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Abstract

The linear wave equation is shown to possess the unique property thatiff a true contact
transformation admitted by the wave equation, i&,,is not linear in the first derivatives of the
dependent variable, then soys, w,. We comment of the physical implications.
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1. Introduction

In this paper we show that the linear wave equation
Ur — Uxx = 0 (l)

admits infinite contact transformations. By expanding the admitted contact transformations
as a power series in the first derivativesandu, , we are able to determine particular forms

of the contact transformations. These particular forms possess the unique property that if
wy, is an admitted contact transformation of (1), then sd jsw,. This property is well
known for ordinary differential equations [7]. As a result of this property, we show how
the general solution

u=F@)+G(p), 2)

where
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Y=t+x, p=t—x, )

of (1) can be written in terms of the coefficients of the terms of the power series ex-
pansion of the contact transformations. Contact transformations and their applications are
discussed in [6] and [2—4,11]. Pucci and Saccomandi [10] use contact transformations of
second-order partial differential equations to obtpsaudo-invariant solutions of these
second-order partial differential equations. Abraham-Shrauner et al. [1] investigate contact
transformations admitted by third-order ordinary differential equations to ohtdden
transformations. Recently Ibragimov and Khabirov [5] have investigated a contact sym-
metry group classification of nonlinear wave equations. Momoniat and Mahomed [8] have
shown that evolution type equations do not admit contact transformations. Momoniat has
derived special classes of nonlinear wave equations [9] that do admit true contact transfor-
mations. The results obtained in this paper show that for linear equations, at least the linear
wave equation does admit nontrivial contact transformations.

The transformations

t=1i(t,x,u,up,uy,a), X=X, x,u,u,uy,a),  U=ut,x,u,uy u,a),
ﬁI:ﬁt(tsxsuvut1MX7a)v ﬁx:ﬁx(tsxsuvutvu)ma)v (4)

whereq is a real parameter, form a one parameter group of contact transformations if they
satisfy the group properties and

dit dit
e 5
PY TR ®)

holds. The generator of a group of contact transformations can be given in terms of the Lie
characteristic functio®V (¢, x, u, u;, u,) as follows:

Ur =

X=-W,;, 0 =W, 0 +(W—uW,, —u, W, ),

+ (W +u W) oy, + Wy +ux Wy)oy,, (6)
whered; = 9/0t, 9, = 9/dx, etc. The first prolongation of the generator (6) is given by
X = X + €110, + $120y,, + 2200, » (7)
where the coefficients of (7) be calculated from the prolongation formulae
5ij=DiD;jW — Wy upij, 8)
with summation ork, whereD; is the operator of total differentiation given by
Di =0y, +uiOu +uijou; +--. (9)

2. Contact transformationsadmitted by the linear wave equation

To determine contact transformations of (1) we solve the determining equation
X ey = tx) = =0, (10)
which, from (7), can be written as
11— &22lu;=u,, = 0. (11)
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Solving (11) we find that (1) admits the infinite contact transformation

Xoo = —(F1, + F2,)8 — (F1, — F2,)d:
+ (Ew+ F1+ F2+ G1(¥) + G2(p)

—ux(F1, — F2,) —u;(F1, + F2,))0u, (12)
where
¢ =u; +uy, @ =ur— Uy (13)
and
F1=F1(y, ¢), Fo=Fa(p, ), E1 = constant (14)

Equation (12) is not very useful in applications as it contains arbitrary functions of the
derivatives:; andu, . To determine a useful form of (12) we consider a power series expan-
sion of Lie characteristic functio. Note that the contact transformation generator (12)
reduces to the Lie point symmetry generator of (1) given in [4] if we asskiype= «1 ()
and Iz, = k2(p), Wherex; is an arbitrary function of/ and« is an arbitrary function
of p.

Let

n
W= Z q),-,j(t,x,u)u;-u)](, (15)
i,j=0

whereg; ; is an arbitrary function of, x andu. The coefficient ofi2, from the determining
equation (11) is

Wu,u, - Wuxux = 0 (16)
We find that the functions,, as defined by

2 2 —(2i-1 —
¢n02n/ (21) n— 21u2,+¢n12n/ ( nl)u;i (2i )u)zcl 1’

n even (17
Wn = 1)/2 n—2i 2 /2, n n—(2i—1) 2i—
$n.0 Zz(no / (21)”1 2 uZ + ¢ 2556 / (2i71)”t ( )”3 g
n odd,
are solutions of (16). The summation
W=> w, (18)
is also a solution of (16). The remaining terms from (11) simplify (17) to
(fa(¥) + gn(p)) Z"/Z (5)ur™ 2 uZ + (fu(¥) — gn(p))
n/2 /1 n n—(2i—1) 2,
X , eve
_ >0 (o d)ui n even (19)

fa W) + ga(0)) V2 (2 (2,)u” 202 1 (£, () — ga(p))
XU (o = E 2 od
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We can use (19) to obtain solutions to (1) by adopting the contact conditional symmetry
approach, i.e., from (19) the invariant surface condition—= 0, is solved. By defining

An 1/n An 1/n
F*()=/< ) ay, G*():/( ) dp, 20
=\Gw) Y "=Naw) “ (20)
wherel,, is constant, the general solution (2) of (1) can be written as
u=F*)+G"(p). (21)
The ancillary condition
w, =0 (22)

is also satisfied by (21).

3. Discussion

In this paper we have derived true contact transformations for the linear wave equation.
We observe that the wave equation admits an infinite number of contact transformations.
By imposingw, = 0 on the general solution of the linear wave equation, we are able
to write the general solution in terms of coefficients of the contact transformations. This
result is physically relevant if one can attach a physical significance to any af,th€éor
example, ifw, represents the conserved form of the kinetic energy, then impasjing
on the general solution of (1) allows one to obtain solutions to the wave equation which
conserves kinetic energy. We conclude this paper with an example. Let

fu(W) =sin(y) = sin(t + x) (23)

be a solution of the linear wave equation (1). Then using (20) we can obtain new solutions
from (23). Substituting (23) into (20) and using Mathematica [12] we find that

__Loam 1n-1
F) ==k ﬂ[cosz(w),z, > } (24)
whereg is defined as
B(z,a,b) = f “ta—-nttar. (25)
0

By considering: = 1, 2, ... we can derive many solution using (24) which have all been
obtained from (23).
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