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Abstract

Let F; be a finite field of characteristic p =2, 3. We give the number of irreducible polynomials x™ +
am_lx’"_1 + - +ap € Fy[x] with a;,_ and a,,_3 prescribed for any given m if p = 2, and with a;, _;
and a; prescribed form =1, ..., 10if p =2, 3. In the latter case an enumeration formula, applicable also
if m > 10, is given, but it is explicit only up to the evaluation of certain Kronecker class numbers.
© 2008 Elsevier Inc. All rights reserved.
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1. Introduction

Let p be a prime, let  and m be positive integers, and let F,, denote the finite field with g = p”
elements. The determination of the number N of irreducible polynomials

X" +ap_1x" + - +arx +ag € Fylx],
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with some of the coefficients ao, ..., a,—1 prescribed, is a difficult problem in general and has
been a subject of study for a long time, see e.g. [4, p. 340], where a short survey on recent results
on this topic is given. For example, in [16,5] Yucas et al. considered the case of fixed a,,—1, am—2,
and a,,,—3 over F, and asked how these results could be generalized to F,r. Our results on case (i)
below can be seen as a partial, although not completely satisfactory, answer to this question.

Let ¢ € F,. In this paper the following special cases are considered:

(1) p :2’ amfl 207 al’H73 :C?
@) p=2orp=3,ay-1=c,a; =0.

In these cases the problem of determining N is closely related to the problem of counting the
number of rational points on the fibre products of certain super-singular elliptic curves and of
certain Kloosterman curves over F = . This problem can be tackled by using some properties of
Kloosterman sums and cubic exponential sums, properties of Dickson polynomials, and the well-
known (see e.g. [12,13,15]) weight distributions of the dual of the binary two-error-correcting
BCH code of length ¢ — 1 and of the binary and ternary Melas codes of length ¢ — 1. This
approach enables us to give N explicitly for any m in case (i) and form =1, ..., 10 in case (ii).
In the latter case we have an enumeration formula which works for m > 10 as well, but it is
explicit only up to the evaluation of certain Kronecker class numbers.

The rest of this note is organized as follows. In Section 2 we first recall some basic properties
of Dickson polynomials and then a formula expressing the number of rational points on certain
Artin—Schreier curves in terms of exponential sums is derived. That formula is used in Section 3
to get explicitly the number of rational points on the fibre product of certain super-singular elliptic
curves, and finally, in Section 4, the number N of irreducible polynomials is determined by
connecting it to the number of rational points on the curves studied in Sections 2 and 3.

2. Preliminaries

In this section some notations are fixed, a result concerning the point counting on fibre prod-
ucts of certain Artin—Schreier curves is established, and some results from [7,9,10] are recalled.

Let Tr and tr denote the trace functions from Fy» onto F,, and F,, respectively, and let e and
x be the canonical additive characters of Fym and F,.

Let w be a complex number, and let

lm/2] .
Dy(T.w)i=Y L_('" _ J)(—w)me—zf e C[T]
Sm—j\

denote the Dickson polynomial of the first kind of degree m with parameter w. We shall need the
following two fundamental properties of Dickson polynomials:

4+ V12— 40 \" t— V12 —4p\"
_— +| — vVt € C, (1)

D, (t,w) = ( 5 5

w om o™ N
Dm<t+?,a))_t +t7 vVt e C*. 2)
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Next we consider point counting on fibre products of Artin—Schreier curves. Let L be a

F,-subspace of the rational function field Fym (x) with a basis {f1, ..., fu} C Fym(x) \ F4, and

assume that the multiplicities of the poles of the non-zero elements of L are not divisible by p.
Let f(x) € L\ {0}, let Fp,n =Fyn(x, ys) with y} — yy = f(x), and let

Fu :qu(x, Yfiseees yf}7)~

Proposition 1. (See [10, Theorem 18].) The number Ny, of rational places of Fy, is given by

11+ S osde Y Y e(fw),

feL\{0}/F%, feL\{0} zeF m\ Py

Nm—q +1-

where Sy is the set of rational places of Fy,, lying above Py, and Py is the set of poles of f(x)
in qu.

In [10] Proposition 1 was applied to the fibre product L,, of Kloosterman curves defined by
Ly =Fgn(x, Y0, ),  Ya—vya=x+ax"',  yl—yy=x+bx"1,
for fixed a, b € F; with a # b.
Theorem 2 below will cover a more general situation. To state the result we fix some notations:

leta,beF,,a#b,let B €Fym,andletd = —1 ord = 3. In addition, if d = 3 we assume p # 3.
Let

Lnap:=FmGx,y0 ),  Yi—va=x+a(B+x?),  yl—yp=x+b(B+x7),

and for u, v # 0 in the subfield F, denote

S[(lm)(u, v) = Ze(uz + vzd),

Z

where z runs over FZ,,, or Fym according as d equals —1 or 3, respectively. Moreover, we denote
Sq(u,v) = Sfil)(u, v).

Theorem 2. The number Ny, 4(B) of rational places of Ly, q,p is given by

Npma(B)=q" + 1+ Ze(ﬁv)ZS‘””(u v),

veFy
where u runs over FZ or ¥, according as d equals —1 or 3, respectively.

Proof. Let {u1,...,u,} be a basis of F; over F,,. It follows by Proposition 1.2 and by the proof
of Proposition 1.1 in [6] that

Lm,d,ﬂ =qu(-x7yu1’-"ayur’zu17'~'7zur)

with
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Yo = yu =ui(x +a(B+x7)) = fi(x),
2 — zu; = ui(x + b(B +x9)) = gi (x)

fori =1,...,r.Let L be the Fj-subspace of Fyn (x) spanned by the elements f(x), ..., fr(x),
g1(x), ..., g (x). Now, each element f(x) of L is of the form

fx)=(au+bv)B+ (u+v)x + (au + bv)xd, 3)

for some u, v € F,.

If f(x) =0,thenu =v=0asa # b. It follows that the elements fj(x), ..., g-(x) are linearly
independent over F, and, moreover, the representation (3) is unique.

Since the mapping (u, v) — (4 + v, au + bv) is linear and invertible, it is a permutation of
FZ \ {0}, and therefore each non-zero f(x) € L is of the form f(x) = vp + ux + vx¢ for unique

(u,v) € F7 \ {0}.
If d =3,|Ss| =1 forevery f € L by [14, Proposition VI.4.1(c)] and Proposition 1 implies

NmaB)=q"+1+ Y > e(vBp+uz+vz?),

(u,0)€F2\ {0} 2Fym

and the claim follows now by noting that the inner sum equals zero if v =0.
Assume next that d = —1. Proposition 1 now implies that

1
NmaB)=q" +1+ j(—(qz -+ > |Su,v,,s|)
P (u,v)€F2\ {0}

+ Z e(vB) Z e(uz +vz ), “4)

(u,v)€F2\{0} z€F m\ Py y
where S, ,, g is the set of rational places of
Fyn(x,y),yP —y=ux+ v(,B +x_1)

lying above P.o, and P, , is the set of poles of f(x) =ux +v(8+x~1)in F,m. By [14, Propo-
sition II1.7.8(c), Corollary II1.3.8] we know that

0 ifu=0and Tr(vB) #£0,
Suvpl=1{p ifu=0and Tr(vB) =0, (5)
1 ifu0.

Assume tr(8) = 0. Now, by (4) and (5), we get
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1
Nm,d(ﬁ)=q’"+1+ﬁ(—(q2—1)+(q— Dp+q>—1—(g—1)

+ Z Z S[(;")(u,v)+ Z Z e(vzfl)

veF} uek; veFy zeF;m

=q"+1+ Y >S5 w.v).

"k *
vqu uqu

Assume finally that tr(8) # 0. By (4) and (5) we now have

1
Nua(B)=q™ + 1+ ﬁ(—(cﬁ ~1)+@/p-Dp+q*—1—(g—1D)

+ Z e(vp) Z S((im)(u, v) + Z e(vpB) Z e(vz_l)

veFy ueky veFy zeFZm
=q"+1-1+ Y e@p) D S w.v)— Y x(vir(B))
veFy ueky veFy

and the claim follows. O

By the following result we see that in order to count N, 4(B) it is enough to count N, 4(0)
unless tr(B) # 0, d = 3, and r is even. That case will be considered in the next section. From
now on we use the abbreviated notation N, 4 := Ny, 4(0).

Corollary 3. Let B, B2 € Fym, and assume tr(B1) =0, tr(B2) # 0. Then Ny q(B1) = Nin,a. More-
over, ifd = —1, ord =3 and r is odd, then

Nn d _qm -1
Nm,d(,BZ) =t]m +1-— qul

Proof. By Theorem 2 it is clear that Ny, 4(B1) = Ny q. Let B € Fym. When d = 3, we have

Nu3(B)=q"+1+ Y ewp) Y Sy, v)+ > ep)s§” (0, v),

veF:; u EFZ ‘UEFZ;

where the last sum equals Zv)z e(w(B+2%) = > _,..e(vz) =0since z 2

the assumptions. Therefore, in all cases

Nua(B)=q"+1+ > e@p) Y Y e(uz+vz9).

* *
vqu uqu z

is a permutation by

Now, by the substitution z > 1!

Nua(B)=q"+14 > e@p) Y > e(z+vu"z?),

* *
vqu uqu z

zZ we get
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and since the map u > vu~?

Nma(B)=q" + 1+ ( > e(vﬂ)>< > sgma, u)),

veF; ueF;
———
=:S

is a permutation of F; we obtain

where § equals ¢ — 1 or —1 according as tr(8) = 0 or tr(8) # 0, respectively, and the claim
follows now easily. O

Corollary 4. If g = 2, then

LA (255

Np,—1 = (2" +1) = (=1)""'Dp(1,2) = —(
If g =3, then

Np—1 = (3" +1) =2(=1)""1 (D (~1,3) + D(2,3))

= —2<<71 4“2/_—11)}" + <71 — F)m +(-1+/=2)"

)
Proof. Since S (u,v) = (=1)" ' D, (S_1(u, v),q) for uv # 0 by [8, Theorem 5.46], the
claim follows now by Theorem 2, Eq. (1), and the fact D,,,(—t, ) = (—1)" D, (t,w). O

If g is a power of two or three, we can count Ny, 1 up to the evaluation of Kronecker class
numbers:

Proposition 5. (See [10, Lemma 35].) Let p =2 or p =3, and let ¢ = p” withr > 2. Then

N1 =q" + 14 (=D"""q =1 )Y H(* —4q) Du(t, ),

tes,

where H(d) is the Kronecker class number defined for any negative integer d, d =0, 1 (mod 4),
as

H(u,v,w)eZ3: v2—4uw:d, v <u<w, andv>01f|v|:u0ru:w}|

and

_ ) - L4 fp=2,
Sp={teZ: 1| <2/q,t=—1(e)} Wlthe_{& ifp=3

In the case where ¢ is unbounded power of two or three we are still able to give the N, —;
provided that m is relatively small:
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Proposition 6. (See [10, Theorem 32, Remark 33].) Let g = p" with p =2 or p=3 andr > 2.
The number Ny, 1 of rational places of L, 1.0 is given by

m N), when g =2" N, when g =3"
1 q q
2 q* q°
3 +q° 0
4 0 q°
5 (t7 F Dg? +q°
6 +43 (—-1£ g3
7 (to — t7 + Dg* (o F 1g*
8 (1F Dg* q*—q+1
9 (tn —to — Dg® (w11 — u9)g®
10 ng* —q° 13q° — ¢°

where N;, = (N1 —q" —1)/(g — D) +qg—1, £=(=1)", and

w"+w" w

7 (1++/—15)/4

fo (=5++/-39)/8

uo (5+24/=14)/9

e (=1 4+44=5)/9

™ —34 /=119

7 14 4+ /—1991

i w +wy"+w. +w"

W (=3 £ /505 + v/ =510 F 64/505) /32

3. The number of rational places of L, 3 g
In order to count Ny, 3(8) we need the following three results.
Lemma 7. Assume p # 3. Then
S, v) = (=1)" "' Dy (S3(u, v),q)  Vu,veFy, u#0.

Proof. By Weil’s theorem (see e.g. [8, Theorem 5.36]) we know that there exist complex num-
bers w and v satisfying |w| = |v| = /g and

Sém)(u, V) = —(a)m + vm).
Clearly, Sém)(u, V)= e(—uz—vz’) = Sém)(u, V) SO Sém)(u, v) is real and v = @. Now, by (2)
Dp(w+q/ow,q) =" +q" /0" =™ + "
and therefore

S, v) = =Dy (@ + @, q) = =D (—=S3(u, v), q). O
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Proposition 8. Let ¢ =2". The value distribution of S3(u, v) is given by

S3(u, v) #incase?2 |r #in case 21r
q 1 1

-24 a2 0

—V2q 0 g —v29)
~Va 55— Va) 0

0 g +@—1) g+ -1
Vi SHa+ D) 0

V2q 0 g +v29)
2.7 g +247) 0

where S3(u, v) is attained # times as (u, v) varies over F(ZI.

Proof. Let y be a primitive element of F,, and let

c(u,v) = (Tr(u +v), Tr(uy + vy3), ceeh Tr(uyq_2 + vy3(q_2))),

805

be a codeword in the dual B of the binary two-error-correcting BCH code of length ¢ — 1, and

let w(c(u, v)) denote the Hamming weight of c(u, v).

The claim follows now by the weight distribution of B+ (see e.g. [12]) and by the following

two facts which are easy to verify:

(1) Map ¢ : (F2,+) —> BL, (u,v) ~ c(u,v) isa group isomorphism.
(2) S3(u,v)=q —2w(cu,v)). O

In our results we need to separate the cases where some trace is a cube or not. Therefore, we

let y be a primitive element of F,, and then the non-zero cubes of F; are denoted by 3.

We rephrase a result by Carlitz [1] in the following form.

Proposition 9. Let g =2" and v € Fz;. If r is even, then

{0, £2./q) ifve(y?),
S3(u,v) € { H07) ifue (),

and each value is attained at least once as u varies over F,. Moreover,

P2 g ifve (),
$3(0,v) = { (-1 /q ifvég(y?).

Now we have all the tools in order to establish the main result of this section:
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Theorem 10. Let g =2". The number Ny, 3 of rational places of Ly, 30 is given by

r is odd r is even
m mod 8 Nn3z—(@"+1) m mod 12 Np3z—(@"+1)
0 —2(q - )g"? 0 —2(q — )g""
+1 (@ — Dg" +1,45 (g — Dg"s
+2 (q—Dg"" +2 (q—1g""
+3 —(g - 1)g"T +3 —(g—1)g"T
4 0 +4 0
6 —(g - 1)g"*

Let B € Fym and tr(B) = ¢ # 0. If r = 25, the number Ny, 3(B) of rational places of Ly, 3,6 is
given by

m mod 12 Nu3(B) — (@ + 1), ce (y3) Nu3(B) — (@™ + 1), c ¢ (y?)
0 2qm§r2 Zq%

41,45 " —g"F

+2 —qm;z qu+2

+3 (1= (=1y°2/7)q"T (1+ (- 1)&/_)qu

+4 (—1)°2¢"% (—1)t1g"T

6 (1 - (=1)*27)q"F 1+ (=1)°/g)g"

Proof. Assume first that r is odd. Now, by Theorem 2, Lemma 7, and Proposition 8 we obtain

Nz —(q"+1)=>" > 87w, v)

veF* ueky

—1
=(-nm! (qT“’ —V29) D (—/29.9)
q—1 q—1
+ T(q +v29)Dy(V2q, q) + Tqu(O, q))-

We note that above the ¢ — 1 zeros of S3(u, v) corresponding to the pairs (u,0), u # 0, are
excluded. By (1) we see that D,,(+£+/2q, q) = 2(£./9)" cos(%), D, (0,qg) =0 if m is odd,
and D,, (0, g) = 2(—g)"/? if m is even. Thus

m+1

N 3—(61 +1) \/_(q_l)qTCOS(%) 1f2)fm7
" —(q — 1)g"T (cos(ZE) + (1)) if2|m,

and the claim follows.
Assume next that r is even. By Theorem 2
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S:=Nus(B) = (¢" +1) =Y x(cv) Y 8w, v)

veF* uck,
2
:Z Z X(cv)ZSém)(u,v)
=0 veyi(y?) uek,
2 (g—4/3
=2 2 ™) 3 ety ().
i=0 j=0 ueFg xeF m
=:5*

By the substitution x > y ~/x we have
i i uyiu i
S7=30 D el ') TET 38wy,
ucky xeFym uckF,

and therefore

(g—4/3 2 (@-4/3

S= Y x(er) Y s, 1)+Z Z yI) ST ST (. yh).

j=0 ueF, ueF,

‘We observe that

ZS(m) u, XHX Z Z ux? +)/ )2)

uck, uek, xeF

2 Z Z e((ux + yx3)2) = Z Sém)(u, ),

ueky xeFym ueky
and we now get
(q—4)/3 2 (q—4)/3
$= % aler) D+ YT aler ™)
j=0 ueky uek,
S1 S $3 M

807

(6)

Let us consider each sum S; separately. Clearly, S1 = (S3(0, ¢) — 1)/3, and by Proposition 9

Sy = %(53(0 cy) =1+ 83(0,cy?) — 1)
3(q_1) ifc =0,
=13=D'¢"* =1 ifce(y?),

(D)2 24 (=g =2) ifeg (7).
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We apply the argument used with the sum S* above to the opposite direction to get

3 (g—4/3
Sp=——o Z > 58 (u, - Z Y S8, v).
4= j=0 ueF, ve(y 3yueky

By Proposition 9 we know that the sum S3(u, v) gets exactly the values 0, &2, /g when v € %
By Lemma 7 and Proposition 8 we obtain

-1 -1
S = (=1~ (%(q —29)Dn(-2q.q)
q—1 qg—1
+ 7(61 +2/9)D,(2/q,9) + Tqu(O’ q)>,

where in the last term we exclude g — 1 zeros for S3(u, v) as they correspond to sums with v = 0.
By (1) we see that Dy, (£2.,/q,q) = 2(£.,/9)", D (0,q) =0 if m is odd, and D;,(0, g) =
2(—q)™/? if m is even. All in all,

s g5t 3q(—)5 if2|m,
2:
q 2 if 24 m.

Consider finally S4. Now

2
= %Z Soswy )= 3 Y s )

i=1uek, veF;\(y3) ueky

and by Proposition 9 the value set of S3(u, v) is {,/q}. Again, by Lemma 7 and Proposition 8
we get

2(q — 1 —1 -1
%&1 = (—1)’"1<qT(q —V4)Dn(=/q,9) + qT(q + J?J)Dm(\/?,q))-

By (1) Dy (£./q, q) equals 2¢™/2, £¢™/%?, —g™/?, and F2¢"/* when m =0, £1, £2, and
3 (mod 6), respectively. Hence, we get

—2¢2*!" ifm=0 (mod6),
" if m=+1 (mod 6),
q%“ if m = £2 (mod 6),

—2¢"%  ifm=3 (mod 6).

Sy =

By collecting all the calculations we obtain the claimed result. O
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4. Enumeration of irreducible polynomials with prescribed coefficients

In this section we calculate the number of irreducible polynomials over F, in the cases (i)
and (ii) of the Introduction. The method we use here is a modification of the method introduced
in [11] (see also [3,2]). Roughly speaking, this method involves two steps: first, count the number
of all the elements of F,» with prescribed traces, and second, use Mdbius inversion to count the
number of elements of degree m with prescribed traces. From now on we assume that p =2 or

p=3.
4.1. Elements of degree m with prescribed traces
Let d =3 or d = —1 and employ the convention 0~! = 0.
Definition 11. For ¢ € F,; define
Hea(m)=|{z € Fgn | tr(z) =0, tr(z?) = c}|.
Lemma 12. Let o € Fym satisfy tr(a) = 1. Then

1

Heg(m) = — (Nm.a(—ac) —1+¢),
q
where
0 ifd=3,
:1—q ifd=—1andc#0,
(q—1? ifd=—-landc=0

Proof. With the standard techniques we get

H,  (m) = Z <l Z x(tr(z)u)) (é Z x (tr(z? —ac)v))

z€F m uekF, veF,
2 Z Z uz+vzd—acv)
u,veky ZEF
(q £ 3 e $ Y eluz+oc))
veFy ucFy zeFym

1
(q + Ze( acv)ZS;, )(u v)+e>

6] veFy

where the last equality follows by the definition of S(gm)(u, v). The claim follows now by Theo-
rem2. O

Next we shall count the number of elements z in F,m of degree m satisfying tr(z) = 0 and
tr(zh) =c.
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Definition 13. For ¢ € F,; define

Gc,d(m) = HZ (S qu

tr(z) =0, tr(zd) =c, z¢Fy ifn <m} |-

We need the following well-known formula for the number of all irreducible polynomials (see
e.g. [8, Theorem 3.25]):

Proposition 14. The number of monic irreducible polynomials in ¥ [x] of degree m is given by
I (m)/m, where

Im)=73 uq".

tim

Let n be a positive factor of m, and let tr, : F;» — F, denote the relative trace function.
Clearly, for every z € Fn we have tr(z) = 7 tr,,(z) and therefore

tr(z) = tr(z?) =0 iff |:p|ﬂor (NT and tr,,(z):trn(zd)=0>].
n n
Let m = pKs such that p ts. Now

Hoa(m)=Hoa(p*s)= Y  Im+ Y  Goalm)

nlm, pl 5 nlm, ptit
=1
= Z ZI(Plt) + Z Go.a(p't) = Z(S(I’kf) + Go.a(p1)),
tls i=0 tls tls

where S(p*t) = Zi‘;& I(p't). By Mobius inversion, see e.g. [8, Theorem 3.24], we get

S(749) + Gnalr's) =3 () Hoa(').

By Lemma 12 we now get the following theorem.

Theorem 15. Let m = p*s with p and s coprime. Then

Go.a(m) = ZM(;)HO,d(Pkf) — S(m),

tls

where

=~

-1
(Npa©) —1+€) and Sm)=>)» I(p's)

i

1

Ho,q(n) = —
q

Il
S
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with

.= 0 ifd =3,
" l@-1* ifa=-1.
Assume next that ¢ # 0, and let n be a positive factor of m. Now, for each z € Fyn, we have
that
n

tr(z) =0 and tr(zd) =c iff tr,(z)=0 and tr, (zd) = —c.
m

Since n/m =1 or n/m = %1 according as p equals 2 or 3, respectively, we see that
Gue q(n) = Ge.a(n),
and therefore

Hea(m)=>_Gca(p*t).

tls
Now, by Mobius inversion and Lemma 12 we get the following result.

Theorem 16. Let m = pXs with p and s coprime, let ¢ € F*, and let o € Fym satisfy tr(a) = 1.
Then

Geam)=Y_ u(?)HC,d(pkt),

tls
where

0 ifd=3,

1
Heq(n) = — (Npa(—ac) —1+¢€) and e:{l_q ifd=—1.

q

4.2. Irreducible polynomials of degree m with prescribed coefficients

Lemma 17. Let g = p" with p =2 or p =3, and let ¢ € ¥;. The number of irreducible poly-
nomials p(x) =x™ 4+ a,_1x™ ' 4+ ...+ ajx +ag in F,[x] with a1 = ¢ and a) = 0 equals
Gc,—l (m)/m

Proof. If p(x) is irreducible, then a,,_1 = tr(z), where z is any of the m distinct roots of p(x)
in Fym. Moreover, since a,, Lym p(x’l) is monic and irreducible we get tr(z’l) =ay /ap. Hence,
the number of irreducible p(x) with a,,_| = ¢ and a; = 0 equals G:‘,,_l (m)/m, where G’C’_l (m)
is the number of elements z of degree m over F,; in Fyn satisfying tr(z) = ¢ and tr(z~1) = 0. But
clearly G’C’_l(m) =G, _1(m). DO

Remark 18. By the preceding proof it is clear that the number of irreducible polynomials x™ +
Amo1x™ T fax +ap inFy[x] such thata,, | =0and a;/ap = c also equals G, _1(m)/m.
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Lemma 19. Let g = 2" and c € ¥;. The number of irreducible polynomials p(x) = x™ +
A1 X" L+t aix 4 agin Fy[x] with a1 =0 and a3 = c equals G 3(m)/m.

Proof. Let z =z1, ..., z;x be the roots of an irreducible polynomial p(x) in Fym. If m > 3, we
have, by Newton’s formula (see [8, Theorem 1.75]), that

§3+8$2am—1 + S1am—2 +ay—3 =0,

where s, = Z;”:l zf.‘ = tr(z¥). Since 51 = a—1 =0, we get a3 = tr(z3), and the claim fol-
lows. O

Lemma 17, Theorems 15 and 16, Corollary 3, and Proposition 6 give the following two corol-
laries:

Corollary 20. Let g = p" with p =2 or p = 3. The number of irreducible polynomials x™ +
a1 x™ V4. +aix+agin Fy[x] with a1 = a1 =0 equals Go,—1(m)/m, where

m Go.—1(m) withqg =2" Go,—1(m) withqg =3"

1 1 1

2 0 g—1

3 1+1(g—-1) 0

4 0 q>—1

5 ¢+t FDglg—1) -1 P Etq@-1—1

6 (@ —D(g>+q) qq—D(g*+q—1£1)

7 P+q*@-Dto—t7+1)—1 @ +q*@—DuF1) —1

8 ¢®—q*+(1FDg*q—1 ¢®+q*—2¢>—q+1

9 g +@-D@tn—to—D—1FD—-1  q"+4°@— D —uy) — g
10 -4+ +q-Dn ®—q*—(@-DUxq) +(q— D13

Corollary 21. Let g = p" withp =2 or p =3, and let c € F;;. The number of irreducible polyno-

mials x™ + apm_1x™ 1+ +aix+ag in F,[x] with a1 = c and ay = 0 equals G —1(m)/m,
where
m G —1(m) withqg =2" Ge_1(m)withqg =3"
1 0 0
2 0 0
3 qFl q
4 q2 q2—1
5 ¢ —qnnF) e Fq
6 4¢'Fq a*Fq
7@ ¢ -1 +1) 4> —q*(uo F 1)
8 ¢+ (=1£1)q? 6 —2¢2+1
9 ¢ —q*tni—t9-1)—qg*£1 q"—q¢>ui —uo)
10 ¢#+¢-n P tq—n
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In principle, one could calculate the two tables above even further but the computations will
become quite involved and the formulas will include more traces of Hecke operators, t;, and
values of Ramanujan’s tau-function, ;.

Finally, we give some formulas for the number of irreducible polynomials in the case (i)
in Introduction. This case differs essentially from the case (ii) above: we have all information
needed in closed form and we just plug our formulas in e.g. Mathematica and count the formulas
as far as we like. Unfortunately, we cannot give this result in any simple general formula due to
the Mobius inversion and to the several cases in Theorem 10. Therefore, we illustrate our results
by giving the number of the polynomials for every degree m < 30.

Lemma 19, Theorems 15 and 16, Corollary 3, and Theorem 10 give, with help of Mathemat-
ica, the following corollary.

Corollary 22. Let g = 2" and c € F,. The number of monic irreducible polynomials x™ +

Am_1 X"V aix +ag in F,[x] with a1 =0 and ay,—3 = c equals G 3(m)/m, where
m Go,3(m), if 2|r Go3(m), if 24r Ge3(m),if 24rand c #0
1 1 1 0

2 0 0 0

3 0 0 qg+1

4 0 0 q%

5 PHqi-q-1 P —q*+q-1 7 +q

6  q*-247+4> q* —q* q*—q*

7 P +qP—g¢7 -1 P +q>—q¢> -1 7> —q*

8 ¢ —q* 4% = 3¢* + 243 4% +243

9 ¢ —q*+4 -1 g +q*—q> -1 9 —q>—q—1

10 S —q* ¢S —q* S —q*

11 q9+q5_q4_1 q9_q5+q4_1 q9+q4

12 q10 — 3¢5 4245 g0 — 46 g0 — 42

13 g4 g®—g5—1 S S | PR

14 q12—4b g2 — b g2 —4b

15 PR B . B R B +qd - —P+q—g B g —gd—2g—1
16 q14*q8 q14*3q8+2q7 ql4+2q7

17 415+q8_q7_] (]15+l]8—(]7—] q]5_q7

18 g1 =249 448 — gt +243 — 2 g6 —g8 — gt +42 g6 —g® — gt 442

19 a7 +q%—g8—1 7?1481 "7+ 48

20 g8 — 410 18 _ 410 q18 — 42

21 AL [ NI B S PRCTN [T B S O+ - +q2—g—1
oY) q20 — 410 g2 — 410 g2 — 410

23 2 gl —g10 g g2 g — 10 g2l — 410

24 q22*3q12+2q“*q6+q4 q22*3q12+2q“*q6+3q4*2q3 q22+2q“*q6*2q3
25 B g2 g3 24y B g2 g P2y B gl g3 4
2% g — g2 g% g2 g g2

27 BB g2 g7 gt P BB g2 T A B g2 g7+
28 g% — g1 g2 — g4 q% — 42

29 g+ gt — g3 1 g — g g3 1 ¢¥ +413

30 L1 I R B D B S S E S S gB gt _ 84 g2

moreover, with r = 2s, = (—1)*, and ¢ # 0 we have
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m Ge3(m).if c e (y?) Gea(m).if ¢ ¢ (v3)
1 0 0
2 0 0
1 1

3 qF22+1 qEtq? +1

s a3 , 3
4 q-+2q2 q-Fq?
5 @ —q . q3—q5
6 a*F292 + 4% q*+£q2 +4°
7 @ —q° P —4q?

6 7 6, %
8 q°+2q2 q9°Fq?

7 7,3 i 7. %, 3 1
9 q"F292+q° —q+2q2 -1 q'*£q2+q° —qFq2 -1
10 78 —q* ®—q
11 6[9—([4 \ q9_q4 .
12 7'%+2¢° — g% F292 7'%+2¢° —¢> £42
13 q“_q5 qn_q
14 q'?—4° s q'? —4°
15 B F297 44 —q3i2qz—1 13iq2 +4%-4° ¢q2—1

15

16 q14i2q2 q! :qu
17 ql _q 17 ql _ql7 5
18 163227 +45—g* 4£297 — 2 7% +tq7 +¥ —q*F42 - ¢*
19 q17_q8 q17—q8

q'® - 18,2 _ 24,3
20 i2q2 q* ¢2q2 9 °Fq2 —q-*q2

19 1
21 49F2% % +¢°— S +qP—gE2? —1 P +£q2 +¢° P +4®>—qFq2 -1
22 q20_q10 q20_ql
23 g — g0 g* — 10
7 7

24 q22+2q“*q6:|:2q7 q22+2q117q6:tq7
25 q23_qll_q3+q q23_qll_q3+q
26 q24—q1225 ] g% —q'2 ;
27 ¥ F297 +q'2—q7 292 —¢3 251112 +¢2-q"Fq2 - ¢*

26 22 5 3 2, 3
28 g +292 —q”F2q?2 7? ﬂFqZ —q-*q?
2 a7~ q1329 5 ¢’ —q 29 5
30 a*®F27 +¢" -¢¥£242 - ¢* 42 +4"-*F42 - ¢*

Remark 23. The expressions for G. 4(m) are approximately of the form ¢” 2 + O(q%). In
the case 217 and ¢ # 0 the formulas for G.3(m) are quite close to ¢”"~> when m = 4s and
s is an odd prime. Indeed, if m = 45 and s = n/ for some odd prime n, we see by Corollary 3,
Theorem 10, and Lemma 12 that H, 3(m) = qm’z, and then, by Theorem 16, we have G, 3(m) =

m—2

q - q%*z. Especially, if j =1, then G, 3(m) = g"? —q2.
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