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Abstract

In this paper, we discuss the convergence of the DFP algorithm with revised search direction. Under
some inexact line searches, we prove that the algorithm is globally convergent for continuously differentiable
functions and the rate of convergence of the algorithm is one-step superlinear and n-step second order for
uniformly convex objective functions.

From the proof of this paper, we obtain the superlinear and n-step second-order convergence of the DFP
algorithm for uniformly convex objective functions.

(© 2002 Elsevier Science B.V. All rights reserved.

MSC: 90C30

Keywords: DFP algorithm; Line search; Convergence; Convergence rate

1. Introduction

We know that in order to obtain a superlinearly convergent method, it is necessary to approximate
the Newton step asymptotically—this is the principle of Dennis and Moré [7]. How can we do
this without actually evaluating the Hessian matrix by any approximate to the Hessian matrix at
every iteration? The answer was discovered by Davidon [5] and was subsequently developed and
popularized by Fletcher and Powell [10]. It consists of starting with any approximation to the
Hessian matrix, and at each iteration, updating this matrix by incorporating the curvature of the
problem measured along the step. If this update is done appropriately, one obtains some remarkably
robust and efficient algorithms, called Quasi—Newton methods or variable metric algorithms. They
revolutionized nonlinear optimization by providing an alternative to Newton’s method which is too
costly for many applications.
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One, maybe the most important, class of variable metric algorithms is Broyden algorithms [3].
With exact line search, Dixon [8] proved that all Broyden algorithms produce the same iterations for
general functions. Powell [16] proved that the rate of convergence of these algorithms is one-step
Q-superlinear for the uniformly convex object functions, and Pu [24] extend this result for LC'
objective function. Pu and Yu [28] proved that if the points which are given by these algorithms
are convergent, they are globally convergent, for continuously differentiable functions.

Without exact line search several results have been obtained. A global convergence result for
the BFGS algorithm is obtained by Powell [17]. He demonstrated that if the objective function f
is convex, then the BFGS algorithm gives lim inf||Vf(x;)|| = 0 under given conditions on the line
search, and if in addition the sequence {x;} converges to a solution point at which the Hessian
matrix is positive definite, then the rate of convergence is Q-superlinear.

This analysis has been extended by Byrd et al. [4] to the restricted Broyden algorithms. They
proved the global and Q-superlinear convergence on convex problems for all the restricted Broyden
algorithms except for the DFP algorithm, i.e., for ¢ € (0, 1] in the Broyden update class (the ¢ in the
Broyden update is shown in (6)). Pu [23,25] proved the global convergence of the DFP algorithm
for the uniformly convex object function under some modified Wolfe conditions.

Other variable metric algorithms have also been proposed. For example, the Huang’s updating for-
mula is characterized by three independent parameters. For the relationship among Huang’s updates,
Oren’s updates [14] and the Broyden algorithms see [32,33].

For the choice of the parameter ¢ in the Broyden update formula, some optimal conditions are
suggested in some methods. For example, Davidon [6] proposed a method in which By, (B, and
By are denoted in (6)) is chosen to be the member of the Broyden class that minimizes the
condition number of Bk_lBkH, subject to preserving positive definiteness. Other work in this area
includes [1,13,11], and so on. Besides Zhang and Tewarson [37] performed numerical tests with
negative values of ¢.

One can also attempt to improve variable metric methods by introducing automatic scaling strate-
gies to adjust the size of matrix B;. An idea proposed by Oren and Luenberger [15] consists of
multiplying B by a scaling length 0 before the update takes place. For example, for BFGS methods,
the update would be of the form

(1)

BysisiB T
Bii—=0 [Bk _ DkSkS k:| Yk

T T. °
Sg Brsi Vi Sk

where g, is the gradient of f(x) at xi, sy =x401 —xx and yy = gre1 — Gi-
Another strategy has been proposed by Powell [21], and further developed by Lalee and Nocedal
[12] and Siegel [30,31]. Powell’s idea is to work with the lengthization

Hk = (Bk)_l == ZkZ/—{ (2)

of the inverse Hessian approximation Hj.

There are many theoretical and computational results on rank-one updating formulas as well as
rank-two updating formulas proposed (for example, see [34]).

The Broyden algorithms are also applied to the methods for solving the constrained nonlinear
optimization problems, for example, see [18,2,29].



D. Pu, W. Tian! Journal of Computational and Applied Mathematics 154 (2003) 319-339 321

However, there are several unsolved theoretical problems for the Broyden algorithms. We cannot
prove the convergence of the Broyden algorithms for nonconvex functions, some computational
results show that the points given by the Broyden algorithms may not converge to the optimum
if objective functions are not convex. We do not know that, whether or not, the DFP algorithm is
convergent if the line search satisfies the Wolfe conditions too (see [9]).

To overcome the shortcoming that the Broyden algorithms may not converge for general functions,
Pu and Tian proposed ([22,26]) a class of modified Broyden algorithms in which the updating
formula is rank three, and proved the convergence and the one-step superlinear convergence of these
algorithms. They advanced above algorithms and proposed a new class of variable metric algorithms
in which the Broyden update is used, but the line searches directions are revised properly (see [27]).
They call them the Broyden algorithms with revised search direction, or revised Broyden algorithms,
and proved that these algorithms are convergent for continuously differentiable objective functions,
and superlinear and n-step second-order convergent for the uniformly convex objective functions
under exact line search.

In this paper, we discuss the revised DFP algorithm under inexact line search. We prove that
the algorithm is convergent for the continuously differentiable objective functions. Also the new
algorithm is superlinear and n-step second-order convergent for uniformly convex functions when the
line search is inexact, but satisfies some search conditions. We list the convergent and superlinearly
convergent results, but do not give the detail proof of superlinear convergence for other revised
Broyden algorithms. We also list the n-step second-order convergence results of revised Broyden
algorithms without the detail proof.

The revised Broyden algorithms are iterative. Given a starting point x; and an initial positive
definite matrix B, they generate a sequence of points {x;} and a sequence of matrices of {B;}
which are given by the following equations ((3) and (6)):

Xjy1 = Xg + Sg = X + oydy, (3)

where o > 0 is the step factor and d is the search direction satisfying

—dy = Hygr + || OcHigr || Rigi» 4)

where g is the gradient of f(x) at x; and H is the inverse of By.

{Ok} and {R;} are two sequences of positive definite or positive semi-definite matrices which are
uniformly bounded. All eigenvalues of these matrices are included in [g,7], 0 < g <, i.e., for all
kand xeR", x#0

gllx|? <x"0 <l gl <X Rex < . (5)
If g, =0, the algorithms terminate, otherwise let
Bysysi By Vi
Biy1 =By — 2 L2439 G(sy Bsi ooy » (6)

T T
SeBisi Se Vi

where yp = gis1 — gk, Uk = Yi(sf i)' — Besi(sBrsy) ™! and ¢ €[0,1]. In the above algorithms if
R, =0, we get the Broyden algorithms, and if ¢ =0 we call it revised BFGS algorithm or RBFGS
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algorithm, and if ¢ =1 we call it revised DFP algorithm or RDFP algorithm. In this paper, we
discuss the convergence of algorithms for ¢ > 0.
The matrix H;,, denotes the inverse of B;,, the recurrence formula of Hj; is

 HoyiHe | osisg | prdy

H,, 1 =H, , 7
o ¢ ViHi v Sive  ViHeyk @
where
T
H
e = Hiyie — ykT £k Sk (8)
Sk Vi
where p €[0,1], p and ¢ satisfying
¢ _ (1 - P)(Sgyk)z (9)
(1= p)(s{ v + pyi Hiyis; Bisi
or
1 — T 2
p (1 — ¢)(s; yx) (10)

(L= @) )? + dyiHy s Bes
We may obtain the quasi-Newton formula
Hiey1 Y6 = sk (11)

in the Broyden algorithms.

In this paper, the line search is inexact, and in order to guarantee descentness of the objective
function values and the convergence of the algorithms, we must give some conditions for determining
or. We use the Wolfe conditions or modified Wolfe conditions as follows:

FOw) = fOra1) = Ge(—grse) (12)
and
95156 ] < Ox(—gisw)- (13)

Let (o and 0y be two constants satisfying 0 < (o < 0y < 1/2, we discuss the following cases:
Case 1 (Wolfe condition): {; = {, and 0; = 0, are two constants.
Case 2 (modified Wolfe condition):

Ck:(:()min{l,ock_]}, Hk:(%min{l,ock_l} (14)

and —s}g(x; + Asy) > 0 for all 1€ (0,1].
Case 3 (another modified Wolfe condition):

e = Comin{1, [|gel| ™"}, Ok = Oomin{1, [|gi|~'}. (15)

The above three cases will be called the line search condition 1, 2 or 3, respectively. We always
try oy = 1 first in choosing the step factor.



D. Pu, W. Tian! Journal of Computational and Applied Mathematics 154 (2003) 319-339 323

From the Broyden algorithms we know that if B, is a positive definite matrix and line research
satisfies one of above cases, then s; y; > 0 and By is positive definite. Using the mathematical
induction, it is easy to imply that B; and H; are positive definite matrices if H, and B, are so.

If no ambiguities are arisen, we may drop the subscript of the characters, for example, g, x, R
denote g, xi, Rr, and use subscript * to denote the amounts obtained by the next iteration, i.e.,
J«> Xx, Ry denote g1, Xpy1, Rii1, respectively.

For simplicity, we let

U = —giHiyi - Vi Hiyi W, — —gidy  —gisk

) k 9 k — - 9
ViHiyi St Vi yide SE Vi
T
—gir Hi yi
Zy = Higr + l}iy Sk
Sp Vi
_ 10Higi|l v Regi
SzJ’k

Sk — || OcHigr || R G- (16)

The paper is outlined as follows:

Section 2 gives several convergence results without the convexity assumption. Section 3 gives
some results for convex objective functions. In Sections 4, we prove that the revised DFP algorithm
is linearly convergent. In Section 5 we prove that our algorithm is one-step superlinearly convergent
and in Section 6 we show that the algorithm has a quadratical convergence rate under some conditions
on line search and give some numerical results.

Throughout this paper the vector norms are Euclidian.

2. Several convergence results without convexity assumption

In this section, we assume:
1. f(x)eCh!, ie., there exists an L > 1 such that for any x, y € R",

lg(x) — gl < Lljx — y]|. (17)

2. For any x; € R", the level set S(x;) = {x| f(x) < f(x;)} is bounded.
3. Let x be the minimum point of f, then f(x) and x are replaced by f(x —x) — f(x) and x — x,
respectively. So, we may assume for simplicity

f(0) =min f(x)=0.
We get the following by the properties of R and Q:
(1 + 2 gDliHgl > ld]l > (1 — gl Hgl. (18)
If 272||gx|| < 1 for sufficiently large k, then there exists a constant ¢y > 0 such that for all £,

1]I(1 = collx[]) < [|Hgll < [l4]|(1 + collx])- (19)
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The following holds for all &:

T T T allgl*[Is|
—g s=oaolg Hg + ||OHg|lg" Rg] > ST (20)
1+ 72|l

Assumption 1 and (13) imply
—(1=00)g"s <s"y <Llls|I* (1)

From (20) and (21) we obtain

—(1—00)g"s _ (1 0o)]gl?

s|| = > (22)
P = 2 L el
and
1oy 5 (=004 llgl* _ (1= 0o)llgl* { 2. }
—g s)= > . 23
(=g's) L0 1 2[4 1L q gl (23)
Then the following theorem can be given.
Theorem 2.1. The algorithms are globally convergent under the line search condition 1:
lim g, =0. (24)
k—00

Proof. Suppose the theorem is not true, then there exists an ¢ > 0 such that |gi|| =& >0 for
infinitely many k. The f(x;) is bounded below because the level set S(x;) is bounded. This implies

i {£(x) = fGre1)} =0, (25)

But (12) and (23) imply that, for those k& with ||gi| = e,

_ 2
100 = s> fl-afs) = g0 min {42 44} > 0. (26)

The contradiction between (25) and (26) leads to the theorem. O
Remark. Under line search condition 2 or 3, Theorem 2.1 still holds.
Except there is an extra statement, in the remainder part of this paper we discuss the revised DFP

algorithm, i.e., ¢ =1 or p =0.
By taking the trace of both sides of (6), we get

Hsz [ y[[*>s"Bs  2y'Bs

tr(B tr(B — . 27
(B =(B) + 7 -+ e - (27)
By taking the trace of both sides of (7), we obtain
H 2 2
w(H,) = tea) — WA lsIE (28)

yiHy = sty
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Multiplying both sides of (7) by g., we get

H.g.=Hg, — %Hy + fg; s = ;QTZ_;y Hy + Hg + SgTI;s
=Upn+Z+1—-W)s, (29)
where U and W are defined in (16). Then we get
p=U""[Hgs =Z — (1 = W)s] (30)
and
Hy=u+Vs=U""H.g —Z — (1 — W)s] + Vs. (31)

Let ¢; = [(1+ 7?sup{||gc||})]1"'¢? and B; denote the angle between g; and Hjgy, then from (20)
we know that for all k,

Ms| y's —9's
> > cos ff = = gl (32)
(T =0llgll — (1 =0)llglllls]] lg/Hls]l

3. Some results for the uniformly convex objective functions

In this section, we assume:

1. The objective function f(x) is uniformly convex and there exist M and m, M = m > 0, such
that, for all x, y € R",

m|x|* < xTG(y)yx < M|, (33)

where G(y) is the Hessian of f(x) at y.
2. G(x) satisfies the Lipschitz condition, i.e., there exists an L > 1 such that, for all x, y € R,

1G(x) = Gl < Li}x =yl (34)

For simplicity, we assume
3. f(0)=min f(x)=0 and G(0) = I,,x,, i.e., the nth order identity matrix.

Assumption 3 is equivalent to in having a linear affine transformation for the objective function
which does not affect the results in the paper.
By Byrd et al. (1987) (cf. p. 1175), there exists a ¢; > 0 such that for all %,

S (re1) < (1= eacos® Bi) £ (xx)s (35)

where cos f; is the same as in (32). Since

2t < s = ([ [ Gmaran)w < B (36)
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and {f(x;)} is a monotonically nonincreasing sequence of k, we get, for all £ and i > 0,
M |xe])? = mlpe . (37)

Let
1
Gy = / G(xy + ts ) dt (38)
0
and ¢; = L\/M/m(1 + 1/m), then (34) and (37) imply, for all %,

/M
17 = Gl =1160) = Gl < Ly/ —[lxI| < esllxl, (39)

where the subscript & of G, is dropped. Since y = Gs, and ||y|*> — 5Ty = sT(G)V*(G — I)(G)'"?s,
we get

2
y .
max{m; 1 — c3||x||} < |LTH < min{M; 1 + ¢3]x||}. (40)

For the same reason, let (G)~! denote the inverse of G, we get

_ M1
I =G < NG = Gl < Ly — —Jlx]| < es]fx] (41)
and the following holds for all &:
maxd 11— esfief) V< B < min 1+03||x|| (42)
M’ sty

The Quasi-Newton H,y =s and (39) imply that g's = gIH,y and

|9:Hes = 92| = |9 Ho(I = G)s| < Ly — 2 ellig. sl (43)

So, by (42) and (43)

T 2 T 2 T 2
g Hs|s|| g Has|s||* g.ss||
lgiHos — (1= W)|s|*| < |giHus — =— - — =
sy sy sy
< 2cs|x[|||Hgx|ll]s]]- (44)

Eqgs. (16) and (19) imply that there is a constant ¢4 > 0 such that, for all £,

1Z|| < calld|][x]] (45)
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Egs. (30), (44) and (45) imply
|sTp| = U (g2Hus —s"Z — (1 = W)|s|1*)]
< U7 lxlllIsll2es || Hageel| + calld|D. (46)
By (31) and (46) we obtain

IHZyl> Vs> lel® | 25w
y'Hy sty  yIHy = sty
[l 20x]lsll2es||Hags|| + calld])
yTHy UsTy ’

= V(1 = 2cs]lx]|) +

(47)

Eq. (45) implies 2|ZTH,g.| < c4l|x||(||Hxgs]|* +||d]|?), (30) and (46) imply that there exists a cs > 0
such that, for all %,

lull? = U2 | Hege = Z = (1 = W)s|?
> UTH{||Hagul|* = 2|12 Heg| — (1 = W) s|} = 2|U'(1 = W)s" |
> U7 Hegel P(1 = es]lx]]) — es|lx[|1d]* — (1 = W)gis(1 + es]lx ]I (48)
We discuss the relation among y'Hy, —g'Hy, d'y and ¢g'd. Eq. (4) means
—g'd —r*||Hy||lg|* < g"Hg
= —g'd — | OHyllg"Rg < — g"d — ¢*||Hg| 9| (49)
and
d"y —*|glIHglllly|l < —g"Hy
=d'y+g'Ry||OHg| < d"y +||g|l [ Hgl || ¥]- (50)
On the other hand, —¢g"dy"Hy > y"Hyg"Hg > (—g"Hy)? implies y"Hy > (—g"Hy)*/(—g"d).

So, by (18) and (19), there exists a constant ¢ > 0 such that the following (51)—(53) hold for
sufficiently large k:

dTy(1 — cl|x|)) < — g"Hy < d"y(1 + c]|x|)), (51)

y'Hy = (1 = 00)(1 — co|lx| )(—g"Hy) (52)
and

Y Hy = (1= 00)*(1 — 2c|lx|)y"d. (53)
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Without loss of generality, we may assume that (51)—~(53) hold for all £. Substituting (48) and (53)
into (47), there exists a ¢; > 0 such that, for all £,

|Hy|? U~ [||Heg|*(1 = crllx]))
—— = V(1 -
JTHy (1 = cqllx[]) + JTHy
(1 — W)Hgls(1 + c7]|x|]
- R L) ] (54)
y'Hy
Because of
1
g = / G(t) dex, (55)
0
Eq. (33) implies that the following holds,
m|lx[| < [lg]] < M|x]]. (56)

By (37) we obtain the following result for all £ and i > 0,
|l gl < Mgl (57)

From (35) we know f(x;11) < Hf:l(l — ¢y c0s8? B)f(x1), and (32) indicates

9] oo
D llgrll? < +oo, Y lhall® < + oo, (58)
k=1 k=1

Lemma 3.1. There exists a sequence of monotonically nonincreasing positive numbers {by} such
that, for all k

[eel| < bre < 3. (59)

Proof. Let k =1 and by = c;||x¢||, (37) implies that by > ||x;,||, for all i > 0. We choose by =
min{by; c3||xx+1]|}, then we can obtain by, bs, ..., recursively. Clearly, Lemma 3.1 holds. [

Lemma 3.2. Let {D;} be a sequence of positive numbers, and let t, be a positive number. If there
exists a positive number ty > 0 such that the following holds for all k:

k
> D1 =11y < 2k, (60)

J=1

then there exists a positive number t3 such that the following holds for all k:

k
> Dyl < 3]l - (61)
j=1
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Proof. Because x; — 0 as j — oo, we know that there exists a constant #; such that, for all £,

k k
> Dijt=> Ej <k (62)
j=1 Jj=1

where E; = D;/ty.
We first prove by mathematical induction that for any sequence of positive numbers {E;}, if (62)
holds, then the following holds for all £,

k

ZE,bj < ij, (63)

J=1 J=1

where b; is monotonically nonincreasing, and defined in Lemma 3.1. Clearly, the result holds for
k= 1. Assume it is true for k. If E;,; < 1, then the above result holds for k£ + 1. If E;q > 1,
then let F; =E;, j=1,2,....,k — 1, Fy =E; — 1 + E;4; and Fj;; =1, (62) holds for {F;}. So, the
assumption of mathematical induction implies

k+1 k
D by =) Fiby+ b
=1 =1
k—1 k+1
= Ebj +(Ex — 1 + Ep1)bi + bpyy = ZEjbj- (64)
J=1 J=1

The result is true for k£ + 1. So, we get, for all &, that

k k
ST Dl < 3Dk <Y by <
1 j ) ;

k
l4C3”)CjH. (65)
= =1 !

The lemma is proved. [

By Lemma 3.2, we obtain the following conclusion immediately.

Corollary 3.1. Let {Dy} be a sequence of positive numbers, and let t,, t,, t3, t4 and ts be positive
numbers. If the following equation holds for all k:

k k
0+ Y D1 = nllgl) <6+ kY ss|x)l, (66)

J=1 J=1

then there exists a positive number ts > 0 such that for all k,

k k
h+ ) Dy <tsk+Y tlxll. O (67)
j=1 j=1



330 D. Pu, W. Tian! Journal of Computational and Applied Mathematics 154 (2003) 319-339

4. The linear convergence of RDFP algorithm

In this section, we assume assumptions 1-3 in Section 3 hold. Under the line search condition 2,
we discuss the linear convergence for the RDFP algorithm. This result is also true under the line
search condition 3, and the proof of the linear convergence for the RDFP algorithm under the line

search condition 3 is almost the same as that under the line search condition 2.

Lemma 4.1. There exists a cg > 0 such that for all k,

k
tr(Bis1) < esk Exp § cs Y ||

j=I
Proof. Eq. (39) implies

_ IyIPs™Bs _ 3esllxlllIBs|*s"y
= :

2y'B
yos sTBs

> 5" Bs — 3|7 — G||||Bs]l[lsl] = s™Bs

Without loss of generality we may assume 1 > c3||x|| for all k. Then (27) implies
3cs|fx|l1Bs]1*
sTBs

< tr(B)(1 + 3cs]|x||) + M.

tr(By) < tr(B) + +M

Clearly, there exists a constant cg > 0 such that

tr(Biy1) < tr(Bi)(1 + 3cs||xi]|) + M

k k
<3 + M+ uB) [T+ )
j=2

i=j

k
[MH(] + 3cslx )

i=j

k
< (1 +M)(1+te(B))k [ ] [1+ 3es]lx][]

J=1

k
< csk Exp CgZHXJH ,

J=1

which completes the proof of this lemma. O

Lemma 4.2. There exists a constant cg > 0 such that, for all k,

k k
05 VillHj1gj |
tr(Hy )+§ [V-(l 0 >+f S <k+§cx-.
WL G sae ) T g 2l

(68)

(69)

(70)

(71)

(72)
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Proof. Definition (16) of U and (51) imply that when 1 — 2¢l|x|| > 0,

L yHy _ yTHy(l + 2cx]))°
U2yT™Hy — (—g"Hy)* ~ (dTy)?
_aV (1 +2c6|lx]|)* _ VI(T + 2c6]lx[D)(1 + collx[DT?
d'y m||Hg|?

(73)

By (73), we get the following equation under the line search condition 2:

(1—W)gis _ U?y'Hy(gis)*
y'Hy (—9g"Hy)*sTy

_ VO3(=g"s)*(1 + 2cq|lx[*) _ VO + 2cq]|x])?
D (sTy)? S (=002

On the other hand, (19) and (15) imply

(74)

1L yHy _ Vm( = collx[]*(1 = collx])?

= > (75)
U2yT™Hy (—g"Hy)? |Hg||?

Substituting (74) and (75) into (54), we obtain, for sufficiently large £, that

[Hy|? 03 V| H.gs |
> _ o VIiHg | ,
y'Hy % (1— 0,)> crollxl| )| + Hg|? (1 = ciollx[]) (76)

where cj9 > 0 is a constant. Egs. (76) and (28) imply

05
tr(H,) + [V <1 TU—6 Clo”x”)]

[VHH*Q*”Z

1— < tr(H 1 . 77
a1 = el | < e+ 1+ el ()

We may assume that (77) holds for all k. Adding both sides of (77) over j =1,2,...,k we get

k
VillHjz19
e + 30 (1 s cm||xj|r)+2[ BT
= 79j
k
<tr(H) +k+ ) coll. (78)

Jj=1
The Corollary 3.1 implies this lemma. O

The recurrence formula of the RDFP algorithm is the same as that of the DFP algorithm.
So the determinants of the matrices {B;} satisfy the following recurrence relation for the RDFP
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algorithm (cf. [16]):

k
det(Bys1) = det(By) Vi = det(B) [ [ V- (79)

j=1

Lemma 4.2 implies that there exists a constant ¢;; > 0 such that for all £,

tr(Hy) < ciik (80)

Theorem 4.1. There exists a constant 6, 0 < < 1, such that for sufficiently large k,
S Gorer) <8 F(xr). (81)

Proof. Egs. (72), (68), (79), (80) and ||x|| — O imply that given any constant #, € (0,1), there
exists a positive integer number K, such that the following equations hold for all £ > K;:

- 1k
k k 1k
det(BkH)]
V.>k V.| =k|——kl/
=kl = |Gy
r 1 1k
Sk|l— | >k 82
_det(Bl)(Cuk)"} (82)
1 1k 1 1k 2e1s <
> Ex —_ X; >t 83
arean) > Gmame) (2015 2l (®)
and
1 k
. > ol <1-t (84)
j=1
Combining (82) and (83) we obtain
. . r RIE
3 VillHj19;11]] >k |T] VillHj19j+1
= Hgl? o =gl
- /k k
|Hiv1gisa]? ]! Uk < 1.2 )
=k | V1Y > ke k. 85
”ngle /1:[1[ ]] ||gk+1|| ( )

Substituting (82), (84) and (85) into (72), we obtain, for all £k > K,

tr(Hesr) + k{2[1 = [0o/(1 = 00)F + £|gs1]1*}
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k
03 Vil #1911
< tr(Hiyq) + Z [VJ (1 — T _000)2> Jl1j+19;
j=1

59,17
k
<k+) olll <k +k(1—10) (86)
j=1
or
2 — 2t +1[0p/(1 — 0)1**
lowarl < | L= BIE N (87)

Clearly, this theorem holds for 0y < 1/2 and ¢ can be any number in (0,1). O

5. The one-step superlinear convergence of the algorithms
In this section, we assume assumptions 1-3 in Section 3 hold. We discuss the RDFP algorithm

under the line search condition 2 or 3. The algorithm presented in this paper has been proved to
have linear convergence rate. The Theorem 4.1 implies

o0 o0
Dol <o D llgill < oe. (88)
j=1 j=1

Similar to the proof in [17], (88) may imply that our algorithm has one-step superlinear convergence
rate. But we would rather use another way which is somewhat different from Powell’s method to
get some interesting results.

Lemma 5.1. There exists a constant ¢, > 0 such that, for all k,

k STB]‘SJ'
tr(Be+1) + Z ;Ti <k +cn. (89)
j=1 "7

Proof. Lemma 4.1, (28) and (88) imply that there exists a constant c;3 > 0 such that, for all £,
tr(Bk) < ci3k, tI'(Hk) < c3k, (90)

and for sufficiently large k, tr(B)||x|| < |lx||"/>. Substituting (69) into (27), we get, for all k, that

STBys csllx Bys
(Bern) + EBE (1 3yl < ey + Sl gy
Sk Vi S Besk

< tr(By) + cisM ||xi ||k + 1+ 3es x| 91)
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Adding both sides of (91) over j =1,2,...,k, we get

k T k
s;B;s;
w(Brn) + D L (= sl < uB) +k+ 32 el + eslby 1 (92)
~

J ) j=1

By (92) and (88), it is clear that this lemma holds. [

Lemma 5.2. There exists a c14 > 0 such that, for all k,

w(He) + YV <k +cua. (93)

j=1

Proof. Eq. (90) implies that there exists a constant ¢;5 > 0 such that, for all £,

i 2|lx; sl esllHjgjnll + calld;ll)

(94)
j=1 Uss; 2
Substituting (47) and (94) into (28) and then adding both sides over j =1,2,3,...,k, we get
k+l)+ZV(1 allxil) —e1s < tr(Hk+l)+Z TH
j=1 — y .IyJ

s 1 ;
= tr(H;) + T <t(H) +k+) el (95)

J J j=1

Now it is easy to see that the lemma holds. O

Theorem 5.1. The algorithm presented in this paper is one-step superlinearly convergent for uni-
formly objective functions, i.e.,

Tim (lge.[/]lgel] =0. (96)
— 00
Proof. Adding both sides of (89) and (93), respectively, we get

]y])l/z(sTB S )1/2
S Vi

k

tr(Byst + Hr) + 22

j=1

OTH '™ = (5]Bys) T
Sjyj

< C12 + C14. (97)
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As ijijjs]TB/sj = (S,Ty,-)z, we have

tr(Hiq1 + Biy1) < ci2 + cia,

lim Vi Hi sy Bisk _

1
k—oo  (S{yi)?

and

ViHi i _ i Bsi

lim =0.

T T
k—o00 Sp Vi Sy Vi

Substituting (99) into (100), we get

T T
. Sp Vi Sy Bresk
lim |— - = =0
k—o0 | 8 Bysi Se Vi
and
T T
SeVe 1. S Brsk
T - T
k—o00 SkBkSk k—oo S; Vi
T T
St Vi . Hk k
_ kY 711myk y:l.

" k—oo y;Hkyk " k—oo s{yk
From (102) we get

li —OCkgIdk T —gde .
m T, = 2 — b
k—00 ykdk k—00 ”dk”

and for sufficiently large &,
1 <20 < 4.

We get by (103),

!
9" (xx +di)dy — gidy =dj (/ G(x; + tdk)df> dy
0

= [ldil[* + o(|dk1*)-
Egs. (103) and (105) imply
dig(u + di) = o(||d||*) = o(—g; d)
and

lim g(xx +di)dy _

0.
k—o00 g;{dk

335

(98)

(99)

(100)

(101)

(102)

(103)

(104)

(105)

(106)

(107)
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Therefore, for sufficiently large £,

1o

Foa) = fOo+di) = dj </ / Glx + ikdk)dfd”> dic — dig(xi + di)
0 u

dil|> — L||d|]?

> w — dig(x + die) = Logy Hidre (108)

Egs. (106) and (108) show that o = 1 must satisfy (12) and (13) for sufficiently large k. So we
can take o = 1 for sufficiently k. Egs. (102) and (106) imply

. ViHyx = lim I Hegisn

=0 109
k—00 g};dk k—o00 gzdk ( )
and
fim 19601l (110)
k—oo g

This completes the proof of Theorem 5.1. [

From the proof of Theorem 5.1 we may obtain conclusions below, (1) « = 1, and

[e.9]

g'. Hig;
ZL; L < o, (111)
= 9t

(by (89) and (93)). (2) There exist H and B satisfying
k—o00 k—o00

The following theorem follows from the proof of Theorem 5.1.

Theorem 5.2. If x* — x* then under the line condition 2 the DFP algorithm is one-step superlin-
early convergent for uniformly objective functions, i.e.,

im lgi1l/llgell = 0. (113)
k—o00

Remark 5.1. Theorem 5.1 holds for all revised Broyden algorithms under the line condition 1 or 2
or 3.

We list the n-step quadratic convergence of the algorithm without detailed proof.

Theorem 5.3. If the line search satisfies the line search condition 3, then the algorithm presented
in this paper is n-step quadratically convergent, i.e.,

il = Ol -

Remark 5.2. Theorem 5.3 holds for all revised Broyden algorithms.
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6. Discussion

In Sections 2-5, we have shown that the revised DFP algorithm proposed in this paper have
good convergence properties, that is, the algorithms guarantee one-step superlinear convergence and
n-step quadratical convergence for uniformly convex objective functions. Furthermore, they are glob-
ally convergent for the continuously differentiable functions. So, we use them not only to solve
unconstrained nonlinear problems, but also to solve constrained nonlinear optimization problems.
For example, we change constrained nonlinear optimization problems into unconstrained nonlinear
optimization problems which are equivalent to the prime original problems by multiplier methods or
penalty function methods. Generally, the objective functions obtained in the unconstrained nonlinear
optimization problems may not be convex. So, in this case the revised DFP algorithm are usually
more efficient than the DFP algorithm.

We have done some computational experiments for the DFP algorithm and the revised DFP
algorithm under both the Wolfe conditions and the modified Wolfe condition. The testing results
show that, for uniform convex functions, the two classes of algorithms are same effective under both
the Wolfe conditions and the modified Wolfe conditions, and for nonconvex functions the revised
DFP algorithm has better stability than the DFP algorithm. Here we compare the performance of
the BFGS algorithm with revised BFGS algorithm under the Wolfe conditions for blow function.

Function. Let

100
(x)=> [1-er(jhx)?, xR (114)

j=0
where 7 = 0.05 and r(¢,x) has the value

X1 + Xt +X312

LX) = =,
r(t;x) 1 + (x4 + xst)

(115)

The objective function itself is the expression

S (x) = @(Dx), (116)
where D is a 5 X 5 positive diagonal matrix. We choose the starting point

xo = (15d7,',10d; ", 5d3;" 6d,,!, —dd)T, (117)
where d;;/d;;, ;+1= constant. We set 0 =0.7 and By =1, and the stopping condition is the inequality

() — f(x)] < 1077, (118)
where the optimal function value of the problem is to ten decimal places,

f(x,) =3.085557482 x 1073, (119)

The computing results are listed in Table 1.
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Table 1
Function X0 BFGS RBFGS

IN FN IN FN
1 15x1,....,—1x1 42 58 35 54
1 15%1,...,—1x 10* 68 102 57 96
1 15x1,...,—1 x 10} 72 136 64 123
1 15x1,...,—1 x 10" 81 150 69 125
1 15x1074,..., -1 x1 91 111 63 99
1 15x107%,...,-1x1 67 121 67 103
1 15x10712,..., -1 x 1 F F 70 120
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