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1. INTRODUCTION

In this paper we present a proof of the existence of cnoidal water waves, taking
into account the effect of surface tension. Previous proofs have either neglected
surface tension or assumed that the water was very shallow. The waves con-
sidered are periodic, progressive, two-dimensional flows in a channel with
horizontal bottom. They are called cnoidal because their first approximation
involves the Jacobian elliptic function cn. These waves are of particular interest
because they do not arise in a linear model. We also show that, if surface tension
is neglected, the cnoidal waves tend to solitary waves, i.e., waves with a single
crest, as the period tends to infinity. It is not known whether solitary waves
exist under the influence of surface tension. The method used here is similar
to that of [2], where a simplified proof was given for the existence of solitary
waves without surface tension.

It will be assumed that the fluid is incompressible and inviscid, and that the
fluid motion is determined by gravity, surface tension, and pressure forces.
We choose coordinates so that the flow is steady. The flows of interest are then
symmetric with respect to a vertical line; we take this line as the y;-axis and the
bottom as the x,-axis in the plane of the flow. The free surface is described
by a curve ¥, = Y,(,), and since the flow will be irrotational, the velocity field
is the gradient of a harmonic potential ¢, in the region 0 << y; < Y,(x)). If
is the harmonic conjugate of ¢, , i.e., the stream function, then y, == ¢, + &y
is an analytic function of z; = x; + #y; . On the free surface one boundary
condition is a form of Bernoulli’s law:

11 dx,
2

2 dzy dy,
dz, gl + (

2y—3/2
+gY,—T Tl %, ) g = constant, (1.1)

where g is the acceleration of gravity, T is the coefficient of surface tension,
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and the density is assumed to be 1. The fact that the velocity is tangent to the
streamlines imposes two additional boundary conditions:

op, _ 04, 0V,

— frm— 1-
a, dx, ox, on y; Yi(x,), (1.2)
Oy

=0 on = (. 1.3
ayl yl ( )

In addition Y, and V4, are to be periodic functins of , , say with period 2L, ;
Y, and ¢, will be even, and ¢, odd, with respect to x, . Finally we assume that
the mean depth is a fixed number 4, so that

L

| " V(%) d, = KL, . (1.4)
0

For a reason to be explained, we assume that & > .5 cm.

Our result is that exact solutions of the above problem exist for various values
of two parameters, K and a; for each K sufficiently large, there is a set of positive
values of @ with 0 as a limit point for which solutions exist satisfying

ax,

Vi) = & ah(l — 38;) keen?
3 %

: k) 1+ Y, + o(a?), (1.5)
L, = kKJa + o(a), (1.6)

as @ — 0. Here By = Tgh?, 0 < k < 1, K = K(k) is the complete elliptic
integral of the first kind, and Y is determined by condition (1.4). The precise
result is stated in Section 2 as Theorem I.

If surface tension is neglected, the last term in (1.1) does not appear. In that
case we obtain solutions for all (K, @) with K > K;, 0 < a < a;, where K, ,
a, are certain constants. These solutions satisfy (1.5), (1.6) with 8, = 0. Under
a certain transformation they are CV with respect to a for any V; thus in principle
an expansion about @ = 0 can be calculated to any desired degree of accuracy.
Moreover, for fixed a, the solution converges as K — oo to a solitary wave with
the profile

ax;

Yi(x) = h + ‘—; a*h sech? A + o(a). (1.7)

These results are formulated in Theorem 2.

The general method of proof is to estimate solutions of a linearized form of
the problem and then perform an iteration to obtain exact solutions. Because
of the stretching of the horizontal variable which is apparent in (1.5), it is not
possible to obtain sharp estimates on the linear problem which are bounded as
a — 0. For this reason we use an iteration of the type introduced by Nash and
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further developed by Moser [9], in which an approximation by Newton’s
method is alternated with a smoothing operator.

While it seems that surface tension should have little effect on the nature
of these waves, the linearized problem mentioned above fails to be solvable
for certain values of the parameters if f;, <C 4, in contrast to the case where surface
tension is neglected. The condition 8, < 4 corresponds to 2 > .5 cm., approxi-
mately. It is for this reason that exclusions are made in Theorem 1. The fact that
cnoidal waves with surface tension exist for arbitrarily large K leads us to expect
that solitary waves also exist in that case, but this does not follow from the
arguments given here.

The approximate description (1.5) of cnoidal waves was given by Korteweg
and De Vries [6], extending earlier treatments of solitary waves. Keller {5]
provided a more systematic derivation based on the shallow water theory. The
first proof of the existence of cnoidal and solitary waves, neglecting surface
tension, was given by Lavrent’ev [7]. The solitary waves were obtained as limits
of cnoidal waves, but it is difficult to compare his convergence result with the
one given here. More direct proofs were found by Friedrichs and Hyers [3] for
solitary waves and Littman [8] for cnoidal waves. Ter-Krikorov [12] improved
Littman’s method to obtain solutions for all K sufficiently large and 4 in a fixed
interval. Zeidler [14] gave a proof of the existence of cnoidal waves under the
influence of surface tension assuming that 2 <C .5 cm. An extensive survey
of the existence theory for this class of problems, as well as a more complete
bibliography, may be found in [15]. A general account of the theory of surface
waves is given in [13].

2. STATEMENT OF RESULTS

We begin by nondimensionalizing the problem as in [12]. The conditions
(1.2), (1.3) imply that ¢ is constant on the top and bottom; we assume that
=0 ony, =0 and = O on y, = Y (x;). Since the vertical velocity
component is zero on ¥, = L, ,¢(L,, ;) is a constant, which we denote by cL, .
Then ¢ can be interpreted as the average velocity on any submerged horizontal
line. We introduce new variables

2y = % + 1Yy = ¢x,/0, x = ¢+ b = x,/O
and set
Y = cY/0, L = cL,/Q.
The condition (1.1) now can be written as

3Dy 124+ vY — TyYp (1 + Y2)™® = constant, 2.1)
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where

In addition we have

$=0 on 3,=0, $=1 on y,="Y(x)
¢ =+L on x, = LL.

We will now transform the problem in a way introduced by Levi-Civita,
We set

D,x = /3 exp{—i(8 + i)}

and attempt to find ' + #}’ as an analytic function of y in the strip {y : 0 <
J < 1} satisfying appropriate conditions so that a solution of the original
problem can be constructed. This transformation is discussed in detail in
the case of no surface tension in [11], Secs. 10.9 and 12.2a.

To convert the last term of (2.1) to the new variables, we note that
Y,, = ¢y,/¢s, = tan &', and therefore

V(1 4 Y2) 2 = DV, (1 + Y2)2
= D, (tan §'/sec 0') = D, sin ¢’
= (Dy sin 8') Dy (g, Y (o))
— (c08 0') Bl + b}
= /3 cos 6'{cos ' + sin §' tan 0} &V'6;
— 3G,

Differentiating (2.1) with respect to ¢ and using this fact, we obtain as in [11]
the condition

0, — e sin @ + Be (05, — 0:6,) =0  on =1, (2.2)
where
8 — TygHPOss, 23)
Also
=0 on ¢ =0, 2.4)

and 6 - 1)’ is periodic in ¢ with period 2L. Since we are interested in symmetric
flows, €' is odd and X’ even in ¢.

505/31/2-6
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Three additional conditions are satisfied by ¢ + #A’. Since x, =L when
x =L, we have
L

L =158 f 1O df. (2.5)

0

The restriction that the mean depth be & implies that
Y{xg)

heLjQ = fo ' jo 1 dy, dx,

and thus

heL|Q = 273 jo ’ fo C e dy dg, (2.6)

If we are given a 8’ + i)’ satisfying (2.2), (2.4), and the periodicity and parity
conditions, » is then determined by (2.5) and hence Q and ¢ by (2.6). On the
other hand, Q is determined by B according to (2.3). Thus 8 cannot be arbitrary
in (2.2) but must satisfy a certain relation, which is found to be

p=n ’ [ e apasf| Cer @7)
where

By = Tlgh*. (2.8)

Finally, if 8 + ¢}’ is determined satisfying the prescribed conditions, including
(2.7), and is sufficiently small, then a solution of the original problem can be
constructed by finding =z, as a function of y using the formula

Zlx) =17 fo " explit'(§) — N(0)} L. (2.9)

One checks that this function is one-to-one and the inverse y(z,) satisfies the
required conditions; see {11], Sec. 12.2a.

In order to obtain a family of solutions with limiting form as the amplitude
tends to zero, it will be necessary to stretch the horizontal variable as was done
in [3]. Thus our independent variables will be

x=ab 3=

where a is a small positive number. For convenience we also rescale the depen-
dent variables,

0 = a=%¢, A= a?\.
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The problem can now be stated as follows: Functions 6 and A are to be found on
Z={xy):0<y <1}
such that

8, — e=3S(6, €) + Pe-MeB,, — 20,6} =0 on y =1, (2.10)

8, = —A,, A, = &b, on X (2.11)
=20 on y=0, (2.12)
é is odd and A even in x, (2.13)
6 and A have period 2K in x. (2.14)

In addition (2.7) must be satisfied. Here ¢ = @?, K = aL, and S(6, ) =
a2 sin a®f.

With each K > #/2 we associate the number %, 0 <{ k& <C 1, such that
K = K(k) is the complete elliptic integral of the first kind,

/2
K(k) = fo (1 — B2 sin o) V2 da.

We denote by k' the number such that &2 4+ k2 = 1. The solutions 6 and A
obtained will tend as € — 0 to the values

M= (1 — 3By, 6% = —(1 — 3B)v D,r, (2.15)

where

4 ... 2 12( -
7(x; K) = 5 {2k — 1 — 3k%cn(x; R}, (2.16)

¢n being the cnoidal function.

We next describe the set of (K, €) for which a solution is obtained. Let 2~
be a closed subset of {(K €): K = K, 0 < ¢ < 1} containing [K, , o) X {0},
where K; > K(271/2). We assume 0 < 8, < }; this holds if # > .5 cm. Then
the equation

peothp = 1 + Bou?

has a unique positive solution p, (see [14, Lemma 3]). We require that for all
(K,e)e Z withe > 0,

|%-£._m,‘>q,>o 2.17)
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for each integer n > 0 and some ¢, < /2, and also
a < CK (2.18)

for some C. As before a* = . Note that X can be chosen so that for every
K > K, , there is a (K, ¢) € X' with e arbitrarily small. Given ¢, > 0, we set
2 ={K, €)e X :0 < e < ¢}. We now state the main result.

Taeorem 1. Assume 0 < B, < %. Given an even integer m and a set X with
the properties specified above, there is an ¢, sufficiently small so that functions 0,
Xon R X X, exist with the following properties:

(i) Foreach (K, €)€ 2, , DpD30(-; K, €) is continuous on & for o, + oy <
m -+ 2, and the same for A.

(1) For each (K, e)eZ,, 0(-; K, €) and A(-; K, €) satisfy (2.10)—(2.14)
and (2.7).

(i) As e — 0 we have
D3DY0(x, v; K, €) = DRDy0*(x, y; K) + o(1)

and the same for X, \*, with the error uniform in (x,y; K) for K in a bounded
interval. Here oy + oy <, m + 2, and 0% and A* are given by (2.15), (2.16).

If surface tension is neglected, this result can be improved, as described
earlier.

THEOREM 2. Let 2y = [K;, ) X [0, ), with K, as before. Given integers
m and N with m even, there is an e, sufficiently small so that functions 6, \on# X 2,
exist with the following properties:

(i) DJDpD0 is continuous on R X Zy for oy + ap <m+ 2, j <N,
and the same for ).
(ii)y For each (K, )2y, 8(; K, €) and A-; K, €) satisfy (2.10)+2.14)
with § = 0.
(i) For ¢ = 0, 0 and X are given by (2.15), (2.16) with B, = 0.
(iv) A4s K — oo,

DJIDuDR0(x, v; K, €) — DIDPDy36(x, y; o, €) for a certain function
0(-; 0, ¢€), uniformly in (x, v; €) for x in a bounded interval, provided oy + oy <
m—+ 1,7 << N — 1. The same is true for A

(v) The Lmit functions O(:; o0, €), A(*; 0, €) satisfy (2.10)-(2.13) with
B =0, and 6 — 0, X — 4/9 exponentially as | x | — co.
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(vi) Ate =20, 8 and A are given by (2.15) with By = 0 and

7(%; 0©) = g (I — 3 sech? x).

Theorem 1 is proved in Section 6 and Theorem 2 in Section 7. The problem
is set in appropriate function spaces in Section 3 with 8 treated as a free parameter
to be chosen at the end. Section 4 is concerned with the solution of an associated
linear problem. This problem is not solvable for all values of the parameters,
and the restrictions (2.17) and (2.18) are needed to obtain uniform bounds on
the solution. Finally in Section 6 an iteration of the Nash-Moser type is used
to obtain solutions of the nonlinear problem. The value of 8 is then determined
so that (2.7) holds. The proof of convergence as K - co relies on compactness
and a uniqueness property for the linearized solitary wave problem derived in [2].

Approximate expressions for various quantities associated with the waves
can be obtained from the limiting form at ¢ = 0, with error estimates provided
by the theorems. Using (2.5) and (2.6) we find that

v =1 3(1 — 3B,)rde + ofe)
lgh = 14 3(1 — 38,)(r>e + o(e) (2.19)
0 = ch -+ ofe), (2.20)

where

K
(ry = K1 fo (x; K) dK.

Since (r) — 1 as K - oo, the flow is supercritical (i.e., ¢ > gh) for large K.
The errors are uniform for K in a bounded interval, and in the case of no
surface tension they are O(e?) uniformly for all K. Q/k can be interpreted as
the average horizontal velocity over the fluid domain. Both notions of average
velocity were introduced by Stokes; see e.g. [13, Sec. 7].

The approximate profile of the wave can be found using (2.9). Substituting
for §" and A" we have

%(¢, 1) = ¢ + O(a)
yo(d 1) = 1 — (1 — 3BHr(ag) — <)} + o(e)

so that
Y(xg) = 1 — (1 — 3By)l{r(axy) — (>} -+ ofe).

Returning to the physical coordinates and using (2.20), we find

Yi(xy) = b — eh(1 — 3B)}{r(ax,/h) — (D} + oe),
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which is equivalent to (1.5). The error is uniform in x; and K, for ax; and K
in bounded intervals. When no surface tension is present, it is O(e?), uniformly
for all K and ax, in a bounded interval. Similar expressions can be obtained for
the velocity field; see [8, Sec. 9]. Equation (1.6) follows from (2.20).

As K — o0 in the case of no surface tension, the parameters have limiting
values

v = exp(—4e/3)

Q = ch,
c?lgh = exp(4¢/3);

this can be seen from the nature of convergence of A described in Section 7.
Using these values the solitary wave of Theorem 2(vi) can be transformed back
to the physical plane. The profile can be found as above, leading to (1.7).

Because we wish to allow K arbitrarily large, we shall use function spaces
with the weight dn(x; k), as was done by Ter-Krikorov in [12]. Here dn is a
Jacobian elliptic function, even and of period 2K(k); dn decreaseson0 < x < K
from 1 to ¥'. As k— | (and K —> o), dn(x; k) — sech x, uniformly for x in
bounded interval. The inequality

K
f dny de <2dnx, 0<x<K, 2.21)

will be used repeatedly; see [12], Theorem 6.3, for proof. The properties of
elliptic functions used here can be found in [1], Chapter 16 (but note the para-
meter m there is &? here).

3. Tue Ser-Up

We wish to find solutions of the problem (2.10)~(2.14) for various values of K,
¢, and B. We suppose that p = (K, ¢, B) lies in a fixed closed subset IT of
I, = [K;, ©) x [0, 1] X (0, ) such that 8 and 1 — 38 have positive lower
bounds and K; > K(2-1/2). Further restrictions on IT will be imposed later.
We will treat 8 as a single unknown with A defined as

Yy K
s, 3) = e [ 0K, y) dy' + [ 0, 3) v (3.1)
va
plus a constant to be determined. With this definition, A, = —8, ; moreover,

A, = €0, onx = K. If 0 satisfies €f,, + 6,, = O we then have (6, — A,), = 0
so that A, = €0, everywhere. :

We now introduce function spaces in which to pose the problem. Let m
be a large even integer and j = 0, 1, or 2. We denote by Y, ; the Banach
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space of functions #: Z — R such that D{D26 is bounded and continuous for
ap <y o+ ap < m—+j, with the additional requirement for j = 2 that
6(x 0) = 0. We write Y, for Y,, ,. Similarly X,, will be the space of functions
6: R — R with D,*8 bounded and continuous; « < m. Finally we let Z,, =
Y, x X,, and define the map

F=(FFY: Yoo % You x I, Z,
by the formula

F1(8, A; p) = €, + Hw
F2(0, A5 p) = B{eb,, — 26,0,} + 20, — e25(0, €),

(3.2)

where p = (K, ¢, 8) and y = 1 in the last equation. Clearly F is C*. Our problem
is to find, for pe Il with ¢ >0, a ¢ Y,'M, odd and of period 2K in x, for
which F(8, A; p) = 0; here X is defined as indicated above.

When € = 0, F reduces to the linear map

0~ (eyu ’ (61/ - 0) |u=1)~

The null space consists of 6 € Y, , of the form 6(x, y) = 6(x, 1)y. We introduce
a projection P on this subspace defined by (P6)(x, ¥) = 8(x, 1)y. Moreover,
if O is the projection on Z,, given by

0. 1) — (0.5 = [ .31 ),

an integration by parts show that QF(f, p) = 0 when ¢ = 0. This leads us to
modify F by defining

50 . (0PG5 p) + I — Q)F(6,Xp), >0,
FOND = orsnp) 4 (1 0RO 0. O
F is again smooth, and for ¢ > 0, the zeros of F coincide with those of F

Next we wish to incorporate the dependence on parameters into the map.
With m and f as before, let Y% ; (or Y%} be the subspace of Y, ; consisting of
functions which are odd (or even) and of period 2K with respect to x. Let
Y, {(IT) be the space of functions 8: Z X II — R such that D31D20 is continuous
for oy + oy <m+f, o <5 0(; p) €Y, ; ; and the norm

[ 0llm.; = sup | DSDi0(x, y; p)|/dn(x; k) (3-4)

is finite. If j = 2, we again require 6 = O fory = 0. Y, (IT)is defined similarly,
and X, (IT), X,5(II) are the corresponding space of functions R x IT —~ R.
Because of (2.1), equation (3.1) now defines a bounded linear operator
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0 — A® from Y, o(IT) to Y, 1(IT). We will choose the constant A — X° in such a
way that A = 46 4 y, where A is a linear operator of the same type and y is
smooth bounded function of p. We now introduce the map

H: Y, llT) — Z,(IT) = Y,(IT) X X,,(IT)

given by
(HO)(; p) = F(O(:; p), (A0)(5 p) + ¥(P): P)- (3-5)

H is smooth, and its derivatives can be expressed in terms of those of F; e.g.,
(DeH(O)w)(; p) = DoFu(:; p) + DyF(Aw)(; p), (3.6)

where DyF and D,F are evaluated as in (3.5).

We will solve the problem (2.10)~(2.14) for p € I, ¢ > 0, by finding a solution
of H(6) = 0. Our first step is to choose a 8* for which H(6*)(-; p) = 0 when
¢ = 0. Then H(8*) will be arbitrarily small provided sup{e : p € IT} is sufhi-
ciently small. It is easily seen that #* satisfies our requirements if and only if
0*(p) € PY,, , and OF (0*(p), A*(p); p) = 0 when e = 0, A* = A6* + y. Now
for 6 PY,, ,and ¢ = 0,

OF (6, X; p) = (B — $)0ue + 389, (3.7)

where y = 1 on the right. Furthermore, from (3.1) A* is independent of y, and
A¥ = —0% = —0* for y = 1. The choice of 6* is thus reduced to finding A*
so that for e = 0,

(1/3 — BIE, — 3NAX = 0.

One solution of this equation is (1 — 3B8)r(x; K), where 7 is given by (2.16).
We define

0%(x, 3; p) = —(1 — 3B) mafx; K)y; (3:8)
then
A¥ = A0% 4y = (1 — 38)r (3.9)
for ¢ = 0 provided we choose y appropriately. From formulas for the derivatives
of the elliptic functions it is evident that 7€ Y, (IT) and 6* € Y, o(IT).

Finally we specify the choice of constants in A, We define 48 = A° + q,
where « is given by

o p) = MK, 1; p)/97(K; K)
= —0,(K, I; )42k — 1),
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so that
(A6),, — 97(A46) =0 at (x,9) = (K, 1). (3.10)

The reason for this choice will be made clear in the next section. The requirement
K > K, ensures that « is bounded. Since

[ o(p) < C10,(K, 1;0) < CE || 61,1,
we have
Jaly < Cll81,,
and therefore
14601, < C' 61z,

as claimed before.
We now define

AK, & B) = (1 — 3B) «(K; K) — (A6%)(K, 1; K, 0, B)

to be consistent with the earlier requirement that (3.9) holds when ¢ = 0.
The operator A is of the form

(46)(p) = A(p) 6(p), (3.11)

where A(p): YE , — Y54 is defined in the obvious way.

4. THE LINFARIZED PROBLEM

In order to obtain a solution of H(f) = 0, we must verify that D,H(f) has
a right inverse for & near 8*. In view of (3.6), this amounts to showing that the
operator L(6; p): Y% , — Z, K given by

L(8; p): w > DoFw + DFA( p)w 4.1

has a right inverse for 8 € Y% ,, peIl, such that 8 is near 6%(p). Here D,F

and D,F are evaluated at (8, A(p)0 - y(p); p). The inverse we obtain will allow
for a decrease in m.

As a first step we show that
A(8; p) = QL(6; p): PYp o — QZ,F

is invertible for ¢ = 0 and 8 — 6*(p). 1dentifying PY%, , with X}, and OZ, X
with XX, we can treat A(8; p) as an operator on functions of x alone.
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Lemma 1. A(0%(p); p): Xno — XX has a bounded inverse for ¢ = 0.
Proof. Using (3.7), we have for ¢ = 0,
A@B*(p); Pl = (B — Pwee + 3*w + 30%(Aw) = g.
Substituting —(Aw), for w and 8%, A* from (3.8), (3.9), we can rewrite this as
(A)gzz — Hrdw): = /(5 — B)

or

Ve — 970 = h 4 ¢,

where v = Aw, ¢ is a constant, and

W) = (13 = By [ (e d.

However, our definition of A has been made so that the left side is zero when
x = K, and therefore ¢ = 0.
It was shown by Ter-Krikorov [12], Theorems 5.2, 6.1, and 6.2, that the

equation

Upy — 970 = h

has a unique solution v € X3'* for each h e Xg'¥ with the property that

ol < Clikly (42)

where C is independent of K for k2 > 1 and the norms are those defined by
(3.4). It follows easily by induction that

” v ||m+3 < Cm ” h ||m+1 .

These facts imply that the equation Aw = g has a unique solution for given
ge XX, and

lllne S N0lnis < CllAlmga < CN1glm-

Since the constants above are independent of K and B, and the derivatives
of F are bounded for {f, A) in a bounded set, this lemma has the following conse-
sequence.

CoOROLLARY 2. There exist 8 and ¢, so that if pell, ¢ <¢,, 0 Y% ,,
and || 0 — 60%(p)|| << §, then A(0; p) has a bounded inverse.
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We next consider a linear problem whose solution can be used in conjunction
with the above to construct an inverse for L. It is convenient to work with the
operator L(6; p): w > Fyw + FA(p)w rather than L. L and L are related by
the equation

Lw = ¢1QLw + (I — Q)Lw.
Forwe YX ,, L(6; p)w = (g, h), where
Wyy + Wyy = £

Bew,, — B*0.w, — Be*l,w, + ew, + ee20,Aw 4.3)
—e 228w + 2ee 2 ASAw = h,

the last on y = 1. Since S(#, 0) = @ and S,(6, 0) = 1, it is reasonable to
approximate the inverse of L by the solution of the following problem:

Bewyy +w, —w =~h y=1
Wyy + Wyy = £ 4.49)
w =0, y=0,x=0x=K

The top equation could of course be written as
wy —w — Pwy, = h — fg.
This suggests we make use of the family of eigenfunctions of y satisfying

b+ =0, 0<y<I
by—{—pl, =0, y=1 (4.5)
{=0, y=0

LemMa 3. The system (4.5) has solutions £ = ¢, , v =v,, n >0, where
vo =0 and nm <v, < (n+ Um for n = 1. In addition there is a solution
£ = {_,v =iu, where yu is the unique positive solution of

pcothpy =1+ Bu

The vectors (£_', £_(1)), (£, , £4(1)), n = O, form a basis of Ly(0, 1) X R and are
orthogonal with respect to the inner product

o) @y = [ fedy—ar
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The proofs of this and subsequent lemmas are given in Section 5. For fe
L0, 1) we will write f~ for (f, f(1)) e L¥0, 1) x R. Assume for the moment
that we have a solution w of (4.4); let

wy(x) = {w(x, )™, £,
An integration by parts shows that w, satisfies

2 —
€Wy, 0 = Vi Wn = &n

(4.6)
w,(0) = w,(K) =0,
where
&n = (& B7), £u™D.
Similarly for w_ = <{w~, £_~> we have
€W_ oy 1 /sz— = 8-
4.7)
w_(0) =w (K)=0
with

g- =& B7h), £_~).
While (4.6) is always solvable, (4.7) will have a solution for arbitrary g_ only if
uKla # nw (4.8)

for every positive integer n. Here a* = ¢ as before. We will in fact assume from
now on that IT has the property that

[ -
a

= € (4.9)

for some positive ¢, and all p € IT with € >> 0 and all n > 0. It can be seen that
better estimates for (4.4) are possible in the case where g, = 0. Since £(¥) = ¢y,
this is precisely the condition that Q(g, k) = 0. The estimates which we will need
for this problem are summarized in the following lemma.

Lemma 4. For each p = (K, ¢, B) satisfying K =21, 0 <e<< 1, n < B <
4 — n for some n > 0, and (4.9), there is a bounded operator G(p): (I — Q)Z,% —
YK such that if w = G(p)(g, k) and |[(g, A, < 1, then w satisfies

[w ’m < C/a, a I ww(', l)|m < C/a,
| w’-‘l(.’ 1)]?" < CKl/2/a, I/I‘ZU(, ]):m < CK/a,
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where single bars denote sup norm without weights. Moreover,
H w “1!1—4,2 < C(l +’ k,_la)'

Here a® = ¢, and the constants depend only on n and C,; .

Because of the second part of this lemma, we can treat L(8; p) G(p) as an
operator taking (I — Q)Z,X to ZX_,. The error LG — I can be estimated in
Z,X, however, using (4.3) and the first part of Lemma 4:

Lemma 5. For p as in Lemma 4, 8¢ YK , such that |81, , < C,, and
ze(l — Q)Z, X we have

“L(g; P) G(P)z — < Hm < ClKa H 2 Wm .

Note that (I — QYLG — I)z = 0, so that (£G — I)z = (LG — I), and

therefore

IL(8; p) G(p)z — 2w < CiKa™ || 2l -

We can now combine Corollary 2 with the above to obtain an inverse for L.
For arbitrary z € Z,,X we define R(f; p)ze Y _, as

RYO; p)z = A7(6; p)=1 + G(p)2.
=w, + w,,
where 2; = Qz, 2, = (I — Q). To estimate the error LR! — I, we first note

that from the definition of A we have Lw, — 2, + r,, where r, € (I — 0)Z,.X
and

r = (fwl.z'ac ’ (5/3)w1am 1[1/=1)'
Hence

1711l < Cell @y e < Cell 2l -
On the other hand we have seen above that Lw, = 7, - 2, , with r, € OZ, X and
7ol < CKa™ || 2yl -

Thus M(6; p) = LR is an operator on Z,X = QZ,X ® (I — Q)Z,X of the

form

M:( 1 Mz)

M, I (4.10)
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with || M, || < Gy, | M, || < CoKa™ for (8; p) satisfying the conditions that
have been imposed. It follows that M has a bounded inverse on Z, X provided
Ka < 1/C;C, . Finally if we set

R(B; p) = RY(O; p) M(8; p): Z" — Yimyoas

we have LR = I as an operator from Z,X to ZX_, .
In view of Lemma 4 we have the estimate

I R(8; p)I < C(1 4 K1) (4.11)

provided Ka is sufficiently small. In order that R be uniformly bounded we
impose the additional condition on IT that

ok < C, pell (4.12)

Now £'K — 0 as K — oo; therefore under this assumption, there exists K, so
that

Ka < 1/(2C,Cy) (4.13)

for all p e IT with K > K, . But then (4.13) holds for all p & I for which

We summarize these results in the following statement:

PROPOSITION 6. Assume that II satisfies (4.9) and (4.12). Then there exist &
and e, such that, if peIl, 0 < € < ¢, and || 0 — 0*(p)lm.o < 8, then L(8; p):
YR o — Z,X has a right inverse R(6; p): Z,X — Y5 _, ,, and

I R p)ll < C.

The inverse operator can be extended to e = 0; moreover, it defines an inverse

for D,H:

ProposITION 7. Let I, 8, ¢, be as above, and let II, = {pell:c < ¢}.
Then for 8 Y, (I1,) such that || 0 — 6*|,,, << 8, D,H: Y, (II) — Z,(II,)
has a right inverse R(0): Z,(I1,) — Y,,_q o(I1,) of the form

(R(6)2)(p) = R(8(p); p) 2(p)-

Here R is the extension to I, of the operator above.
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5. PROOFs OF THE LEMMAS

Proof of Lemma 3. For v > 0 the solutions of (4.5) are of the form /(y) =
¢ sin vy, where

vecoty = 1 —ﬁvQ.

On each interval (rm, (n + 1)), v~1 cot v — »~2 decreases from oo to —co, and
therefore equals —8 at exactly one point v, in the interval. On (0, ) the function
decreases from —} to — 00, as can be seen from the Laurent series about v = 0,
and there is no root if B << L. For v = iu, u > 0, £(y) = ¢ sinh uy, where

plcothpy — p-2 =4
The function on the left decreases from } to 0 for 0 << u << oo (see Zeidler
[14, Lemma 3]) so that the equation has a unique root provided 0 << 8 << 1.

Next we introduce an operator whose eigenfunctions are the /’s. On V =
L,(0, 1) x R we define the operator &7 by

A(u, q) = (uyy ﬁ_l(uy — u))
with
D(L) = {(u, q) : ue H¥0, 1), u(1) = ¢, »(0) = 0},

where H? is the Sobolev space. Then ./ is closed and densely defined, and
S~ = —v, 20~ AL~ = pPf_~. The identity

(lu~, v~y = —fl u,o, dy + u(l) o(1), (5.1

u~, v~ € D(&f), implies that o7 is symmetric with respect to { , >. It also implies
by the Schwarz inequality that

{Su~, u~y < 0 unless u~ = cy. (5.2)

Now we set V' == {wvelV :{v, £ ) =0} and show that {,) is positive
definite on V. First, from (5.2), we have (/_, /_> < 0, so that

{ Yrray < pr iy

The condition (u, g) € V' implies

g = [ w/_dylpl (1)
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and therefore

< (] ) ey

so that
bt <o [
where
p= j £2Bf (1) < L.
Thus

w9 a) > (1 =p) [ "t dy,

from which it follows that

(w, q), (w, q)> > ¢ [ f: u? dy + qz]

for some ¢ > 0.

The subspace ¥ is invariant under &7, and &7 |- is densely defined. In order
to show that {¢,~} is a basis of V", it suffices to show that (& — o)~ exists and
is compact on ¥’ for some o > 0. The equation (.27 — o)u~ = (f, ¢)is equivalent
to

Uy, — otk = f, 0<y<i
u,— (1 +Bou =g, y=1
u=0, y =0,

which is a Sturm-Liouville problem with no homogeneous solution provided
o # p2 Thus solutions exist for arbitrary (f, ¢), and the compactness of the
resolvent is a standard fact. ||

Proof of Lemma 4. The problem (4.4) has a unique solution w e Y}, , , for
arbitrary (g, k) € Z,,X provided (4.8) is satisfied. This can be seen by expanding
g and % in Fourier series with respect to x, noting that the nth term of either
series is O(n~™). However, to obtain the desired estimates we expand with
respect to the eigenfunctions of Lemma 3. With w,, and w_ as before, we have

0

w(®, y) = ), wal®) Lu(y) — w_(x) ((5)

n=0

, 5.3
= wy(x, 5) — w_(x) £(), -3)
at least in L2(0, 1) for fixed x, provided the #’s are normalized so that

Uy by =1, L~ L~y = —1.
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Then
[y < C 141 < Cnt (5.4)
and it suffices to estimate w,, and z_ . We assume that Q(g, #) = 0, and therefore
wy = 0.
Estimates for the problem (4.6) with weight function dn were obtained by

Ter-Krikorov in [12, Theorem 6.4], by writing the solution in terms of the
Green’s function; they imply

[ 20 llxx < Cr72 [ gnlixK - (5.5)
In a similar manner one may obtain

all Wn,a b < Cnt Hgn H() (5'6)

and, integrating by parts in the usual way,

{0 llo < Cn? |l gnlly - (5.7)

If we note that D¥w, satisfies a problem of the type (4.6), it follows inductively
from (5.5) and (5.7) that

” Wy Hm < Cn—2 Hgn Hm . (5'8)
(Recall we assume m is even.) In the same way we have from (5.6)

alwyelln < Crt | g Ll - (5-9)
Clearly

Hgnllm < Cl(g Al » (5.10)

and we can now estimate w, and w, ,(-, 1) using (5.4) and (5.8)-(5.10). The
result is that

T20s s @l a(ss Dl < C (8 Yl - (5.11)

In order to estimate w__ , , we shall need an L?-estimate on w, ,, . From (4.6)
it is easily found that

l €Wy xx Iiz < C lgn ﬁ_z .
Differentiating the sum for %, and applying the Schwarz inequality, we have

| ey pas Dife < C Y | et |72

505/31/2-7
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Now let o(x) = (g(x, -), Bh(x)) € V; then
2 gnl@)? = (o(x), v(x)) + g (x)?
< Clig, k)l dn’s,
and combining the last three inequalities we obtain
€| Wi pals Dz < Clig, Mo - (5.12)

From (5.11) we also have

alw o Dz < Cli(g Allo - (5.13)

In order to estimate %, , , we treat w, as the solution of a Dirichlet problem

w, = f, y=1
€Wy gy T Wi gy = go

w, =0, y =0, x =0, x = K,

with f(x) = w,(», 1) and g,(x, ¥) = g(x, ¥) + g_(») £_(y). Expanding in the
x-direction, we obtain the expression

w, o, 1) = Y, aiplcoth ajp) sin jo
j=1
1 X
+ [ [ 66 6 5) 8t 9 de dy (5.14)
0 v0
where

f= ij sinjox,  p =K,

< sinh aj ..
Gl &) =% Z o i Jp Y sin jpx sin jpé.

We estimate the first term in (5.14) by

1/2 1/2
CY (U +aip) £ <G (T AR + Cak (T ()

< CKl/z(Ifz liz+a lfacz [12)
< CKY2at (g, B)llp,

using (5.12) and (5.13).
In the second term of (5.14) we can rewrite G as G; + G, with

Gi(x, & y) = % Z e39°W=1) gin jpx sin jp&
=1
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and

|G, | < CK1Y evie < Cat.

Thus the contribution of G, to (5.14) is bounded by Ca™!|(g, k)|, . The
remaining part of G is

Gy, & ) = QE)7[P(é — x;7) — P(€ + x; 7)),
where r = exp ap(y — 1) and P is the Poisson kernel

P(x;7) = 1 + 2 X7 cos jpx.

Consequently

| Gy(x, -, ')iLl < C,

and the term in (5.14) corresponding to G, is bounded by ||(g, A)|, . In summary,
we have shown that

sup | w, (, 1)l < CKYV2a7 ||(g, )l -
Since D,jw, satisfies a similar boundary value problem, it follows that
lwy (s Dl < CKY2a71 (g, B)ll -
Next we estimate w_ using the formula
K
w(x) = [ G(x, £) g4 dé,
0
G_(x, £) = (aPo sin oK) sinaf sino(x — L), ¢ <ux,
where o = p/a. By assumption (4.9),
o (%)) < Ca (g, Ao -

(The constant here depends on 7, as well as C;, since we need a lower bound
for p.) As before,

a | Dw_(x)] < Ca™'||(g, Al
| Dw_(x)] < Cali(g, Al
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and by induction

a (g, Bl

\ w—- |'"l g
a|Dw_ | < Ca' (g, Al -

(5.15)

The first three estimates of the lemma follow from the above. The fourth
may be obtained from the first two by solving the top line of (4.4) for w, and
integrating in x.

For the last statement we need an estimate on w_ which is bounded as a — 0.
If we set 6w = w_ — p~%g_, then

E(Sw)mj + F’z(SW) = —E/"_zg—~,wz’
and by (5.15),
| 8% |y < Call(g, Bl < Ca,

so that
- e < Clak'~t 4 1).
Combining this with the estimate on w_ , we have
oy < C(aK=1 + 1)
It remains to show that

| @y s =+ || Wyy g < Clak'~* + 1).

In view of (5.3), it will suffice to show that {w, ,ll,—s and ||, [, 4 are
bounded. In fact, since w., ,, = g, — €w, 4, (5.11) implies that || @, 4y [ <C.
Finally, the identity

1 sy
o) = [ [ out) dt dz + (1) — 0(0)
0 Yz
applied to v = w_(x, -) shows that || w, ,{l,» < C. |
v Proof of Lemma 5. From (4.3) and (4.4), (LG — 1)z = (0, r), where

r = —Be?8,w, — Be?d,w, + (2 — Duw,
+ €0, (Aw) — (e72AS; — Nw
+ 2ee205(Aw),
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all evaluated at y = 1. The stated estimate can be shown for each term using
Lemma 4 and the trivial observation that

Hfol, < Clflallolh .

We verify this only for the fifth term, the others being more straightforward.
Assume || 5, << 1. Then

(e*2Sg — Dl < Clle Sy — 1y [w !y < Cat[[ 6225y — 11],
< Ca M| e XSy — Dl +- 172 — 11],,]
< Ca [l Sg — 1l + e — 11],]
< Ca—l[C/e3 + C"]
< Ca. |}

Proof of Prop. 7. Let J: YX , — ¥ , be the operator [ Ju](x, y) = u(Kx, y);
in the same way we can treat | as an operator on various other spaces. We will
show that

Ri(J " p) = JR(J s p)J " Z)' — YVign

has an extension to I7; such that R, depends continuously on (x; p)e Y, . x IT,,
where u is close to J8*( p). It then follows that R = J-1R,] is a right inverse for
L for € = 0 as well as ¢ > 0. It also follows that R()z and its (x, y)-derivatives
are continuous in (¥, ¥; p). Since we have already obtained a uniform bound on
R, the proposition will be proved.

First we note that, because of the smoothness of F, I,( J-1u; p): Y;lg — 7t
depends smoothly on (u, p)e Y, » X IT; ;, here L, = J'L]. As a consequence,
A7\ u; p): QZ,t — Y, o is also smooth in (u; p) where defined. It is clear
that for p e IT with € > 0, G,(p): (I — O)Z,' — Y,,_, , is a uniform sum of
operators depending continuously on p, and is therefore also continuous. We
now examine the limit ¢ — 0. Given p = (K, 0, B) e I1, let G(p): Z, X — Y% ,,
be the operator (g, k) > w® solving the problem

w0 — = h on y =1,
W,y =g in %, (5.12)
2w =0 on y =0.

An argument like the proof of Lemma 4 shows that || G(p)| << C. Now let
= (K, ¢ B),e >0, and set w = G(p)g, h). Then dw = @ — wP satisfies

(8w)y - (820) = _Bew:cm on y = 1,
(bw),, = —ew,, in &,

dw =20 on y =20
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Since Q(w, pw) = 0, 8w = —eG(p)w,, , Bw,,)- Hence
820 [ln-g,2 < Ce || Wop b2 < Ce @ flns,e < Cell(gs Al -

Thus G(p') — G(p) in the space of linear operators (I — Q)Z,X — Y1 _,,, as
€ — 0, uniformly in K, . It follows that G,(p): (I — Q)Z,, — Y, 4, is
continuous on JI.

We have now shown that RN J~%u; p): Z, — Yy 40, 0f Zp y— Y o,
depends continuously on (; p), and it remains only to show that (M(J2u; p)~1),:
Z,t ~ Z}, , does so. From the construction of G and the estimates of Lemmas 4
and 5, it is clear that M,: Z,' — Z,! is continuous for ¢ > 0, and therefore
so is (M;)™ = (M-);. On the other hand, writing M as in (4.10), we can
express M~! as a series with the form

ey

where || N|| < Ca, N: Z,X — Z,X uniformly for p in a bounded subset of IT, .
Using our extension of G, we can extend M,: Z, X — ZX , to ¢ = 0 so that
(M,), is continuous. It then follows that (M-1),: Z,X — ZX_, has an extension
depending continuously on (u; p) € ¥, , X IT, , and the proof of the proposition
is complete. §

6. ProoF oF THEOREM 1

It will be convenient to petform the iteration leading to the solution of
H(#) = 0 in a space without weighted norms. Let Y,,%(II,) be the space defined
precisely as Y,,(IT,) except that for u € Y,,”(I1;), D,*u is required to be a bounded
continuous function on # X I, , « < m, and the norm is

sup | D*u(x, y; p)i,

for (x, y)e R, peIl,, and « < m. Y}, o(I1,) and Z,,%(I1,) are defined similarly.
Now dn has the property that

| D*dn x| < C, dn x,
with C, independent of K; therefore the operator

W: YY) — Vo oIL): u > u dn x
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is bounded. On the other hand, if 0 € Y, ,(IT)) and u = W10 = §/dn, it is
easily seen by induction that

| u {m,2 < Cm H 0 “m.z I

i.e., W1 is bounded. The same applies to Z,,*(I1;) and Z,(I1;).

We can now work with the smooth function H¥ = W-1HW: Y}, ,(II,) —
Z,#(IT,) rather than H. Let u* = W-16*; according to Prop. 7, the derivative
DH"(u) has a right inverse R¥(u) = WAR(Wu)W: Z,*(IT,) — Y _g o(I1),
provided | u — w* |, , < §;. Moreover u* was chosen so that H(z*) = 0 on
e =0, and therefore | H(u*)|,, is arbitrarily small if ¢, is sufficiently small.
H has the further property that if |u |, , < C and ue Y}, ,,(II,) for some

£ > 0, then
| HY (@) lmse < Co(| # |mie,e + 1)

(See, e.g., [4, (A.5) and (A.1)].)

We will use smoothing operators on Y}, (IT,) of the type introduced by Nash.
Let ¢ € C*(R) be such that the Fourier transform i is 1 near x = 0 and of
compact support. For ¢ > 1 and u € Y§,(I1,) we set

(S 73 ) = ¢ [ el — ) ', 33 p) &'
Then S(t)u € Y} y(I1,) for any r, and

[ S(t)u lr+s.2

< Cts | u !r,2
l u— S(t)u ]r,2 < Ct= ! u |r+s.2 ’
r, 5 22 0. (See, e.g., [10, pp. 38-39].)
Following Moser [9], we now construct a sequence u, approximating the
solution. Let u, = u*, and for n > 0,

Upty == Uy + S(tn+1)‘vn s
where

vy = —R¥(u,) HY(u,)

and {t,} is a sequence defined by ¢, > 1, t,., = t¥/% The proof of Theorem 1
of [9] shows that, if H¥(u*) is sufficiently small, then u, converges in Y, o(IT;)
to a solution of H? = (0. Moreover, since H¥(4*) = 0 on e = 0, , = u* on
€ = Q for each n, and the same is true for the limit function. We summarize
this result:
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Prorosition 8. If II satisfies (4.9) and (4.12), II, = II N {e < ¢}, and <
ts sufficiently small, then there exists € Y, o(IT}) such that H(6) = 0 and 0 = 0*
fore =0.

To prove Theorem 1 we must choose 8 in terms of K and ¢ so that condition
(2.7) is satisfied. Assuming that a set 2 is given satisfying (2.17) and (2.18), we
first define an appropriate I7 so that the choice can be made. Let

I={K,ep): (K, e)eZ, [B—By| <Pie, |B—By| <5, ¢ <o)

Here B, is a constant to be specified later and 8 is small enough so that 8, > §
and B, + 8 << 4. We verify that IT satisfies (4.9) provided e, is sufficiently small.
By assumption

(oK /a) — nar | > 2¢,,

for each n and (X, €) € 2 and some ¢, ; here p, is the eigenvalue p at 8 = .
The restriction on'8 implies | p — pq | << Ce, so that

K |p—pylla < CKa.

Now by an argument like that preceding Prop. 6, CKa < ¢, for (K, €) I if
€, is small enough. Therefore

(pK/a) —nm | > ¢

for pell.

Applying Prop. 8 to II, we have a solution 6(-; p) of H(f) = 0 on II; ; given
(K, €)e 2 we wish to choose 8 so that (K, ¢, B)eIT and (2.7) holds. This
condition can be stated as

B = Boy(LlA) (6.1)

where

s=K [

0

K 1
edx, S, =K1 f j e dy dx.
0o Yo
To estimate | .4, — 1|, we note that
et —1] <3e|A] <3[Cdnx+|y1]
if e < lfsup | A|. Thus

| A — 1< 3[G/K + Ty ] (6-2)
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Here C, is independent of p but depends on II. Now A(x, y; p) is uniformly
continuous where K < C, and x < C;; since A = (1l — 38)r when ¢ =0,
we have for e sufficiently small and K < €y,

A, p; K e, B) — (1 — 36) 7(x; K)| < 1.
Consequently we can estimate

A= <37 lp+ 1), K<C
where | 7 [, = supy.x) | 7(x; K)i, while from (6.2),

[ A—=1I<3(lyl+ 1, K=C.
In any case, we have

A= 1] < Gy
where C, is a universal constant. Estimating .%, similarly, we obtain
(AL — 11 < be,

where b is a universal constant. Thus if 8, above is chosen so that 8, > 88,
there is a solution of (6.1) satisfying | 8 — B, | <C B¢ for ¢ sufficiently small.

Finally, with 8 chosen as a function of (K, €) as above, we can treat § and A as
functions on # x X, , for some ¢, , satisfying (ii) of Theorem 1. Because of
Prop. 8, assertions (i) and (iii) hold for Dj1D320 if oy << 2 and o) + 0y <+ 2.
However, the other derivatives of & and X of order <{m + 2 may be expressed
in terms of these using (2.11). Thus the proof of Theorem 1 is complete.

7. ProoF oF THEOREM 2

Our formulation here will be the same as in Section 3 except that the parameter
8 does not occur and we require that 8 be differentiable with respect to . Let

2={p=(K :K=K,,0<e<1}
where K; > K(2-1/%). As in (3.2) we define

F=(FLF2): Y, ,x2—2Z,
by
FI(G, A P) = eoa’z + HWJ

(7.1)
Fyf0, 25 p) = [0, — €725(6, €)],1 -
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Then F is C*, and F, defined by (3.3), is also. Now with m, j, and Y% . as before,

ms)

let Y, ;,v(2) be the space of functions 6: # X Z — R such that D*D%D6 is
continuous for o; + a, < m 4 j, ap < j, and oy < N; O(-; p) € Yy ;; and the
norm

| 01lm.i.v = sup | DEDD20(x, y; p)l/dn(x; k)

is finite. If j = 2, we require § = 0 on y = 0. Spaces Y¢, ; (&), X, »(Z), and

M3y
Zy,y are defined correspondingly. The operator A is bounded from Y,, , y to

Y, 1,5(2). Finally, if we define
H: Yfm.2,N(2)'—) m,N(Z)

by (3.5) and 6% as before with 8 = 0, we have H(§*) = O on ¢ = 0.
We now proceed to construct an inverse for D H. To approximate the inverse
we use solutions of the problem

w,—w=n~rh on y=1
Wop + Wy = ¢ in # (7.2)
w=0 on y=0.

We can estimate w using the eigenfunctions £,(y) of (4.5) with 8 = 0. In
this case we again have y; = 0, but all other eigenvalues are negative. The
¢,’s form an orthogonal basis of L%(0, 1), and if

wnls) = [ 0 ) G(0) b ) = [ g 3) 40 dy
we have

€Wy, ox — Vnzwn =&n— /n(l)h
20,(0) = ,(K) = 0.

In place of Lemmas 4 and 5 we have the following:

Lemma 9. For 0 < e < 1.and K > 1 there is a bounded operator G(K, e):
I— O)Z,X— Y, X such that, if w = G(K, €)(g, h), then w satisfies (7.2). If
(g, Wl < 1, then

lewl, <C,  (Aw)(, Dil. < C,
H w Hm—3.2 < C!

where C is independent of (K, €).
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LemMa 10. For p = (K, ¢) as above, 0 € YE ;| 1|0, < Cy, and
ze(l — 0)Z,X, we have

The first estimate of Lemma 9 is proved as in Lemma 4, and the second
follows from the fact that w, = w + & on y = 1. Next, we have w,, =
g — ew,, € YX ,: from this and the facts that w (-, 1) e ¥,.X, w(-, 0) = 0, we
can conclude that w, € YX_, and the last estimate of the lemma holds. Lemma 10
follows from the first two estimates as in Lemma 5.

If we now define RY(f; p) and M(8; p) just as before, we find that M is of the
form (4.10) with M, and M, uniformly bounded. Therefore

R(8; p) = R'(6; p) M(6; pY ™" Z," — Yooy

is a right inverse for L(6; p), uniformly bounded in norm, for §€ Y , near
6*%(p) and ¢ > 0 sufficiently small. This inverse can be extended to ¢ = 0 and
provides us with an inverse for D H:

LemmA 11.  There exist 8 > 0 and ¢y > 0 50 that if X} = 2N {p:e < ¢},
then DyH: Y, o o(Z)) = Z.(2)) has a right inverse R(0): Z, y(Z)) —
Yn/—U,Q.N(Zl) Of the fOrm

(R(O2)(p) = R(B(p); p) 2(P)

provided |8 — 6% || < 8 in YV, 54(Z,). Here o > 0 is a number depending only
on N.

Proof. As in Prop. 7, it is enough to show that DR, (J7'u; p): Z,' —
Y; o2 is defined and depends continuously on (u; p)e Yy, o x X 27, % near
J6*(p). Here J: YX , — Y}, , as before. First we consider the dependence of G
on ¢. We define G(K, 0): (I — Q)Z,*— Y, XN YE ,, to be the operator
(g, b))~ «® of (5.12). For fixed K, G is then continuous in e > 0; in fact,
arguing as in Prop. 7, we obtain the estimate

1G(K, ) — GK, )z llny < Cle—e |2 (7.3)

for €, ¢ = 0. Moreover, the proof of Lemma 5 in [2] shows that G(X, ) is
differentiable as a map

GK, ): [0, 1) = LI — Q)Zp" : Yy N Yiiso)

and

D.G = —G(D,,, 0)G.
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It follows inductively that higher e-derivatives exist with further decrease in
x-differentiability. Since G;(K, €) = G(1, K2), DG, depends continuously on
(K, €) in appropriate norms.

Because A1 was a bounded inverse, (4-!), depends smoothly on (u; p). It
follows from this and the properties of G that D *RY( J"u; p), and D2M(J'u; p),
exist and are continuous in (u#; p) with decrease in x-differentiability. In parti-
cular, M(J"tu; p): Z,X¥ — ZE _, is differentiable with respect to €. The continuous
dependence of M, implies the same for (M-1),.

It remains to show that M;" can be differentiated with respect to e. With u
and K fixed, it follows from (7.3) that

[ M(e)z — M(€)z [l < Cell 2l - (7.4)
We now show that M(e)™1: Z, X — ZX_, is differentiable at ¢ = ¢, . First we write
M7 = (My+ (M — M) = (1 + 4)7'M,

where M = M(e), M, = M(e,), and 4 = Mg(M — M,). Using the identity

(1 4y =1—4-+ 21 + 4)*

we have
M= MJ'— AM' 4+ 2% + 47 M
Because of (7.4), the last term is O((e — ¢,)?) in L(Z,,X: ZX_,). Therefore,

DeMAI |e=50 = -MO(DEM |s )Mo .

=€p

It follows inductively that higher e-derivatives of M~ exist, and D,*M;* depends
continuously on (; p) in an appropriate norm. Since R = RIM-1, this completes
the proof. |I

In the iteration of Section 6 we used 6* as the first approximation to the
exact solution. Here we will need a better approximation, since DJH(6*) may
not be small for e small, j > 0.

Lemma 12.  There exists 0N € Y, 5 N(Z)) such that DJH(OV) = 0 for ¢ = 0,
0<j<N

Proof. We will choose 6V to be a polynomial in ¢ of degree N with coefficients
in Y, 5(2,), independent of ¢:

OV = 6, + by + - + €My .

First we take 8, = *. If H is written as in (3.5), it is clear that D H(6) is a sum
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of terms, each of which is a derivative of F applied to an e-derivative of 6, or
to an e-derivative of /A applied to an e-derivative of 8. The only term in which
D6 appears is L(8(p); p) DJ6(p). Thus we may solve for §; = (j!)™* D0 |,
successively, using R, so that the conditions are satisfied. Since 8* € Y., o(Z))
for every s, 6, Y, o(Z}). 1

It follows from Lemma 12 that H(6") is arbitrarily small in Z,, y(2}) provided
¢, is sufficiently small. Letting #, = W-", we can now iterate as in Section 6
and obtain a solution § € Y, , (&) of H(f) = 0 such that § = 6* for e == 0.
As in Section 6, DJD3D5:0 is continuous in (x, y; K, €) for j < N and o, -
ay << m -+ 2, and the same for A = A8 - y. We have now verified (i)-(iii) of
Theorem 2.

Now suppose we choose a sequence K, —> o0 and set

un(x) J’» 6) - G(xr J’§ Kn ’ €)/dn(x) k)

According to the remarks at the beginning of Section 6, D /D5Dju,, is uniformly
bounded for oy + oy << m + 2, j < N. Therefore by Ascoli’s Theorem, there
is a subsequence on which D/DjtDju, converges to DJD3iDyu for some u,
uniformly in (%, y; €) for x in a bounded interval, provided oy 4 oy <m0 + 1,
j < N — 1. Furthermore dn(x; k) — sechx as K -» o0, uniformly for x in
a bounded interval, and similarly for the derivatives. Thus if we let

8(x, v; 0, €) = u(x, y; €) sech x
we have
D/ DRD0(x, y; K, , &) — D/DRD36(x, y; 0, )

on a subsequence, uniformly for x in a bounded interval, where o; + oy <m + 1,
J < N — 1. Moreover,

| D’DAD20(x, v; o, €)] < Ce™l=l, (7.5)
For ¢ = 0, we have

0(x, y; o0, 0) = %me(sech2 x). (7.6)

Similarly /A6 converges in the same way on a subsequence of {K,} to a limit
A(x, y; oo, €) with exponential decay as in (7.5). Finally, as K — oo,

lim y(K) = lim (K; K) = 4/9.

If we set A(-; o0, €) == A%(:; o0, €) + 4/9, we now have a solution of (2.10)-(2.13)
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such that § — 0 and A — 4/9 — 0 exponentially as | x | — 0. To complete the
proof of Theorem 2, it only remains to show that this limit is independent of
the sequence {K,}. This follows for e sufficiently small from the lemma below.

Lemma 13.  Suppose 8(x, y; o0, €) and A(x, y; oo, €) satisfy (2.10)~(2.13) and
the following properties: DD320 and DDA are continuous; oy + «y < m -+ 1;
0(-; 0) is given by (7.6); and ‘

| DD3(x, y; 00, €)] < Celel

A, 33 00, ) — g | < Cel
If 8 and X satisfy the same conditions and
sup €' | DAD(O — ¢)|
is sufficiently small, then 8 = 0 and X' = A.

Proof. In [2] we obtained a solution of a problem similar to the above
in spaces of functions analytic with respect to x. The only differences were
that 6 = 3D, sech?(3x/2) at e = 0 and A — 1 as | x | — co. It is easy to check
that if 8, A solve the problem above, then '

6~(x, y; €) = (8)° 6(3x/2, y; 0, ¢)
A% 35 €) = (B) AB%/2, p; 00, €)

solve the problem of [2]. Thus it is sufficient to verify uniqueness for the latter.

The problem of [2] can be formulated in spaces like the ones used in this
paper, using the weight function e!!. In this case the right inverse R(f; ¢) has
no null vectors; this is shown in Section 2, part (i), of [2]. Consequently, R is
also a left inverse of L. The uniqueness statement now follows from Theorem 2

of 9. 1
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