energy smaller than E looks like a nearly flat disc with the amount of
bending controlled by the (local) .# -energy. Moreover, integral Menger curvature can be defined a priori
for surfaces with self-intersections or branch points; we prove that a posteriori all such singularities are
excluded for surfaces with finite integral Menger curvature. By means of slicing and iterative arguments we
bootstrap the Holder exponent A up to the optimal one, A = 1 — (8/p), thus establishing a new geometric
‘Morrey—Sobolev’ imbedding theorem.

As two of the various possible variational applications we prove the existence of surfaces in given iso-
topy classes minimizing integral Menger curvature with a uniform bound on area, and of area minimizing
surfaces subjected to a uniform bound on integral Menger curvature.
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1. Introduction
For three different non-collinear points x, y, z € R" the expression

= yllx — 2]y — 2|
R(x,vy,2) =
(x.7.2) 4A(x, v, 2)

(1.1)

where A(x, y, z) is the area of the triangle with vertices at x, y and z, provides the radius of the
uniquely defined circumcircle through x, y, and z. This gives rise to a family of integral Menger
curvatures, that is, geometric curvature energies of the form

1
M y(E) ::///mdﬁfl(x)djf](y)dﬁfl(z), p=1, (1.2)
E E E

defined on one-dimensional Borel sets £ C R"”. According to a remarkable result of J.C. Léger
[12] such sets E with Hausdorff measure .7 (E) € (0, 0o) and with finite integral Menger cur-
vature .#,(E) for some p > 2, are 1-rectifiable in the sense of geometric measure theory. To
be precise, .7 -almost all of E is contained in a countable union of Lipschitz graphs. Ahlfors-
regular® one-dimensional Borel sets E C R? satisfying the local condition

M(ENB(E,r) <Cr forall § € R%, r e (0, r] (1.3)

turn out to be uniformly rectifiable, i.e., they are contained in the graph of one bi-Lipschitz map
f:R—> R2; see [23, Theorem 39] referring to work of P. Jones. M. Melnikov and J. Verdera
[19,20] realized that .#> is a crucial quantity in harmonic analysis to characterize removable sets
for bounded analytic functions; see e.g. the surveys [17,18,36].

' Coined after K. Menger who generalized expression (1.1) to metric spaces as a foundation of a metric coordinate free
geometry; see [21,4].

2 A set E of Hausdorff dimension 1 is said to be Abhlfors-regular if and only if there is a constant Cg > 1 such that
Cgl R < 1 (ENB(x,R)) <CgR forevery x € E and R > 0, where B(x, R) denotes a closed ball of radius R.
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If one considers the .#,-energy on rectifiable closed curves E = y(S") c R? the following
geometric Morrey-Sobolev imbedding theorem was proven in [31, Theorem 1.2], and this result
may be viewed as a counterpart to J.C. Léger’s regularity result on a higher regularity level:

If M, (y) is finite for some p € (3, 00] and if the arclength parametrization I" of the curve y
is a local homeomorphism then y (S') is diffeomorphic to the unit circle S', and I is a finite
covering of y(SY) of class C1-1=G/P),

In fact, even the stronger local version holds true [31, Theorem 1.3], which may be viewed
as a geometric Morrey-space imbedding and whose superlinear growth assumption (1.4) is the

counterpart of (1.3):

If the arclength parametrization I' is a local homeomorphism, and if

f / dsdtdo < o1 (14
R2(I'(s), I'(1), ' (0))

B(zy,r) B(t2,r) B(13.r)

holds true for all r € (0, ro) and all arclength parameters T, T2, T3, then I is a C'-P-covering
of the image y (S") which itself is diffeomorphic to the unit circle.

From the results on one-dimensional sets and in particular on curves it becomes apparent
that integral Menger curvature .#), exhibits regularizing and self-avoidance effects (as already
suggested in [10] and [2]). These effects become stronger with increasing p, in fact, one has

1 1
% p _ = )
(Ap(y)) infyrstizg RUC(G), T(1), [(@) ALy

lim
p—>00

where A[y] is the notion of thickness of y introduced by O. Gonzalez and J.H. Maddocks [10]
who were motivated by analytical and computational issues arising in the natural sciences such as
the modelling of knotted DNA molecules. In fact, it was shown in [11] and [27] that closed curves
with finite energy 1/A[y], i.e. with positive thickness, are exactly those embeddings witha C1+1-
arclength parametrization, which lead to variational applications for nonlinearly elastic curves
and rods with positive thickness; see also [28,29]. We generalized this concept of thickness in
[32] and [33] to a fairly general class of nonsmooth surfaces X C R" with the central result
that surfaces with positive thickness A[X] are in fact C'-manifolds with a uniform control
on the size of the local C''-graph patches depending only on the value of A[X]. Uniform
estimates on sequences then allow for the treatment of various energy minimization problems in
the context of thick (and therefore embedded) surfaces of prescribed genus or isotopy class; see
[33, Theorem 7.1].
In the present situation we ask the question:

Is it possible to extend the definition of integral Menger curvature .#, for p < o0 to surfaces
with similar regularizing and self-avoidance effects as in the curve case?

The most natural generalization of .#, to two-dimensional closed surfaces X C R would be
to replace the circumcircle radius R(x, y, z) of three points x, y, z in (1.2) by the circumsphere
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radius R(&, x, y, z) of the tetrahedron T := (§, x, y, z) spanned by the four non-coplanar points
&,x,y,z. This radius is given by

I [{z3,21 X 22)]
2R(T)  lz11%z2 x z3 + 1221723 x 21 + 1231721 x 22|’

(1.5)

where 71 =& — z, 20 =x — z, z3 =y — 2. This would lead to the geometric curvature energy

/ / / /d%z(é)djfz(x)d%2(y)d%2(z) (16)

RP(§,x,y,2)
i85 )

which in principle would serve our purpose: all our results stated below extend to this energy.
But — although the integrand is trivially constant if X happens to be a round sphere — there
are smooth surfaces with straight nodal lines (such as the graph of the function f(x, y) := xy)
where the integrand is not pointwise bounded; see Appendix B. This is a problem since we want
to consider arbitrarily large p, and we envision a whole family of integral Menger curvatures that
are finite on any closed smooth surface for any value of p.

Rewriting (1.1) as

_x—zlly —z

R(x,y,2) = — ,
(*x,3,2) 2dist(z, Lyy)

where L, denotes the straight line through x and y, one is naively tempted to consider 4-point-
integrands of the form

. p
( dist(€, (x, y, 2)) > ’ (1.7)

M(|§ — x|, 1§ — yl, 1§ —zD*

where (x, v, z) denotes the affine 2-plane through generic non-collinear points x, y, z € R3. Here,
a > 1 is a power and the function M : Ry x Ry x Ry — Ry is a mean, i.e. M is monotonically
increasing with respect to each variable and satisfies the inequality

min{a, b, c} < M(a, b, c) < max{a, b, c}.

Again, all our results that will be stated below would hold if we worked with integrands as in
(1.7) for = 2. This is very similar to a suggestion of J.C. Léger [12, p. 833] who proposes
a general integrand for d-dimensional sets; for d = 2 his choice boils down to (1.7) with M
being the geometric mean and o = 3. However, the situation for such integrands, due to the lack
of symmetry w.r.t. permutations of the 4 points, is even worse than for inverse powers of the
circumsphere radius: for any choice of o > 1 there are sufficiently large p = p(«) such that
even a round sphere has infinite energy. This singular behaviour is caused by small tetrahedra
for which the plane through (x, y, z) is almost perpendicular to the surface. See Appendix B for
more details.

Roughly speaking, the trouble with (1.5) or (1.7) for surfaces comes from the fact that vari-
ous ‘obviously equivalent’ formulae for 1/R for triangles (relying on the sine theorem) are no
longer equivalent for tetrahedra. To obtain a whole scale of surface integrands which penalize
wrinkling, folding, appearance of narrow tentacles, self-intersections etc. but stay bounded on
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smooth surfaces, one should make a choice here. In their pioneering work [13,14] dealing with
d-rectifiability and least square approximation of d-regular measures, G. Lerman and J.T. White-
house suggest a whole series of high-dimensional counterparts of the one-dimensional Menger
curvature. Their ingenious discrete curvatures are based, roughly speaking, on the so-called polar
sine function scaled by some power of the diameter of the simplex, and can be used to obtain
powerful and very general characterizations of rectifiability of measures. (In [14, Secs. 1.5 and 6]
they also note that the integrand suggested by Léger does not fit into their setting.)

Motivated by this and by the explicit formula for the circumsphere radius, we are led to con-
sider another 4-point integrand with symmetry and with fewer cancellations in the denominator.
For a tetrahedron T consider the function

V(T)

K(T) = { A @ T2 if the vertices of T are not co-planar,
"o

(1.8)
otherwise,

where V (T') denotes the volume of 7 and A(T') stands for the total area, i.e., the sum of the areas
of all four triangular faces of 7. Thus, up to a constant factor K is the ratio of the minimal height
of T to the square of its diameter, which is similar but not identical to the numerous curvatures
considered by Lerman and Whitehouse in [14]. The difference is that our C scales like the inverse
of length whereas their d-dimensional curvatures, cf. e.g. the definition of ¢y in [14, p. 327],
for d = 2 scale like the inverse of the cube of length. Such scaling enforces too much singularity
for our purposes; we explain that in Remark 5.2 in Section 5.
This leads us to the integral Menger curvature for two-dimensional surfaces ¥ C R,

My (X)) :=////KP(T)d%2®d%ﬂ2®d%2®d%2m, (1.9)
PSS IS )

which is finite for any C2-surface for any finite p, since X(7') is bounded on the set of all
nondegenerate tetrahedra with vertices on such a surface; see Appendix A.

To keep a clear-cut situation in the introduction we state our results here for closed Lipschitz
surfaces only and refer the reader to Definition 2.4 in Section 2.2 for the considerably more gen-
eral class &7 of admissible surfaces, and to Sections 3, 5, and 6 for the corresponding theorems in
full generality. Let us just remark, however, that our admissibility class .7 contains surfaces that
are not even topological submanifolds of R3: e.g. a sphere with the north and south pole glued
together. The finiteness of .#,(X) has therefore topological, measure-theoretic and analytical
consequences.

Theorem 1.1 (Uniform Ahlfors regularity and a diameter bound). There exists an absolute con-
stant a > 0 such that for any p > 8, every E > 0, and for every closed compact and connected
Lipschitz surface ¥ C R3 with A4 »(X) < E the following estimates hold:

. ol =
diam X > vl ,

A*(ZNB(x, R) > %RZ forallx e X and R € (0, («3/E)"""®].  (1.10)
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General Lipschitz surfaces may have conical singularities with a very small opening angle,
but finite .#,-energy controls uniformly the lower density quotient. These quantitative lower
estimates for diameter and density quotient resemble L. Simon’s results [30, Lemma 1.1 and
Corollary 1.3] for smooth embedded two-dimensional surfaces of finite Willmore energy, derived
by means of the first variation formulas. Here, in contrast, we set up an intricate algorithm (see
Theorem 3.3 and its proof in Section 4), starting with a growing double cone and continuing
with an increasingly complicated growing set centrally symmetric to a surface point, to scan the
possibly highly complex exterior and interior domain bounded by X' in search for three more
complementing surface points to produce a “nice” tetrahedron whose size is controlled in terms
of the energy. Along the way, the construction allows for large projections onto affine 2-planes
which leads to the uniform estimate (1.10).

The case p = 8 yields a result which may be interpreted as a two-dimensional variant of
Fenchel’s theorem on the total curvature of closed curves [8]:

Theorem 1.2 (Fenchel for surfaces). There is an absolute constant yy > 0 such that #3(X) = yy
for any closed compact connected Lipschitz surface ¥ C R3.

The exponent p = 8 is a limiting one here: .4 is scale invariant. Invoking scaling arguments,
it is easy to see that any cone over a smooth curve must have infinite .#,-energy for every p > 8.

Uniform control over the lower Ahlfors regularity constant as in Theorem 1.1 permits us to
prove the existence of a field of tangent planes for finite energy surfaces X' (coinciding with
the classical tangent planes at points of differentiability of X'), and quantitatively control its
oscillation:

Theorem 1.3 (Oscillation of the tangent planes). For any closed compact and connected Lips-
chitz surface ¥ C R® with Mp(X) < E for some p > 8 the tangent plane T, X is defined ev-
erywhere and depends continuously on x: there are constants 51 = 81(p) >0and A = A(p) >0
such that

1 -8
AT 2, T, ) < AEFT|x — y| 1516 (1.11)
whenever |x — y| < 51(p)E*1/(p78)'

One might compare this theorem with Allard’s famous regularity theorem [1, Theorem 8.19]
for varifolds: Supercritical integrability assumptions (with exponent p > dimension) on the gen-
eralized mean curvature are replaced here by integrability assumptions on our four-point Menger
curvature integrand X for p > 8 = 4 - dimension — with possible extension to metric spaces,
since our integrand may be expressed in terms of distances only. To prove Theorem 1.3 (see Sec-
tion 5 for all details), we start with a technical lemma, ascertaining that the so-called P. Jones’
B-numbers of X', measuring the distance from X to the best ‘approximating plane’ and defined
by

: dist(y, F) ..
Bx(x,r) :=inf sup ———— : F is an affine 2-plane through x ¢, (1.12)
yeXNB(x,r) r

can be estimated by const - rP~8/(P+16) at small scales. This estimate is uniform, i.e. depends
only on p and on the energy bounds, due to Theorem 1.1. For a wide class of Reifenberg flat
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sets with vanishing constant, see G. David, C. Kenig and T. Toro [5] or D. Preiss, X. Tolsa and
Toro [24], this would be enough to guarantee the desired result. However, at this stage we cannot
ensure that the surface we consider is Reifenberg flat with vanishing constant; it might be just
a Lipschitz surface with some folds or conical singularities which are not explicitly excluded in
Theorem 1.1. Reifenberg flatness, introduced by E.R. Reifenberg [26] in his famous paper on the
Plateau problem in high dimensions, requires not only some control of 8’s, but also a stronger
fact: one needs to know that the Hausdorff distance between the approximating planes and X' is
small at small scales. To get such control, we use some elements of the proof of Theorem 1.1
to guarantee the existence of large projections of X' onto planes, and, proceeding iteratively,
combine this with the decay of 8’s to reach the desired conclusion. The proof is presented in
Section 35; it is self-contained and independent of [5] and [24].

Once Theorem 1.3 is established, we know that in a small scale, depending solely on p and
on the energy bound, the surface is a graph of a C* function. Slicing arguments similar to,
but technically more intricate than those in the proof of optimal Holder regularity for curves
in [31, Theorem 1.3], are employed in Section 6 to bootstrap the Holder exponent from k =
(p—8)/(p+16) to (p — 8)/p and to prove the following result.

Theorem 1.4 (Optimal Hélder exponent). Any closed, compact and connected Lipschitz surface
X in R3 with Mp(X) < E < 00 for some p > 8 is an orientable CU1=®/D) manifold with local
graph representations whose domain size is controlled solely in terms of E and p.

We expect that 1 — 8/p is the optimal exponent, like the corresponding optimal exponent
1 — 3/p in the curve case in [31, Theorem 1.3]; see the example for curves in [34, Section 4.2].

The last section deals with sequences of surfaces with a uniform bound on their .#,-energy.
Using a combination of Blaschke’s selection theorem and Vitali covering arguments with balls
on the scale of uniformly controlled local graph representations we can establish the following
compactness result.

Theorem 1.5 (Compactness for surfaces with equibounded .# -energy). Let {X;} be a sequence
of closed, compact and connected Lipschitz surfaces containing 0 € R3 with

My(Z)<E forall jeN and sup#*(Z;) <A,
jeN

for some p > 8. Then there is a compact C'=8/P_manifold ¥ without boundary embedded
in R3, and a subsequence j’, such that ¥ jr converges to X in C U and such that

Mo (Z) <liminf.2,(Z)).
j—00

Instead of the uniform area bound one could also assume a uniform diameter bound.

Using this compactness result and the self-avoidance effects of integral Menger curvature we
will prove that one can minimize area in the class of closed, compact and connected Lipschitz
surfaces of fixed genus under the constraint of equibounded energy. For given g € N let M, be
a closed, compact and connected reference surface of genus g that is smoothly embedded in R3,
and consider the class € (M) of closed, compact and connected Lipschitz surfaces X' C R3
ambiently isotopic to M, with .#,(X) < E for all ¥ € € (M,).
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Theorem 1.6 (Area minimizers in a given isotopy class). For each g € N, E > 0 and each fixed
reference surface M, the class € (M,) contains a surface of least area.

We can also minimize the integral Menger curvature ./, itself in a given isotopy class with
a uniform area bound, i.e. in the class €4 (M) of closed, compact and connected Lipschitz
surfaces ¥ C R3 ambiently isotopic to M, ¢ With 7 2(P) < A < 0.

Theorem 1.7 (_#,-minimizers in a given isotopy class). For each g € N, A > 0, there exists a
surface X € €a(Myg) with

My(X)=inf )///,,.

Ca (Mg
The proofs of Theorems 1.5—1.7 are given in Section 7.

Remark 1.8. It can be checked that our Theorems 1.1 and 1.2 can be proven for a large class of
integrands including the two-dimensional ¢yt and other curvatures of Lerman and Whitehouse,
and even the one suggested by Léger. (One just has to check what is the critical scaling-invariant
exponent, and work above this exponent.) However, Theorems 1.3 and 1.4, and consequently
also Theorems 1.5, 1.6, and 1.7 seem to fail for any choice of integrand s (T') which scales like
the inverse of length to some power 1+ s, s > 0. Such a choice enforces too much singularity for
large p, and the methods we employ to prove Holder regularity of the unit normal show that the
only surface with f KC? d finite for all p would be (a piece of) the flat plane. See Remark 5.2 in
Section 5.

Remark 1.9. Our work is related to the theory of uniformly rectifiable sets of G. David and
S. Semmes, see their monograph [6]. Numerous equivalent definitions of these sets involve sub-
tle conditions stating how well, in an average sense, the set can be approximated by planes. One
of the deep ideas behind this is to try and search for the analogies between classes of sets and
function spaces. It turns out then that various approximation or imbedding theorems for function
spaces have geometric counterparts for sets, see e.g. the introductory chapter of [6]. Speaking
naively and vaguely, David and Semmes work in the realm which corresponds to the subcritical
case of the Sobolev imbedding theorem: there is no smoothness but subtle tools are available to
give nontrivial control of the rate of approximation of a function by linear functions (or rather:
a set by planes). Here, we are in the supercritical realm. For exponents larger than the critical
p = 8 related to scale invariance, excluding conical singularities, finiteness of our curvature inte-
grands gives continuity of tangent planes, with precise local control of the oscillation. Note that
the exponent 1 — 8/p in Theorem 1.6 is computed according to Sobolev’s recipe: the domain of
integration has dimension 8 and we are dealing with the p’th power of ‘curvature’.

2. Notation. The class of admissible surfaces
2.1. Basic notation

Balls, planes and slabs. B(a, r) denotes always the closed ball of radius r, centered at a. When
a =0 ¢ R3, we often write just B, instead of B(0, r).
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For non-collinear points x, y, z € R? we denote by (x, y, z) the affine 2-plane through x, y,
and z. If H is a 2-plane in R3, then 7 denotes the orthogonal projection onto H. For an affine
plane F C R? such that 0 ¢ F, we write o to denote the central projection from 0 onto F.

If F is an affine plane in R and d > 0, then we denote the infinite slab about F by

Ua(F) = {y e R dist(y, F) < d}.
Cones. Let ¢ € (0, Z) and w € S*. We set

Clp.w):={yeR’: |y w| > |y|cosp]}

describing the infinite double-sided cone of opening angle 2¢ whose axis is determined by w, and
we define C; (¢, w) := B(0,r) N C(p, w). We also distinguish between the two conical halves

Ctp,w):={yeR y-w>|ylcosp},  C (p,w):={yeR’ —y-w>|y|cosgp],

and set CE(p, w) := B(0,r) N CE(p, w).

Rotations in R3. Throughout, we fix an orientation of R3. Assume that u, v € S? are orthogonal
and u x v = w € S%. We write R (¢, w) to denote the rotation which, in the orthonormal basis
(u, v, w), is represented by the matrix

cosp —sing O
(singo cos ¢ 0) .
0 0 1

Note that this formula gives in fact a linear map which does not depend on the choice of or-
thonormal vectors u, v with u X v = w.

Segments. Whenever z € R3, s > 0and w € S, we set
I (2) = {Z +tw: 1] < S}

(this is the segment of length 2s, centered at z and parallel to w).

Tetrahedra. Since we deal with an integrand defined on quadruples of points in R3, and in
various places we need to estimate that integrand on specific quadruples satisfying some addi-
tional conditions, we introduce some notation now to shorten the statements of several results in
Sections 3-6.

By a tetrahedron T we mean a quadruple of points, T = (xg, x1, X2, x3) with x; € R3 for
i =0,1,2,3. By atriangle A we mean a triple of points, A = (xg, X1, X2), X; € R3. We say that
A=A(T)isthebase of T iff A= (x,y,z)and T = (x, y, z, w) for some x, y, z, w € R3.

For T = (x¢,x1, x2, x3) and T = (xy, x|, x5, x3) we set

(e 3=£i§[ogfg3|xu<i> — X ]

where |x, (i) — x/| denotes the Euclidean norm and Sy is the symmetric group of all permutations
of sets with four elements. We write &, (T) :={T": |T —T'|| <r}.
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To investigate the local and global behaviour of a surface, we often estimate its .#,-energy
on A.(T) N X where either T resembles, roughly speaking, a regular tetrahedron or at least its
base A(T) resembles, again roughly, a regular triangle. Here are the appropriate definitions.

Definition 2.1. Let 6 € (0, 1) and d > 0. We say that T = (xo, x1, x2, x3) is (0, d)-voluminous,
and write T € ¥ (0, d), if and only if

(i) x; € B(xg,2d) foralli =1,2,3;

(ii) 0d < |x; — x| foralli# j,wherei,j=0,1,2,3;
(iti) ¥(x1 —x0,x2 —x0) € [0, 7w —O];
@iv) dist(x3, (xg, x1, x2)) > 0d.

Definition 2.2. Let 8 € (0, 1) and d > 0. We say that A = (xg, x1, x2) is (6, d)-wide, and write
A€ .7 (0,d),if and only if

(1) x; € B(xg,2d) fori =1,2;
(it) 0d < |x; — x| fori # j, where i, j =0,1,2;
(iil) *(xy — xo,x2 —x0) € [0, —0].

Remark 2.3. Similar classes of simplices have been used by Lerman and Whitehouse, see [14,
Sec. 3]. The class of T with A(T) € . (6, d) differs from their class of 2-separated tetrahedra as
the minimal face area of T with A(T) € % (0, d) does not have to be comparable to the square
of diam T'. This plays a role in Section 5 and Section 6.

2.2. The class of admissible surfaces
Throughout the paper we consider only compact and closed surfaces.

Definition 2.4. We say that a compact connected subset ¥ C R3 such that ¥ = dU for some
bounded domain U C R? is an admissible surface, and write X € ., if the following two con-
ditions are satisfied:

(i) There exists a constant K = K (X') such that
00 > %”2(2 N B(x, r)) > K~ '7? forallxe ¥ andallO <r < diam X;

(ii) There exists a dense subset ¥* C X with the following property: for each x € X* there
exists a vector v =v(x) € S? and a radius 89 = 8o(x) > 0 such that

B(x,80) N (x +CH(rr/4,v)) CU U {x},
B(x,80) N (x + C~(/4,v)) C (R*\ U) U {x}.

Condition (ii) seems to be rather rigid because of the symmetry requirement. We could have
used some smaller angle ¢ instead of ¢y = 7 /4 with the only effect that the absolute constants in
Theorems 3.1-3.3, 5.4, and 6.1 would change, but we stick to ¢y = 7 /4 for the sake of simplicity.

Condition (i) excludes sharp cusps around an isolated point of X' but allows for isolated con-
ical singularities and various cuspidal folds along arcs.
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Note that this is a large class of surfaces, and if X' € <7, then X does not have to be an
embedded topological manifold. Consider for example a sphere on which two distinct points
have been identified, or, more generally, a sphere with 2N distinct smooth arcs and identify N
pairs of these arcs.

Here are further examples.

Example 2.5 (C! surfaces). If X is a C! manifold which bounds a domain U, then ¥ € 7.
One can take X* = X; by definition of differentiability, for each point x € X' condition (ii) is
satisfied for v(x) = the inner normal to X' at x, and one can choose a uniform lower bound for
the numbers §p(x), i.e. we can always pick a 5o(x) = 69 = d0(X) > 0.

Example 2.6 (Lipschitz surfaces). If X = 9U is a Lipschitz manifold, then X' € /. We can take
X* = the set of all points where X' has a classically defined tangent plane. By Rademacher’s
theorem, X* is a set of full surface measure, hence it is dense. Obviously, §o(x) does depend on
x € X* now. It is an easy exercise to check (with a covering argument using compactness of X')
that condition (i) is also satisfied.

Example 2.7 (W22 surfaces). If ¥ = dU is locally a graph of a W22 function and condition (i)
is satisfied, then X' € o7 This follows from Toro’s [35] theorem on the existence of bi-Lipschitz
parametrizations for such surfaces.

Example 2.8. If a compact, connected surface X = U is locally a graph of an AC?-function (see
J. Maly’s paper [16] for a definition of absolutely continuous functions of several variables) and
if (i) is satisfied — which is a necessary assumption as graphs of AC? functions may have cusps —
then X is admissible. (AC? functions are differentiable a.e. and this implies condition (ii) of
Definition 2.4.)

2.3. The energy and two simple estimates of the integrand

As mentioned in the introduction, we consider the energy

Mp(X) :=flC”(T)du(T), Yed, (2.1)

24
where

K(T) := { m if the vertices of T on X' are not co-planar,
otherwise.

Here V(T) denotes the volume of 7' and A(T') the total area, i.e. the sum of the areas of all four
triangular faces of T'. For the sake of brevity we write

diE, x, y,2) 1= dAHE) d A (x)d A (y) d A (2). (2.2)
If T = (xq, x1, x2, x3) and one sets z; = x; — xg fori =1, 2, 3, then we have

K(T) = 1 lz3 - (21 x 22)|
3 [z x 22l + lz2 x 23]+ lan x 23l + 12 = 21) x (23 = 22)[1(diam T)2

2.3)
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We will mostly not work with (2.3) directly. In almost all proofs in Sections 3-6, we use itera-
tively two simple estimates of X on appropriate classes of tetrahedra.

Lemma 2.9.If T € ¥ (0,d), then

1
K(T) > — 0% .
(T) > 502

Lemma 2.10. If T = (xq, x1, x2, x3) is such that A(T) = (xg, x1, x2) € (0, d), x3 € B(xg, 2d)
and dist(x3, (xg, x1, X2)) = «d, then

1 3, -1

Proof of Lemma 2.9. Let T = (xg, x1, X2, X3), 2; := x; —xo fori = 1,2, 3. Using conditions (ii)
and (iii) of Definition 2.1, we obtain |z1 x z2| > 6%d?sin6 > 203d” and by (iv)

. Def. 2.1(iv)
23 (@1 xz) =dist(xs. (x0.x1.x2)) > 6d. (2.4)

lz1 % z2]

Therefore we can estimate
(2.4 1 0d
K(T) > 3(diamT)2 : 1+ |22 xz3] + |z1 x2z3] + [(z2—z1) x(z3—22)|
lz1xz2] lz1 x22] lz1 %z2]
1 0d
~ 34d)? _@dp? (4d)?
@d)y" 142 2/m)63d? + 2/m)63d?
o4 o4

O

= > .
48d[63 +127] = 502d
The proof of Lemma 2.10 is identical. One just replaces (2.4) by dist(x3, (xo, X1, X2)) = «d.

3. From energy bounds to uniform Ahlfors regularity
The main result of this section is the following.

Theorem 3.1 (Energy bounds imply uniform Ahlfors regularity). There exists an absolute con-

stant a > 0 such that for every p > 8, every E > 0 and every X € o with M,(X) < E the

following holds:
Whenever x € X, then

HA*(B(x,R)NX) > R*/2

for all radii

asp p—8
R < Ro(E, p) = (—) . (3.1)
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Note that the value of Ro(E, p) depends on E and p, but not on X itself, which is by no
means obvious. Even infinitely smooth surfaces can have long ‘fingers’ which contribute a lot to
the diameter but very little to the area. The point is that fixing an energy bound E we can be sure
that “fingers’ cannot appear on X' at a scale smaller than Ry(E, p). Moreover, a general sequence
X; of C*-surfaces could in principle gradually form a tip approaching a cusp singularity as
i — oo (in fact, it is not difficult to produce examples of sequences of smooth surfaces with
uniformly bounded area and infinitely many cusp or hair-like singularities in the limit), whereas
this cannot happen according to Theorem 3.1 for a sequence of smooth admissible surfaces with
equibounded .#),-energy.

This fact plays a crucial role later on, in the derivation of uniform estimates for the oscillation
of the tangent in Section 5. These estimates in turn allow us to prove in Section 7 compactness
for sequences of surfaces having equibounded energy.

The scale-invariant limiting case p = 8 leads to the following result which can be viewed as
a naive counterpart of the GaufS—Bonnet theorem for closed surfaces, or the Fenchel theorem for
closed curves: one needs a fixed amount of energy to ‘close’ the surface. Our estimate of this
necessary energy quantum is by no means sharp; it would be interesting to know the optimal
value of that constant.

Theorem 3.2. There exists an absolute constant yo > 0 such that Mg(X) > yy for every surface
Yed.

The proof of both theorems relies on a preparatory technical result which might be of interest
on its own, since it allows us to find for any given admissible surface (no matter how “crooked” its
shape might look) a good tetrahedron with vertices on the surface, i.e. a voluminous tetrahedron
in the sense of Definition 2.1. This result is completely independent of Menger curvature, but in
our context it will allow us to prove .#,-energy estimates from below.

Theorem 3.3 (Good tetrahedra with vertices on X'). There exist two absolute constants a, ) €
(0, 1) such that

1>2n>400 >0 (3.2)
with the following property: For every surface X € </ and every xo € X* one can find a positive

stopping distance d; (xq) € (89 (xp), diam X'] and a triple of points (x1, x2,x3) € ¥ x X x X such
that

(1) T = ()C(), -xl ’ x2» .X3) € 7/(777 dS (XO)):
(ii) whenever |T" — T || < ady(xo), we have T' € ¥ (3, %ds(xo)).

Moreover, for each r € (0, ds(x0)] there is an affine plane H = H (r) passing through xo such
that

71 (2 N B(xo,r)) D HN B(xo, r/v/2) (3.3)
and therefore we have

(2 N B(xo,1)) > %rz forallr € (0,d;(xo)]- (3.4)
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The proof of this result is elementary but tedious. We give it in the next section. We also state
one direct corollary of that proof for sake of further reference.

Proposition 3.4 (Large projections and forbidden conical sectors). Let p > 8, E > 0, and 0U =
X e of with #,(X) < E. Assume that Ry = Ro(E, p) is given by (3.1). For each x € X and
r < R there exists a plane H passing through x and a unit vector v € S*, v L H, such that

D:=HNB(x,r/v2) Crp(2 N Bx, 1)), 3.5)
inth(wo,v)\B(x,r/Z) cU, (3.6)
intC; (¢, v) \ B(x,r/2) CR*\ U, 3.7

where ¢g =1 /4.

In the remaining part of this section we show how to derive Theorems 3.1 and 3.2 from
Theorem 3.3. We begin with an auxiliary result which gives an estimate for the infimum of
stopping distances considered in Theorem 3.3. Note that for X of class C', compact and closed,
property (i) below is obvious: we have d;(xg) > 8o(x0), and, as mentioned in Example 2.5, in
this case one can in fact choose a positive §p independent of xg.

Proposition 3.5. Assume that p > 8, ¥ € &/ and M (X) < oc. Then

(i) The stopping distances ds(xo) given by Theorem 3.3 have a positive greatest lower bound,
d(X) = xoigg* dg(xg) > 0.
(i) We have
Mp(Z) = aPd(D)4P. (3.8)

Proof. To prove (i), we argue by contradiction. Assume that d(X') =0 and set

1 oSP 1/(p=8)
slemgm) Y

where K (X) is the constant from Definition 2.4(i). Select xg € X* with d;(xg) =: dy < €. Pick
X1, X2, x3 whose existence is guaranteed by Theorem 3.3. Perturbing these points slightly, by at
most adp/2, we may assume that

xeX*, i=0,1,23, (3.10)
3
3
|T"—T|| <ado/2 = T e“//<n/2, Edo). (3.12)

Integrating over all T’ close to T, we now estimate the energy as follows:
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A= [ k() ()

Z4NBedg/2(T)

1 ado\°[ 1 n 4 417
“wwr(3) [ (3) 0]

> : asr an’ )"
K(X)* 0 \502.26

P
2 e
K(XZ)4

d¥" asn/20>a. (3.13)
(We have used Definition 2.4(i) and Lemma 2.9 in the second inequality.)

This gives a contradiction with (3.9) and the choice of dy, as (3.13) implies dy > 2¢.

(i) Now we shall show that d(X) is not only strictly positive, but has a lower bound depending
only on the energy. Fix ¢ > 0 small and pick xg € X* with dy := d;(x9) < (1 + £)d(X). As in
the first part of the proof, take x1, x2, x3 given by Theorem 3.3. Perturbing these points slightly,
we may assume that (3.10)—(3.12) are satisfied. Moreover, by (3.2)

e —_— d(2)<d(x) fori=1,2,3
< < N i or y Ly D,
2 80 s !

so that by (3.4)

d 2
A (20 Blxi, ado/2)) > %(%) . i=0,1,2,3.

Using this information, we again estimate the energy as in (3.13), replacing now the constant
1/K(X) by an absolute one, %. This yields

4
Mp(D) > (%) a7
>a®P(1+ )% Pd(x)8 7.
Upon letting ¢ — 0, we conclude the whole proof. O

Proof of Theorem 3.1. Inequality (3.8) implies that
1

d(2)>< i )m
“\ (D) '

Combining this estimate with (3.4), we see that

AHENBx, )= =r?, re(0,d2)] (3.14)

oS

holds for all x € X*. Since X'* is dense in X, (3.14) must in fact hold for all x € X.
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Proof of Theorem 3.2. We shall construct inductively a (possibly finite) sequence of tetrahedra
with vertices in X'*.

Initially, we pick an arbitrary point xg = xé € X* Letd, :=d; (xél)) > 0. Use Theorem 3.3
and density of X* to find a tetrahedron

7= (x$, 20, 2V x0) e v (y/2,3d1/2) 0 (2%)* (3.15)

such that

[T -1 < ﬂ = T'e¥(n/2,3d1/2). (3.16)

Assume that 71, T3, ..., T; have been already defined, T; = (x; () (j), é’),x3/)) for j =
., k, so that the following properties are satisfied:

di_
dp=di(x§") < S92 =2k, (3.17)
T; € ¥ (n/2,3d;/2) N (2%)", (3.18)

ad;
||T—Tj||<7" = Te?(®n/23d/2), (3.19)
xéj)—xl((]j)l) for some i (j) € {1, 2, 3}. (3.20)

(The last property simply means that 7; and T; 1 have one vertex in common.) Now for y € X,
let

R.(y) =sup{r > 0: #*(Z N B(y,0)) >mo*/2 forall ¢ € (0, r1}.

We consider the following stopping condition:

ady

) =:r; foralli €{l,2,3}. (3.21)

R(:) >

For a fixed value of k, there are two cases possible.

Case 1. Condition (3.21) does hold. We then estimate the energy, integrating over small balls
centered at vertices of Tj. This yields

M(X) = / K8(T)du(T)
24NB,, (T)

”48 ! (3d/2)18bL 29
> | — cmma .
2 502 k Y
=1y >0,

where the constant 3y depends only on the choice of o and 7, (note that the ratio r /dy = o /4 is
constant). This is the desired estimate of .Zg(X).
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Case 2. Condition (3.21) fails. Then we choose i (k) € {1, 2, 3} such that by (3.2)

R*(xi(flz)) <ry=—— < —=dk.

We set xékH) = xl.(fk)) and dj.y1 :=d; (xékﬂ)). The choice of i (k) gives

dig1 < ody /4 < di /160. (3.22)

Again, we use Theorem 3.3 and density of X* to find the next tetrahedron
Trsr = (0, x D D EFD) € 9 (2, 3di11/2) 0 (2%)
such that (3.19) is satisfied for j = k 4 1. Thus, we have increased the length of sequence of

tetrahedra satisfying (3.17)—(3.20).

Note that if the stopping condition (3.21) is satisfied for some k =1, 2, ..., then we are done.
The only possibility left to consider is that (3.21) fails for each k. We then have an infinite
sequence of tetrahedra satisfying (3.17)—(3.20). To prove that this also gives the desired result,
we shall show later that

the sets X% N B (Ty), k=1,2,..., are pairwise disjoint. (3.23)
Assuming (3.23) for the moment, we have by Definition 2.4(i) and Lemma 2.9

e¢]

M(2) =Y / K8(T) du(T)
=lsing, mo

e @]

1 1\ IRt
>Z—K(2)4r,§[ﬁ(5) (3dy/2) 1]

k=1
Y w
1
Ry &

= +o0,

where y; denotes some constant depending only on the choice of o and 5 (again, note that
rr/dr = a/4 for each k).

It remains to prove (3.23). Since Ty € ¥'(n/2, 3di/2) for each k, we have by virtue of Part (i)
of Definition 2.1

(k+1) k)| .. k) (k)
X0 — X | = |xi(k) — X | < 3dy,

so that (3.22) implies for each m > k
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xg" = x7) < 3di + 3dir + -
<3d(14 1607 +16072 + -+
< 4dy. (3.24)
For m = k (3.24) holds trivially. Also by definition of #'(n/2, 3dx—1/2) we have
(k) (k—1) (k—1) (k—=1)
o —x = ’xi(k—l) —xy |
S 3dk—1
2 2
> 15ady—1 asn>20a. (3.25)

Using (3.24), (3.25), and the condition 4dy < adi—_1, we obtain

(m) (k—1) (k) (k—1) (m) (k)
|x0 — X |> |x0 —X |_ X0 T X
> 15adi_1 — 4d;
> 140(dk_1

for each m > k. The last inequality readily implies that B, (x(()m) ) and B,, | (xék_l) ) are disjoint

for all m >k, as

o adi_1
rm+rk—l=Z(dm+dk—l)< 5

Thus, the sets %, (T;,) and %,,_, (Tx—1) are disjoint in (R3)*, which proves (3.23).
The whole proof of Theorem 3.2 is complete now. 0O

4. Good tetrahedra: proof of Theorem 3.3

The proof of Theorem 3.3 is lengthy but elementary. It is of algorithmic nature and, at each
of finitely many steps, requires a case inspection which from a geometric point of view is not so
complicated but nevertheless includes three different cases (and one of them has to be divided
into three further subcases). The crucial task is to find a triple (x1, x2, x3) such that the x;’s
(i =0,1,2,3) satisfy conditions (i) and (3.3) of the theorem. Condition (ii) follows then from
simple estimates based on elementary linear algebra; for sake of completeness, we present the
details of that part in Section 4.3.

Here are a few informal words about the main idea of the proof.

Assume for a while that ¥ = dU is of class C!. To find a candidate for x;, we look at the
surface M, = 0B, N C, where p > 0, B, is centered at x¢, and C is a double cone with vertex xo,
fixed opening angle, and axis given by n(xp), the normal to X' at x¢. For small p > 0, x¢ is the
only pointof ¥ in C, := B, NC.(If ¥ € & isnot C !, then the existence of an appropriate cone
follows from Part (ii) of Definition 2.4.)

It is clear that as p increases, the growing cone C, must hit X' for some (possibly large)
p =p1>0,atsome x; € X'\ {xo}, x1 € My, . If the point of the first hit, xy, is close to the center
of one of the two “lids” .#), of the cone C,,, then we can use the fact that the two components
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LX =

A CnB,,

Fig. 1. A little kink determines Ty, X.

UT,U~ of intC), are on two different sides of X to select a voluminous tetrahedron with two
of its vertices at xo and x1, and all edges = pj. To convince yourself that this is indeed plausible,
note that there are many segments perpendicular to Ty, X, with one endpoint in U™ and the
other in U™ ; each such segment intersects X' and therefore contains a candidate for one of the
remaining vertices. And, as we shall check later, many of those candidates are good enough for
our purposes.

However, it might happen that for this particular intermediate value of p; > O—somewhere
between diam X~ and the infinitesimal scale where a smooth X is very close to the tangent
plane—most points of X' N B, are very close to a fixed plane P which might be completely
different from T, %, due to a little kink of X' near to xg. In fact, such a plane might be tangent
to dC, and ¥ N B,, would look pretty flat at all length scales ~ py.

If this were the case, then x; would be located close to the rim of C N B, and one could
not expect to find a good tetrahedron with vertices x; € X N B, and edges ~ p;. But then, one
might rotate C around an axis contained in Ty, %, away from such a plane P, to a new position
C’ chosen so that two connected components of C' N (B,, \ By, /2) are still on two different
sides of X. One could look for possible vertices of a good tetrahedron in C' N B, for p > py,
enlarging the radius p until C' N (B, \ B),) hits the surface again. This would happen for some
radius p> > pj.

It might turn out again that at scales comparable to p; large portions of X' are almost flat, close
to a single fixed plane P’ which is tangent to dC’ so that it is not at all evident how to indicate a
voluminous tetrahedron with vertices x; € ¥ N B, and edges ~ p;. One could try then to iterate
the reasoning, rotating portions of the cones if necessary.

Several steps like that might be needed if, for example, xo were at the end of a long tip that
spirals many times—in such cases the points of X' that we hit, enlarging the consecutive cones,
might not convey enough information about the shape of the surface. We make all this precise
(including a stopping mechanism, a procedure which allows one to select appropriate rotations
at each step of the iteration, and a bound on the number of steps) in Section 4.2, using Defini-
tion 2.4(ii) to construct the desired cones for small radii. Before, in Section 4.1, we state two
elementary geometric lemmata which are then used to obtain (i) and (3.3) for various quadruples
(x0, X1, X2, X3).

Without loss of generality we suppose throughout Section 4 that xo = (0, 0, 0) € R?.

4.1. Slanted planes and good vertical segments

Suppose that we have a fixed a cone C = C (g, v) in R3, where v € S? and ¢y € (0, %]. We
also fix an auxiliary angle ¢; € (0, 31.
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Throughout this subsection, we say that a segment I is vertical (with respect to the cone C)
if I is parallel to v, i.e., I = I ,(z) for some s > 0 and z € R3. Any plane P = (0, y1, y2)
whose unit normal 7 satisfies 0 < |n - v| < 1 is called slanted. We say that I is good (for P) iff
dist(/, P) ~ diam I, up to constants depending only on the angles ¢;.

We state and prove two elementary lemmata which give quantitative estimates of the distance
between good vertical segments / and slanted planes spanned by 0 and two other points y1, y;.
In the first lemma both y; have to be in C N F, on the same affine plane F whose normal equals
the cone axis of C, i.e. with unit normal nr = v. In the second lemma we keep one of the y;’s in
C and allow the other one to belong to a portion of C’, where C’ is a cone congruent to C but
rotated by an angle y € (0, ¢o/2].

To fix the whole setting, pick a radius p > 0. Set & = p cos ¢y and r = p sin ¢g. Moreover, set
H :=v+ CcR3, and let wy: R3 — H be the orthonormal projection onto H. Let o denote the
central projection from 0 to the affine plane F := H + hv.

Lemma 4.1 (Slanted planes and good vertical segments, I). Suppose that P = (0, y1, y2) C R3 is
spanned by 0 and two other points y1 # y2» € FNCy(¢o, v) such that there is an angle 1 € (0, )
such that

7> Hru(). ta() 21 and mH(yi) #0 fori=1,2.
Then, there exists a point z € H N d B, such that
dist(Zp,4(2), P) = cop, 4.1

where the constant
1 o1\ .
co 1= co(@o, ¢1) = 5 1 — cos 5 )sin 2¢0 > 0. (4.2)

Proof. Let z; :=my(y;) fori =1, 2. Consider the 2-dimensional disk (see Fig. 2)
D:=HNB,>7z1,2.
Let y := H N 3B, be the boundary of D in H. We select z € y such that z | zo — z; and the

segment [0, z] has a common point with the straight line / which passes through z; and z>. By
elementary planar geometry, we have

d :=dist(z, 1)
> r(l — COoS ﬂ)
2
= psingoo(l — cos %) “4.3)

Now, let i denote the angle between v and P. It is easy to see that we have 0 < ¥ < ¢ since
@1 € (0, 7/2] and y1 # y2 € FNC,(¢o, v). Thus,
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’ Ifl-,v(z)
—‘——‘“\

> G
- 17

r=p sin gy

Fig. 2. The setting in Lemma 4.1: a double cone and three planes H, F, P.

dist(/4,y(z), P) = dcosy >dcosgp

“@3) . @1
> pcosgg singo| 1 — cos 5

= ¢cop,
where the constant cg is given by (4.2). O

Lemma 4.2 (Slanted planes and good vertical segments, 1l). Let y; € F N B,, assume
g (y1) #0 and set u =g (y1)/|ma (y1)|. Let w :=u x v and consider the family of rotations
R, := R(s¢o, w), where s € [0, %]. Then, for any point

ne |J R(Cplpo.v)\intB,p) suchthaty,-u<0<y-v (4.4)
5€[0,1/2]

there exists a point z € H N 0B, such that dist(I; ,(2), (0, y1, y2)) = c1p. One can take

.
cr=ci(po) = T6 sin2¢g > 0.

Proof. Consider the two-dimensional disk D := F N B, and its boundary circle y = F N dB,,.
Note that the radius of D equals r = p sin ¢g. The key point is to observe what the union of all the
central projections or(Rs(D)), s € [0, 1/2], looks like. The rest will follow from the previous
lemma.

Without loss of generality we assume that v = (0,0, 1) € S? and y1=1(a,0,h) e R3 for some
ae0,7]. Thenu =7y (y1) /|7y (y1)| = (1,0,0) and w =u x v = (0, —1, 0). In the standard
basis of R3 — which is (u, —w, v) — the rotations Ry = R(s¢g, w) are given by

cossgpg 0 —sinsgg
Rsz( 0 1 0 )

sinsgg 0  cossgg
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Fig. 3. The situation in F.

Now, consider the points p = (0, —r, k) and g = (0,7, k) in y C F. Let p; = Ry(p) and
qs = Rs(g), s € [0, %]. Since the axis of rotation contains w, the angles <(ps, w) and (g5, —w)
are constant for all s and equal 5 — ¢o. Thus, as s goes from 0 to %, the points py, gg move along
arcs of vertical circles on dC (% — o, w). Hence, the central projections o (ps) and of(gs) trace
arcs of two branches of the hyperbola

F::Fﬂ&C(% —goo,w).

(In fact, as s goes from 0 to %, the point of (Rg(x)) moves along a hyperbola in F for each
x € D, except the x’s that lie on the diameter of D parallel to u.)

Note also that, for each s € [0, %], the central projection o (Rs(D)) is equal to an ellipse E;
which is tangent to both arms of I at o (ps) and of(gs).

Suppose now that y; satisfies (4.4). Since

or (Rs(Cp(go,v) \ int B,)2)) = or (Rs(D)),

and the plane P = (0, y1, y2) contains the line through 0 and y;, we have y3 := or(y;) € P.
Therefore P = (0, y1, ¥3).

As y» -u <0 <y - v, the first coordinate of y3 = or(y2) is negative. Hence, the line / which
passes through y3 and y; in F, and satisfies [ = P N F, contains a point y4 € P N F on the
diameter of D whose endpoints are p and g. Thus, (0, y1, y2) = P = (0, y1, y4). If y4 is not in
the center of D (as on Fig. 3 above), then the desired claim follows from the previous lemma,
applied for P = (0, y1, ya) and ¢ = 7 /2. If y4 = the center of D, then the plane P is vertical
and one can take e.g. z = gy (p) to conclude the proof. In that case one has

dist(lh,v(z), P) =r = psingy > lﬁ6 sin2¢g = pc1. O
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4.2. Looking for good vertices x1, x2, x3: the iteration

Throughout this subsection we assume that 0 = xo € X* C ¥ = 9U, where U € R? is
bounded; X belongs to the class ./ of all admissible surfaces as defined in Definition 2.4. Fix

@o = Z. Proceeding iteratively, we shall construct four finite sequences:

e of compact, connected, centrally symmetric sets So CT1 C S CTh C S C---C Sy-1 C
Ty C Sy C R3,

e of unit vectors vy, ..., Uy, v(";, . ..,v;"\_] € S? such that (v, v}) = @o/2 = /8 for each
i=0,...,N—1,
e of two-dimensional subspaces H; = (vi)J‘ cR3,i=0,..., N,

e and of radii pg < p1 < --- < py, where py =: dg(xp), so py will provide the desired stop-
ping distance for x( as claimed in Theorem 3.3.

These sequences will be shown to satisfy the following properties:

(A) (Diameter of S; grows geometrically). We have S; C B,, = B(0, p;) and diam S; = 2p;
fori =0,..., N. Moreover

pi >2pi—1 fori=1,...,N. 4.5)

(B) (Large ‘conical caps’ in S; and T;).

Si\ Bp,_, =Cp (0o, i)\ By,_, fori=1,...,N, (4.6)

and
T;41CBy, and S;CTiyy fori=0,...,N—1. 4.7)
(C) (Relation between S; and T';;1). Foreachi =0,..., N — 1 there is a unit vector w; L v;

and a continuous one-parameter family of rotations R; with axis parallel to w; and rotation
angle sgo, s € [0, 1/2], such that

Tii=S8U |J RICp(go.vi)\intB,, ). (4.8)
s€[0,1/2]

(D) (X does not enter the interior of S; or T';1).

YNintS; =0 fori=0,...,N, (4.9)
YNintTjy1 =@ fori=0,...,N—1. 4.10)
Moreover, we have
EﬂBB,ﬂC((po,v;")z(?J for p; <r<2p;, i=0,...,N—1, 4.11)
and
3B, NCH(po,v;)) CU and 9B, NC (¢y,vi) CR*\ U, (4.12)

forallr € (0oj_1,p;)andi=1,..., N.
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a B(X;_E!g)

<\

V3

d B(x, p3)

Fig. 4. A possible outcome of the iterative construction. Here, x = x is at the center of the picture and we have N = 3.
The position of the disk By, N Hj, containing the annulus A, mentioned in condition (4.14) of (F), is marked with a
thick line.

(E) (Points of X'\ {xo} on 35;). The intersection X N dB, N d5; is nonempty for each i =
I,...,N.
(F) (Big projections of B,, N X onto H;).Fort € [p;_1,p;]l,i=1,..., N we have

ﬂHi(Eth) D H; thSing&o- 4.13)
Moreover, for r; = p; singg, i =1,..., N,
I710;(2), z€A;:=H;N(B, \int B, ) contains at least one point of X'. (4.14)

Once this is achieved (see Fig. 4 for a possible outcome of the construction), Condition (E)
implies that

(2 0 B(xo, 1)) = A2 (D*(0,rsingg)) =nr? /2 for 0 <r < py =: ds(xo),
where D?(p, s) denotes a planar disk with center p and radius s. We shall also show that it is

possible to select x; € By, (j =1, 2, 3) with the desired properties listed in Theorem 3.3.

Start of the iteration. We set So := ¢ and T} := ¥, po := 0 and v := vy := v(xo), where
v(xo) € S? is given by Definition 2.4(ii). For vy we take any unit vector with the angle condition
X(vo, ”8) = J(vo, v1) = ¢o/2 = /8. Then we have Hy := (vo)* and Hj := (v;)1. Moreover,
we use the convention that our closed balls are defined as

B, =B(0,r):={yeR3 |y| <r}
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so that the closed ball By of radius zero is the empty set. Notice that for a complete iteration
start we need to define p; and S; in order to check conditions (4.5) in (A), (4.6) in (B), (4.9) and
(4.12) for i = 1, Condition (E), and (4.13) and (4.14) constituting Condition (F). All the other
conditions within the list (A)—(D) are immediate for i = 0. We set

K/ :=Ci(go.v1). (4.15)

With growing radii ¢ the sets K ,1 describe larger and larger double cones with constant opening
angle 2¢o = /2 and fixed axis v;. Now we define

p1=inflt > po=0: X NK'NIB, #0}, (4.16)

and notice that by definition of the set </ of admissible surfaces (see Definition 2.4(ii)) one has
p1 > 8o(xp) > 0 =2pg, which takes care of (4.5) in Condition (A) fori = 1. Set S} := K/]n’ then
we see that S = Cp, (9o, v1) C B, with diam S; =2py, so all properties of (A) hold for i = 1.
Moreover,

81 =Cp, (90, v1) = Cp, (90, v1) \ By,

since B, = Bo =, thus (4.6) in (B) holds for i = 1. The definition of p; > 0 (see (4.16)) implies
(4.9) for i = 1, notice that int Sj is the union of two disjoint open cones centrally symmetric to but
not containing xo = 0 € X'. For the proof of (4.12) for i = 1 we observe that for each ¢ € (0, p1)
we have by definition of p; that

B;NCT(go,v1) CUU{0} and B, NC (go,v1) C (R*\ T) U {0}, (4.17)

which is even stronger than (4.12). Condition (E) holds for i = 1, too, by definition of p; and the
fact that X is a closed set. For i = 1 we will prove (4.14) even for all z € Dy := H; N B,,, which
would immediately imply (4.13) of Condition (F).3 From (4.17) we also infer that every segment
Iiz),v, (), for z € Hy N (B, \ {0}) with |z| < r{, has one endpoint in U, and the other in R3\ U,
which implies that /| ,, (z) intersects the closed surface X' in at least one point for these z. For
z=0=xp € X this is trivially also true, and for z € Dy with |z| = r; we approximate z; — 2
as k — oo with points zx € D and |zx| < r1 to find a sequence & € X' N 1|5 v, (zx) which
converges to some surface point & € X' N Iy, (z). This completes the proof of (4.14) even for
all z € H; N B,, and hence of (F) fori = 1.

To summarize this first step, we have defined the sets Sy C 71 C S| C R3, the unit vectors
Vg, V1, va" € S? with ¥(vo, v(’)") = ¢o/2, and the corresponding subspaces Hy = (vo)t, and H; =
(v1)*, and finally radii po = 0 < p; without having made the decision if N =1 or N > 1.
In addition we have now proved the first two items in Condition (A) for i = 0, 1, and (4.5)
for i = 1. Moreover, we have verified (4.9) for i = 0, 1, and all other statements in the list of
properties (B)—(F) are established for the respective smallest index i. Note, however, that we
have not defined v yet.

3 Alternatively, one could look for ¢ € (0, p1) at the (longer) vertical segments Ly 1),vy ), V(1) :=+/12 — |z|2, whose
endpoints are contained in dB; N C T (¢g, v1), and in dB; N C~ (¢, v1), respectively, use (4.12) for i = 1 as proved just
before, to conclude that Iy () y, intersects X' for each ¢ € (0, p1). This proves (4.13) for 1 € (0, p1), the statement for
t =0 = pg is trivial, and for r = p use continuity, and the fact that X' is a closed set. This is actually the argument we
repeat in the induction step j — j + 1 later on, since there we have less explicit information about S ;.
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Stopping criteria and the iteration step. For the decision whether to stop the iteration or to
continue it with step number j + 1 for j > 1, we may now assume that the sets

S()CT1CS[CTQCS2C~--CT,'CS/C]R3,

and unit vectors vy, ..., v;, v(’;, e, v;f_l with ¥(v;, vf) = @o/2 fori =0, ..., j — 1, are defined.
We also have at this point a sequence of radii po =0 < p; < --- < p; satisfying (4.5) for i =
1,..., j. The first two conditions in (A) may be assumed to hold fori =0, ..., j. In (B) we may

suppose (4.6) fori =1, ..., j, in contrast to (4.7) which holds for i =0, ..., j — 1. Similarly,
we may now work with (4.8) in (C), (4.10) and (4.11) in (D) foralli =0, ..., j — 1, whereas we
may use (4.9) in (D) fori =0, ..., j, (4.12), Condition (E), and (4.13) and (4.14) in (F) now for
i=1,...,J.

Now we are going to study the various geometric situations that allow us to stop the iter-
ation here, in which case we set N := j, dy(xo) := p; = py, so that (3.3) and (3.4) stated
in Theorem 3.3 can be extracted for H := H; directly from Condition (F). Indeed, (4.13) for
t:= pj = py Yyields (3.3) since @9 = /4. How to find the remaining vertices x1, x2, x3 such
that Statement (i) of Theorem 3.3 holds for the tetrahedron 7' = (xg, x1, x2, x3) will be explained
later in detail for each case in which we stop the iteration. Moreover, we will convince ourselves
that the only case in which the iteration cannot be stopped, can happen only finitely many times.
But each time this happens we have to define unit vectors vj, Vjiyl € S?, with (v i’ v}‘) =¢/2,

and Hjy; := (Uj+1)L, anew radius p;41, new sets Tj;11 C Sj41 containing S, and then check
all the properties listed in (A)—(F).

The different geometric situations depend on how the surface hits the “roof” of the current
centrally symmetric set S}, that is, where the points of the nonempty intersection in Condition (E)
lie:

Case 1. (Central hit.) By this we mean that X' N aBpj N C(%(po, v;) is nonempty.

Case 2. (No central hit but nice distribution of intersection points.) By this we mean that
Case 1 does not hold but there exist two different points x1,x, € X NdB, ;N C(po, vj)
such that

Hmw; (0 (xn), 71, (0(x2))) = (4.18)

w|

where 77, denotes the orthogonal projection onto the current plane H;j = (v j)L.

In Cases 1 and 2, we can find triples of points (x1, x2, x3) with all the desired properties and stop
the iteration right away. Below, in Sections 4.2.1 and 4.2.2, we indicate how to select the x;’s in
each of these cases, and present the necessary estimates.

If neither Case 1 nor Case 2 occurs, then we have to deal with

Case 3. (Antipodal position.) ¥NdB, NC (%(po, v;) is empty and for any two different points
X, xp€ XN 8Bpj N C(¢o, vj) we have

3wy (o 00). 7 (0 @) < 5 (4.19)
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(Intuitively, Case 3 corresponds to the situation alluded to in the introduction to Section 4: at
this stage we have to take into account the possibility that most points of X' N B, are close to
some fixed 2-plane containing the segment with endpoints xq, x1.) Now this third case is more
complicated, we will distinguish three further subcases, of which two will allow us to stop the
iteration here. Only the third subcase will force us to continue the iteration.

To make this precise, let us fix some point x; € X' N aBp/. N C(go, vj). Such a point does exist
according to Condition (E). Set u; := TTH, (x1)/|nH_]. (x1)] and w; :==u; x v, and consider the
family of rotations

R{ := R(spo,w;), s€l0,4]. (4.20)
Consider the union of rotated conical caps
. ) 1
Gl = |J R(Cpy(p0.v)\int B, o), te [0, ﬂ. (4.21)
0<s <t

Let
to = sup{te [O, %:| G,ﬂ(E\Sj)zQ)}. 4.22)

(Intuitively: we rotate the conical cap “away from the intersection X N dB,; N C(go, vj)” and
look for new points of X' in the rotated set.) There are now three subcases possible. To describe
them, let v;’.‘ := Ry2(v;) (this will be the new v; 1 in the third subcase).

Subcase 3(a). G,J0 N (X \ S;) #0. Then j = N; we stop the iteration and select x; and x3,
the remaining vertices of a good tetrahedron, using Lemma 4.2 to obtain the desired
estimates; see Section 4.2.3 for the computations.

Intuitively, Subcase 3(a) corresponds to the situation where we initially suspect that the sur-
face might be similar to the one with a little kink (see Fig. 1 at the beginning of Section 4).

Condition (4.19) alone does not exclude this — but here, rotating a portion of the cone slightly,
we find new points of X' and detect that X' is not flat at scale p;.

Subcase 3(b). We have ro = 1/2 and G{/z N(X\ S;)=0. However,
30 (Cap; (90, %) \ Cp, (0. %)) #0. (4.23)
Again, j = N; we stop the iteration and select x; and x3. For details, see Section 4.2.3.
Informally: here we rotate a portion of the cone slightly and do not find new points of X'
However, there are other points of the surface at comparable distances, again allowing us to
exclude the possibility that X' is close to being flat at scale p;.

Subcase 3(c). We have 7o = 1/2 and

G{,N(Z\5)=0. (4.24)
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Moreover, (4.23) is violated, i.e.,

N (Cap; (90, vj) \ Cy; (o0, v;‘)) =0. (4.25)

If this is the case, then we are unable to exclude the possibility that (most of) X' is nearly flat
at the given scale, and the iteration goes on. We set Ty :=S; U G{/z, Vjt1 = v;‘ = Ri2(vj),

Hjii:=(vj41)t, and
KM= Ci(go, vig1), (4.26)
and define
pj+1=inflt > p;: ENK/ T NaB, £0). 4.27)

Notice that condition (4.25) in the context of this subcase guarantees that p;j1; > 2p; which
verifies (4.5) in Condition (A) for i = j + 1. Now we define

Sit1:=Tj41 U (Kp L\ int By,). (4.28)

and check that Conditions (A)—(F) are satisfied. Indeed, S;41 C S; U K| /) 1 CBy, UB
Condition (A) for i = j, which implies that (A) holds for i = j 4+ 1 as well. Next,

by

Pj+1

Sj+1\ B, = K)HU\ By, = Cpyy (90,050 \ By,

since S; C By, by Condition (A) for i = j. Hence (4.6) holds for i = j + 1. As G C By,
for all ¢ € [0, 1/2] we have Tj11 C §; U By, C By, because of Condition (A) for i = j. The
second item in (4.7) is a direct consequence of the deﬁmtlon of Tj41, whence (4.7) holds for
i = j. Condition (C) holds also for i = j by definition of 7;;. Using (4.9) for i = j, (4.24),
and the definition of pj1 > 2p; in (4.27) we infer that (4.9) holds for i = j + 1, and (4.10) for
i = j.Relation (4.11) for each r € (p;, pj+1] is an immediate consequence of (4.25). Forr = p;,
however, we have to use (4.24) in combination with the fact that all surface points in X N BBpj N
C (o, vj) are in antipodal position described by (4.19), so that X' N 8Bpj N C(¢o, vj) =0
Now we turn to the proof of (4.12) for i = j + 1. The definition (4.27) of p; implies that

0B, NC*(go.vig1) CU, or 9B, NCH(go.viy1) CRI\T (4.29)
forallt € (pj, pj+1). Now (4.24) together with (4.12) implies that
9By; N C* (g0, vit1) C U,

which excludes the second alternative in (4.29). Condition (E) holds for i = j + 1 by the defi-
nition of ;11 and the fact that X is a closed set. For the proof of (4.13) fori = j + 1 we look
for 1 € (pj, pj+1) at the vertical segments Iy ()., (2), ¥ (1) := /1> = |2|?, 2 € Bysing, N Hj+1.
The endpoints of these segments lie in 3B; N C T (¢y, vjy1), and in 9B, N C™ (o, vjy1), re-
spectively. Now we use (4.12) for i = j + 1 to conclude that Iy (),»;,, () intersects X for each
t € (pj, pj+1). This proves (4.13) for t € (pj, pj+1). Fort = p; and t = p; 11 use continuity, and
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the fact that X' is a closed set. Finally, to prove (4.14) for i = j 4 1 note that (4.5) together with
(4.12) for i = j + 1 imply that the two endpoints of the vertical segments i forze Aj
lie in the different open connected components U and R3\ U . This suffices to conclude that these
segments intersect X, which finishes the proof of all conditions in the list (A)—(F) in the iteration
step.

Since we have established Condition (E) in the iteration step and (4.5) holds, too, we can
deduce that Subcase 3(c) can happen only finitely many times, depending on the position x¢ on
X and on the shape and size of X':

diam X > p; > 2p;_1 > -+ > 2i71,01 > 2i7150(x0),
whence the maximal number of iteration steps is bounded by
1 + log(diam X /8¢ (x0))/ log 2.

This concludes the Subcase 3(c). Now we have to analyze the geometric situation in the re-
maining Cases 1, 2, and 3(a) and 3(b), to extract surface points x1, x2, x3, so that the selected
tetrahedron T = (xg, x1, X2, x3) (with x¢o = 0) satisfies Part (i) of Theorem 3.3. Part (ii) then
follows from an easy perturbation argument; see Corollary 4.4.

4.2.1. Case I (Central hit): the details
We fix a point x; € ¥ N3 B,; such that

x1-vj==%pjcosy;, 0Ky < %fﬂo,
and we are going to select suitable points x2,x3 € X' N By, so that condition (i) of Theo-
rem 3.3 is satisfied. This will justify our decision to stop the iteration by having set N := j
and d,(xo) := p; = py. Without loss of generality, rotating the coordinate system if necessary,
let us suppose that v; = (0,0, 1) € R3 and 7w; (x1) € Hj is equidistant from z; := (0, r;, 0) and
72 := (0, —r;,0), where we recall from Condition (F) for i = j that r; = p; singp. (In other
words, we assume w.l.0.g. that the second coordinate of x; is zero.)

Condition (4.14) in (F) for i = j guarantees the existence of a point x; € X' N Ihj,vj (z2), where
hj=cosgy=r;.Now let P := (0, x1,x2). Then TTH; (x2) L x1 and we have

pjlxal|cos (x1, x2)| = |x1 - x2| = |x1 - (x2 — 71, (x2)) |

which yields

\COS %:(xl7xZ)| M < 1n< QD()) — 1/[

|22

Thus, Definition 2.1(iii) is satisfied for xo = 0, x1, x2, for every 6 < 7 /4. To select x3, we con-
sider two subcases.
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Subcase 1(a). If the points z1, z» and TTH, (x1) are collinear, then we simply have P = (0, x1, z2).
We then use (F) for i = j to select x3 € X' N Inj v, (z3), where z3 := (r, 0, 0) belongs to the
two-dimensional disk D; := D? (0,r;) in H;. Thus,

pjsingy < |xx —x;| <2p; fork #i, k,i=0,1,2,3,

which establishes conditions (i) and (ii) of Definition 2.1 for d := d;(x¢) = p; and any 6 <
singg = 1/4/2 Finally, dist(x3, P) =r; = p; singp, and this takes care of Part (iv) of Defini-
tion 2.1 so that T = (xo, x1, X2, X3) € ¥ (n, ds(xp) for any n < 1/\/5, i.e. in this subcase Part (i)
of Theorem 3.3 is satisfied for any n < 1/2.

Subcase 1(b). If the points z1, z» and TTH, (x1) are non-collinear, then we consider the line seg-
ment J := F; N By, N P contained in the affine plane F; := H; + hjv;. Since x| € C(%(po, v;j)
and y; :=oF;(x1) € J, itis easy to check that, no matter where x, has been chosen, J (and P)
contains points y, € F; such that

3 T
(7, (v2), wH; (y1)) > arccos (cowo tan Zwo) >3

Therefore, we may apply Lemma 4.1 with ¢o = Z- and ¢; := 77/5 to select a point x3 € X' on one
of the vertical segments /j,; v, (2), z € y; := the boundary of D; in Hj, so that

npj <dist(x3, P) and np; <|xx —x;| <2p; fork#i,k,i=0,1,2,3.

where 1 :=1/100 < /200 < %(1 — COos %) = co(m/4,7/5) (and we used 1 — cosx > x2/JT,
x € [0, %], for the first inequality). This verifies conditions (i), (ii), and (iv) of Definition 2.1
for each & < n = 1/100, and we have seen before that Part (iii) of that Definition holds for all
0 < /4. Hence Part (i) of Theorem 3.3 is also satisfied for n := 1/100 in this subcase, which
completes our considerations for Case 1.

4.2.2. Case 2 (No central hit but nice distribution of intersection points): the details
The setting. As in Case 1, we have stopped the iteration, set N := j, dy(xo) := p; = pn. Let
Hi= ;)  and F;=H; + hjvj,and leto = oF; denote the central projection from 0 to Fj.
Recall that we now have

3
TNaB, mc(zq)o,vj) =9 (4.30)

but we assume that there are two different points x1,x, € X N 9B, i N C(¢o, vj) such that

3 (0 o), 7, (0(12))) > = (431

g.
Let yx = o (xx), k =1, 2. Since the plane P = (0, x1, x2) = (0, y1, ¥2), we can apply Lemma 4.1

with g = /4, 1 = % to select a third point x3 € X on a vertical segment Ihj,vj (z3) (using
(4.14) for i = j), where z3 € y; := 3 B,; N H;, the outer boundary of A in H;. This gives

nmp; <dist(xz, P) and nip; <|xx —x;| <2p; fork#i,k,i=0,1,2,3

where now we have n| = co(r /4, 7 /3) = %(1 —cosg) = %.
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It remains to verify that the angle <(x1 — xo, x2 — x9) = ¥(x1, x2) is in [n2, T — n2] for some
absolute constant 7o > 0 (possibly smaller than 7;), to verify condition (iii) in Definition 2.1.
This is intuitively obvious but we give the details (without aiming at the best possible bounds).

Let us suppose first that the two scalar products xi - v; (k = 1, 2) have the same sign. Write

Xk = U + wy, Ui ::nHj(xk) fork=1,2,

and let ag := |wi|/p;j = |wkl/|xk| for k = 1,2. Note that since |x;| = |x2| = p; and (4.30) is
satisfied, we have in fact

<sin(F 3 M =12 (4.32)
<sin| — — = = —, =1,2. .
i 2 3%) 7 16
Moreover, we have
T
%:(ulvu2) = é:(nH] (G(x])),ﬂHj (U(XZ))) 2 ga (433)

(the first equality in (4.33) holds since the scalar products of xi, k = 1,2, with v; are of the
same sign). Set ¥ := J(x1, x2). Then, since the scalar products x; - v; (k =1, 2) have the same
sign, we have wy - wy = |wy| - [wz| > 0, and therefore

X1 X2 (1 -u2) + (wy-w2)  fupl - |uz|cos (uy, uz)
0<cosy = = 5 = +ajay
lxi] - [x2] 0; p]

—

<S(1-a)?(1-a3)" +aar by @33)

2a- W((1=a})"?(1=dd)"* + arar)

< 1—2A by Young’s inequality,

provided that we can choose A € (0, %) so that (x) holds, i.e., equivalently,
1
lajax < (E — k)(l — alz)l/z(l — a%)l/z. 4.34)

Now, (4.32) implies that the left-hand of (4.34) does not exceed A sin? 3L 5” whereas the right-hand
side is certainly greater than (1 1) cos? 3% 5” . Thus, (4.34) holds for every A< 5 L cos? 512 ,e.g. for
A=5 cos2 3= 8 and then with strict 1nequahty This gives cos ¥ € [0, 8) ie.,

T
n2<1ﬂ=%f(x1,x2)<5,

for 1, := arccos % ~0.505 > 1/4.

If the two scalar products x4 - v; (k = 1, 2) have different signs, we consider X» = —x». Since
the central projections o (x2) and o (X2) coincide, we can apply the previous reasoning to x|
and X7, to obtain ¥(x1, ¥2) € [2, 51, i.e. ¥(x1,x2) €[5, 7 — ma2].
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With the choice n := min{ni, n2} = n; = 1/4 we have verified that the tetrahedron 7 =
(x0, X1, x2, x3) satisfies all conditions of Definition 2.1, hence is of class ¥ (n, dy(xg)) for
n = 1/4, which proves Part (i) of Theorem 3.3 also in Case 2. This concludes the proof in Case 2.

4.2.3. Case 3 (Antipodal position): the details

We deal with Subcases 3(a) and 3(b), where we have stopped the iteration, have set N :=
j, with stopping distance d;(xo) := p; = py. Recall that H; = (vj)*, Fj = H; + h;v;, and
o = oy is the central projection from 0 to Fj.

AsinCase 2, X' N BBpj N C(go, v;) is nonempty but we have

3
>N BBpj ﬂC(Z(po, ’U]> :@

However, in this Case condition (4.18) is violated, i.e. for every two points x1,x3 € X' N 8Bp_l. N
C(go, vj) we have

3(em, (0 e1)), 7, (0 (62))) < % (4.35)

We have already fixed x; € ¥ N9 B,; N C(go, v;) and assume now without loss of generality
that v; = (0,0, 1), x; - vj >0, and u :=u;j = 7w, (x1)/|7n; (x1)| = (1,0, 0). Hence the unit
vector w :=w; = (0, —1, 0) determines the axis of the rotations R} defined in (4.20) which in

turn were used to rotate conical caps to obtain the sets th and the stopping rotational angle 7y
(see (4.21) and (4.22)). On this basis the three subcases in Case 3 were distinguished. Let us
describe in some detail how we choose x» and x3 in Subcase 3 (a) and (b).

Stopping the iteration in Subcase 3(a)
Let us first note that ¢y > 0. To see this, set

X/ = {y eR3: O-v)(y-u) go}, Y/ :=x/n (Cp_/.((po,vj)\inthj/z),

and note that if Rs(Cp, (@0, vj) \ int By, /2) contains a new point y of X', i.e.apointy € X'\ §j,
then we have in fact y € R;(Y/). However, this cannot happen for s arbitrarily close to 0, as in
Case 3 we have

dist(Y/, 2N X’) >0

due to (4.35), (4.9) and (4.12) for i = j in (D), and (4.5) for i = j.
We choose x; € Gy, N (X' Ké_,.). It is easy to see that if x5 - v; and x1 - v; have the same sign,
then

3 3
67~ 1% < 3xp, x2) < 31, v) + Hvj, Ry (v))) + H(Riy (v)), x2)

5

N W

< @0 + fopo + o <
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If the scalar products x; - v; and x - v; have different signs, then (4.36) holds with X = (—x2)
instead of x7, so that in either case we have

i71<<)(x x)<7r—iﬂ—9n 4.37)
T T T '
and condition (iii) of Definition 2.1 holds with 6 :=3m/16.

Now, take P = (0, x1, x3) = (0, OF; (x1), OF; (x2)) and apply Lemma 4.2 in connection with
(4.14) for i = j in (F) to find the last good vertex x3 on one of the segments Ij,; »;(z), where z
runs along the circle y; bounding the disk H; N By,rj=p;j sin gg. Then dist(x3, P) = c1(¢o)pj
where ¢ (o) = 15 sin2¢9 = 1%, which verifies condition (iv) of Definition 2.1 with 6 := 1/16.
Conditions (i) and (ii) of that definition are easily checked, so that T = (xo, x1, x2,x3) €
¥ (n, dg(x0)) (and therefore Part (i) of Theorem 3.3 is shown) for n = 1/16 in Subcase 3(a).

4.2.4. Stopping the iteration in Subcase 3(b)
Use (4.23) to select a point xa € X' N (Cap; (90, v7) \ Cp; (@0, V7).
Assume first that x, - v;‘f > 0. Since, by the definition of R and v;f = Ry2(vj), we have

5 3
FH(x1,v}) = 1, v)) + H(vj, vF) € [Zfﬂo, §¢0:|,

and <(xz, v;‘f) < ¢o, two applications of the triangle inequality for the spherical metric give

1 5
A(x1,x2) € |:Z¢O’ Ewo] =[n/16, 57 /8]

in that case. If x; - v;‘ < 0, then we estimate the angle <(x;, —x7) in the same way. This yields
*(x1, x2) € [7/16, 157 /16],

no matter what is the sign of x; - v;’f, which yields condition (iii) of Definition 2.1 for 6 = 7 /16.
Note that this estimate for the angle implies an estimate for the distance, p; sin(r/16) < |x2 — x|
being part of condition (ii) in Definition 2.1 for # = sin/16.

To select x3, we argue similarly to the proof of Lemma 4.2.

Consider the affine plane F' = F; = Hj + hjvj, hj = pjcosgp. Let o = oF be the central
projection from O to F. Set

E := 0 (Cap; (o, v;‘)) C F;
this is a filled ellipse in F. We have y, = o (x3) € E. Consider now the point y; = o (x1) € F.

The plane P = (0, x1, x3) is equal to (0, y1, y2). The straight line [l = P N F passes through
Y1, y2, and has to intersect 0 E and [l», where the straight line

Li=P,NF for Py:=(R(77/8,w)v,))" = (R7a(v)))",

is tangent to 0 E in F, and the direction of /5 is perpendicular to v; and to u = (1, 0, 0). Let y3
be that point in d E N [—which in general contains two points—which is closer to yi, and let
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Fig. 5. The configuration in F discussed above. The (slanted, dashed) line / passes through y; = o (x1) and some other
point (not shown) belonging to the ellipse E. The four points depicted on [ are, from right to left, y1, y4, y5 and y3. Note
that y4 is always situated between y3 (which is on the boundary of the ellipse) and y;. The position of ys, which is chosen
on [/ so that the angle <):(nHj 1), TH; (y5)) = ¢, may change, depending on the slope of / and position of y; = o (x1) (a
special case o (x1) = x| € F is shown here). For some positions of x, considered in Subcase 3(b), when / is not so close
to a tangent to E, we might obtain the order: yy, then y4 €[5, then y3 € 9 E, and finally y5 satisfying (4.38).

{ya} ;=1 N1l. Then it is easy to see that y4 lies on [ between y3 and y;. Therefore, / contains a
point ys such that (see Fig. 5)

Hrm; (vs), tr; (1)) = ¢ 2= arccos|:cotgo0 (tan %>:|
T
= arccos <tan §> =1.1437..., (4.38)

and we have P = (0, x1, x2) = (0, y1, ¥5).

Applying Lemma 4.1 with ¢; := ¢, we find a point z3 € H;j N dB;;, rj = pj singy, and be-
cause of (4.14) for i = j in (F) the last vertex x3 € Ij,; ;(z3) N X C B, of a good tetrahedron.
The estimate from Lemma 4.1 gives now

dist(x3, P) 2> co(@o, ¢)p; =0.0795... - p;.
Since co(¢o, @) < cos(w/16), it is easy to see that all the distances d;x := |x; — xk|, i # k, satisfy
0.0795...- pj <dix <3pj.

All the conditions of Definition 2.1 are verified now, and we conclude that 7 = (xg, x1,
X2, x3) € ¥ (0, ds(xp)) for n := co(po, ¢) = 0.0795 and dy(xo) = p; = pn, which implies the
validity of Part (i) of Theorem 3.3 for this last Case where the iteration was stopped. Part (ii)
follows from Corollary 4.4 below.

4.3. Estimates for perturbed tetrahedra

Lemma 4.3. Assume that xo =0, x|, x3, x3 € R3 satisfy
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(1) nd < |x; —xj| < n_ldforalli #j,i,j=0,1,2,3,
(ii) dist(x3, (xo, x1, x2)) = nd,
(iii) n < ¥(x1 —x0,x2 —x0) <7 — 1,

where n € (0, %) and d > 0. Then, there exists a number ¢ = e(n) € (0, 1/4) such that

. 1

dist(y3, (yo, y1, 32)) = 71d (4.39)
whenever y; € Beg(x;) fori =0,1,2,3.
Proof. W.1.0.g. we may assume that xo = 0. Let y; = x; + v; with |v;| < ed fori =0, 1,2, 3; we
shall fix € € (0, 1/4) later on. Since the left-hand side of (4.39) is invariant under translations, it
is enough to prove (4.39) for the quadruple (yo, y1, 2, ¥3) shifted by —vg. Thus, from now on
we suppose that

yo=x0=0, y;j=x;+w;, where|w;|<2ed forj=1,2,3.
By (iii), (i), and the fact that n < 1/2, we have
d*n* <d*n?sinn < |xy x xo| < Jx||xg| <dPp 2
Moreover, y; X y» = (x1 X x2) + v, where the remainder vector v satisfies by Assumption (i)
) 1 5
v =|wy X x2+x1 X wa +wy X wa| <2-2ed-dn~ " + (2ed)

<d*n7'(de +4e?) < Sed*n™!

(the last inequality is satisfied for all ¢ € (0, 1/4) and 0 < n < 1). Thus,
3
Iy1 X y2| < §|X1 X x2]

if [v] < %dzn4 < %le X X7/, and the last condition is satisfied whenever
10e < 1. (4.40)
Since yp = 0 = xo, for all such choices of ¢ we have according to Assumption (ii)

[{(y3, y1 X y2)|
[y1 % y2l

2|{y3, y1 X y2)| S 2|{x3, x1 X x2)|
3 xxal T 3lxg x xo

@) 2

dlSt(y3, (yO’ Vi, y2>) =

where, by the triangle inequality,
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2
0 < R < ————(wsllxyllx2| + lwzllv] + [x3][v])
3lx1 X x2]

< %(dzn“)_1 (26d - d*n2 +ed - d*n* +dn~" - 5ed®n™")

< 68dr]_6

as 0 < 1 < 1 hence n* < n~2 for the last inequality. Choosing & = (1)) € (0, 1/4) so small that
R < 6ed 77_6 < %d 1 in addition to the requirement in (4.40), we conclude the proof. O

Corollary 4.4. Given d > 0 one finds for any n € (0, 1/2) a constant « = «(n) € (0, n/20) such
that for all tetrahedra T € ¥ (n, d) one has

3
T e 7/(% 5ar) forall | T —T'|| < od.

We omit the proof since it relies on simple distance estimates using the triangle inequality and
on Lemma 4.3.

4.4. Large projections and forbidden conical sectors

It is clear that Conditions (A)—(F) stated at the beginning of Section 4.2 combined with the
lower bound for stopping distances obtained in Proposition 3.5 imply the statement of Proposi-
tion 3.4 for all points x € X'*.

Using density of X* and closedness of X' it is easy to see that Proposition 3.4 does hold also
forall x € X'\ X'*.

Indeed, fix x € X and r < Ry = Ro(E, p). Choose a sequence of x; — x, x; € X*. For
each x;, let H; and v; be the plane and unit vector whose existence is given by Proposition 3.4
for points of X*. Set D; := H; N B(x;, r/\/z).

Passing to subsequences if necessary, we can assume that H; and v; converge as i — 0o to
a plane H and a unit vector v. We shall show that H and v satisfy the requirements of Proposi-
tion 3.4 for x and r.

Foreachwe D:=HN B(x,r/ﬁ) we select w; € D; with |w; — x;| = |w — x| such that
w; — w as [ — 00. By (3.5) applied for x;, X' contains points y; = w; + t;v; where the coeffi-
cients #; satisfy
|2

lt:1> < r? = Jwi — x> =r? — Jw — x|*.

Again, without loss of generality we can assume that ; — f as i — 00, so that
- _ 2.2 2
yi=w; +ty—>y=w+tv, [f°<r"—|w—x|".

Itis clear that y € X N B(x, r) and mg(y) = w so that (3.5) holds at x.
Finally, if one of (3.6)—(3.7) were violated with our choice of H and v, then the respective
condition would be violated for x;, 7, H; and v; for all i sufficiently large, a contradiction.
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5. Uniform flatness and oscillation of the tangent planes

Throughout this section we assume that X' = 9U is a closed, compact admissible surface
in R3, with

Mp(X) < E <00

for some p > 8. As was shown before in Theorem 3.1, all such X' are Ahlfors regular with bounds
depending only on the energy, i.e. there exists an Ry = Ro(E, p) > 0 whose precise value was
given in (3.1) such that

A (2N B(x,R)) > %RZ forall x € ¥ and R € (0, Ro]. (5.1)

We shall show that each such X is in fact a manifold of class C!. To this end, we shall show
that the tangent plane to X' exists and satisfies an a priori Holder estimate. This a priori estimate
allows to cover X' by a finite number of balls, with radii depending only on p and the bound for
energy, such that in each of these balls X is a graph of a C' function with Holder continuous
derivatives, see Corollary 5.7. This fact will be used also later in Section 7 when dealing with
sequences of admissible surfaces with equibounded energy.

Our aim in this section will be to estimate the so-called beta numbers; see e.g. the introductory
chapter of [6],

. dist(y, F) .
Bx(x,r):=inf sup ———: F is an affine plane through x (5.2)
yeXNB(x,r) r
for small radii r and points x € X', and to show that
Bx(x,r) < C(E, p)r* (5.3)

where k = k(p) = (p —8)/(p+16) > 0. One of the issues is that we want to have such estimates
for all r < Ry (E, p) where R|(E, p) is a constant that does not depend on X'.

It is known that for the class of Reifenberg flat sets with vanishing constant uniform estimates
like (5.3) imply C¢ regularity, cf. for example David, Kenig and Toro [5, Section 9], or Preiss,
Tolsa and Toro [24, Def. 1.2 and Prop. 2.4]. In our case, we a priori know that ¥ € &/ and
this information by itself does not imply Reifenberg flatness. However, we establish (5.3) induc-
tively; while doing that, we can simultaneously ensure that X is Reifenberg flat with a vanishing
constant in a scale depending only on the energy.

In order to show precisely what is the role of energy bounds, we give all details of that reason-
ing. Everything is based on iterative applications of Proposition 3.4 and of the following simple
lemma.

Lemma 5.1 (Flat boxes). Suppose that #,(X) < E for some p > 8. Then, for any given number
1 > 1 > 0 there exist two positive constants €y = eo(n) > 0 and c¢1 = c1(n, p) > 0 such that
whenever a triple of points A = (xo, x1, x2) € X3 satisfies

AeS(n,d), d<Ro(E,p)
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where Ry(E, p) is given by (3.1), then we have
X N B(xp,3d) C Ugd((xo, X1, xz)) 54
for each ¢ € (0, e9(n)) which satisfies the balance condition
elTPd%P > ¢1(n, p)E. (5.5)

In other words, we have

Bx(x0,3d) <

W[ ™

(and also a slightly weaker inequality Sy (xo, d) < &) whenever we can find an appropriate triple
of points of ¥ and (5.5) is satisfied. Note that the balance condition (5.5) is satisfied for ¢ ~
EV@H10)gr 5o that the ‘boxes’ B(xg, 3d) N Ugq({x0, X1, x2)) become indeed flatter and flatter
as the scale d — 0.

Remark 5.2. This lemma and its iterative applications in the proof of Theorem 5.4 are one of the
main reasons behind our choice of definition of .#,. The proof presented below shows that for
any integrand /C; (T') satisfying

hmin(T)

Ki(T) ~ —m———,
o (diam T)2+s

s >0,

for which the scaling invariant exponent equals 8/(1 + s), the appropriate balance condition
replacing (5.5) would be

g6+ 8=U+9r > Epergy :=/ICS(T)pdu.
24

For p > 8/(1 + s) this would yield, instead of (5.3) above, an inequality of the form S5 (x,r) <
r<©:P) with (s, p) = (p + sp — 8)/(p + 16). However, for p > 24/s we have (s, p) > 1, and
reasoning as in the proof of Theorem 5.4 below one could show that the normal to X' is Holder
continuous with exponent « (s, p) > 1, i.e. constant! Because of that we do not work with the
cMmr curvature introduced by Lerman and Whitehouse in [14]: for sufficiently large p, the only
surface with finite energy would be a plane.

Proof. We argue by contradiction. Suppose that some point x3 € X' N B(xgp, 3d) does not belong
to Ugq(P), P := (x0, x1, Xx2). Fix &9 = €0(n) > 0 so small that if & < g, then for all tetrahedra
T’ with vertices xlf € B(x;, szd), i=0,1,2,3 one has
d 3d
dist(x5, (xg, ], x})) > % = % S and A(T) = (x, ). x3) €7 (1/2.3d/2). (5.6)
(An exercise, similar to the proof of Lemma 4.3, shows that one can take e.g. eo(n) = n2 /200.)
Now, since £2d < d < Ro(E, p), we have by (5.1)

H(E N B(xi. ) > T (%)’ > e'd?
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fori =0, 1,2, 3. Invoking Lemma 2.10 with k = £/6 as suggested by (5.6), we obtain an estimate
of the integrand,

1 (n ¢ 2 1 ne
K:T/Z—— c.L U T/: /’ /’ /’/'
() 502<2> 6 3d 18-10° 4 (x0, 11,3, x3)
Integrating this inequality w.r.t. T’ € 24N PB24(T), we immediately obtain

E>#,(%)> / ’CP(T/)d (T/) ( 4d2)4 L P
it )= 18- 10%d
S4NB,,,(T)

— )73[7(18 . 104)_p€16+[7d8—[)’
which is a contradiction to (5.5) if we choose c1 (17, p) =3P (18 - 10Y?. O

Remark. From now on, we fix n > 0 to be the constant whose existence is asserted in Theo-
rem 3.3, and we write

ci(p) :=ci1(n, p) (5.7)

for that fixed value of 7.

Lemma 5.3 (Good triples of points of X). Let X € o/, p > 8 and .#,(X) < 0o. Suppose that
xeX,ye X and 0 <d = |x — y| < ds(x), where dy(x) is the stopping distance from Theo-
rem 3.3. Then there exists a point z € X N B(x, d) and an affine plane H passing through x such
that

i) A=(x,y,z)€.L(n,d), where n is the constant from Theorem 3.3;
(i) 7 (¥ N B(x,d)) D H N B(x,dsingy), where o = T;
(iii) ¥(H, P) <oy, where P = (x,y,z) and

1
o :=£—arctan—=0.955<--~<

2 NG

w|

(5.8)

Proof. W.l.o.g. we suppose that x = 0 € R3. Applying Proposition 3.4, we find v € S* and H =
(v)™ such that (3.5), (3.6) and (3.7) do hold for r = d = |x — y|, H and v. In particular,

D:=HNB(x,d/v2) Cry(Bx,d)N X), (5.9)
and by (3.6)-(3.7)
Ty (5.10)

By (5.9), for each w in the boundary circle of the disk D the segment I (w) := Id/ﬁ ,(w)
(cf. Section 2.1 for the definition) contains at least one point of X'. Choose wg € D such that
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wo—Xx Layg(y—x)and lwg — x| = d/ﬁ and then choose any point z € X N I (wp). We claim
that the conditions of the lemma are satisfied by that point z and H.

Indeed, we have z € B(x, d) and min(|z — x|, |z — y|) > d/~/2 > nd. By choice of z and wy,
we also have

—x) (—-x)=z2-y=(c—75@) (y—75() =%z —75@)||y —7a ().

Thus, |cos ¥(z, )| = (Iz — 7 @1/1zD(y — T MI/Iy]) < (cosgp)® = 1, so that ¥(z,y) €
[%, 2?”]. This implies that A = (x, y, 7) is (1, d)-wide, i.e. A € . (n, d).

To check (iii), one solves an exercise in elementary geometry. For that let P := (x, y,z). It
is enough to check that 7 > (P, v;) > arctan(1/+/2) and then use ¥(P, H) = 7 — ¥(P,v).
To compute %(P,v), let F = H + hv, h =dcosgy = d/ﬁ and note that the distance § :=
dist(l1, I>) between the two straight lines /; := P N F and /5 := {x + sv: s € R} L F satisfies
8 > h/~/2=d/2. This gives the desired estimate of the angle. O

Theorem 5.4 (Existence and oscillation of the tangent plane). Assume that X € o/ and
Mp(X) < E for some p > 8. Then, for each x € X there exists a unique plane T, X (which
we refer to as tangent plane of X' at x) such that

1+«

dist(x’, x + T X) < C(p, E)|x’ — x| forall x" € X N Bs, (x), (5.11)

where k := (p —8)/(p +16) > 0 and 6 = §1(E, p) > 0. Moreover, there is a constant A =
A(p) such that whenever x,y € X with0 <d = |x — y| < §1(E, p), then

AT 2, Ty %) < A(p)EVPH1O g, (5.12)

Remark 5.5. In fact a possible choice for 61 (E, p) is

1/k
S1(E, p) = min{l, Ro(E, p), <%> (cl(p)E)_l/(p_S)}, (5.13)

where Ro(E, p) is the absolute constant given in (3.1) of Theorem 3.1, c1(p) is defined in (5.7),
N 4 *
and Mo = Z(§ — 0[0).

Proof of Theorem 5.4. Let us describe first a rough idea of the proof.
To begin, we use Lemma 5.3 and select z € ¥ N B(x, d) such that the triple A = (x, y,z) €
(n,d). Then, fixing 81 (E, p) small and setting

dy:=d/10""", ey suchthatey Pdy P =ci(p)E for N=1,2,...,

we shall find triples of points, Ay = (x, yn,ZnN) € >3, such that YN, 2ZN € B(x,2dy) and the
angle yy = ¥(yv — x,zy — x) &~ 7 with a small error bounded by C ) ey where C depends
only on p and E. The crucial tool needed to select yy, zy is the knowledge that ¥ N B(x, dy)
has large projections onto some fixed plane.

Thus, an application of Lemma 5.1 shall give

XN B(x,3dy) CUgyay(Pn), Py =(x,YN,2N)- (5.14)
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Moreover, we shall check that the planes Py satisfy %(Pny+1, Pv) < Cey, and P is close to
Py = (x, v, z). Thus, the sequence (vy) of normal vectors to Py is a Cauchy sequence in S2.
This allows us to set the (affine) tangent plane P = 7, X + x to be the limit plane of the Py,
and to prove that P does not depend on the choice of yy, zy and Py (which is by no means
unique). (It is intuitively clear that P = lim Py should be equal to the affine tangent plane to X'
at all points where X a priori happens to have a well defined tangent plane.) The whole reasoning
gives

AT X, Py) < Cey =C'd".

Reversing the roles of y and x, we run a similar iterative reasoning to obtain the above inequality
with x replaced by y. An application of the triangle inequality, combined with a routine exami-
nation of the constants, ends the proof.

Let us now pass to the details.

Again, we assume for the sake of convenience that x = 0. Set

d
dNizw, d=|x—y|, N=1,2,..., (515)
and let ¢y be defined by
eNTPdy P =1 (p)E, N=1,2,.... (5.16)

Note that

1
E\ 16+p 8-p
EN = (Cil(;i)l’ ) " (ION_I) 67 — 0 as N — oo.

Moreover, by our choice of §; in (5.13),

ad o0
20028N=2OO(Cl(p)E)]/(p+16)Zd;“ . p—38 0

T o+16
N=1 N=1 p+

o0

— 2oo(c1(p)E)”‘P“6)< 3 ION">d"
N=0

400 1 16
< T(cl(p)Ev) /(p+ )dl(
l(m %
<mo=7(7-%) (5.17)

where o € (0, %) is given by (5.8). (We have used ) 1077/% = 10¢/(10° — 1) < 2/« in the
second inequality above.) In particular ey < 1 for all N € N.
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Proceeding inductively, we shall define two sequences of points yy, zy € X which converge
to x = 0 and satisfy the following conditions foreach N =1, 2, ....

dN 3dN
7<|yzv|, |ZN|<T~ (5.18)

An initial plane Py and planes Py = (0, yn, zn) satisfy oy := <(Py, Py—1) <200ey. (5.19)

T

The angle yn := (¥, zn) € [0, ] satisfies |yy — 5‘ <6e;+40(e1 +---+en—1). (5.20)

We shall also show that there exists a fixed plane H (given by an application of Lemma 5.3 at
the first step of the whole construction) through x such that, foreach N =1,2,...,

7 (B(x,dy) N ) D Dy (x,dn/2) == B(x,dy/2) N H. (5.21)

Here is a short description of the order of arguments: we first apply Lemma 5.3 to select Py
and then correct it slightly to have two points y1, z1 satisfying (5.20). This is done in Steps 1 and 2
below. Next, proceeding inductively, we first select yy 1, zy+1 very close to the intersection of
segments [0, yy] and [0, zy] with the boundary of dBg,,, (Step 3). Finally, we estimate the
angle ay (Step 4) and prove that P = lim Py does not depend on the choice of Py (Step 5).

Step 1. For given x and y use Lemma 5.3 to select z € B4(X') and the plane H satisfying
conditions (i)—(iii) of that lemma. (Notice that |x — y| =d < 81(E, p) < Ro(E, p) < ds(xp) by
our choice (5.13) and (3.8) in Proposition 3.5, so that Lemma 5.3 is indeed applicable.)

Let Py = (x,y,z) =0, y, z); by (iii), we have

1
af = ¥(Py, H) <oj = % —arctan — < % (5.22)

V2
Lemma 5.1 gives Bx(x,d1) < e1. Set
Fo:= {z’ e B(0,dy): dist(z’, P()) < 81d1} =Uga,(Po) N By,. (5.23)

We know that ¥ N B(x, d;) C Fy. The goal will be to prove that one can choose yy, zy so that
for Py :=(x, yn, zN)

XN B(x,dy) C Fy :={z' € B(0,dy): dist(z', Py) < endn} = Usyay(Pv) N Bay,  (5.24)

also for N =1,2..., and to provide an estimate for ay = ¥(Px, Py—1) showing that for large
N the center planes of the sets Fy stabilize around a fixed affine plane.
Note that (5.21) for N = 1 follows from Lemma 5.3(ii) since singg = 1/+/2 > 1/2.

Step 2 (choice of P;). We shall choose y;, z; with y; = ¥(y1, z1) & Z, and we shall show that
the plane P; = (0, yy, z1) satisfies o) = J(P;, Py) < 12¢;. To this end, select a point xo € Fy
such that

ho := dist(xg, H) = maxdist(¢, H) > 0.
§eky

It is clear that xq exists since Fy is compact, and that xo € d By, ; see Fig. 6.



P. Strzelecki, H. von der Mosel / Advances in Mathematics 226 (2011) 2233-2304 2275

Fig. 6. The initial configuration in B(x, d); cross-section by a plane which is perpendicular to H and P. A priori, at
this stage we do not control the topology of X' and we cannot even be sure that X' is a graph over H (or Py). The angle
« is marked with a triple line.

Let oe{)’ := J(xo, Py) denote the angle between x( and its orthogonal projection 7 p,(xo) onto
the plane Py. We have sincy, = £1d1/d; = &1. Hence, o < (7/2) sinayy < 2¢;.
Now, since 261 <200 ey < %(% — ) by (5.17), we can use (5.22) twice to obtain

5.22 1
ho = d sin(a, + o)) 2 sin(a(’)‘ + Z(% - a(";>>

(3 17\ G622 . =« V3
= d151n(1a3+25> < d151n§=d17.

This implies that each straight line / = /(w) which is perpendicular to H and passes through a
point w in the disk

(5.25)

Dy=Dy(0,r0)=HN By, wherer?+h3=d7,

intersects the finite slab Fy along a segment I of length 2/, where ¢1d/ lp = cos ), which gives
lo = (e1d))/ cos )y < 2¢1d) by virtue of (5.22). Since g = dj — hj > d? /4 according to (5.25),
we have D := Dy (0,d1/2) C Do in H. Choose two points aj, by in the circle which bounds D
in H so that a; 1L by and by € Py N H. Take the lines I(ay), [(b1) passing through these points
and perpendicular to H, and select

yvieXNlla)NFy, z1€XNlb)NFy (5.26)
(such points do exist since X’ N B(x, d;) C Fp and the projection of X' N B(x, d1) onto H contains
D by (5.21) already verified for N = 1).

Note that y{, z} = b1 given by

i} =t@ynpy,  {f}=1G)NP (5.27)
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satisfy y| L z]. Let o := 3(y]. y1). 6o := ¥(z}. 21). We have

e1d;
(di1/2) —lo

281d1
dy —4e1d,
<3¢ (5.28)

Yo <tanyo <

as lp < 2¢1d;

since 1 < ) ey < (200)_1/Lo < 1/12 by (5.17). Similarly, we have tanfy < 3e1, so that both
angles o and 6 do not exceed 3e1. Therefore, 0 < y1 = ¥(y1, 21) < ¥O1, y)) + 0. 2) +
¥(z}, z1) satisfies

2

T
Vl——‘<1ﬂ0+90<6€1, (5.29)

which gives (5.20) for N = 1. By choice of ay, b1, (5.18) is satisfied for N = 1. Thus, the trian-
gle A = (x, y1,21) is (n,d)-wide, i.e. A € S (n,d) for n:=min{l/2, 7 — (7/2 4+ 6e1)} =1/2
(by (5.17)), and d :=d; < Ro(E, p). Consequently, by virtue of (5.16) we can derive (5.24) for
N =1 with the help of Lemma 5.1.

Finally, normalizing y{, z} € Py, we easily check that

ay =Py, Py) < 12¢;  for Py :=(x, y1,21), (5.30)

which gives (5.19) for N = 1. Moreover, by (5.30), (5.22), and (5.17) we have

AP, H) < ¥(P1, Py) + < 1261 +of < 53 -a) e < /3.

(5.30),(5.22) LG 1 <7T *> L (522)
3

To summarize, we have now proven (5.18), (5.19), (5.20), (5.21), and (5.24) for N = 1.

Step 3 (induction). Suppose now that yi, ..., yn, z1, ..., Zy have already been selected so that
conditions (5.18), (5.19), (5.20), (5.21), and (5.24) are satisfied for j =1, ..., N. Note that since
(5.24) is satisfied for all indices up to N, we have

ﬁg(x,dj)<5j:0(d}‘), j=1,...,N. (5.31)
We shall select two new points yy+1, Zy+1 such that (5.18), (5.19), (5.20), (5.21) and (5.24) are

satisfied with N replaced by N + 1.
Choose first two auxiliary points,

{Vvpr} =100 981N8BO.dy). {2y} :=10.281N3BO. dys1).  (532)
Since Py = (0, yn, zn), we have yfv+1’Z;v+1 € Py N By, C Fy.Fix xy € Fy such that

hy :=dist(xy, H) = max dist(§, H).
EeFy
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Set oy := H(Py, H), oy, == (xn, Py). We note that xy € 3 By, and by (5.17)

) Ganl(nm
oy =arcsiney <2ey <26 < Z(? _0‘3)

Applying the triangle inequality and using the induction hypothesis (5.19) up to N, and (5.22),
we estimate

ay =Py, H)
< H(Po, H) + 5(P1, Po) + 3(P2, P1) +---+ ¥(Pn, Pn—1)

=aj+ta+-tay

1
<af + Z (% - a;;) by (5.22), (5.19), and (5.17). (5.33)

Thus, oy + oy <af + %(% — o) < 5 and, as in the second step, we have

3
hy =dy sin(ay +ay) <stin% :dNé’ N

WV

1.

Hence, d12v = h12v + r,zV for some ry > dy/2; as previously, we conclude that each straight line
[ =I(w) which is perpendicular to H and passes through a point w in the disk

Dy =Dp0,ry)=HNB,,,

intersects the finite slab Fjy along a segment / of length 2/, where exdy /Iy = cos X(Py, H),
which gives Iy < 2enydy by virtue of (5.33). Moreover, by (5.21) (which, by the inductive as-
sumption, holds for N), each segment I (w) for w € Dy (0, dy/2) vertical to H must contain at
least one point of X.

We now choose yni1, Zy+1 € Fy N X such that

raON+) =7 (Yy):  maGEN+) =7TH () (5.39)

To establish the desired estimate of <(Px 1, Py), we show first that

Y = F(yn+1, yN) < 206y, (5.35)
ON = H(zN+1, 2n) < 20en. (5.36)

Indeed,

(5.32)
tan Yy =tan I(yn+1, yv) = tan F(yn+1, Yy41)
ENdN
< _NON
dyy1 —In
SNdN

=20¢ey,
dn11/2 N

<
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where the last inequality holds since Iy < 2enydn < 2e1dy < dn /300 < dy+1/2; remember that
261 <23y en < (100)~ 1o < (100) "' /12 < 1/300 by (5.17).

Thus, ¥y <tanyry < 20ey. Similarly, Oy < tanfy < 20ey. This proves (5.35) and (5.36).
Moreover, the triangle inequality gives an estimate of the angle yy+1 = <(YN+15 ZN+1),

lyn+1 — yn| <On + v <40ey, (5.37)
and consequently
bid T
YN+ S S|YN — ) +40ey.

By induction, this inequality implies (5.20) with N replaced by N + 1. We also have

dni1 3dn 11
L Cdyp — Iy < lyws1l <dygr + 1y < 2+,

and a similar estimate for |zy41|, which gives (5.18) with N replaced by N + 1. There-
fore the triangle A = (x, yy+1,2N+1) 1S (71, dy+1)-Wwide, i.e. A € .S (n1,dn+1) for ny :=
min{1/2, (x/2) — 503"y en} = 1/2 according to (5.17). Since 1 = 1/2 > = the constant
from Theorem 3.3, Lemma 5.1 is again applicable to obtain

xn B3dN+1 - U8N+1dN+1 (PN+1)1

which implies (5.24) with N replaced by N + 1.

To check (5.21) with N + 1 instead of N, we fix z € X' N (Bgy \ Bay,,) and estimate |y (2)].
Since then z € Fy = Ugyay (Pn) N By and the angle a}v = J(Py, H) satisfies (5.33), we check
that sin(<(z, Pn)) < endn/|z| < endy/dn+1 and consequently

|mH (2)| = |zl cos ¥z, H)

. endy
> |z| cos (aﬁ\, + arcsin )
N+1

> |z|cos(ay +20ey) as dy = 10dy4
> |z] cos% by (5.17) and (5.33)

ZdyNt1/2.

Since by the inductive assumption ((5.21) up to index N) the projection g (X N By, ) contains
the whole disk Dy (0, dy/2), we do obtain wg (X N By, ) D D (0,dy11/2).

It remains to verify (5.19) with N replaced by N + 1, i.e., the desired inequality for the angle
an+1 = H(PN+1, PN).
Step 4. Estimates of «y. We normalize the vectors spanning P; and set u; :=y;/|y;|, w; :=
zj/lzj|. We also set M; = |u; x w;|, noting that by (5.20) which we already have shown to hold
up to N + 1, and by (5.17) that

c 5 7
e\t n"
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so that

S

1>2M;=siny; > forall j=1,...,N+1. (5.38)

Now, we compute the difference of unit normals to Py and Py,

UN+1 X WN+] UN X WN

=T+ 17,
lun+1 X wyt1]  |uy X wy|

where

_ Myuy+1 X wy41 —un X wy)

T : ,
MnMpy 1
My — My
Thi=——————un X wy.
MyMp 1

Since un, wy € S?, we can use (5.35), (5.36) (which yield the estimates of uy4+; — uy and
wn4+1 — wy), and in addition (5.38) and (5.37), to obtain

(5.38)
ITi| < V20uns1 X wyi1 —uy X wy]
< V2(luns1 —un| +lwy g1 — wyl)

< 40«/58;\/ < 60ey;
3

(5.38)
|T5] < 2|sinyy —sinyny41| since sin is 1-Lipschitz

(5.37)
< 2lyny —yn+1l < 80ew.

This implies
an+1 = H(Pn+1, Py) < 140ey, (5.39)

i.e., (5.19) holds also with N replaced by N + 1.
Finally, a computation similar to (5.33) shows that

X(H, Pyy1) <7/3. (5.40)

To summarize, under the inductive hypothesis that (5.18), (5.19), (5.20), (5.21), and (5.24) hold
up to N, we have shown that (5.18), (5.19), (5.20), (5.21), and (5.24) do hold up to N + 1, which
yields (5.18)—(5.21) and (5.24) for all N € N by the induction principle.

Step 5 (existence and uniqueness of lim Py). The unit vectors uy = yy/|yn| and wy =
zn/|zn| spanning the affine planes Py with unit normals vy :=uy x wy satisfy <(uy, wy) =
YN € (%n, 17—271) for all N, so that subsequences again denoted by uy and wy converge to unit
vectors u, w € S' with ¥(u, v) € [%n, %n] spanning a limiting affine plane P with unit normal
vector v :=u X w, so that we can say Py — P as N — oo. Since all Py contain x = 0 so
does P. As in (5.17), summing the tail of a geometric series, we obtain by (5.19):
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P.Py)= lim 3(Pi, Py) < <200
3(P. Py) = lim ¥(P. Py) Z“m ,XN:HS’

(5.19) 400 1 16
< p ( ( )E) /(p+ )dN+

=1 Co(p)EV/PHOg% | forall N=0,1,2,.... (5.41)
In particular,
(P, Po) < Co(p)EVPHOdY = Cy(p)EV/PHO g~ (5.42)

However, as we cannot a priori claim that X' is a graph over H, the choice of yy and zy for
small values of N does not have to be unique. Suppose that for two different choices of sequences
YN, Zn € X and y}, 2y € X (satisfying (5.18)—(5.20), and (5.24) for all N € N), we obtain

Py =(x,yn,2N) > P, Py =(x,yy,2y) = P’ as N — oo,
but P # P’ and /2 > (P, P’) =1 > 0. Fix N so large that ¢y < /10 and
max((P, Py), ¥(P', Py)) < 9/10.

Since y), € Py and dy /2 < |y)| < 3dn/2 by(5.18), we obtain ¥(y),, P') < ©/10. Hence, the
angle between y), and Py cannot be too small: ¥(y},, P) > ¥(P’, P) — ¥(yy, P') > 99/10 and
I(yy» Pn) = ¥y, P) — X(P, Py) > 49/5. Therefore,

dN 2 49  dyv

dist(yy, Pv) = |yy|sin ¥(yy. Pn) > S - s s 2endy,

which is a contradiction to
XN B(x,3dy) C Ugpay (PN),

as |yyl <3dy/2 < 3dy. Thus, P =lim Py is unique and does not depend on the choices
of yn,zn.

We set P =: x + T, X' to define the tangent plane 7, X of X at the point x, and we set
n4(x) := v to obtain a well-defined unit normal to X at x; the estimate (5.41) gives in fact (5.11)
(justifying the term “tangent plane”)

dist(x/, P) < 2endy +dysin (P, Py)

=EVPTO0(a\t ), N-—>oco, forallx’eB(x,dy)NX, (5.43)

where the constant in ‘big O’ above depends only on p.

Step 6 (conclusion of the proof). Reversing the roles of x and y, running the whole procedure
one more time, and using (5.42) twice, we obtain

HT 2, Ty %) < AT X, Po) + H(Py, TyX) < 2C2(p)EVPHOg¢ o (5.44)
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We state one corollary which easily follows from the last result and its proof. It tells us that it
is not really important how we choose Py; there are many choices which give a similar approxi-
mation of 7\, X.

Corollary 5.6. Assume that ¥ € o/ and M,(X) < E for some p > 8. Let Ty X and 8| =
S81(E, p) > 0 be given by Theorem 5.4.

Whenever x,y,¢ € X with0 <d =|x — y| <81(E, p), d/2<|x —¢| <dand ¥ —x,y —
x) € [w/3,2m/3], then Ty X and the plane P = (x, y, {) satisfy

—8
XTI 2, P) < C3(p)ENH19gc o= L2
p+16

(5.45)

where the constant C3(p) depends only on p.

Proof. We use the notation introduced in the proof of Theorem 5.4. Since (7, X, Py) <
EV(p+16) g by (5.42), it is enough to show that the angle %(Py, P) does not exceed a con-
stant multiple of E!/(P+16)4% Noting that d/2 < |¢ — x| < d = d; and ¢ belongs to the slab
Ug,4,(Po), we easily compute this angle and finish the proof. The computational details, very
similar to the proof of (5.39), are left to the reader. O

In order to deal with sequences of surfaces with equibounded energy in Section 7 we establish
a local graph representation of one such surface X of finite .#,-energy on a scale completely
determined by the energy value .#,(X) and with a priori estimates on the C 1% _norm of the
graph function.

Corollary 5.7. Assume that p > 8, M#,(X) < E < 0o. Then there exist two constants, 0 <
a(p) <1 < A(p) < oo, such that for each x € X' there is a function

fiTeX > (T 2)"~R

with the following properties:

@ f0)=0, Vf(0)=(0,0), B

.. _1 p=8

(1) [VF() =V Ol < A(p)EPFio|yp — yp| P76,

(i) If R =R((E, p) :=a(p)E’1/(p*8) < Ro(E, p) (where Ry(E, p) has been defined in (3.1)
of Theorem 3.1) and if

®(y):i=x+(y, f()). yeLZ~R?
then

P (Dsp,) C [B(x,R))NX] C ®(Dg,). (5.46)
where Dr, = B(0, R)) N T, X is a diskin T, X around 0 € T, X, and
1 =8

|D®(y1) — DP(y2)| < A(p)E7+T8 |y — y|v¥T6. (5.47)

In particular, ¥ is an orientable C*-manifold for k = (p — 8)/(p + 16).
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Proof. Basically, we mimic here the proof of Theorem 5.1 from [33]. (In [33], we knew that
the surface cannot penetrate two balls of fixed radius, touching X at every point; this is replaced
here by angle estimates (5.41) and (5.42), and the existence of forbidden conical sectors, cf.
Proposition 3.4.)

Fix x € X¥'. Without loss of generality suppose that x = 0.

Step 1 (the definition of /). We use the notation from the proof of Theorem 5.4. Recall the plane
P =x + T, X (used to define T X') has been obtained as a limit of planes Py satisfying (5.41);
for all x,y € X with |x — y| =d < §1(E, p) given by (5.13) we had the angle estimate (5.44).
Using (5.43), one can easily show that

dist(x, P) < Ay (p)EV/ (P10 g1+« (5.48)

whenever x” € B(x,d)N X for some d < 81 (E, p). We shall use this estimate and Proposition 3.4
to show that if r < a(p)d1(E, p) for a sufficiently small constant a(p) € (0, 1), then

(mp(B(x,4r/3)N X)) contains the disk D, := B(x,r) N P. (5.49)

Indeed, otherwise there would be a point z € D, and a segment [ = Ij, ,,(z) L P (we fix a unit
vector S> 3 w L P) of length

2h =24 (p)E"PH1O) (4r/3) 11K

< ;ﬁ if a(p) is small enough

such that / N X' = (. By (5.48) all points of X in B(x,d), d =4r/3, are in fact located in the
thin slab Uy, (P). Thus, it is easy to use Proposition 3.4, (3.6)—(3.7), and check that—no matter
what is the angle between P and the vector v given by that proposition—the sets Czir (90, V) \ B,
contain two open balls B* which are in two different components of B(x,d) \ U,(P). Hence,

BT CCl(po,v)NU, B~ CCy(p0,v) N (R}\T).

Now, one could use the segment 7 to construct a curve which contains no point of X but never-
theless joins a point in B~ to a point in B™. This is a contradiction proving (5.49).

Next, using (5.44), one proves that 7 p is injective on B(x, 4r/3) N P. Otherwise, there would
be apointz' € P,4r/3 > |7/ —x| = p > 0, and a segment I := [}y ,,(z) with

W =A(p)EVPHIO 14 < p/100

such that /' N X would contain two different points y; # y». Then, letting Py = T,, ¥, v; =
(y1 —x)/Iy1 — x| and v = (y2 — y1)/ly2 — y1|, we would use (5.44) to obtain

3(v1,v2) < F@1, P) + H(P, P1) + 3(Pr, v2)
< Ax(p) EVPHIOpr

% if a(p) is small enough.
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Since vy L P we have on the other hand for sufficiently small a(p)

T T T
F01Lv) > 2 = AP ) > S - As(p)EVPTI0 pr T

a contradiction.
For y € U, where U denotes the interior in P of wp (X N B(x, 4r/3) we now define

FO)=w- (7plsnBdrs) " (),

and let @(y) be defined by the formula given in Part (iii) of the Corollary. Note that U D D,
by (5.49). It is clear that f(0) =0 and V f(0) = (0, 0). The differentiability of f at other points
follows from (5.48) which implies that for o — 0 Graph f N B(x, @) is trapped in a flat slab of
height < ! around a fixed plane (depending on x but independent from ).

Step 2 (bounds for |V f|). The vector (V f(y), —1) is parallel to the normal direction to X' at x
when y = mp(x). Taking y € U, we have by (5.12) of Theorem 5.4

a(y) = 3To ¥, THX) < /4.

Since tana(y) = |V f(y)|, we have |V f(y)] < 1 everywhere in D,. Thus, f is Lipschitz with
Lipschitz constant 1.

Step 3 (the oscillation of V f). Fix two points y;, yo € U and set a = Dy f(y1), b = D2 f(y1),
¢ = D1 f(y2),d = D> f(y2) where D; stands for the i-th partial derivative. The angle « between
the tangent planes to X' at x; = @ (y;), i = 1, 2, satisfies

. (a—c)*+ (b—d)? + (ad — bc)?
simm-oa =
(1+a?+b>)(1+c2+d?

622 (@ —¢) + (b —d? _|Df(y) = Df )’
= 4 - 4 :

(5.50)

An upper bound for « is also given by (5.12). Combining the two, and noting that |x; — x3| <
2|y1 — 2|, we obtain the desired estimate for y1, y» € U and conclude the proof, extending f to
the whole tangent plane by well-known extension theorems; see e.g. [9, Chapter 6.9]. O

Remark 5.8. Assume that some absolute small constant &g is given a priori, say &9 = ﬁ. Then,
shrinking a(p) in the previous corollary if necessary, we have above for y;, y2 € Dk,

1 —8 1 -8
IV £ (1) = VF(32)| < A(p)ETH |y) — y,| 7716 < A(p) ETF6 (2R,) 7716
-8 -8 -8
<2A(p)ETTa(p) 1716 (E-/09) 356 = 2A(p)a(p) 776 < e,

Remark 5.9. It is now clear that if X' € &/ with .#,(X) < oo for some p > 8, then ¥ = 9U
is a closed, compact surface of class C L.k Thus, X is orientable and has a well defined global
normal, nx.

For a discussion of issues related to orientability, we refer the reader to [15] and to Dubrovin,
Fomenko and Novikov’s monograph, [7, Chapter 1].
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6. Improved Holder regularity of the Gaull map
In this section we prove

Theorem 6.1. Let ¥ € o7 ; assume that p > 8 and M ,(X) < E < o0o. Then X' is an orientable

manifold of class CV*(X) for a =1 — %. Moreover, the unit normal nx satisfies the local esti-
mate

1/p
Inz(x1) —nx ()| < C(P)( f Kpdu) lxp — x| (6.1)

[ZNB(x1,10]x —x2|)]*
forall x1,x2 € ¥ such that |x1 — x2| < §2(E, p) :=a2(p)E_l/(”_8).

Remark. Once (6.1) is established, the global estimate |nx(x1) — nx(x2)| < const|x; — x2|’\
follows.

Before passing to the proof of the theorem, let us explain informally what is the main qualita-
tive difference between the estimates in Sections 5 and 6. In Section 5, to prove that the surface is
in fact C1**, we were iteratively estimating the contribution to the energy of tetrahedra with ver-
tices on patches that were very small when compared with the edges of those tetrahedra. A priori,
this might be a tiny fraction of .#,(X'). Now, knowing already that locally the surface is a (flat)
C1* graph, we can use a slicing argument to gather more information from energy estimates—
this time, considering not just an insignificant portion of the local energy but the whole local
energy to improve the estimates of the oscillation of the normal vector.

The whole idea is, roughly speaking, similar to the proof of Theorem 1.2 in our joint paper
with Marta Szumarska, see [31, Section 6]. Since the result is local, we first use Theorem 5.4 to
consider only a small piece of X' which is a (very) flat graph over some plane, and then we use
the energy to improve the Holder exponent fromx = (p — 8)/(p+16)toA =1 — % >K.

Proof of Theorem 6.1. Step 1. The setting. W.1.0.g. we consider a portion of X' which is a graph
of f: R2 5500 — R, where Qy is some fixed (small) cube centered at 0 in R? and f € C'¥
satisfies V f(0) = (0, 0) and has a very small Lipschitz constant, say

|f) = | <eolx =yl x,y€50Q0. (6.2)
By an abuse of notation, we write 7 x (x) to denote the normal to X' at the point F'(x) € X, where
F:R*>5003 x> (x, f(x)) e R? (6.3)

is the local parametrization of X' given by the graph of f, compare with Corollary 5.7. To en-
sure (6.2), just use Remark 5.8.

We shall write K(xo, x1, X2, x3) to denote the integrand of .#, (without the power p) eval-
uated at the tetrahedron with four vertices F(x;) € X' for x; in the domain of the parame-
trization F.

Since (6.2) implies that |V f| < g9, we also have |F(x) — F(y)| < (1 + &g)|x — y|*; hence

(1 +e0)2*(U) = A*(ENFU)) = H#* (npe (2 N F(U))) = #%(U) (6.4)
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for every open set U C 5Qy. For the sake of convenience, we assume in the whole proof

1

— 6.5
=700 (6.5)

€0

It is an easy computation to check that for every two points x, y € 5Q¢ we have
(1 =2e0)|Vf(x) = VM| < |ns(x) —ns ()| < (1 +260)|Vf(x) = V(] (6.6)

We fix an orthonormal basis (e], €2, e3) of R3 so that e}, e are parallel to the sides of Q.

Step 2. Set, for r < diam Q¢ < 1, and any subset S C Qg

k]

Oi(r,8):= max |ng(y)—nx()
ly—zll<r
y,2€QoNS

@5(r,$):== max |Vf(y)—-Vf@)|
ly—zll<r
v,2€QoNS

D*(r, §) := DF(r, S) + PE(r, S),

where || - || denotes the £%° norm in R2, i.e. ||x| := max(|xi[, |x2]) for x = (x1, x2). Shrinking
Qo if necessary, we may assume that

* 0 qs 1
@™ (diam Qyq, Qo) < 100 (6.7)

(by continuity of ny and of V f).
As in [31, Section 6], we want to prove the following

Key estimate. Assume that u, v € Qg and let Q(u, v) := the cube centered at (« + v)/2 and
having edge length 2|u — v|. There exist positive numbers 8> = 8>(E, p) = a>(p) E~'/?~8) and
C(p) > 0 such that whenever 0 < |u — v| < 83, then

2|lu — v

Ins@) —ng@)| < 40@*( , Ou, v)) +C(P)E @, )P |lu —v|*, (6.8)

where N is a (fixed) large natural number such that (N /2)“ > 240 and

E(u,v):= / KPdu.
[F(Qu.v)nZ]*

One should view the second term on the right-hand side of (6.8) as the main one. The first one is
just an error term that can be iterated away by scaling the distances down to zero.

We now postpone the proof of (6.8) for a second and show that it yields the desired result
upon iteration.
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Note that (6.6) and (6.5) imply @* < 3®}. Moreover, if u, v € B(a, R) and |lu —v| =r <R,
then Q(u, v) C B(%, V2u—v)) C B(”—er”, 2|lu — v||) C B(a, R + 2r). Thus, denoting

1/p
Mpy(a, p) :=( f /C”du) , a€Qo, p>0,

[F(B(a,p))NZ]*
and taking the supremum over u, v € B(a, R) with |u —v| < r < R, one checks that (6.8) implies
Q)*(r, B(a, R)) < 120<D*(r/n, B(a, R+ 2r))
+3C(p)My(a, R +2r)r*, n=N/2. (6.9)

A technique which is standard in PDE allows to get rid of the first term on the right-hand side of
this inequality. Indeed, upon iteration (6.9) implies

@*(r, B(a, R)) < 120/ @*(r/n’, B(a, R + 20}))
LA /120
3C(p)M,(a, R + 20; =), j=12...
+3C(p)Mp(a. R +20))r ;(ﬂk) J

where

j—1
0j = an_i < 2r.
i =0
As n* = (5)* > (§)* > 240, we obtain 120/n* < 1/2 which implies 3_,(120/n*)' <2 and
hence
®*(r, B(a, R)) < 120/ @*(r/n’, B(a, R +4r)) + 6C(p)M,(a, R +4r)r*, j=1,2,....

Now by Corollary 5.7 we have a priori @*(r, §) < @*(r, Qo) < Cr* for every set S C Qg and
r < diam Q. Thus,

120/@*(r/n’, B(a, R +4r)) < Cr*(120/n*)’ < Cr<27J
by choice of N. Passing to the limit j — oo and setting R = r, we obtain
@*(r, B(a,r)) < 6C(p)My(a, Sr)r’, (6.10)

and this oscillation estimate immediately implies the desired Holder estimate (6.1) for the unit
normal vector. In the remaining part of the proof, we just verify (6.8).

Step 3: bad and good parameters. From now on, we assume that u # v € Qg are fixed. We pick
the subcube Q = Q(u, v) of 5Q( with edges parallel to those of Qy, so that the center of Q(u, v)
is at (u + v)/2 and the edge of Q(u, v) equals 2|u — v|. Set

m=Q0N)"2, Cn=m*, 6.11)
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and consider the sets of bad parameters defined as follows:

Zo = {x0 € Q: H*(Z1(x0)) = mlu — v|*}, (6.12)

1 (xo) = {x1 € Q1 H*(Za(x0,x1)) = mlu — v[*}, (6.13)

2o (x0,x1) = {x2 € Q1 A (Z3(x0, x1,x2)) = mlu —v[*}, (6.14)
F3(x0, x1,x2) = [z € 02 K(x0, x1,%2,2) > (Cw E, v)) /P lu —v|7¥/P}. (6.15)

A word of informal explanation to motivate the above choices: if we already knew that ¥ is of
classClA, A=1-38 / p, then close to u we would have lots of tetrahedra with two perpendicular
edges of the base having length ~ |u — v|, and the height < |u — v|'**. For such tetrahedra our
curvature integrand does not exceed, roughly, a multiple of |u — v|*~! = |u — v|™8/P. Of course,
there is no reason to believe a priori that it is indeed the case. But it helps, as we shall check,
to look at tetrahedra that violate this naive estimate, and to try and estimate how many of them
there are.

We first estimate the measure of . Using (6.4) which gives a comparison of .7 on X N
F(5Q¢) with the Lebesgue measure in 5Qy, we obtain

E(u,v)>// / / KP (x0, X1, %2, 2) d. A2 d AL dAE A

o X1 (x0) Z2(x0,x1) X3(x0,x1,X2)
> Cp E(u, v)m>|u — v| 722 (X0)
= E@u,v)m™ u —v| 2% (%y),

which yields

lu —v

%2 ) 2
(50) <mlu—vf = 2]

<< |0, v)| = 4Ju —v|*. (6.16)

Step 4: auxiliary good points. In a small neighbourhood of u we select xg € Q(u, v) \ X so
that ||xo — u|| < (20N)~! |lu — v|. Once xg is chosen, we select x; € Q(u, v) \ X1(xp) and then
x2 € Q(u,v)\ X2(xp, x1) so that

llx1 = xoll & llx2 — xoll = and  (x2 — xp, X1 — x0) ~

lu —v| b4
N 2°
More precisely, let Q(xg) be the cube with one vertex at xo and two other vertices at

lu — vl +Iu—v|
el, ar = xg
N N

ay i=xo+ er.

We select x1, x2 € Q(xp) such that

lu — vl

20N
lu — vl
20N

x1 € Q(xp) \ X1 (x0), llx1 —aill <

(6.17)

x2 € Q(x0) \ XZ2(x0,x1), llx2 —az|l < (6.18)
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ay
———
o) O(xp)
u,v
-xz
Ve
. 1
Yo
Q(er)
Xpe . -
u
xX*
. S
Xy a;

Fig. 7. The position of auxiliary good parameters in the domain of f. Left: Q(u, v) and two subcubes Q(xq), Q(yg),
with lower left-hand corners at xq, yg. Right: Q(xp) magnified. We fix xo & Xy, close to u, and x1, xp are selected in
the little shaded subcubes of Q(xq). Since the Lipschitz constant of f is small, X is a flat graph over Q(u, v). Thus,
the vectors v; := F(x;) — F(xg) (j =1, 2) are nearly orthogonal and have lengths very close to [u — v|/N = the edge
of Q(xp), see Step 5 below for the details.

(See also Fig. 7.) Since xo ¢ X, we can use (6.12)—(6.13) to check that x1, x» satisfying (6.17)—
(6.18) do exist.

In a fully analogous way we select yp, y1, y2 close to v—using (6.16) initially again but then
by defining sets X1 (yo), X2(y0, y1), and X3(yo, y1, y2) as in (6.13), (6.14), and (6.15). Thus,

Yo € Q(u,v) \ Xo, y1 € O(yo) \ 21(y0) and y> € Q(y0) \ Z2(y0, y1), where Q(yp) is a copy
of Q(xp) translated by yo — xp, satisfy

e vl I~ il yaZ
20N Y1 — Yo Y2 — Yo N Y2 — Y0, Y1 — Yo 5

Then we set Py := (F(xp), F(x1), F(x2)), Py :== (F(y0), F(y1), F(y2)), and we let ny, n, de-
note the unit normal vectors of these two planes. By the triangle inequality,

lyo —v|l <

Ins @) —ns@)| < |ns@) —nxxo)| + |nsxo) —nl

+ [nx — ny|

+ |ny —nz ()| + [ns (o) —nz ).
The non-obvious term is the middle one, [n, —ny| < ¥(Px, Py); the remaining four terms give
a small contribution which does not exceed a constant multiple of @*(20|u — v|/N, Q(u, v)).
But due to the choice of X3 the planes Py and Py turn out to be almost parallel: their angle is
Sl — vl

Since u, v are now fixed and will not change till the end of the proof, from now we use the

abbreviations

q§l-*(r)5<1§i*(r, Q(u,v)), @*(r)zq)*(r, Q(u,v)).

‘We shall check that
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Inx(x0) — ny| < 16@0*(2|u — v|/N),
In5 (o) — 1y | < 160* 2l — vl/N),

Iny —ny| < Klu—v|.

Combining these estimates with the obvious ones,

Ins@) —ns )| < S*(lu —vl/N),  |ns@) —ns(o)| < &*(lu—vl/N),

and using monotonicity of @*, one immediately obtains (6.8).

2289

(6.19)
(6.20)
6.21)

Step 5: proofs of (6.19) and (6.20). We only prove (6.19); the other proof is identical. Let

vj:=F(xj)— F(xo), j=12.

By the fundamental theorem of calculus,

1
v = /VF(xo+t(x,~ — x0))(xj — x0) dt
0

1

= VF(x0)(x; — x0) —i—/(VF(xo +1(xj — x0)) — VF(x0))(x; — xo) dt

0
=:w;+o;, forj=1,2,

where the error terms o satisfy

1

joj1 < /(VF(xo +1(xj = x0)) = VF (x0)) 1 (xj = x0)

0
< @*(2|lu — v|/N) diam Q (xo)
<20*(2/u —v|/N) '”;j”, ji=1,2.

With w; =V F(xo) - (xj —x0), j = 1,2 we have

V1 X U2 w1 X wp
nx nx(xp) =

o x|’ [wi x wa|

(6.22)

(6.23)

(6.24)

To estimate the difference of these two vectors, we first estimate |v;|, |w;| and the angles

X(v1, v12), ¥(w1, wy). This is an elementary computation; we give some details below.

4af you do not want to check the details of our arithmetic, please note the following: we use N only to fix the scale and
to control the ratio of diam Q(xq) and diam Q (u, v). Thus, N does not influence the ratio of lengths of vy, vy, wy, wy
(which are all ~ |u — v|/N) and the angles between these vectors (which are absolute since we assume (6.2) and (6.7)).
Therefore, the constant ‘16’ in (6.19)—(6.20) is not really important. Any absolute constant would be fine; one would

just have to adjust N to derive (6.10) from (6.8).



2290 P. Strzelecki, H. von der Mosel / Advances in Mathematics 226 (2011) 2233-2304

Using the fact that |V f| is bounded by g9 < 1/100 by Remark 5.8 and (6.5), x; — xo and
X2 — xq are close to two perpendicular sides of Q(x), and both error terms o are smaller than
|u — v|/50N by (6.7), one can check that

9 lu—v 11 |u—v
2 < minlogl, fgl) < max((oj1, o) < 15
for j =1,2.
Note also that, cf. Fig. 7 and (6.2),
lu —v| v|\/_
vj = N €j +Za]lel’ |a]l| ON
which yields
Ju — vl : Ju — vf?
o1 -2l = | — (012+a21)+;aliazi S Tenz

Taking the estimates of ¢ into account one more time, we obtain |w; - wa| < 2[u — v|2/(9N?).
Combining the inequalities for these two scalar products with the estimates of lengths of the
vectors, we conclude that

2 (10\?
max (|cos ¥(v1, v2)], [cos H(wi, wa)|) < 5 <_> _

9
Hence,
4
in(sin 3( ), sin ¥( ) =,/1 e 15 (6.25)
min(sin ¥(vy, v2), sin A(wq, wy)) = — | == > —. .
br2 b2 81\ 9 16
Now,
A=V X 1) —w| X wy = |v] X vz|ny — |wy X w2lny(xg). (6.26)

Asvj=wj+ojand |lw;| < 11|lu —v|/(10N), we have

Al < ot llwa| + |o2||wi| + |o1]|o X 2. + — 1297 (2lu —v

u—vp?

< 60%(2u— v|/N)T

by (6.23) and (6.7). On the other hand, applying the triangle inequality, using (6.25), and the
estimates |v;| > 9lu — v|/(10N) for j =1, 2, we obtain first

2 2 2
029 ( 9\ 15 lu—vP _ 3Ju—l
Z) 2 2 : 6.27
v > vl (10) 16 N2 4 N? 6:27)
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and then, using the second identity for A in (6.26),

|A] = [lv1 x v2|(ny —nx(x0)) +nx(xo)(Jvr X v2| — [wi x wal)]
> vg x v2||ne — nx(x0)| — |1 x v2 — wi x wy|
3u—v?
> |ne —nx(xo)| — Al

Combining the lower and the upper estimate for A we obtain

lu —v]?
N2

8 _1
|nx—n):(xo)|<§|A|< ) < 160*(2Ju — vl/N),

which yields (6.19).

Step 6: proof of (6.21). If Py is parallel to Py, there is nothing to prove. Let us then suppose that
these planes intersect and denote their angle by . To show that yo < |u — v|*, we use again the
definition of bad sets. Note that for

G = Qu,v)\ (Z3(xo, x1,x2) U Z3(30, ¥1, ¥2)) (6.28)
we have by (6.14)
HHG) > |Qu, v)| = 2mlu — v* = (2Ju — v|)2 —2mlu—v®>u—v?® (629

by choice of m. Therefore, as A — 1 = —8/p, for all z € G we have according to (6.15) the two
inequalities

K(x0, x1,x2,2) < Kolu —v[*™Y,  K(yo, y1, 2, 2) < Kolu — v|* 71, (6.30)

where

Ko =Ko(p, E(u,v)) := Q0N)*P E(u, v)"/”
= C4(p)Eu, )7,
as we have in fact chosen N depending only on x = (p — 8)/(p + 16).
We are now going to use formula (2.3) for C to estimate the distance from F(z) to the planes

Py and Py. Setting v; := F(x;) — F(xo) for j =1, 2 (as in the previous step of the proof), and
v3 ;= F(2) — F(x0), we obtain for the tetrahedron T := (F (xq), F(x1), F(x2), F(2))

lvs| < (14 &0)lz — x0| < 2|u — v, diam T < 2|u — v|

by virtue of (6.5). Since the |v;| for j =1, 2 have been estimated before, this yields an estimate
of the areaof T,
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2A(T) =|v1 x v2] 4 [v2 x v3] + Jv1 x V3] + |(v2 — V1) X (v3 — V)|

11\ u — v? 11 |u—
(MY vl (el
10 N2 10 N

15u — v|?
< -
N

as N > 1. (6.31)

Thus

dist(F(z), Py) |v1 X v
3(diam 7)2 2A(T)
(6.27) dist(F (z), Py)
2 -
16N2
dist(F(z), Py)
N2ju — v)?

K(xg, x1,x2,2)
2A(T))™!
(6.32)

For the last inequality we have simply used (6.31) and the inequality N > (N /2)* > 240 which
follows from our initial choice of N. Since the points yg, y1, y2 have been chosen analogously to
X0, X1, X2, it is clear that we also have

dist(F(z), Py)

N o (6.33)

K(y0, y1,¥2,2) >
Combining (6.30)—(6.33), we obtain

max (dist(F (z), Py), dist(F(2), Py)) < N*Kolu — v|"™
=Cs(PEw, v)Plu—v|'"™, zeG. (634
We shall show that the combination of (6.29) and (6.34) implies that |n, —ny| < yo = (Px, Py)
is estimated by a constant multiple of [ — v|* thus establishing (6.21) as the only missing ingre-
dient for the proof of the key estimate (6.8).
Indeed, consider an affine plane P which is perpendicular both to Py and Py. Let 7p de-

note the orthogonal projection onto P. By (6.34) above, we see that wp (F(G)) is a subset of a
rhombus R contained in the plane P. The height of this rhombus is equal to

h=2-Cs(p)E(u, )"/ |u —v|'**
and the (acute) angle of R is yp, so that the longer diagonal of R equals

b _2GWEw@ )P — v
sin(yo/2) sin(yo/2)

Therefore, the set F'(G) is contained in a cylinder Cp with axis [ := P, N P, and radius D/2,

F(G) C Co: = {w: dist(w,]) < D/2}. (6.35)
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The orthogonal projection of C¢ onto the plane containing the domain of f (recall that F(x) =
(x, f(x)) parametrizes a portion of X that we consider) gives us a strip S of width D. This strip
must contain all good parameters z € G, so that, taking (6.29) into account, we have
3D|u — v| > 2+/2D|u — v| = D diam Q(u, v)
>area of SN Q(u,v) = H#*(G) > |u—v|*

Hence, D > |u — v|/3, so that

Y _ . v 2Cs(p)E@u,v)/Plu—v'*
— <sin— =
2 2 D

ENES)

< 6Cs(p)Eu, v)"Plu — v|*,
and hence
Iny —nyl < yo < 6xCs(p)Eu, v)"Plu —vf*

which establishes (6.21) and therefore concludes the whole proof. Note that we have obtained
the key estimate (6.8) with C(p) = 6 C5(p) depending only on p, as desired. O

Applying the above result, one can sharpen Corollary 5.7 as follows.

Corollary 6.2. Assume that p > 8, M#,(X) < E < 0o. Then there exist two constants, 0 <
a(p) <1< A(p) < oo, such that for each x € X there is a function

fiT X = (T X)F ~R
with the following properties:

(1) £(0)=0, Vf(0)=1(0,0).
(i) For Ry = R((E, p):=a(p)E~"P=® we have the estimate

~ ~ 1 ~
IVF1) = VG| < A(p)dty (20 B(x, 10R))7 |y1 — y2' %P, yi,y2 € Bx, Ry).
(iii) The map
() i=x+(y, f(), yeTl¥=R?
satisfies
@(D3 ;) CB(x,R)NNZ CP(Dy), (6.36)
7111 1

where Dlél = B(0, ﬁl) NTy X is adisk in Ty X around 0 € Ty X, and

|D®(y1) — DP(y2)| < A(p)#,(Z N B(x, 10R))|y1 — y2'75/7,
yi, 2 € B(x, Ry). (6.37)
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Of course, in (ii) and (iii) one can replace .#,(X N - - -) by the total energy of the surface thus
providing clear-cut a priori estimates to be used in the next section.

7. Sequences of equibounded ./, -energy

The main issue of this final section is the proof of the following compactness theorem for
admissible surfaces of equibounded energy with a uniform area bound. Notice that such an
additional area bound is necessary as the example of larger and larger spheres shows. Let
Sy :=09B(0, p). For any tetrahedron T (with non-coplanar vertices) we estimate

K(T) > (1.1)

6R(T)’

where R(T) denotes the radius of the circumsphere of 7' = (xg, X1, X2, x3). There is an explicit
formula,

I [(z3, 21 X 22)|
2R(T)  |lz11%z2 % 23 + |221%23 X 21 + |z31%21 X 22|

where we have set z; = x; — xo for i = 1, 2, 3; this formula can be compared to (2.3) in order to
obtain (7.1). Hence,

Mp(Sp) 2 P8P >0 asp— oo.

Theorem 7.1. Let X; € o/ be a sequence of admissible surfaces. Assume 0 € X; for each j e N
and let E > 0, p < 8 be constants such that #,(X;) < E for all j € N. In addition, assume that

sup%”z(Z’j) < H < 0.

8
Then there is a compact chr -manifold X" and a subsequence (X ;1) C (X;) such that X j —
X in Hausdorff distance as j' — oo and moreover

Mp(Z) < liminf 4,(Z)1), AH(D) = lim H*(Z;)).
j'—o00 Jj/—o00

Remark. The proof of this result will reveal that the limit surface X is equipped with a nice graph
representation as described in Corollary 6.2, with norms and patch sizes uniformly controlled
solely in terms of E and p.

Proof of Theorem 7.1. Step 1. We fix j € N and look at the covering

zjc | B, R,

xeX;
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where now Rp := I%l(E, p) < Ro(E, p) is the radius defined in Corollary 6.2, and Ry(E, p)
appeared in (3.1) of Theorem 3.1. By means of Vitali’s covering lemma we extract a subfamily
of pairwise disjoint balls B(xg, R1), xx € X}, such that

5| JBx.5R). (7.2)
k

Using Theorem 3.1 for any number N of these disjoint balls (appropriately numbered) and sum-
ming with respect to k, we infer

N
N-ZR < AP (Bl RN ;) < A(E) < H,

2
k=1

which means that there can be at most |[2H /(r Rf)J such disjoint balls. Therefore, (7.2) leads to
the estimate?

2H -
diam X'; < N diam B(0,5R;) < ? -10R; =: Ry. (7.3)
TRy

Since 0 € X; for all j € N, we find that the family {X;} is contained in the closed ball
B(0, Ro).

Step 2. Apply Blaschke’s selection theorem [25] to find a compact set X' C B(0, Ro) and a
subsequence (still labeled with j) such that

Yi—> XY asj—>o0 (7.4)

in the Hausdorff distance. Fix ¢ > 0 small (to be specified later) and assume now that (for a
further subsequence)

1
dist (X, X) < EeRl forall j e N, (7.5)

where dist_~(-,-) denotes the Hausdorff distance. Next, we form an open neighbourhood of the
limit set,

¥ C Booer, (2) C | B(y, 100eR)),
yeX

and use Vitali’s lemma again to extract a subfamily® of disjoint balls B(y;, 100¢R;), y; € X for
[=1,2,..., N such that

N
5 C Boger,(2) C | J By, 500¢Ry). (7.6)
=1

5 Notice that Rg depends on H and (via R}) also on E and p.
6 Since ¥ is compact, we can assume w.l.o.g. that this subfamily is finite.
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Now, each y; € X' is a limit of some ylj € X'}, and according to (7.5) we have |y, — ylj| < %sRl for
alll=1,..., N andall j € N. Therefore for each fixed j € N the balls B(ylj ,99¢ R1) are pairwise

disjoint, since |yi/ — y,{1 > |ylj — y;£l| - |yii — Vil = |Ym — yih| > 200 Ry —2- 126 R1 = 199¢Ry.
Moreover, we have

N

(7.5)

z; @ Beg, 2(2) CngeRl(ZJ)CUB(y; 500eR) C | JB(y/.501eRy) (1.7
=1 =1

for each fixed j € N, since |y — ylj| <ly—yl+1w—- ylj| < 501eR; by (7.5) for every y €

B(y1,500eR1). Using again Theorem 3.1 for a fixed j € N and summing w.r.t. to /, we deduce

N
N.%(998R1) <Y A (B(y]99eR) N X)) < AHE)<H
=1

whence the bound N < |[2H7 1 (99¢R1)~2] for the number of disjoint balls B(ylj, 99¢R;) for
each fixed ¢ > 0.

Step 3. We consider the unit normals "zj =ng;( ylj ) € S? and select subsequences finitely many
times so that forall/=1,..., N

n{—)nleSz as j — oo,
and for given small § > O (to be specified below)
|n] —nmi| <8 forall jeNandalll=1,2,...,N. (1.8)
Now fix ¢ > 0 so small that 2000e R; < R; and
B(y/.2000eR)) N X; C f (D)),

where ¢lj (y) := ylj +(y, fl'j ), ye D{i‘,’ll C ij DIFE IR? is the local graph representation of X
Y '

near ylj on the two-dimensional disk D{Q’II =B0O,R)N Ty_/ X ;, whose existence is established in

Corollary 6.2. If we choose now § > 0 sufficiently small (depending on ¢) then we can arrange
that

B(y1, 1000eR) N X, C é{(DgRI),
6

where &/ () ==y + (v, f, () for y e Dip /6= B0, 6Rl)m(n,)l and f; on the fixed disk
5 Ri/6 is obtained from fl by slightly tilting the domain of fl , 1.e. by tilting the plane T X

towards the plane (n;)+ ~ R2. (That this is indeed possible is a straightforward but a bit tedlous
exercise.)
The new graph functions

fl: o Dy 6 — R
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continue to be of class C!"* for A = 1 — 8/p with uniform estimates for the oscillation of their
gradients as in Corollary 6.2 (we use the assumption sup.#,(X;) < E) so that we may apply

the theorem of Arzela—Ascoli foreach/ =1, 2,..., N to obtain subsequences flj / — f;in C!as
j' — oo. The limit functions f; satisfy the same uniform C!* estimates. Thus, X is covered by
N graphs @;(y) =y + (v, fi(y), [ =1,2,..., N, by virtue of the Hausdorff convergence (7.4)

and the C!-convergence of the GSZJ as j/ — o0o. Moreover,

B(y1. 1000eR ) N X = & (D, 16) N B(yi. 1000eR)).

Now (7.6) implies that for each y € X there exists an/ € {1,2, ..., N} such that the set

(7.6)
YN B(y,500e¢R)) C B(y;, 1000eR) N X
so that

¥ N B(y,500¢Ry) = ®1(Dig, 1) N B(y, 500 R)).

In particular, the limit surface ¥ is also a C!"* manifold for A = 1 — 8/p.

Step 4 (lower semicontinuity of .#,). This follows from Fatou’s lemma combined with the
following properties of the integrand:

K(T)= lim K(T;) whenever T; — T and KC(T) > O, (7.9)
1—> 00

K(T) <liminfC(T;) whenever T; — T and K(T) =0. (7.10)
1—> 00

The argument is standard and uses a partition of unity in a neighbourhood of X'; we sketch it
briefly. Take functions y; € C(‘)>o (B(1000eR)),l=1,2,..., N, such that such that

N N

> ¥i=1 on c|JB(y.500eR)). (7.11)

=1 =1

This gives > y; = 1 on each X; for j large. Inserting

(3 0n)

i=0 \[;=1

into the integral .#,(X;/) = |, (5.} KCd we write this integral as a sum of N* quadruple inte-
X J

grals, each of them over a product of four little patches on Y. Next, we use the @’s constructed
in Step 2 to parametrize these integrals; the parameters z; (mapped to x;) belong to fixed lit-

tle disks D% of radius 5R;/6 contained in tangent spaces to X. Since qSlj — @ in Cl, it is

easy to see that all products of v, o @l{ /(z,-), and all terms where the surface measure d. 72 (x;)
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is expressed by dz;, converge. Combining this with (7.9)—(7.10), invoking Fatou’s lemma and
subadditivity of liminf, we see that

liminf.#), (X /) > the sum of liminf’s of N* terms > Mp(X).

A similar argument shows that %”2(2/-/) — J?(X); one just replaces K by 1 in the above
reasoning and simply passes to the limit, using the C' convergence of parametrizations. O

Proof of Theorems 1.6 and 1.7. This follows easily from Theorem 7.1. The two classes € (M,)
and €4 (M,) of surfaces X' which are ambiently isotopic to a fixed closed, compact, connected,
smoothly embedded reference surface M, of genus g and satisfy .#,(X) < E, or ¢ 2(Z) <A,
respectively, are nonempty. (Just take an M, of class C 2 to ensure, by Proposition A.1, that
Mp(M,) is finite; scaling M, if necessary we can make its energy smaller than E, or its area
smaller than A.) Thus, one can take a sequence X'; contained in G (My), or in G4 (M,), respec-
tively, which is minimizing for the area functional, or for .#,. Applying Theorem 7.1, we obtain
a subsequence of X; which converges to some X' in C I, Since isotopy classes are stable under
C!-convergence, see [3], the limiting surface X belongs to € (M ¢), orresp. to Ga(Mg). O
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Appendix A. Finiteness of energy of C2-surfaces

As before, T = (xp, X1, X2, x3) stands for a tetrahedron in R3. V(T') is the volume of 7 and
A(T) denotes the total area of 7', i.e. the sum of areas of the four triangular faces. Recall that

V(T)

K1) = A(T)(diam T)2

(A1)

Proposition A.1. If ¥ C R? is a compact, embedded surface of class C?, then there exists a
constant C = C(X') such that

K(T)< C foreach T € X4
This obviously implies that .#, (%) < oo whenever X is of class C 2,

Proof. Comparing A(7T") with the maximum of areas of the faces, we obtain

1 hmin(T) < 1 hmin(T)

12 (diam T)?2 P 3 (diam T')?
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where hnin (T') stands for the minimal height of 7', i.e. for the minimal distance of x; to the affine
plane spanned by the other three x;’s, i =0, 1,2, 3. Since hpin(T) < diam7T, it is enough to
show that IC(T') is bounded when diam T < dy for some dy = do(X') sufficiently small.

Thus, from now on we fix a dg > 0 such that for each x € X' the intersection X' N B(x, 2dp)
coincides with a graph of a C2-function defined of x + T} ¥, and

dist(y, x + T, 2) < Aly —x|%,  ye N B(x,2dy). (A2)

Remark. (A.2) is the only thing we need from the C2-property. Such an estimate holds for
C!-surfaces, too. If one represents such a surface locally by a function g € C'*! normalized to
g(0) =0 and Vg(0) = 0 then the Lipschitz continuity of Vg implies a quadratic height excess as
in (A.2).

W.l.o.g. we can assume that Ady < 1.

Lemma A.2. Let T = (xq, x1, X2, x3) be an arbitrary tetrahedron, with angles of the faces de-
noted by a;j, i, j =0,1,2,3,1 # j so that a;; is the angle at x j on the face which is opposite to
x;. Then, two cases are possible:

(i) At least one of the ajj € [, 8@”];
(i) All a;j € (0, T)U (3Z, 7).

In the latter case, eight of the w;j are small, i.e. belong to (0, §) and the remaining four are
large, i.e., belong to (82, 7). Moreover, there is one large angle on each face and either 0 or 2

such angles at each vertex of T.

Proof. We have

Z ajj=mn foreachi=0,1,2,3, (A.3)
0<j<3,j#i
Z o;j €(0,2r) foreach j=0,1,2,3, (A.4)
0<i<B3.i#)
a;j +oy; > ay;  for each permutation (i, j, k, 1) of (0, 1,2, 3). (A5)

(The last condition amounts to the triangle inequality for the spherical metric.)
Now, suppose that Case (i) does not hold. If there were at most three large angles, then the
sum of all &;; would be strictly smaller than

b
3 9. — =4n,
T+ 9 T

a contradiction. Similarly, if there were at least 5 large angles, the sum of all angles of 7 would
be strictly larger than 4. Thus, if (i) fails, 7 must have precisely 4 large angles. By (A.3) and
the pigeon-hole principle, there is precisely one such angle on each face. Furthermore, if there is
a large angle at some vertex, then by (A.5) at least one of the remaining angles at this vertex must
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also be large. Since the sum of all angles at each vertex is smaller than 2w, we have precisely
either O or 2 large angles at each vertex. 0O

Now, fix T € ¥* with d =diam T < dy = do(X).
1. If Case (i) of the lemma holds for 7', we can assume w.l.o.g. that xo = 0, the tangent plane

T2 ={(a,b,0) | a,b € R} is horizontal, and ¥(x1, x2) € [%, %’T]. Let P := (xg,x1,x2). A
computation shows that there is an absolute constant ¢ such that

AP, T, X) < c1Ad

(which is a small angle if d is chosen sufficiently small). Therefore, since dist(x3, Ty, X) < Ad?,
we have

dist(x3, P) < coAd?,

which yields K(T) < ¢ A.

2. Suppose now Case (ii) holds for 7. W.l.o.g. we can assume that all angles at xo belong to
(0, /9). We can also assume that all these angles exceed c3Ad for some constant c¢3, since
otherwise there exists a vertex and an edge of 7' with mutual distance < d? and we are done.

As before, we choose coordinates so that xo =0 and Ty, X = {(a, b, 0) | a, b € R} is horizon-
tal. Let 77 stands for the orthogonal projection onto Ty, X

For i =1,2,3, let [; be the straight line through x¢ and x;. Set also xl.’ =ar(x;), di =
Ixi — xol, d/ = |x — xo| and I = wr(l;) (i = 1,2,3). Finally, set h; = |x; — x/| =
dist(x;, xo + Ty, X). We have

hi <Ad?, d <d; <2d..

Permuting the numbering of x1, x2, x3, we can moreover assume that /{ # [ (if all projections of
edges meeting at xo onto the tangent plane coincide, then V(T) = IC(T') = 0), and that the angle
Y == ¥(x} — X0, x| — Xo) is the largest of all the angles <)£(x} — X0, X}, — X0), where j,k=1,2,3.

Set P := (xo, x1, x3). Note that if B; denotes the angle between /; and [, then sin §; < Adi2 /d; =
Ad; < Ad K« 1.

Let [ C P be the straight line such that 77 (l) = lé = m7(l2). The crucial observation is that
the angle between [ and /}, is at most ¢4 Ad for some absolute constant ¢4 (here we use the piece
of information that all angles of T at x( are small). Using this, we estimate

dist(xz, P) < |xp — x5| + dist(x5,1) aslC P
< Ad5 + db sin 3(15, 1)
< cs Ad?.
Thus, Amin(T) < ¢sAd?. This yields the desired estimate of C(7)). O
Remark. For X in C2, the bound that we obtain for /(7)) is of the form

K(T)<C- A,
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where A is the maximum of the C2-norms of functions that give a graph description of X in
finitely many small patches.

Appendix B. Other integrands

In [12], J.C. Léger suggests an integrand that could serve as a counterpart for integral Menger
curvature of one-dimensional sets, to obtain rectifiability criteria in higher dimensions. For d =2,
his suggestion is to use the cube of

dist(x3, (xo, x1, x2))

2
Hj:o |x3 — x|

Kr(xo, x1, x2,x3) = (B.1)

We are going to show that 'y and some of its relatives are not suitable for our purposes for a
simple reason: even for a round sphere, the energy given by the L”-norm of such an integrand
would be infinite for all sufficiently large p! This surprising effect is due to the fact that /Iy, is
not a symmetric function of its variables.

To be more precise, let

dist(&, (x,,2))
M(|§ —x],16 = yI.1§ —zD*

F(x,y,2,8) = (B.2)

where o > 1 is a parameter and M: Ry x Ry x Ry — R, is homogeneous of degree 1, mono-
tone nondecreasing w.r.t. each of the three variables, and satisfies

min(t, r,s) < M(t,r,s) <max(t,r,s) fort,r,s >0. (B.3)

Note that such F coincides with J.C. Léger’s K, if M(t,r, s) = </trs is the geometric mean and
a=3.

Proposition B.1. Whenever (o — 1)p > 12, then

/f/[f(x,y,z,g)ﬂd%%x)d%%y)d%%z)d%%@=+oo.

S$? §2 §% §2

Proof. We follow a suggestion of K. Oleszkiewicz [22] (to whom we are grateful for a brief
sketch of this proof) and consider the behaviour of F on such quadruples of nearby points
(x,y,z,&) for which the plane (x, y, z) is very different from the tangent plane at £. It turns
out that

//ff(x,y,z,s)f’ d A% (x)d A (y)dAH?(z) =400 foreach & € S2.
§? §2 2

To check this, suppose without loss of generality that & = (0, 0, 1). Fix a small ¢ € (0, 1) and
rm=2"forn=1,2,3,....Consider the sets A, C S? x S? x S?,

Ay = (B(an, er7) NS?) x (B(bn, erf) NS?) x (B(cn, erp) NS?), (B.4)
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where

a, == (rn, 0,,/1— r,%), (B.5)

by 1= (s 2ma /1 = 572), (B.6)
cn = (rn, =2rn, /1 —5r2). (B.7)

Note that for ¢ € (0, 1) all A, are pairwise disjoint. We shall show that whenever a triple of
points (x, y,z) € A,, then the plane P = (x, y, z) is almost perpendicular to TSS2 (the angle
differs from 77 /2 at most by a fixed constant multiple of ¢) and

dist(€, P) > ra/2, FP(x,y,2,8) > A-rf7

for some constant A depending on ¢, p and « but not on n. Let v, := b, — a,, w, :=c¢, —ay
(n=1,2,...).Since /T—x =1 —x/2 4 O(x?) as x — 0, we have

v, = (O, 2r,, —2r,% + O(r,f)), w, = (O, —2ry, —2r3 + O(ri)).
A computation shows that
Un 1=y X Wy = (—8r3,0,0) + e, el < i1,

where C; is an absolute constant. Therefore,

u
oy = |M"| =(=1,0,0)+ fu, |ful <Car?,
n

again with some absolute constant C. Now, let (x, y, z) € A, and let v,’1 =y —2x, w;, =z —X.
By triangle inequality, we have

max (|v, — )|, [w, — w}|) < 2er2,

so that another elementary computation shows that o, := (v}, x w))/|v), x wy,| satisfies
low —0,| <C3e, n=1,2,3,...
for € sufficiently small. Moreover,

dist(&, (x,y,2)) =& —x) - 7,
= [(¢ —an) + (an = X)) - (o0 + (0, — 0m))]

T'n

>ry — Cyery = > (B.8)

if we choose ¢ = 1/2C4. By (B.3), we also have

M(1E—x|,1E =yl IE—zl)~r, (,y,2€A,, n=123.... (B.9)
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Combining (B.8) and (B.9), we estimate

F(x,y,z,6)P dA*(x)d A (y)d A (z)
S? §? §?

[ ] Feveerartwario e

=1y enn)
00 P
16 I'n
2/ E (7‘[5",1) rotp

n

3
I
—_

(rn)12+(1—c()p

2
WK

n=1

=400 for(ax—1)p=>12.

This completes the proof. O

Remark. One can check that a similar argument shows that

[[[[7=+ t@-p=12

Uuuvuuvu

whenever U is a patch of a C? surface ¥ C R? such that the Gaussian curvature of X is strictly
positive on U.

The phenomenon described in Proposition B.1 does not appear for the integrand

’CR(X, y,z,§)= l/R(x, y’Z’S)a

where R(x, v, z, &) denotes the radius of a circumsphere of four points of the surface—we simply
have 1/R = const for all quadruples of pairwise distinct points of a round sphere. However, one
can easily find examples of smooth surfaces for which 1/R — oo at some points: take e.g. the
graph of f(x,y) = xy near 0. It contains two straight lines and for every § > 0O there are lots of
triangles with all vertices on these lines, all angles (say) > /6 and diameter < . For each such
triangle A one can take a sphere S which has the circumcircle of A as the equatorial circle. The
radius of S is < § and S intersects the graph of f at infinitely many points that are not coplanar
with vertices of A.
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