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Abstract

This article begins the study of irreducible maps involving finite-dimensional uniserial modules over
finite-dimensional associative algebras. We work on the classification of irreducible maps between two
uniserials over triangular algebras, and give estimates for the number of middle terms of an almost split
sequence with a uniserial end term.
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1. Introduction

The study of finite-dimensional uniserial modules over finite-dimensional associative alge-
bras was begun in earnest by Huisgen-Zimmermann in [8]; Huisgen-Zimmermann and Bongartz
achieved a description of uniserial modules in terms of certain varieties in [5] (see also [4,6,9]).
In the present article, which is based on the authors’ theses [3,12], certain questions regarding
the position of uniserial modules in the Auslander—Reiten quiver of finite-dimensional algebras
are investigated; most of the work applies to basic split triangular algebras only.

The article is organized as follows. In Section 2 we fix our notation and conventions and
recall the basic description of uniserials via varieties. In Section 3 we present a general result that
motivates much of the following work: any irreducible map between two uniserials is either the
radical embedding or the socle factor projection of a uniserial module. The two cases being dual,
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we go on to state a conjecture giving a concrete necessary and sufficient condition for a uniserial
over a triangular algebra to have an irreducible radical embedding. The criterion is combinatorial
in nature—as a consequence, while slightly technical when phrased in full generality, it is readily
checkable for a given quiver with relations. The sufficiency of this condition is proved using the
technique of quiver representations. The necessity of one part of the condition is then proved in
a slightly more general context.

We have not yet managed to prove the necessity of the full condition for all triangular algebras.
In Section 4 we prove it under an additional assumption, which includes the case of all triangular
multiserial algebras. In Section 5 we prove it for all monomial algebras; the condition takes on a
very simple form in this situation.

In Section 6 we study a general finite-dimensional algebra and focus on a different circle of
questions: almost split sequences with a uniserial end term. First we give a simple general result:
any short exact sequence with uniserial end terms has a middle term which is either indecom-
posable or a direct sum of two uniserials. Then we study the number of indecomposable middle
terms in an almost split sequence ending in a uniserial module; an upper bound is given for
multiserial algebras.

2. Notation and preliminaries

We will use the notation and terminology of [1]. Throughout, & will be a field and I" will be a
finite quiver with vertex set Iy and arrow set I'7. We compose arrows, paths and maps from right
toleft:if p:e— fand g : f — g then gp : e — g. The starting point of the path p is denoted
by s(p) and its end point by t(p). A = KI'/I will be a finite-dimensional K-algebra presented
as the quotient of the path algebra of I" by an admissible ideal /. A is called triangular if I"
does not contain any directed cycles. Whenever useful, we identify elements of Iy and paths in
I" with their corresponding classes in A.

The category of finitely generated left A-modules is denoted by A-mod. The direct sum of
two modules M and N is denoted by M LI N. A module is called uniserial if it has only one
composition series with simple factors. If U € A-mod is uniserial with length 7, then there exists
apath pin I" of length n — 1 and an element x € U such that px # 0. Any such path is called a
mast of U and any such element x is called a fop element of U. The terminology is that of [8].

Let p be a path in I". A path u is a right subpath of p if there exists a path r with p = ru.
Following [8], a detour on the path p is a pair (¢, u) with o an arrow and u a right subpath of p,
where au is a path in I" which is not a right subpath of p, but there exists a right subpath v of p
with length(v) > length(u) + 1 such that the endpoint of v coincides with the endpoint of «.

o

P
| u

v

We will abbreviate the statement “(«, #) is a detour on p” by («, ) @ p. Given any detour
on p, let V(,u) ={vi(o,u) | i € I(x, u)} be the family of right subpaths of p in K" which are
longer than u and have the same endpoint as «.

Now suppose p has length / and passes consecutively through the vertices e(1),...,e(l + 1)
(which need not be distinct). A route on p is any path in I which starts in e(1) and passes
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through a subsequence of the sequence (e(1),...,e(l + 1)) in this order and through no other
vertices. A non-route on p is any path in I" which starts in e(1) and is not a route on p.

Given any uniserial module with mast p and top element x, if (o, u) @ p, then qux =
Ziel(aw ki (ct, u)v; (o, u)x for unique scalars k; (o, ). By [8], the points (k; (o, 4)) el (,u), (e, u)up
corresponding to uniserials with mast p form an affine variety, called V), which lives in AN,
where N =3, ., |1 (ct,u)|. Moreover, there is a surjective map @, from V) onto the
set of isomorphism types of uniserial A-modules with mast p. It assigns to each point
k = (ki (@, w)iel @u),@uup in Vp the isomorphism type of the module Ae(1)/ Uy, where

U, = Z A(au— Z ki(a,u)vi(ot,u))—i— Z Aq.

(a,u)2p iel(a,u) ¢ non-route on p
3. Irreducible radical embeddings of uniserials

In this section, we first show that the only irreducible maps between uniserial modules are
certain radical embeddings JU < U and socle factor projections U — U/soc U. Then for a
triangular algebra A = &1"/1, we propose necessary and sufficient combinatorial conditions for
the radical embedding JU < U of a uniserial module U to be irreducible.

Proposition 3.1. Let R be a left artinian ring with Jacobson radical J.

(1) If f : M — U is an irreducible injective map from the module M € R-mod to the uniserial
U € R-mod, then there exists an isomorphism ¢ : JU — M so that f ¢ is the natural radical
embedding JU — U.

(2) If g : U — M is an irreducible surjective map from the uniserial U € R-mod to the module
M € R-mod, then there exists an isomorphism ¥ : M — U/soc U so that V¥ g is the natural
socle factor projection U — U /socU.

Proof. (1) Since im(f) is a proper submodule of U, im(f) = J'U withl > 1 and M Z J'U
via f. However, if [ > 1, then JIU — J'=1U — U would be a non-trivial factorization of
J'U — U, giving us a factorization of f, which is impossible. The proof of (2) is similar to
thatof (1). O

Since every irreducible morphism is either injective or surjective, the only irreducible maps
between two uniserial modules are among radical embeddings JU < U and socle factor projec-
tions U — U/socU. Since the two cases are clearly dual, we will focus on radical embeddings
in the sequel.

Now assume that A = &1"/1 is a triangular algebra. To prepare for our analysis in this section,
we fix a finitely generated uniserial left A-module U with mast

o (0% op—1
p=1522 ... 0 g,

On several occasions, we will refer to certain subpaths o; - --o; of p; whenever i < j, this ex-
pression will simply stand for 1. We now name all the arrows in I” that touch p, classifying them
according to the type of contact with p:
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B:={Benl|sB)efl,....n—1}and t(B) ¢{1,...,n}},

B :={p eI |s(B)=n},
C:={yel|sy)¢(l,....n}and t(y) €{2,...,n}},
c={yen|y)=1},
D:={se|{s(®.t®}C{l,....n}and 8 ¢ {o1,..., u_1}}.

For an illustration of these definitions with an example, consider the following quiver I,

together with the path p = ez
aj
/
81
\i
a

o3

4
P>

€

‘We then have
B={B}, B'={B.B}. C={y}, C'={}, D={8.8)}.

Observe that, in general, our uniserial module U may be identified with a representation U =
((Uy), (foz)) of I', where

U. — R, ifxef{l,...,n};
*7 10, otherwise

and
fo; =1d foreveryi e{l,...,n—1}.

The module U is then completely determined by the choice of the mast p and the scalars fs(1) for
8 € D, different sets of scalars corresponding to non-isomorphic modules. Unlike the hereditary
case, not every path is a mast, however, and not every set of scalars appears in this fashion, since
the relations in / impose restrictions.

We know from 3.1 that, in order to understand irreducible maps between uniserial modules,
it is sufficient to study radical embeddings (and their duals, socle factor projections). The fol-
lowing conjecture covers this situation; we manage to prove “(2) = (1)” and a generalization of
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“(1) = (2)(a)” in the sequel. We will also prove “(1) = (2)(b)” for monomial and for multiserial
algebras.

Conjecture 3.2. (See [3, Conjecture 1.2.1].) Suppose A is a triangular algebra and U is a
uniserial A-module with mast p. Then the following statements are equivalent:

(1) The embedding JU — U is irreducible.
(2) U is not simple and satisfies both (a) and (b) below:
(a) Forevery B € B,

Basp)—1---a1 € Jp,
and for every 8 € D,
Satg(s)—1 -0 € Roys)—1 -+~ 0ty
(b) There exists a subset R C J such that {rp + J*p | r € R} forms a &-basis for Jp/J?p

and (i) and (ii) both hold.:
(i) Forevery y € C there exists w € pJ such that, for everyr € R,

rop—1---Oiy)y =rw.
(ii) Forevery§ € D and everyr € R,
roy—1--- Olt((g)(s € Rray—1--- s(5)-

Proof of “(2) = (1).” Let V = ((Vy), (g4)) € A-mod and suppose there exist A-linear maps

JU P=(Py) V=)

Vv U

such that ¥ @ is the embedding JU — U.

Observe that we can assume without loss of generality that the elements of the set R aris-
ing from condition (2) are normed in the following fashion: r = e, re, for certain vertices
u(r) € I'p. We can thus denote by g, the R-linear map V,, — V,,(») induced by left multiplication
by r.

Note furthermore that we can strengthen the conditions on § € D in the following manner:

Sag(sy—1 a1 = fs(Doy—1--- a1
and for every r € R
rog—1 - oys)d = fs(Dray—q - ags)-
The first equation is clear, and the second one follows then from
rotg 1 - 0ys)0assy—1 - -op = fs(Dray—1--- oy

since rp # 0 for r € R.
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Case 1. There exists v € V| with ¥ (v) =1 and (8,8a,_, - - 8«,)(v) =0 for all » € R.

Our goal is to construct a section x for ¥ in this case. Define x = (xx) : U — V by

xi(l):=v,
Xi(D):=(8q;_, - 8x)(w) forie{2,...,n}and
Xx:=0 forx ¢ {1,...,n}.

Once we have checked that x € Hom 4 (U, V), the equality ¥ x1 (1) = 1 will clearly imply ¥ x =
id, completing the treatment of the first case.

So let us check that x is A-linear. That gy, X; = Xi+1 = Xi+1fo; fori € {1,...,n— 1} is clear;
moreover, we compute

g(SXS(S)(l) = (gﬁgﬂls((;),l cr o 8ay )(U)
= fS(l)(gOlt(a)_| e gal)(v)
= xus fs(1)
for§ e D.
Next observe that Jpv C ), Rrpv + J?pv = J?pv (because R generates Jp/J?p and be-

cause of our assumption in Case 1). If follows Jpv = 0.
Now let B € BUB'. Then (848u,,_; - * 8o )(v) € Jpv = 0, and again gg xs(8) = 0= xup) f5-

Case 2. For every v € V| with ¥ (v) = 1, there exists r € R with (8,84, | - 8a;)(v) # 0.
In this case, we will construct a retraction x for @. We may clearly assume that R is finite,

and then the condition of Case 2 immediately implies that there exist linear maps w;, : V() = &
for r € R such that

v = Zwrgrgotnfl o 8ap-

rer

Define x = (xx): V — JU by

Xi =¥ —Y , cr®r& 8, 8 forie{l,... ,n}and
Xx =0 forx ¢{1,...,n}.

Again we need to check that x is A-linear. For that purpose, we compute x; =0,

fa,- Xi = lpi—&-lgozi - (Zwrgrgotnl "'got,-+1>gai

rer

= Xi+1g(x,-

fori e{l,...,n— 1}, and
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fBXs((S) = lIlt(zS)gB — fs(1) Zwrgrga,,,l © Bags)

rerR
= Y58 — Zwrgrga,,,l "+ 8ays) 85
reR

= Xt(5)8s

for 8§ € D. In addition, we obtain x1g,» =0 = f, x5 for y’ € C'.If y € C, then we can clearly
assume that the corresponding element w € pJ from condition (2)(b)(i) has the form w = pw’
with w' € ey Jeg(y,y, and it follows

Xin8y = fy¥sy) — Za)rgrga,,_| T 8oy 8y

rerR

=0- Zwrgrgan_] "o 8oy 8w

rerR

=Ygy
= _fw/ s(y)
=0=fyxs()-

Hence x belongs indeed to Hom 4 (V, JU). That x @ =id,y is a consequence of the following
computation:

X2@2(1) =¥r®r(1) = Y 0,8 8ay_y-0r P2(1)

rer
=1=> " 0rPuir) fr fory_ar (1)
rer
=1.

Thus @ is a split monomorphism in the second case, which shows that the inclusion JU — U
cannot be factored non-trivially. O

The implication (1) = (2)(a) is proved in [3] using representations of algebras. In the sequel,
we will generalize (1) = (2)(a), by weakening the assumption that the quiver has no oriented
cycle, and use the language of modules. The following result (which does not assume that A is
triangular) gives a first necessary condition for JU < U to be irreducible.

Proposition 3.3. Let U be a uniserial A-module with mast p. Then JU — U is not irreducible
if there is an arrow leaving e := s(p) besides the first arrow of p.

Proof. Suppose p = p’B8 with 8 € I' and U = Ae/K where

K=Y A<8u— > k,-(cS,u)vi(S,u))—}— > 4q

S ,u)up iel(5,u) ¢ non-route on p
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Suppose there is an arrow « leaving e besides 8. Then either (o, ) 2 p or « is a non-route on p.
Here, we assume («, ) 2 p and we will prove that JU < U is not irreducible. The proof for the
case where « is a non-route on p is similar. Let V = Ae/L with

L= Z A((Su— Z ki(8,u)vi(8,u))

S, u)up, (§,u)#(a,e) iel(8,u)
+ J<Ot — Z ki(a, e)v; (o, e)) + Z Agq.
iel(a,e) ¢ non-route on p

We will prove that JU < U factors non-trivially through V. Let ¢ and v be the unique A-
homomorphisms

usHvLu,
defined by ¢(B + K) =8+ L and ¥ (e + L) = e + K. First, we show that ¢ is well defined.
Suppose 1S € K, for some A € A. We will need to show that A8 € L. We have

A8 :l(a — Z ki (o, e)v; (a, e)) + w,

iel(a,e)

where [ € & and w € L. On the other hand, AB = kB + w’B for some k € & and w’ € J. Hence,
1<a— > kit e)u,-(a,e)> —kB=w—wB. (1)
iel(a,e)

Since o does not appear in any terms in the right-hand side of (1), we have [ = 0. Therefore
AB =w € L. Itis clear that ¥ is well defined and ¥ ¢ equals the radical embedding JU — U.

Claim 1. ¢ is not a split monomorphism. Otherwise, suppose x : V — JU is a splitting of ¢.
Then x(e+L) € JU, thus x(B+ L) € J?U, so B+ K = xo(B + K) € J2U, which is a contra-
diction since p = p'B is a mast for U.

Claim 2. ¢ is not a split epimorphism. Since L C J Ae, the module V has simple top and is
thus indecomposable. Therefore, all we have to show is that  is not an isomorphism. This is the
case because L is properly contained in K and the dimension of V is larger than the dimension
ofU. O

Definition 3.4. (See [10].) A detour (¢, u) on a path p is called inessential if

au=s+ Y kivi(e,u

iel(a,u)

in A, where s is a &-linear combination of paths, none of which is a route on p, and k; € K for
alli € I (o, u). A detour is essential if it is not inessential.



A. Boldt, A. Mojiri / Journal of Algebra 319 (2008) 1825-1850 1833

The following result establishes (1) = (2)(a) of Conjecture 3.2, and indeed it is somewhat
stronger since the quiver is allowed to have oriented cycles here.

Theorem 3.5. Let U be a non-simple uniserial module with mast p, where p does not start with
an oriented cycle. If JU — U is irreducible, then

(1) All detours on p are inessential.
(ii) All non-routes on p are in Jp.

In particular, U = Ae/Jp with e = s(p).

Proof. Let p =0, ---« and suppose (§;,u;) 2 p for0 < j <m.Let Np =)
and

Agq

¢ non-route on p
Ajzajuj— Z ki(aj,uj)v,-(éj,uj).
i€l (8j,uj)

Proof of (i). Suppose U = Ae/K, where K = Z'j”:l AA;j + Ng, with m minimal. We have to
show that m = 0. If m > 0, let U' = Ae/L where L =77, AAj + JA| + Ng. Notice that
eJe C Ng by our assumption on p; hence eU’ = (Re + L)/L. We first assume that £ # Z. Let

vuJu
V=--—
H

’

where H=A(p+ L,kp+ L)+ A(A; + L, Ay + L) with 0, 1 # k € K. Recall from Proposi-
tion 3.3 that o1 is the only arrow leaving e = s(p). Let ¢ and i be the unique A-homomorphisms

vy,
defined by ¢(¢;1 + K) = (01 + L,a1 + L)+ H and ¥ ((e + L,0+ L) + H) = se + K and
YO+ L,a1+ L)+ H)=Ilo; + K, with s, € Rsuch that s +/ =1 and s 4+ [k = 0. Note that
such elements exist, since K # Zj.
1. ¢ is well defined:
A1+ K)=(A1+L, A1+ L)+ H=H.

2. ¢ is well defined: We have v((p + L,kp + L) + H) = sp + lkp + K = K, and
YA+ L, A +L)+H)y=sA1+1A1+ K =K.
3.10§0=id1u1

Yol +K)=v(( + Lo+ L)+ H)=say +lo; + K =a; + K.

4. ¢ is not a split monomorphism: Otherwise there would exist x € Hom4(V, JU) such that
x¢ =1idyy. Then x((e+ L, L) + H) = K, since eJe C K. Hence,

ai+ K =xp1+K)=x((1+L,ai +L)+ H) = x((L,a1 + L) + H).

Then x((L,o1 + L)+ H) = a1 + K. Therefore,
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x(H)=x((p+L,kp+L)+H)=x((p+L,L)+H)+x((L,kp+ L)+ H)
=kp+ K #K,

which is a contradiction.

Therefore, v splits; i.e., there exists x; € Homa(U, V) such that v x; = idy. Hence
x1(e+K)= (s—Ye+ L, L) + H because of the assumption that p does not start with an oriented
cycle. Then,

x1(K)=x1(A1+K)=(s"'A1+L,L)+H=H.
Then, (s_lAl + L, L) € H. Hence,
(s7'Ar+L,L)y=z(p+ L kp+L)+2' (A +L, A+ L),
with z, 7/ € A. Therefore we have
s'A 4+ L=zp+7 A +L,
L=kzp+7A+L.

Then, s 'A; + L = (1 —k)zp + L. Hence Ay — s(1 —k)zp € L. Thus s(1 — k)zp € K, since
A1 € K and L € K. This implies zp € Jp, since pU # 0. Hence A; € L. This contradicts the
minimality of m, finishing the proof of (i) for these base fields. O

Now suppose & = Z;. With the same notation, let

UuJu uJu’
V=—"——
H
where H=A(L,p+L,p+ L)+ A(A1+ L, A1+ L, A1 + L). Then as in the previous case,
vy,

is a non-trivial factorization of the radical embedding JU < U through V, where ¢ and
are the (unique) A-homomorphisms defined by ¢(a; + K) = (a1 + L,y + L, 01+ L)+ H and
Y((e+L,L,L)+H)=e+K,y(L,ogn+L,L)+H)=o1+Kandy((L,L,a1+L)+H) =
o] + K.

Proof of (ii). Again first assume that & # Z,. By part (i), U = Ae/K where K = " | ABju; +
Jp, and each B;u; is a non-route on p with u; a right subpath of p, B; € I'1. Assume m is
minimum. If m > 0, then let U' = Ae/L where L = (}_;_, ABju; + Jp) and

U'uJu’
Ve"——
H

’

where H=A(p+ L,kp+ L)+ A(Biu1 + L, Biu1 + L) forsome k € K, k #0, 1. Let ¢ and
be the A-homomorphisms

wwsvhou,
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defined by (a1 + K) = (a1 + L,1 + L) and Yy ((e+ L,L)+ H) =se+ K, and ¥ ((L, a1 +
L)+ H) =la; + K with s,/ € R such that s +1 =1 and s + kl = 0. As in (i) we can see
that ¢, ¢ are well defined, ¥ ¢ equals the radical embedding JU < U, and ¢ is not a split
monomorphism. Therefore i is split; i.e., there is a x € Hom4 (U, V) such that ¢ x = idy.
Then x(e + K) = (s 'e+ L, L) + H since no cycles start at p. It follows

x(K)=x(Bruy + K)=(s"'prur + L., L).

Therefore, (s~ 'Biu1 +L,L)=w(p+L,kp+L)+w'(Biui + L, Biui + L) where w, w’ € A.
Hence,

s Brur + L =wp +w'Brur + L,

L=kwp+wpiu +L.

Therefore s ' Biu; + L = (1 — k)wp + L. Hence
m
s~ Bt + (k = Dwp =vp + ) wipiui, 6)
i=2
where v € J and w; € A. If we multiply Eq. (2) by t(8;) from the left, we get that t(8;)wp is
Zero or a non-route on p, since t(f81) # t(p). Then Eq. (2) contradicts the minimality of m since
it expresses Biu; as an elementof L. O

Now suppose that R = Z,. With the same notation, let

_ vuJu uJu’
- H

Vv

’

where H = A(L,p+ L,p+ L) + A(Bru1 + L, Bruy + L, Biu; + L). Let ¢ and ¢ be the
A-homomorphisms

wwsviu,

defined by ¢(01 + K) = (1 + L,y + L,y + L) and ¥ ((e + L,L,L) + H) = e + K,
Y((L,ay+ L, LY+ H)=a1+ K and ¥ ((L,L,01 + L) + H) = 1 + K. Similarly, this is
a non-trivial factorization of the radical embedding JU < U through V. O

Example 3.6. In order to provide a better understanding of the different cases that would have
to be dealt with in a proof of “(1) = (2)(b),” we include here a series of examples where condi-
tion (2)(b) of Conjecture 3.2 is violated. A non-trivial factorization of the radical embedding is
given in each of these cases.
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(a) Suppose I" is given by

with relations Bio; = Bra; and B1y; = 0 = Bry». Here U is the unique uniserial with
mast «1. The embedding JU < U can then be factored non-trivially through a module
with graph

1 3 4
2 2 2
A
5 B

(b) Now I is given by
3 1 4

B
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with relations €8>y> = B1y2 and B1y1 = 0 = Brorq. Again, U is the unique uniserial with
mast «1. In this case, the radical embedding can be factored through the indecomposable
with graph

(c) Consider the quiver I”

1 4

o] /
Y1

2
a

3 | B
Bi

5

with relations Bro1 = Biapag and Bry1 = 0. The radical embedding of the uniserial with
mast apr; can be factored through the following indecomposable module:
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(d) In our final example, let I" be given by

o]

o2 > 81

Bi

4

and consider the relation §;; = apar1. We can factor the radical embedding of the uniserial
with mast ax| through the module

Z
/

Remark 3.7. In order to tackle the remaining implication “(1) = (2)(b)” of Conjecture 3.2, it is
convenient to have the following reformulation of condition (2)(b) at hand:

(2)(b) There exists a family (wy) € (pJ)C, such that for every x € Iy and | € ey Jp/exsz,
we can find r € exJe, with w=rp + exJ*p and ra,_i -- o)y =rwy forall y € C and
Tol_1 - 0ys)0 € Rray—1 -+~ ogs) forall § € D.

Assume that condition (1) holds, i.e., that the canonical embedding JU — U is irreducible,
and that (2)(b') is violated. We then get, for every family (w, ), a special vertex x and an ele-
ment i € exJp/ecJ*p from the negation of this statement. Since (2)(a) holds, this allows us to
“lengthen” U to a uniserial module U in such a fashion that U is an epimorphic image of U and

4

socU ~ Ae, /Jex (note however that there is a choice involved: U is not uniquely determined by
U and p). Here are two potential approaches to the construction of a module M through which
the radical embedding of U factors non-trivially:

(a) Let M be the module obtained from gluing the socles of U and D(e(x)A) (where D =
Homg (—, 8) denotes the usual duality). The problem then is to find a “good” map from JU
to M.

(b) This time, we begin by gluing the socles of U and JU together to obtain M; this allows
for a natural embedding of JU. Of course, this particular embedding splits, and we have to
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extend M to a module M having M as an epimorphic image in order to prevent this from
happening.

4. The case of left multiserial triangular algebras

Throughout this section we assume that the algebra A is a triangular algebra. In this section,
using approach (b) from above, we will show that Conjecture 3.2 is true whenever the mast p
has the following additional property:

dimg (Joty—1/J%0tn—1) < 1.
As a consequence, Conjecture 3.2 is valid for multiserial algebras (see Corollary 4.6).

Lemma 4.1. Let U be a uniserial module with mast p. If the radical embedding JU — U is
irreducible, and B’ is an arrow with B'p # 0, then there is a uniserial module V with mast
q:=p'p.

Specifically, if {B; p + J2p | 1 <i <m)isabasisfor Jp)J?*p, with Bi € I' and B} = B/, then
such a uniserial module V can be constructed as V = Ae/L with

m
L:i=Jg+Y ABp+ > A(bu—16u)q),
i=2 (8,u)uq, ((d)=t(q)
where (5, u) € R is a suitable scalar for every (8, u) @ q with t(§) = t(q).
Proof. Let
p=12223.. 2L,
and n + 1 :=t(B’). Suppose (8, u) 2 q. If t(8) € {1,2,...,n}, then (§,u) 2 p and so by Theo-

rem 3.5, Su € Raysy—1 -+ - a1 + 5, where s € Jp. Since there are no oriented cycles, we get s = 0.
If t(6) = n + 1, then by Theorem 3.5(ii), Su € Jp. Hence,

Su=ULpp+bLBp+-+lnhy,p+wp, A3)

with w € J2, l; € R. Set [(8,u) :=1. If for some B € I'1, Bu is a non-route on ¢, then it is a
non-route on p as well and so fu € Jp and t(B) ¢ {1,...,n + 1}. Hence, in this case, Bu €
>, RBp+ J?p. Define V = Ae/L, where

m
L:=Jqg+Y ABp+ > A(Su—1(5,u)q). 4)
i=2 S,u)ng, t(8)=n+1

Thus, V is a uniserial module. We only need to show that gV # 0. Suppose ¢V =0. Then, g € L
and by Egs. (3) and (4), we get g € Jq + Y 1=, AB/p + J?p. Then,

m
qg=vqg+Y nBp+uwp. (5)
i=2
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with v e J, A; € A and w’ € J2. Multiply Eq. (5) by t(8’) from the left. Since the quiver does
not have oriented cycles, vg = 0, which contradicts the choice of the basis of Jp/J?p. O

Lemma 4.2. Suppose dimg Ja,_1/J?an—1 = 1. Then there exists an arrow B’ such that
R,B/Oln,] + J,B/Oln,] =Jay_1.

Proof. By the hypothesis there is some 8’ € Il with f'a,_1 ¢ J?a,_1. We will show that
J2a,_| = JB a1 . For this we only need to show that any path in J%a,_; isin JB oy 1. If not,
let g be a longest path in Jzoe,,_l\Jﬁ/ocn_l. Theng =y - - - y105—1, Where y; € I'1 and 10,1 ¢
J?a,_1, otherwise ¢ could be replaced by a longer path. Hence yja,—1 = kB'oty—1 + wa,_1,
where 0 £k e Rand w € J 2 Therefore,

g=vr - Vitn_1 =kyr 2B an_1 + vr - Y2we,_i. (6)

Since y;---yowa,_1 is a linear combination of paths in J?a,_; longer than ¢, we get
Yp o yoway—1 € JB ay—1. Then, by Eq. (6), ¢ € JB a,—1. This is a contradiction. O

Theorem 4.3. Let A be a triangular algebra and U be a uniserial A-module with mast p =
op—1---a1. If dimg JOlnfl/JZOlnfl < 1, then the following statements are equivalent:

(1) The embedding JU — U is irreducible.
(2) U is not simple and satisfies both (a) and (b) below:
(a) Forevery B € B,

Basp)—1---a1 € Jp,
and for every § € D,
dag(s)—1 - -~ a1 € Rayg(s)—1 -+ - 1.

(b) Jp =0 or there is an arrow B’ such that {8'p + J? p} forms a R-basis for Jp/J?p and
(i) and (ii) both hold:
(i) Forevery y € C there exists w € pJ such that

Bon_1- o)y =Bw.

(ii) Forevery§ € D
Ban_i--aysd € RB ap_1 - ages).

Proof. Note first that, under the present hypotheses, the conditions (2) are equivalent to those
in Conjecture 3.2. The conditions (2)(a) are identical. We have that dimg Jo,,—1/J 2001 < 150
that, by Lemma 4.2, we can take the set R of Conjecture 3.2(2)(b) to be {8'p + J?p} or . Then
Conjecture 3.2(2)(b)(i) and (ii) reduce to the corresponding parts of this theorem.

(1) = 2)(b)(0):

Suppose Jp # 0. Then dimg J(xn_l/Jzocn_l = 1. By Lemma 4.2, there exists an arrow
B’ € Il such that RB'ap_1 + JB an—1 = Jap—1. Then {B'on_1 + J%a,_1} is a basis for
Jan_1/J?an_1 and {B'p + J*p} is a basis for Jp/J?>p. We will show that for y € C,
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B'an—1-- o)y € B'pJ. By Theorem 3.5, we know that U = Ae;/Jp where e; =s(p). Let
g =pB'p and K = Jp. By Lemma 4.1, there exists a uniserial module U, = Ae;/L with mast g,
where

L=Jg+ > A(Su—1(8,u)q).
(6.u)ng. t(8)=t(q)
Let
v U, UJU, U Aey
= - ,
where H=A(q+L,q+ L,0)+ A(L, 01+ 01 + L,an—1 - o) y) with ex =s(y).
U‘]

o]

Notice that for v € V, ejv € R(e; + L, 0, z) + H, where z is a linear combination of paths
from e, to e;. Let ¢ and ¥ be the A-homomorphisms
wwsvLou,
defined by ¢(¢1 + K) = (01 + L,o1 + L,0) + H and ¥ ((e; + L,L,0) + H) = e; + K,
Y((L,a1+L,00+H)=K and ¥ ((L,L,e,)+ H)= K. Then, using Lemma 4.2 we can prove
that ¢ and i are well defined. Clearly, ¥ ¢ is the radical embedding JU — U.

Claim. ¢ is not a split monomorphism; otherwise there would exist x : V — JU such that x¢ =
idjy. Wehave a1 + K = ooy +K) = x (@1 +L,o1+L,0)+H) = x((o; +L,L,0)+H)+
x((L,a1+L,0)+H)=x((L,a1+L,0)+ H), because x((e; +L,L,0)+ H) =K. Also we
have x((L,L,e;)+ H) =K. But

x(H)=x((Lap—1- a1+ L,ay_1--aypyy) + H)
=010+ K #K,

which is a contradiction. Therefore \ splits, i.e., there exists x1: U — V with Yy x1 =idy. We
have x1(e1 + K) = ((ey + L, L, Z:”zl kiw;) + H), where w; are the paths from e, to e and
ki € R. But q € K and so

m
x1(K) = x1(¢ + K) = (5]+L,vakiqwi> +H.

i=1
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Hence,

m
(q +L,L, Zk,'qw,) €A(@+L,g+L,0)+AL,0p_1--a+L,ap_1--ayy)y)-

i=1

Then, by Lemma 4.2,

m
(q +L,L, Zkiqw,') =k(qg+L,q+L,0) —Hﬂ’(L,a,,_l cear+ L, ay_g - -at(y)y)

i=1

+ Z LiuiB'(L,op—1 -+ a1+ L, ap_1 -y ¥),
l(ui)=1

where k,1,1; € R. It follows k =1 and | = —1. Hence,

Blan—1---ay =— Zkiqw,' + Z lii Blotn—1 - -~ oty -
l(uij)>1

If we multiply the above equation from the left by t(8'), using the fact that the quiver does not
have any oriented cycles and therefore t(8')u; = 0, we obtain

Blan_i oy ==Y kiqw; € 'pJ.

(1) = (2)(b)(ii):

Suppose § € D. We will show that B'o,—1 -+ ct(5)8 € RB aty—1 - 0tg(s). Let §:i — j and
q:=p'oy—1---aj. Again let U, = Ae/L be the uniserial with mast ¢, with L as above. Let

V= U, uJU, U Ae;
H 9

where

H=A(G@+L,qg+L,0)+A(L,0y—1--a1+L,0oty—1---0;8) + AL, L,ap—1--- ;).
Let ¢ and v be the A-homomorphisms

wwsvhou,

defined by ¢(¢1 + K) = (01 + L,a1 + L,0) + H and ¥ ((e; + L,L,0) + H) = e; + K,
Y (L, +L,0)+ H)=K and ¥ ((L,L,e;) + H) = K. Then, ¢ and ¢ are well defined and
Y@ is the radical embedding JU — U.

Claim. ¢ is not split monomorphism; otherwise there would exist x:V — JU such that
x¢ =idyy. Then we would have a1 + K = xo(o; + K) = x (1 + L,a1 + L,0) + H) =
x((a1 +L,L,O)+H)+ x((L,a1 +L,0)+ H)=x((L,a; + L,0)+ H), because x((e; +
L,L,0)+ H) =K. By Theorem 3.5(ii), x((L,L,e¢;) + H) = kaj—_1---a1 + K, where k € R.
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Thus, x(H)=x((L,L,an—1---aj) + H) =ka,_1---o1 + K. Therefore, k = 0. But
x(H)=x((L,ap—1-a1+L,ay_1--ajd)+ H)=0ay_1---ao1 + K #K,
which is a contradiction.

Therefore, ¢ splits, i.e., there exists y; : U — V with ¢ x; = idy. We have x(e; + K) =
(e1+L,L,0)+ H.Hence x1(K)=x1(g+ K)=1(q1+ L, L,0)+ H. Therefore,

(g+L,L,0)eA(@+L,g+L,0)+AL,ap_1--a1+L,ay_1---a;d)
+ AL, Loy ).
Then by Lemma 4.2

(q+L,L,0)=k(qg+L,qg+L,0)+I8(L,oty_1---01+L,a,_1 - j8)

+ > LB (Loan_i-ar+ Loy ajd)
lus)>1

+ U(Ls Lvan—l o 'C(i),
where [, l; € R, u; € J and v € A. Hence k = 1 and [ = —1. Therefore,

By i-aid= Y lusBan 1 a;8+van 1 e, (7
l(ug)>1

in Ae;. If we multiply Eq. (7) from the left by t(8’), using the fact that there are no oriented
cycles, t(B)u; =0, we get

Blan_1---ajd =t(B o1 a;.

Since there are no oriented cycles, t(8’) # t(a,—1) and so t(8")va,—1 € Joy—1. But Ja,_| =
RB'ay—1 + JB ay—1 by Lemma 4.2. Therefore,

Blan_1-ajd=kBay_1--ai+whan_1- i,

where w € J. But, t(8")w = 0, since there are no oriented cycles. Therefore, B/a;—1 - - ‘il =
kﬂ/an_l ee0p. O

By the work above, Conjecture 3.2 is true for all triangular algebras with a presentation so
that for each o € I'], A« is uniserial.

Definition 4.4. An algebra A with Jacobson radical J is called left multiserial (m-multiserial)
if, for each primitive idempotent e of A, the left ideal Je is a sum of uniserial (m uniserial)
A-modules.

For the convenience of the reader, we provide here the following theorem from [10, Re-
mark 2.3].
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Theorem 4.5. (See [10, Remark 2.3].) Every left multiserial algebra is isomorphic to one with a
presentation so that for each o € '], A« is uniserial.

Corollary 4.6. Conjecture 3.2 is true for all left triangular multiserial algebras.
5. The case of monomial algebras

Throughout this section we assume that the algebra A is a triangular algebra. We will prove
that the conjecture is true for monomial algebras. Recall that for any path p, non-zero in A, there
is an affine variety V), and a map &, from V) onto the set of isomorphism types of uniserial
A-modules with mast p (see page 3).

Theorem 5.1. Suppose A is a triangular monomial algebra and U is a uniserial A-module with
mast p. Then the following statements are equivalent:

(1) The embedding JU < U is irreducible.
(2) U is not simple and satisfies both (a) and (b) below:
(a)
(i) Forevery B € B, Basgy—1---a1 =0, and
(ii) Forevery § € D, Sogsy—1---a1 =0.
(b) For every B’ € B’ such that B’ p # 0 we have:
(i) Foreveryy € C, B'ay_1--ayy)y =0, and
(i) Foreveryd e D, Bloy—1 -+ 0y5)8 =0.

Proof. Note first that, since the algebra is monomial, the conditions (2) are equivalent to the ones
in Conjecture 3.2.

(1) = @2)(b)():

Let p=ay,_1---a; and U = Ae;/K. Suppose that there is 8/ € B’ such that 8'p # 0 and
Ba,_1---ajy #0 for some y € C, where x LN i, with x ¢ {1,2,...,n}. By condition (2)(a),
Vy ={0}. Let

q1:=pon_1---ai, g =Pl ay.

Since A is a monomial algebra and g; # 0; by [11, Proposition I1.3], 0 € V,;, fori =1 and 2. Let
Uy =Py, (0) = Aey/L and Uy, := D, (0) = Aey /F, where e, =s(y). Let

Ve Uy uJUg LUy,
H 9
where

H=Aq+L,qi+L, F)+ AL, ap—1---a1+L,ap_1---0ojy + F).

Once again, forve V,ejv= (ke + L, L,z+ F) + H, where z is a linear combination of paths
from s(y) to e;. However, such a path goes through e; and so is a non-route on ¢, i.e., z € F.
Let ¢ and v be the A-homomorphisms

wwsvLhou,
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defined by ¢(01 + K) = (1 + L,o1 + L, F)+ H and ¥ ((e1 + L,L,F) + H) =¢1 + K,
Y((L,ay+L,F)+ H) =K and ¥ ((L,L,ex + F) + H) = K. We will first show that ¢ is
well defined. Note that K = L + Aq. Suppose Ax; € K, for some A € A. Then Loy = w + yq1,
for some w € L and y € A. Thus, (Aay + L, Ac1 + L, F)=(yq1 +L,yq1 +L,F)e H.

Again, v is well defined, ¥ ¢ is JU < U and ¢ is not split monomorphism. We will prove
that i also is not a split epimorphism, which contradicts the irreducibility of JU < U. Suppose
Y is a split epimorphism. Then, there exists yx : U — V with ¢ x =idy. We have x(e; + K) =
(e1+L,L,F)+H.Butq=pBa,_1---a; € K.Hence x(K)=x(q1 +K)=(q1 +L,L,F)+
H is zeroin V. Then,

(@qi+L,L,F)y=k(qgi+L,q1+L,F)
+w(L, oy 1o+ Lyop1 oy + F), (®)

where k € £ and w € A. Note that if g] # ', then either Bja,_1---a is non-route on g
or (B),an—1---a1) 2 q1. Hence, Bia,_1---a1 € L. Similarly, o, —1---ay,)y € F. There-
fore Eq. (8) becomes (¢q; + L,L,F) = k(g1 + L,q1 + L, F) + I8 (L,ay—1---a1 + L,
ap—1---oyy)y + F), where k, I € R. Therefore k =1, k +1 =0, [ =0, which is a contradiction.
(D = ) (b)(i):
Suppose there is 8’ € B’ such that g’'p # 0 and B’ - - - oty(5)8 # 0 for some § € D. Let
§:i— j.By (a)ii), s(8) =i # 1. Let

q1:=Bap—1--ay, g2 :=pap_1---a;é

and let U, = Aey/L and Uy, = Ae/F be the uniserial modules corresponding to 0 € V,;; and
0 € V,, respectively. Let

VZUql'—']Uql'—'qu
H 9

where H = A(g1 +L,q1 +L,F)+ A(L,ap—1---o1+L,op1---a;jd + F).

UQI

o]

Let ¢ and v be the A-homomorphisms

wwsviou,
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defined by ¢(01 + K) = (1 + L,y + L, F)+ H and ¥((e1 + L,L,F) + H) =¢1 + K,
Y((L,oy+L,F)+ H)=K and ¥v((L,L,e; + F) + H) = K. Again, ¢ and ¢ are well de-
fined and ¢ is the radical embedding JU — U.

Claim. ¢ is not a split monomorphism:

Suppose there exists x : V — JU such that x¢ = idjy. Then, we have o] + K =
xY(@+K)=x(a1+Lai+L, F)+H)= (a1 +L,L,F)+H)+ x((L,on +L,F)+
H)=x((L,a1+L,F)+ H). Also we know that x((L,L,e; + F)+ H) =ka;j_1---a;1 + K,
where k € R. Then x((L,L,d8e; + F)+ H) =kéoj—1 -- -1 + K = K, by (a)(ii), and

x(H)=xL,ap—1 a1 +L,oy_1-ajd+F)=a,_1 a1 + K#K,
which is a contradiction.

Claim. ¢ is not a split epimorphism.

Suppose there exists x1 : U — V with ¢y x1 =idy. We have x1(e1+K) =(e1+L, L, F)+H.
Hence x1(K) = x1(q1 + K)=(q1 + L, L, F)+ H. Therefore (9 + L, L, F) + H = H, and so

(qi+L,L,F)e A(gi+L,qi+L,F)+AB'(L,ap—1-+-a1+L,ap_1--ajé+ F).

Then (g1 + L, L, F)=k(q1 +L,q1 +L,F)+1p'(L,ap_1---a1 +L,ay_1---a;j8 + F), with
k,l € R. Therefore k =1, k +1 =0, =0, which is a contradiction. O

6. Almost split sequences with uniserial end terms

In this section, we first show that if we have an arbitrary exact sequence with uniserial end
terms, then the middle term is either indecomposable or a direct sum of two uniserials. Then
we study «(U), the number of indecomposable summands of the middle term of an almost split
sequence ending in U, where U is a uniserial non-projective A-module, and give a global upper

bound for it in the case that A is a multiserial algebra. See [7] for related work.

Proposition 6.1. Let R be a left artinian ring and consider a short exact sequence
0— U, i> M U —0

in R-mod with uniserial modules Uy and Uy. Then M is either indecomposable or a direct sum
of two uniserial modules.

Proof. We will again denote the Jacobson radical of R by J. Assume we have a decomposition
M = M| & M, with both M and M, non-zero. Decompose f and g accordingly, i.e., write
/= (2) and g = (g1, &2), and let

“: R-mod — (R/J)-mod
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be the functor R/J ® g —. We then get the right exact sequence

h
U]—)M]@M MU —0

where U and U, are simple and M, M2 non-zero semisimple. Comparing the lengths of the
involved modules, we see that both M| and M, must be simple and f # 0. Without loss of
generality, we may assume f1(U;) = Mj.

Pick uy € Uy \ JU;. Then f1(u1) € M1 \ JM; generates M. Hence f is surjective and M
is uniserial. If f>(u1) =0, then f> =0 and g» is injective, and consequently M> is uniserial. If
for(uy) #0, we can find [ > 0 with fo(u1) € J'My \ J'H M, 1f 1 = 0, then f>(u1) generates M»
and M, is therefore uniserial. We will assume / > 0 from now on.

Claim 1. im(g) C J'U>.

Let m; € My; write m; = afi(u1) = fi(ou;) with « € A. Then gi(m;) = g(imy) =
gfilaur) — gf (aur) = —gfr(aur) C g(J'Ma) C J'U,. Hence we have gy (M) C J'Us.

Claim 2. g, is surjective and the map M»]J' My — Us/ J' U induced by g is an isomorphism.
Let my € M> \ JM;. Then up := gz(mz) € Uy \ JU; (since go(my) € JU> would imply
im(g) = im(gy) + im(g2) C J'U> + JUz U,, a contradiction). Since u, generates Us, g7 is
surjective. Now let x € M»> \ J'M; and assume g(x) e J'U,, say g2(x) = auy = go(amy) with
o€ J!. Then x — amy € ker(ga) \ J! My Cim(f2) \ J! M, =, again a contradiction.
Claim 3. J! M, is uniserial.
By restricting our maps f and g, we obtain the following short exact sequence:

0— U1—>M1$JIM2—>JIU2—>O

and we see as above that JIM2/11+1M2 is simple, hence J'M; is generated by f>(u1) and
U —J ' M, is therefore surjective.

Claim 4. M is uniserial.
We know that JXM, /T M, is simple or O forall k e N. O

In the sequel, A will be a finite-dimensional algebra over K.
The following proposition gives a general upper bound for the number «(U) for a uniserial
module U:

Proposition 6.2. I[f U € A-mod is a non-projective uniserial module, then

a(U) < length(soc DTrU) + 1.
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Proof. Let 0 > DTrU — B — U — 0 be an almost split sequence. Then 0 — soc DTrU —
soc B — soc U is left exact. Therefore,

a(U) < length(soc B)

length(soc DTrU) + length(soc U)

NN

= length(soc DTrU) + 1. O

The following proposition gives more precise information.

Proposition 6.3. Let 0 — DTrU EN Llics Bi £, U — 0 be an almost split sequence where U
is a uniserial module and the B; are indecomposable.

(i) At most one of the induced maps g; : Bi — U is a monomorphism.
(ii) If B; S Uisan epimorphism and soc B; is simple then soc B; C f(soc DTrU).
(iii) Let I’ ={i € 1| g : B; — U is an epimorphism}. Then |I'| <length(soc DTrU).

Proof. (i) Suppose g1 and g» are monomorphisms. Using Proposition 3.1 again, we have B} =
JU and By = JU. The induced irreducible morphism B L By — U cannot be an epimorphism
and therefore is a monomorphism and By LI By = JU, which is impossible.

(i) We have soc B; Nker(g;) # 0 since ker(g;) # 0 and soc B; is essential i in B;. But soc B;

is simple, so soc B; C ker(g,) ‘We know that 0 — soc DTrU —> |_| ic] SOC B; 25 soc U is exact.
Hence soc B; C ker g = im f. Therefore, soc B; C f(soc DTrU).
(iii) We distinguish two cases:

Case 1. There is an i such that g; is a monomorphism. Then
[I'| < a(U) — 1 < length(soc DTrU)
by Proposition 6.2.

Case 2. For each i €l,the map gi 1s an epimorphism. We consider the exact sequence 0 —

soc DTrU ER [];cs soc B; £, socU and we use (ii): if soc B; is simple for all i, then f is an
isomorphism and we get

[l =a(U) = length<soc |_| B,-) =length(soc DTrU).
iel
If however at least one soc B; is not simple, then the same exact sequence gives
[I'=a(U) < length<soc |_| B,-) — 1< length(soc DTrU). O
iel

Let e, f be primitive idempotents in A. For a non-zero element a € fJe, the A-module
Ae/ Aa is indecomposable and non-projective. We are interested in the case where this module
is a uniserial module and consider the almost split sequence ending in Ae/Aa.
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Proposition 6.4. If U = Ae/ Aa is a uniserial module, then a(U) < 2.

Proof. Af % Ae — Ae/Aa — 0 (where .a denotes the right multiplication by a) is exact
and is the start of a minimal projective presentation of Ae/Aa. From [2, Proposition V.6.1] we
have that the middle term B in the almost split sequence § : 0 - DTrU — B — U — 0 has
a decomposition B = B’ U B” with B’ indecomposable and such that if B” # 0, the induced
morphism g”: B” — U is an irreducible monomorphism. But, by Proposition 3.1, B” = JU is
indecomposable and therefore «(U) <2. O

Uniserial representations of left multiserial algebras are studied in [10]. Here we find an upper
bound for «(U) where U is a uniserial module over a left m-multiserial algebra.

Theorem 6.5. Let U be a non-projective uniserial module over a left m-multiserial algebra A
withm > 2. Then a(U) < m.

Proof. By [10, Remark 2.3], we can assume that A = &1"/I such that A« is uniserial for every
arrow « in I'y. Suppose p is a mast for U and let o) be the first arrow of p. Let A = {Ayp |
y € I'1}. Any two members of A4 are comparable; i.e., for y|, y» € I, either Ay;p C Ay,p or
Ayap € Ay1p, since Aqa; is uniserial. Hence there exists a greatest element in A4, say Ayp.
Notice that Ay p can be zero. This happens when Jp = 0.

Case 1. There is no arrow leaving e := s(p) except «. Here Ae is uniserial, we have U =
Ae/Ayp and since U is not projective, yp # 0. Therefore «(U) < 2 < m by Proposition 6.4.

Case 2. There are arrows B, ..., 1, 81+1, ..., S, leaving e except a;. Assume (Bj,e) 2 p (1 <
j <1ID)and ;e (I + 1 <t < n) are non-routes on p. Note that n < m, since A is m-multiserial.
Letb; =8, — Ziel(ﬂj,e) ki(Bj.e)vi(Bj.e) and by = &;.If Ayp =0, then U = Ae/Y ;_, Ab;.

Otherwise U = Ae/(}_}_, Ab; + Ayp). Let 0 — DTrU ER Llics Bi 2, U — 0 be an almost
split sequence. By Proposition 3.3, all the induced irreducible maps g; : B; — U are epimor-
phisms. By Proposition 6.3(iii), «(U) < lengthsoc DTrU. But by [2, Proposition IV.1.11], we
know that soc DTrU = P/J P; where P — Ae — U — 0 1is a minimal projective presentation
of U. Therefore a(U) <m. O

The following proposition gives more precise information in certain situations; it follows from
the proof of the above theorem.

Proposition 6.6. Suppose U is a non-projective uniserial module with mast p over a left m-
multiserial algebra A. Then

() Ifm =1 (i.e. if A is left serial) then a(U) < 2.
(ii) If there is only one arrow leaving s(p), then a(U) < 2.
@iii) If m =2 (for example, if A is a left biserial algebra), and Jp =0, then a(U) = 1.

Proof. The parts (i) and (ii) follow directly from the proof of the above theorem. As to part (iii),
let 1 be the first arrow of p. Then there is an arrow f # o starting at e = s(p) (otherwise,
following the above proof again, U = Ae would be projective). Thus, either (8,¢e) @ p or B is
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a non-route on p. If (8, e) &2 p, then U = Ae/Ab, where b :=f — Ziel(ﬂ’e) ki (B,e)v;i(B,e). If
B is a non-route, then U = Ae/Ab, where b := B. In both cases then, «(U) = 1 by [2, Proposi-
tion V.6.3], because the image of Af b5 Aeis not in J2e, where f=tp). O

Acknowledgments

The authors are grateful to Professor Walter D. Burgess for his valuable suggestions and also
wish to thank the referee for her/his careful reading and useful comments.

References

[1] EW. Anderson, K.R. Fuller, Rings and Categories of Modules, second edition, Grad. Texts in Math., vol. 13,
Springer-Verlag, 1992.
[2] M. Auslander, 1. Reiten, S.O. Smalg, Representation Theory of Artin Algebras, Cambridge Univ. Press, Cam-
bridge/New York/Melbourne, 1995.
[3] A. Boldt, Two aspect of finite dimensional algebras: Uniserial modules and Coxeter polynomials, PhD thesis, Uni-
versity of California in Santa Barbara, June 1996.
[4] K. Bongartz, A note on algebras of finite uniserial type, J. Algebra 188 (2) (1997) 513-515.
[5] K. Bongartz, B. Huisgen-Zimmermann, The geometry of uniserial representations of algebras II. Alternate view-
points and uniqueness, J. Pure Appl. Algebra 157 (2001) 23-32.
[6] K. Bongartz, B. Huisgen-Zimmermann, Varieties of uniserial representations IV. Kinship to geometric quotients,
Trans. Amer. Math. Soc. 353 (5) (2001) 2091-2113.
[7] M.C.R. Butler, C.M. Ringel, Auslander—Reiten sequences with few middle terms and applications to string algebras,
Comm. Algebra 15 (1987) 145-179.
[8] B. Huisgen-Zimmermann, The geometry of uniserial representations of finite dimensional algebras I, J. Pure Appl.
Algebra 127 (1998) 39-72.
[9] B. Huisgen-Zimmermann, The geometry of uniserial representations of finite dimensional algebras III: Finite unis-
erial type, Trans. Amer. Math. Soc. 348 (1996) 4775-4812.
[10] B. Jue, The uniserial geometry and homology of finite dimensional algebras, PhD thesis, University of California
in Santa Barbara, August 1999.
[11] A. Mojiri, Presentations of monomial algebras and uniserial modules, Comm. Algebra 34 (11) (2006) 3949-3960.
[12] A. Mojiri, Geometric aspects of finite dimensional algebras—Uniserial representations, PhD thesis, University of
Ottawa, 2003.



