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Abstract

In the first five sections, we deal with the class of probability measures with asymptotically periodic
Verblunsky coefficients of p-type bounded variation. The goal is to investigate the perturbation of the
Verblunsky coefficients when we add a pure point to a gap of the essential spectrum.

For the asymptotically constant case, we give an asymptotic formula for the orthonormal polynomials
in the gap, prove that the perturbation term converges and show the limit explicitly. Furthermore, we prove
that the perturbation is of bounded variation. Then we generalize the method to the asymptotically periodic
case and prove similar results.

In the last two sections, we show that the bounded variation condition can be removed if a certain
symmetry condition is satisfied. Finally, we consider the special case when the Verblunsky coefficients are
real with the rate of convergence being c;,. We prove that the rate of convergence of the perturbation is in
fact O(cy). In particular, the special case ¢, = 1/n will serve as a counterexample to the possibility that the
convergence of the perturbed Verblunsky coefficients should be exponentially fast when a point is added to
a gap.
© 2010 Published by Elsevier Inc.
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1. Introduction
1.1. Background

Suppose du is a probability measure on the unit circle 0D = {z € C : |z] = 1}. We define an
inner product and a norm on L?(dDD), du) respectively as follows:
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(f.g) = /3 ) fe9)g(e?)du(®) (1.1)

_ 1/2
I fllap = (/a]D) |f(619)|2du(9)) . 1.2)

Using the inner product defined above, we can orthogonalize 1, z, 7%, ... to obtain the family
of monic orthogonal polynomials associated with the measure du, namely, (&, (z, du)),cn. We
denote the normalized family as (¢, (z, dit)),eN-

Closely related to 9, (z) is the family of reversed polynomials, defined as @ (z) = z" @,(1/2).
They obey the well-known Szegd recursion relation

Dpi1(2) = 2P, (2) — 0 D (2) (1.3)

and o, is known as the n-th Verblunsky coefficient. The Szeg6 recursion relations for the
normalized families are

on+1(2) = (1 = lanl>) ™2 (200 (2) — Ty (2)) (1.4)

oni1() = (1=l 21 (2) — enzgn (2)). (1.5)

These recursion relations will be useful later in this paper. For more on orthogonal polynomi-
als on the unit circle, the reader may refer to [12,26-28,30].

1.2. The point mass problem

We add a point mass ¢ = e¢'® € 3D with weight 0 < y < 1 to du in the following manner:
dv =1 —y)du+ yds,. (1.6)

Our goal is to investigate a, (dv).

Remark about notation: From now on, any object without the label (dv) is considered to be
associated with the original measure du, unless otherwise stated.

Point mass perturbation has a long history (see the Introduction of [31]). One of the classic
results is the following theorem by Geronimus [12,13]:

Theorem 1.1 (Geronimus). Suppose the probability measure dv is defined as in (1.6). Then

on()Kn-1(z, %)
A=Yy '+ Ki—1(2,0)

Dp(z,dv) = &4(z) — (1.7)

where

Kn(z.0) =) 0;(0)9;() (1.8)

=0
and all objects without the label (dv) are associated with the measure dju.

Since @,(0) = —or,—1, by putting z = 0 into (1.7) one gets a formula relating the Verblunsky
coefficients of dy and dv.

Formula (1.7) was rediscovered by Nevai [18] for OPRL and by Cachafeiro—Marcellan [4—6]
for OPUC. For general measures on C, the formula is from Cachafeiro-Marcellan [7,8]. Using a
totally different approach, Simon [28] found the following formula for OPUC:
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() =y — ;7 Yo ©) (Za, L ;’;ﬁ” ,(g)) (1.9)

where g, = (1 —y) + yKu (£, ;o1 = —1.
In [31,32], we applied the Christoffel-Darboux formula to (1.9) and proved the following
formula for o, (dv):

ap (dv) = a,(dp) + 4,(2) (1.10)
where

(1 =l 20u 1005 ()

An(C) =
O = )y T+ K. 0)

D Ka(@ ) =) 1% (1.11)
j=0

This prompted us to study the asymptotic behavior of ¢,(z) on dID in order to understand the
asymptotics of (1.11).

In [31], we considered the class of probability measures with ¢ Verblunsky coefficients of
bounded variation, i.e.,

o o
D o> <oo and ) ey — anp1] < 0. (1.12)
n=0 n=0
In this paper, we consider the class of measures with asymptotically periodic Verblunsky
coefficients of p-type bounded variation (this term was first introduced in [20]), i.e., given a
periodic sequence B, of period p,

o0
1lim (e, =) =0 and };} ot p — 0tn| < 00. (1.13)
First, we handle the special case p = 1; then we generalize the method to any p. It is well-
known that any measure satisfying (1.13) has the same essential spectrum as dug (the measure
associated with (8,,),<n) which is supported on a finite number of bands. The reader may refer
to Chapter 11 of [28] for a detailed discussion of periodic Verblunsky coefficients.

1.3. Gaps and periodicity

Before we move on to stating the results, it would be helpful to have a brief discussion about
gaps and periodicity.

By an application of Weyl’s Theorem to the CMV matrix (see Theorem 4.3.5 of [27]), oy, — L
implies that du has the same essential spectrum as the measure dug with Verblunsky coefficients
ap(dpg) = L (the measure dug is known to be associated with the Geronimus polynomials).
Besides, it is known that dug is supported on the arc

I'y =0, 27 — 0] (1.14)

where 6| = 2 arcsin(|L|), and dpto admits at most one single pure point in [—6|.|, 6)]. In other
words, there is a gap G, in the spectrum, with at most one pure point inside. The reader may
refer to Example 1.6.12 of [27] for a detailed discussion.

Note that o, = L can be seen as a periodic sequence of period 1, in fact, there is a
more general result concerning gaps in the spectrum for measures with periodic Verblunsky
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coefficients. The precise statement reads as follows (see Theorem 11.1.2 of [28]): let (B,,), be a
periodic family of Verblunsky coefficients of period p, i.e., B, = B p for all n. Let djug be the
associated measure. Then {e!? : [Tr (T, (e'))| < 2} is a closed set which is the union of p closed
intervals By, ..., B, (which can only overlap at the endpoints). Let

p
B=|]JB,. (1.15)
j=1

Moreover, B is the essential support of the a.c. spectrum. In each disjoint open interval on dD\ B,
dp has either no support or a single pure point.

As aresult, in both cases that we consider, there are gaps in the spectrum and when z € 9D is
in one of those open gaps, we have |Tr T}, (z)| > 2.

The reader may refer to Chapter 11 of [28] for a detailed discussion of periodic Verblunsky
coefficients.

2. Results

First, we present a new method for computing the asymptotics of ¢,(z) in the gap of the
spectrum when the family (o,),en is asymptotically constant and of bounded variation (see
formulae (4.54) and (4.55)). Applying that to the point mass formula (1.11), we prove the
following result:

Theorem 2.1. Let («n),eN be the Verblunsky coefficients of the probability measure du on 0D
such that

an — L eD\ {0} 2.1
> lejir — ol < oo (2.2)
j=0

Let G, be the gap of the essential spectrum (not including the endpoints). We add a pure point
¢ =e € Gy todu to form dv as in (1.6). Then one of the following is true:
(1) If u(¢) > O, then the three sequences (|¢n(Z))nen, (A4n(8))nen and (ay (dv) — ap (dp))peN

tend to zero exponentially fast.

(@) If n(¢) =0, then
(a) limy,— o A, (C) exists, and

, -1 —h®)?
Aso(®) = Tim A,(0) = h() [({ ) hE) } 23)
n—oo 2L
where
h(@§) =@ = 1>+ &|LP 24)
and we choose the branch of logarithm such that (1)'/? = 1.
(b) Furthermore, |Aso(¢) + L] = |L| and
lim o, (dv) = Le'® (2.5)
n— oo
where
2sin® (£) — |L|?
cosw = % (2.6)
2sin (£) ,/IL|? — sin® (£
sinw = () “W 2.7

IL|?
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(©) (4,(2))neN is of bounded variation, i.e.,

D 181 (0) = An(@)] < 0. 2.8)
n=0

Three remarks about Theorem 2.1:

(i) Since oy, — L # 0, this measure has the same essential spectrum as the measure dug
with Verblunsky coefficients a;, (do) = L, which is supported on the arc I as defined in
(2.15).

(ii) Case (1) is a special case of Corollary 24.3 of [29], where Simon proved that varying the
weight of an isolated pure point in the gap will result in exponentially small perturbation to
o (dp).

(iii) By (2c), adding a pure point to the gap will preserve the bounded variation property of
(otn)nen- Hence, we can add a finite number of points inductively and generalize the result
to finitely many pure points in the gap.

Next, we will generalize the technique developed in the proof of Theorem 2.1 and prove the
following result about measures with asymptotically periodic Verblunsky coefficients:

Theorem 2.2. Let (8,),eN be a periodic family of Verblunsky coefficients of period p, i.e., B, =
Bn+p for all n, and let dug be the measure associated with it. Let I'g be the union of open arcs
which are the interiors of the bands that form ess supp(dug). Suppose the measure du has
Verblunsky coefficients (o), cN that are asymptotically p-periodic of bounded variation, i.e.,

lim (a; — By) =0, (2.9)
n—>0oo

o0

D lotnsp — o] < 00 (2.10)
n=0

Now we add a pure point { € 0D \ Tg to du as in (1.10). Then one of the following is true:

(1) () > 0, then for each fixed 0 < j < p, limg_so0 Aip+; () = 0 exponentially fast.
(2) n(¢) =0, then for each fixed 0 < j < p, limg_so0 Agp+;(¢) exists and

e8]

A1) p+j (&) = Aipsj (D] < 0. (2.11)
k=0

Remark about Theorem 2.2: It is worth noting that if one adds a pure point ¢ as in (1.10) to the
support I'g, then lim,_, o0 A,(¢) = 0. This result was proven by Peherstorfer—Steinbauer (see
Theorem 3 of [20]).

Then we will prove the following result where (o,),en 1S not necessarily of bounded
variation:

Theorem 2.3. Let ¢ € 0D and n(¢) = 0. Suppose lim,,_, o ¢"«, = L. Then
lim ¢"A, () = -2L. (2.12)
n—oo

As a result,

lim ¢"a,(dv) = — lim ¢"a,(dw). (2.13)
n—0oo n—oo
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Finally, we use Theorem 2.3 to prove Corollary 2.1 below to illustrate the non-exponential
rate of convergence of A, (¢) towards its limit. One might have guessed that the convergence
should be exponentially fast, but we will show that this is not the case!

Corollary 2.1. Let o, = L + ¢, where L < 0, ¢, € Rand ¢;, — 0. Then
Ap(1) = =2L — 2¢,, + 0 (cy) . (2.14)

In particular, when ¢, = 1/n, we have the rate of convergence being O(1/n) which is not
exponential.

The reader may also refer to [33] in which Wong demonstrated that point perturbation of a
certain class of measures on the real line would result in non-exponential perturbation of the
recurrence coefficients.

There are many papers about measures supported on an interval/arc, and about the perturba-
tion of orthogonal polynomials with periodic recursion coefficients. For example, the reader may
refer to [3,11,19,21,2,1,10].

Bello-Lépez [3] extended the well-known work of Rakhmanov [22-24] and proved the
following: let 0 < a < 1 and 6, = 2 arcsin(a). If du is supported on the arc

Ia={¢ € 0D : Jarg(¢)] > b4} (2.15)

such that the absolutely continuous part w(6) > 0 on I, then lim,,  |oy| = a. Bello-Lépez’s
result is restricted to measures that are absolutely continuous on the arc, and it was later extended
to measures with infinitely many mass points outside the a.c. part of the support (see for
example, [2] and Theorem 13.4.4 of [28]). However, unlike Theorem 2.1, these results do not
tell us whether A, (¢) approaches a single point.

In [19], Peherstorfer—Steinbauer considered the situation where du is an absolutely
continuous measure on supp(du) = I, with the a.c. part w(6) satisfying the Szegd condition on
I, ie.,

sin(%)

/ log w(#) = do > —oo0. (2.16)
Ta \/cosz(%) —cos2(%)

They proved that if we add a finite number of pure points to the gap to form the measure to dz,
then lim,,—, o o, (d7) exists and the limit has norm |a|. In the Appendix, we are going to work
out an example that demonstrates the existence of a large class of measures with Verblunsky
coefficients o, — L of bounded variation that fail the Szeg6 condition (2.16).

Given such a result for orthogonal polynomials on the unit circle, one would expect a similar
result for the real line. In [21], Peherstorfer—Yuditskii gave the following result: for any Jacobi
matrix J whose spectrum is a finite gap set with the a.c. part of the spectral measure satisfying
the Szegd condition, then there is a unique Jacobi matrix J in the isospectral torus such that
the orthogonal polynomials of J and J have the same asymptotics away from the spectrum as
n — oo. In particular, this implies that the Jacobi parameters of J converge to the parameters of
Joo @S 1 — 00.

3. Tools

For the convenience of the reader, a brief discussion of two major tools used in the proofs will
be presented here.
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3.1. The Cesaro-Stolz Theorem

One of the very important tools for the computation of the limit lim,_ oo A, (¢) is the
Cesaro—Stolz Theorem, which reads as follows:

Theorem 3.1 (Cesaro—Stolz). Let (I7},),eN, (On)neN be two sequences of numbers such that 6,
is strictly increasing and tends to infinity. If the following limit exists:
Iy — Ty

lim —— 3.1
”Lngo 6, — 6,1 1)

then it is equal to lim,— o [,/ 6.

The reader may refer to [9] for the proof.
3.2. Kooman’s Theorem

Another very useful tool is an application of Kooman’s Theorem to the family of A,(z)’s as
defined in (4.2). Kooman’s Theorem, adopted for our proof, reads as follows:

Theorem 3.2 (Kooman [16,17]). Let A be an £ x £ matrix with distinct eigenvalues. Then there
exists € > 0 and analytic functions U(B) and D(B) defined on S¢ = {B : |B — Al < €} such
that

(1) B= UBDBUEI, Dp commutes with A.

(2) Up is invertible for all B € S.

(B)Us=1,Dy =A.

(4) By picking a basis such that A is diagonal, we can have all Dp diagonal with entries being
the eigenvalues of B.

Remark: Theorem 3.2 basically follows the formulation of Theorem 12.1.7 of [28], except that
in [28] the statement was intended for quasi-unitary matrices. However, the same proof also holds
when A has distinct eigenvalues.

The original Kooman’s Theorem appeared in Theorem 1.3 of [16]. An application of
Kooman’s theorem to orthogonal polynomials was first made by Golinskii—Nevai [14]. They
applied Kooman’s result to the case when o, — O and ), [[A,+1 — A, < oo to prove that
w(f) > 0 a.e. on D, where w(#) is the a.c. part of the measure.

4. Proof of Theorem 2.1

The proof of Theorem 2.1 will be divided into many steps. First, we introduce a few objects
and prove a lemma about them (see Lemma 4.2). Using Lemma 4.2, we will prove that
lim,_, 00 A, (¢) exists. Then we compute that limit explicitly and prove that the sequence
(A,(¢))nen is of bounded variation.

4.1. The matrix A,(¢) and its eigenvalues

Recall the Szegd recursion relations (1.4) and (1.5). Observe that they can be expressed in
matrix form as follows:
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Cnt1(@D _ 4 =12 2 ) (¢n(2)
<(p;lk+1(z)> - (1 |al‘l| ) (_Zan 1 ) (w;:(z)) . (41)
Let
— 1 _ 2n-172( 2 —0y
An(z) = (A = |anl?) <_wn 1 ) 4.2)
PR, N 7 2 4 —L
Aco(z) = (1 —[LI?) <—ZL 1 ) . (4.3)

It is known (see Theorem 11.1.2 of [28]) that e’ € G if and only if

(2

Since ¢ is in the gap, Aco = Axo(¢) is hyperbolic, which implies that A, has two distinct
eigenvalues A = A1(¢) and Ay = A(¢) suchthat [A1| > 1 > |Az|and A = A1)~ (see Chapter
10.4 of [28] for an introduction to the group U(1, 1), to which A (¢) belongs).

Let A, = A,(¢). Since A;, > A and [TrA| > 2, for some large Ny,

[TrAs(e?)] = (1 — |L1}) 1?2 >2 4.4)

ITrAn| > 2 ¥n > Ni. (4.5)

Hence, for all n > Np, A, is hyperbolic and has distinct eigenvalues A; , and A, such that
Aal > 1> Aol and o p = (i)~

4.2. A,(¢) and Kooman’s Theorem

As seen in Section 4.1 above, A is hyperbolic. Hence, it has distinct eigenvalues and we can
apply Kooman’s Theorem (Theorem 3.2). By Kooman’s Theorem, there is an open neighborhood
Se around Ao and an integer N such that

A, €S VYn=N; (4.6)
and there exist matrices Uy, and D4, such that
An=Ua, Da, Uz 4.7
Perform a change of basis to make A, diagonal, i.e., write
Aco =G Dog G (4.8)

where

_(x1 O
Dy = <0 )»2) . 4.9)

By the construction of the function D, Dy, is diagonal under this new basis, so there exists a
diagonal matrix

_A1n 0
D, = < 0 kz’n> 4.10)

such that

D4, =GD,G™ L. 4.11)
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Now we define
Gy =U,u, G, (4.12)
and by (4.7), we have the following representation of Aj:

Ap=G, D, G (4.13)

4.3. The vector w

Let N be an integer such that
N > max{Ni, N}, 4.14)

where N and N; are defined in (4.5) and (4.6) respectively. Let w be the vector such that

w — 1
w = (w;> = DGy 'An—1AN—2--- Ag <1> (4.15)
We prove the following result about w; and wj:

Lemma 4.1. Both w; and wy are non-zero.

Proof. First of all, observe that either w; or w, must be non-zero, because both ¢ (¢) and ¢}, (¢)

are non-vanishing on 0D, and both Dy and G;,] are invertible.

Now we prove wy # 0 by contradiction. Suppose wy = 0. Observe that Gyw =
(onN+1(2), gp}’(,H({))T and |¢,($)| = |¢k(¢)] on dD. Hence, w, = O implies that the matrix
elements (Gy)11 and (G )21 satisfy

[(GM)11] = (Gn)21l. (4.16)

It will be shown later (see the discussion after (4.63)) that |G,1/G11] = |L| < 1. Since
Gy — G, (4.16) cannot be true if N is sufficiently large. By a similar argument, we can also
prove that w; # 0. [

4.4. Definitions and asymptotics of f1., and f>,

Forn > N (N as defined in (4.14)), we let

n
Po= T s (4.17)
k=N+1

Furthermore, let f1 , and f> , be defined implicitly by the equation below:
-1 -1 Siawi
DnGn Gn-1Dp—1--- DN+1GN+1GN'U =P <f2’zw2> . (4.18)

We are going to prove the following lemma concerning the asymptotics of fi , and f2 ,:

Lemma 4.2. Let fi , and f>., be defined as in (4.18). The following statements hold:

1 fon = 0.
(2) One of the following is true:
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o (2a) There exists a constant C such that | f1 .| < C|f2.n]. Moreover, given any € > 0,
there exist an integer N¢ and a constant C¢ such that

|f2,n| = Ce (

e (2b) | fa.n/f1.nl = O. Furthermore, fi = lim,_ oo f1,n exists and it is non-zero.

Ao "
o). vz N (4.19)
1

Proof. We prove statement (1) of Lemma 4.2. For n > N, let the left hand side of (4.18) be

<z;> =w(n) = DyG,'Gy_i Dy - Dy+1Gyl Gyw. (4.20)
First, we want to show that

lw(n +1) = Dysrwm|| < CllAps1 — Apll| Pal (| f1.nl + [ f2.0l) - (4.21)
Note that

w(n+ 1) = Dye1w() = Dyt (Gl Go = 1) win), (4.22)

We aim to bound each of the components on the right hand side of (4.22). Since U is analytic
on S¢, on some compact subset of S there exist constants 11, 72 > 0 such that

1Gn = Gu-1ll = IIGINUA, — Ua, | = millAn — An-ill (4.23)
and

G, = 16~ NULM < na (4.24)
Therefore, for n = nyno,

1G4 1Gn =1l =1G ) (Gu = Gur) | < 0ll Apg1 — Anll. (4.25)
Moreover, for C; = max{|w;/[, |wz|}, we have the following bounds:

sup [ Dyl = sup [A1n| < 2[A1], (4.20)

n>N n>N

_ fl,ninl

lwomll = H ( o) | < CHEal (Lfial + 12 4.27)
Combining all the inequalities above and applying them to (4.22), we have

lw(n +1) = Dpsrwm)|| < CallApt1 — Anlll Pul (1 finl + | f2,n1) (4.28)

where C; is a constant. This proves (4.21). We shall see why (4.21) is useful as we prove (4.30)
and (4.32) below.
Since P41 = A1 pnt1Pn and wy , = P, f1 ,wi, there is a constant C3 such that
I | wintl — Ala+1Win

| flnet = fin] = —

[wi | Poyi

1
< ———llwr+1) = Dyprw®n)]. (4.29)
|w1Pn+1|

By (4.28), this implies

| et = fin]| < C3llAnst — Anll (1L finl + 1 f2nl) - (4.30)
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Thus, by the triangle inequality,

[ fin+1] < 1 f1n41 — frnl + 1f1,0]
< (14 G3llAns1 — AnlD 1 fr,u] + C3llAngr — Anlll f2,nl- 4.31)

By a similar argument, one can prove that there is a constant C4 such that

)LZ,n

Jon41 — n fan| < CallAngr = Anll (1 f1nl + 1 f20]) - (4.32)
Similarly, by (4.32) and the fact that |Ay , /A1 .| < 1,
[f2nt1] = (1 + CallAng1 — AnlD) [ f2,n] + Call A1 — Anlll f1nl- (4.33)
We add (4.31) to (4.33) to obtain
|fintil + L fantil < (1 4+2Cs[[An1 = AnlD) (Lf1n] + 1 f2nl) s (4.34)

where C5 = max{Cs, Cy4}.
By applying (4.34) recursively, we conclude that

sup (| finl + | fonl) < o0. (4.35)

Therefore, (4.30) and (4.32) imply that | f1 n+1 — f1.2] and | f2,n+1 — A2.n f2.n/A1,n| are bounded.
Furthermore, by the triangle inequality, there is a constant Cg such that

[frnet] < 1 finl + CollApy1 — Aull; (4.36)
)\2,n

[fonstl < . Sfon| + CollAns1 — Anll. 4.37)
n

By applying (4.36) and (4.37) recursively, we conclude that for any fixed M such that
N <M <n,

n
| fretl < 1frml+Ce D A 41 — Ajl; (4.38)
j=M
|l = T [55] 1aml+Co 3 1A 01— Al (4.39)
h 1.7 .

j:M »J j:M
Without loss of generality, consider n = 2M. Since |A,/A1x] — [|A2/M] < 1,
[Ti—m ;% — 0asn — oo. Moreover, 3_; |Aj+1 — Ajll < oo implies that 37 _ 4/ 1441 —

Ajll - 0asn — oo.
Therefore, | f2,,| — 0 as n — oo. This proves (1) of Lemma 4.2.

We proceed to prove statement (2) of Lemma 4.2.
There are two possible cases concerning fi , and f2 ,:
Case (1): There exist a fixed integer K and a constant C, | f1,,| < C| f2.»| foralln > K.
Case (2): For any integer K and any constant M, there exists an integer ng p > K such that

|fl,nK,M| > M|f2,n1<_M |
Case (1): (4.32) implies that for n > max{N, K}, there is a constant C7 such that

A2
|f2,n+l| =< (')\ =

1,n

+ CrllAny1 — An”) | f2.nl- (4.40)
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Therefore, given any € > 0, there exist N¢ and a constant C, such that

A2

|f2,n| =< Ce < by

n
N e) Vn > N.. (4.41)

In other words, f>, decays exponentially fast; hence, so does fi,. This proves (2a) of
Lemma 4.2.

Case (2): Let r, = fo.n/f1.n. First, we want to show that given any € > 0 there exists an integer
Je such that |rj| < € forall j > Je.

First, we show that both f , and fi ,+1 are non-zero, as (4.43) below will involve f; , and
f1,n+1 in the denominator.

By assumption, we are free to choose any M, so we choose an integer M such that 1/M < e.
Consider any fixed pair (K, M) (we will choose K later in the proof). We are guaranteed the
existence of an integer n = ng y > K such that |r,| < 1/M = €, which also implies that
Jf1.n # 0. Furthermore, by the triangle inequality and (4.30),

fl,n+l >1— fl,n+l - fl,n
fl,n fl,n
> 1= C3l|Apns1 — Apll(1 + [rn]) > 0. (4.42)

Thus, f1,,+1 is also non-zero.
By the triangle inequality,

A2n fone1r Aon fon AMal| Sfan f2,n‘
'n+1 — 'n| = - -
Mon fintr Arn finsn AMall finer fin
_ St — Qan/An) fon A Y Sin — fin+ (4.43)
Sfintt A ,n Sfiat
By (4.30) and (4.32), there exists a constant Cg such that
A2, L+ |rallA2,n/A1nl
Fagl — —1y| < e Gl Aptt — Anll (L finl + 1 fon])
)Ll,n |f1,n+1|
[ /1,1
= C(1 + |rnllA2,n/A1n DI An+1 — Aull (LA ). (4.44)
|f1,n+1|
Furthermore, by inverting (4.42) one gets
1
fin | _ _ (4.45)
s 1 = C3l|Ant1 — Apll(1 4+ ral)

Then we plug this into (4.44) to obtain

)\2,11
)hl,n

n Cg(1 + [rullA2,n/A1,n DA + |ral) 1Ayt — Ayl (4.46)
1 = C3llApt1 — Anll (1 + |ral)

Let R, be the second term on the right hand side of (4.46). Note that the quotient in front of
|An+1 — A,ll is bounded. Hence, for any sufficiently large K, there exists n = n, x > K such
that |, 41| < || < €.

Applying the same argument to 7,11, we can prove that |r, 2| < €. Inductively, |r;| < € for
all large j. This proves | f2,,/f1.n] = O, the first claim of (2b) of Lemma 4.2.

[Png1l < T'n
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It remains to show that lim,_,  f, exists. We divide both sides of (4.30) by | fi ,|. Since
|rn| — 09

Jin+1
T 1= ClAw = Al I 0. (447)
,n
Moreover, log is analytic near 1, so in an e-neighborhood of 1 there is a constant E such that
[logz| = [log¢ —logl| < Efz — 1]. (4.48)
By (4.47),

‘log (ﬂ) < CllApt1 — Anll- (4.49)
fl,n

Therefore, the series Z(f: v log ( S, j+1/N, j) is absolutely convergent. Furthermore, as we
have seen in (4.42), f1 ; # O for all large j. Thus, log f1 ; is finite and the following limit:

n
Jim_log fip1 = lim 3 (log fij1 = log fi,) +log fi.p (4.50)
i=p
exists and is finite. We call the limit lim,_,» f1,, = f1. This proves the second part of (2b) and
concludes the proof of Lemma 4.2. [
Proof of Theorem 2.1. By statement (2) of Lemma 4.2, there are two possible cases:
First case. This corresponds to (2a) of Lemma 4.2. Recall that forn > N,

1 _ Sfrawi
i (1> = Gni <f2,nw2> 4.51)
and G, = Us,G — G as n — oc. Hence, given any € > 0, there exists a constant K such that
1 : Jranwi A2 " n
‘Tn (]) <Gy j];[v|xl,,| <f2,nw2 <Ke(| | +e) (ml+eor. (4.52)

This means that |¢,(¢)| is exponentially decaying. As a result, K, (¢, £) converges, u({) =
lim,, o0 K, (¢, ;)—1 > 0 and A,(¢) — 0 exponentially fast. This proves claim (1) of
Theorem 2.1.

Second case. This corresponds to (2b) of Lemma 4.2.
First, we compute lim,_, o, A,(¢) using the asymptotic expressions of ¢,(¢) and ¢} (¢). By
definition, G, — G. Suppose

=i w) o= (a3
Since ¢, (¢) is the first component of the vector G, P, (f1,,w1, fz,nwz)T,

on () = Py (810 fr.awr + gi,nfz,nwz)
Py fin (10w + &1 rnw2)
Py (f1g1w1 +o(1)). (4.54)

Similarly,

@ (C) = Py (figowr +o(1)). (4.55)
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Since P, — oo, both ¢,(¢) and ¢;(¢) — oo. As a result, (K, (¢, {))ueN is a positive
sequence that tends to infinity. Hence, we can use the Cesaro—Stolz Theorem (Theorem 3.1).
Let

I2(©) = o1 ©)0;(0) (4.56)

On(8) = (1= )y~ + Kn(£.0). (4.57)
By (4.54) and (4.55),

I3(©) = Pt P (11 P wn PEig2 + o(D)) (4.58)

6,(0) = 0a1©) = 1P (11 Plwi Plga P + o(1)) (+.59)

Using (4.58), (4.59) above and the fact that A, = )1, we compute

L@ = Ta1(©) Put1 Py — PPy <§g2 +0(1))
On(8) = On-1(0) | Pal? lg11?

1
- (M,m - ) <¥ +o(1>)
An g1

— (0 —%) (?) : (4.60)

1

Since the limit in (4.60) exists, lim,_, » [,(¢)/ 6, (&) exists and is equal to the limit in (4.60). It
remains to compute g»/g;. Note that

@) -G (é) . (4.61)

By definition, G is the change of basis matrix for As.. Therefore, g = (g1, g2) is the eigenvector
of Ay corresponding to the eigenvalue Ap. It suffices to solve (Asx — A1)g = 0, which is
equivalent to

<§—_§zl 1_—Ln> (2) B (8) m= (=1L . (4.62)

Since the matrix on the left hand side of (4.62) has a non-zero vector in its kernel, it must
have rank 1, so the two rows are equivalent. For that reason we only have to look at the first
row. Furthermore, note that we are only concerned about the ratio g>/g1, which is constant upon
multiplication of G by any non-zero constant; therefore, by putting g; = 1 and we deduce that

& -1
L —— 4.63
81 L ( )
Then by (4.60),
— — a1 —|LP)/?
Aoo(@) = (1= [LP)2 (5 = Tog) S 1A DML 4.64)

L

We will simplify (4.64) further. Let p = (1 — |L|2)1/2A2. Observe that 71, 15 are eigenvalues
of the matrix

2 (¢ —L
M) =>1-|L|) Aoo(é)—(_CL 1—>. (4.65)
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The characteristic polynomial of M (¢) is

) =@ =0 —y)—CILP =y* =@+ Dy+c(— L (4.66)

and the eigenvalues of M(¢) are

C+DEVE+D> -4~ |LP)
> .
We do not know whether y (¢) is 71 or 2. We decide in the following manner: observe that
y+(¢) is continuous with respect to ¢; hence if [11(Zg)| > 1 for some ¢y in the gap, we must
have [A1(¢)| > 1 for all ¢ in the gap. Otherwise, there must be some ¢ in the gap such that
|A1(¢1)| = 1, contradicting the hyperbolicity of A (¢) in the gap.
Since ¢ = 1 is in the gap, we plug it into (4.67) to obtain

yi(l)=1=%|L|. (4.68)

4.67)

y£(¢) =

If we choose the branch of the square root such that /|L|* = |L|, we have y,(¢) = 71(¢)
and y_(¢) = 12(¢), and

T —T) = \/(Z — D2+ 4Z|L|2. (4.69)
Therefore,
- 1) 1/2
Ao (2) =h(§)1/2((§ D —k¢) > (4.70)
2L
where
h(&) = (& — D* +4¢|L 4.71)

This proves statement (2a) of Theorem 2.1.
Next, we prove statement (2b) of Theorem 2.1. Recall the result of Bello-L6pez mentioned in
the Introduction. Because of that, we expect lim;,_, o0 |, (dV)| = |Aso(¢) + L| = |L].

First, observe that for ¢ = el

¢ 1= g2 (g2 = ¢71) = ¢ 12 isin (g) . “.72)
That implies

h(¢) =4t (|L|2 — sin’ (g)) : (4.73)

R(OV2(¢ — 1) = 4isin (g) |L|?> — sin’ (g) (4.74)

Now we consider A (¢) + L. Combining (4.70), (4.73) and (4.74), we have

i2sin (£) /IL|? —sin® (£) + [2sin® (£) — |L|?
NP 5+ §) - 7] s

Since ¢ is in the gap Gy, if and only if |L|2 > sinz(%), VILI2 = sin2(9/2) is real (see Sec-
tion 4.1 above). Therefore, (4.75) implies that
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ReL (Aso(2) 4+ L) = 2sin’ (g) —|L)? (4.76)

ImL (Axo(¢) + L) = 2sin <g) |L|? — sin? <§) 4.77)

Now that we have successfully separated the real and imaginary parts of L(As(¢) + L), with
a direct computation we can show that

|L(Ase(®) +L)| = ILI%. (4.78)

It remains to compute the phase. Suppose L (Ano(¢) 4+ L) = |L1%¢'*. |L|?cosw and
|L|? sin w, being the real and imaginary parts of L(Ax(¢) + L) respectively, will be given by
(4.76) and (4.77). This proves statement (2b) of Theorem 2.1.

Now we are going to prove that (A,(¢)),eN is of bounded variation.

First, we note the following estimates:

(1) By the definition of A, (), |An () — Ap—1(D]l = O (lan — atn—1]).

(2) By (4.30), | fi.n+1 — finl = O(1An4+1(¢) — An(E)ID)-
(3) By the definition of G, in (4.12), both |g1 n+1 — g1.x and g}, | — &}, are O([[An41(5) —

An(O)ID.

(4) Since Ay, A2, are the eigenvalues A, (¢), A1 n+1 —A1,x| and |A2 p41 — A2, | are O (41 —

opl).
(5) By (4.44), [rn41 — curnl = O(|1 An+1(8) — An(£)I)) where
A2n A2
= 22 _ 4.79
Cn )\l,n — C M ( )

has norm strictly less than 1. From now on, we will denote all error terms in the order of
O(lay —ay—1]) as ep.
Recall that A,(C) = (1 — |an|)V2,(2)) 6,(7). To prove that (A, (2))neN is of bounded
variation, we will consider (1 — |ot,1|2)1/2 and I',(¢)/ 6, () separately.
First, note that

(A = o 11H"? = (1 = JnH)'? = eny1. (4.80)
Recall that f>,,/f1,» = r,. Hence, by (4.54) and (4.55),
I (%)
(I =)y T+ Ku(£, 0)
P, 1 P, [
= - y)yﬁ—knl(n({ g)fl,n+1fl,n<gl,n+lwl +gi,n+1rn+1w2> (82.0w1 + 85 yraw2)
Pt 1| Pal?
= ntll u fl,n+1fl,n
(In)
@
X (gl,n+1wl +gi,n+1rn+lw2> (gZ,nwl + g/z,nrnw2) . (4.81)

(1 )

Now we will show that (1), (I), (IIT) and (IV) of (4.81) are of bounded variation.
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We start with the easiest. For (II), note that by estimate (2) above,

fintt fin — finfin—1 =en + en_1. (4.82)

The next term we will estimate is (IIT). We start by showing that (r,),cn is of bounded varia-
tion. Observe that

[rn+1 — rul < lcutn + ent1 — Cu—1Fn—1 + enl

< lenllrn — ra—1l + en + eny1

<lecp...c1llr1 —rol + En + Eny1, (4.83)

where
E, = O(ey + |cnlen—1 + lcncn—1llen—2| + -+ 4+ lcn ... c2ler). (4.84)
Hence,
o0 o0 o0
Dl —ral <lri=rol ¥ len...c1l +2 Y Ep. (4.85)
n=0 n=1 n=0

The first sum on the right hand side of (4.85) is finite because |c,| — |c| < 1. Now we turn
to the second sum. Upon rearranging,

o0 o0
2) E,=0 (Z enll + lcnsil + lenticasal + - -]) < o0. (4.86)
n=0 n=0

Then we observe that

(81,n+1w1 + gi’n+1rn+lw2> - (gl,nwl + g/l,nfnwz) =ept1 + O(rne1 —1al).  (4.87)

Therefore, (IIT) is of bounded variation. With a similar argument we can prove that the same goes
for (IV).
It remains to prove that (I) is of bounded variation. We will make use of the simple equality

1 l _ On41 —an

(4.88)
an+1 an ap+10an
As a result, if lim,— o a, = a # 0 and (a,),en is of bounded variation, then (1/ay,),en 18
also of bounded variation. Thus, it suffices to prove that ([(1 — y)y =" 4+ K,(¢, O)1/|Pa|Pnen is
of bounded variation and lim,_, 5 [(1 — y)y_] + K, (¢, g“)]/|P,1|2 =L>0.
For the convenience of computation we will define a few more objects below. First, we let

A = {Al,n ifn>N+1 (4.89)

1 if0<n <N.

Then by (4.17), P, = ]_[?20 A;. Moreover, recall the definition of fj ,, in (4.18), which was only

defined forn > N.For 0 < n < N, let f1, f2., be defined implicitly by (4.54) and (4.55). We

will see later that the introduction of these objects will not affect the result of our computation.
Note that K, (¢, ¢) is the summation of n + 1 terms, so we can write

A—p)y '+ K. 0)  y!

= 7, 4.90
B P (4-90)
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where

n 2 n .12 . ’ ) 2
lo;(&)] |fl,/| |g1,jU)1+g1’.rjw2|
7;l= § ] = E J

“4.91)
SR TET A A
with the convention that Aj 41 --- A, = 1 when j = n.
Next, we let
K,_1(, n=l ) f1 g jwi + g) rjwal?
s, = Kn 1(§2§)=Z J J 1,121 4.92)
[ Pr—1] =0 |Aj+1 "'An71|
Then
A=y '+ K60 A=py ' + K16, 0)
| Pal? | Po1]?
21 +y~!
<Y g s (4.93)
|Pn—1|

We will show that each of the two terms on the right hand side of (4.93) is summable.
Since |4,|7 = A7 < 1,

>, 2(1 -1 SN |
27( n ):O<Zz.><oo. (4.94)
n=0 |Pn| j=0 |)\'1| J

Now we will go on to prove that 7, — S, is summable. Upon relabeling the indices of S, in
(4.92), we have

Ty — Sn
[ 1f Pl jwn + g jrjwal® 1 j—1Plgnj—twn + &)y rj—wal?
_Z Ljl7181, ;W1 T & ;Tjw2 _ Lj—117181,j-1W1 T & ;j_47j-1W2 (4.95)
o |Aj+1---/1n|2 |Aj~~~/1n—1|2
and we will compute term by term.
Let
€j = Ig1 w1 + g} jrjwal’. (4.96)
Then by (4.95) above,
n 2 n 2 2
[f1,j17l€; — €1l W1 17 =S -1 17 lej—1
[T, — Sul < ’ + ’ ’
S J; [Aj1 - Al J; [Ajr - Al
) an
1 1 1
+ > 1 fj-1eo - (4.97)
; ! ! |Aj+l"'An|2 |/1j"'/1n—l|2

(1)

Now we will prove that each of the sums on the right hand side of (4.97) is summable. We
will start with (II).
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Recall that |f1; — f1,j—1] = O(J|A; — Aj_1]) and that f; ; — fi. Therefore, for some
constant C,

12 2 el e SR |
ZZ By ey (Zm,n - fl,n_ll) (Z A21) <o (498)
n n=1 1

n=1 j= |Aj+1 =

Since g1,;, g} j and r; are all of bounded variation and their limits exist when j goes to
infinity, €; is of bounded variation. Hence, there exists a constant C such that

o0 n 2
f1iPlej — €1l _ (
’ lej —€j—-1l < o0. (4.99)
3) By ey Wi 3 Y5
Finally, we will consider (III). Observe that

! |45 = 14,17
- = (4.100)
‘|A1+1An|2 |A]An—1|2 |A1An|2
and that there exists a constant C independent of j, n such that
n-1 n—1
AP =14 = ('AHZ - I/lk+1|2) < CY Ak = Mg l. (4.101)
k=j =
Hence,
o0 n 1 1 n n—l1 |Ak+1 Ak|
- <C —_—. (4.102)
;J; Ajer Al A Ay 2 ZUZH; s Al

Next, we count the coefficient of | A1 — Ag| in the sum above. From the expression, we know
that j < k < n. Therefore, the coefficient is

ZZ |=fi(mlm)

n=k+1 j= 1441 j=1n=k+1

£ 1 > 1
_ B 4.103
20 )\ 2 T P 109

n=k+1

which is bounded above by a constant B independent of k. This implies that (III) is summable in
n.

As a result, ((1 — y)y’] + K, (¢, {)/lP,,|2)neN is of bounded variation and that implies
lim,, s oo[(1 — )/))/*1 + K, (¢, {)]/|Pn|2 exists. Moreover,

K60 e
L = lim —— 5 > lim 5
n—00 | Pyl n—0o | Py

> 0. (4.104)
This concludes the proof of Theorem 2.1.  [J
5. Proof of Theorem 2.2

We will generalize the method developed in Theorem 2.1. First, we define

Bi(§) = A(@k+1)p—1,2) - - - Aldrp, 2); 5.D
Boo(¢) = A(Bp-1,2) -+~ A(Bo, 2)- (5.2)
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We need to check a few conditions concerning the Bj(¢)’s. First, note that there exists a
constant C such that

p—1

1Bir1(@) = Be(@OIl < C ) laanyprj — cipjl- (5.3)
j=0

Hence,

00 oo p—1

D B (@) = Bl < €Y ot yps — pe |

k=0 k=0 j=0

o0
=C > lamip — om| < 0. (5.4)
m=0

Furthermore, since ¢ is in the gap, |TrB(¢)| > 2. Since Bi({) — Bso(¢), for all
large k, [TrBr(¢)| > 2. As a result, Bi(¢) has distinct eigenvalues 71 and 12 such that
[Tkl > 1 > |1o| and |71 k24| = 1. Moreover, 7,y — T;, where 71, 72 are the eigenvalues

of Boo(8).
Next, observe that for any fixed0 < j < p — 1,

Tip+(0) = (Akp+j () -+ Ap(0)) Agp—1 - -+ Ao ()
= (Akp+(©) - Agp()) Br—1(£)Br-2(¢) - -~ Bo(£) (5.5)
and Agp+ () = Ao, (), where
Aso ‘(C):(1—|ﬂ~|2)‘”2( ¢ ‘ﬂ_f); 0<j<p-1L (5.6)
»J J _C,Bj 1 —-J =
By Kooman’s Theorem and a change of basis, we can express
By(¢) = Gu DG, 5.7

as in (4.13), where D, is a diagonal matrix with entries being the eigenvalues of B,(¢), and
G, — G, Where G is the matrix that diagonalizes Boo (¢).

By applying an argument similar to that in Section 4.3 to the family of B, (¢)’s, we can show
that there exists a non-zero vector w and an integer N such that

1y _ fin O w
Ba(§) -+ Bo(&) (1) = Ga(O) Py ( 0 fz’n> <w2>’ (5.8)
where P, = ]_[;': N1 T1,j- Moreover, we can show that
. X fl,n
fin— J15 fan—> f2s — —0. (5.9
fZ,n
Furthermore, by (5.5), for each fixed j, we can express Ty, () as
Tip 5 ©)0 = (Akp 1) -+ Agp (©)) Gt Picy (f et 0 ) (“”) (5.10)
0 foe—1) \w2
with the property that

Akp+j () -+ App(§)Grk—1 = Ao, j(§) -+ Axc,0(0)Goo = M. (.11
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Let

Mj = <’"1’/ ml!-/f>. (5.12)

ma, ;. my.j

Note that for each n, there are two possible expressions for 75, (¢)v. We could either write it
as in (5.10) or as follows:

Tip+j (v = Akp+j(§) -+ - Ag—1)p(§)Gr—2 P—2 Fi—2 (3;) . (5.13)

The reason will be apparent later in the proof.
Consider n = kp + j where 0 < j < p. The asymptotic formulae for ¢, (¢) and ¢;(¢) are of
the form

©n(§) = Pr—1(fimy jwy +o(1)); (5.14)

Pn(€) = Peo1(fima, j+pwi +o(1)). (5.15)
The alternate formulae for ¢, (¢) and ¢ (¢) are

©n(¢) = Pr—2(fim1 ptjw1 +0(1)); (5.16)

@ (&) = Pr_1(fima, jwy + o(1)). (5.17)
We define I3,(¢) and ©,(¢) as in (4.56) and (4.57) respectively. Then

Ia(©) = 1Pt (L Pl P ima, + o(1) (5.18)

6a(6) = 1Pt (LAPIwr Pl 512+ 0(1) (5.19)

Moreover, observe that

Toip(©) = 1Pl (1 Plun Pt ima, + o(1) (5.20)
Instead of (I, — I',—1)/(6©, — ©,,_1) in the proof of Theorem 2.1, we compute
T nypaj (&) = Tip+j(£)
k=00 Ot1)p+j (&) — Okp+j(£)
=i P = 1Pt ) (L1 Pl P eima, s + o(1)
k=00 | P12 f112 w12 (Imy jpl? + -+ + Im1 12 + o(1)

My, j+1m2,
= (Inlz— 1) L 3 (5.21)
Imij+ple+ ...+ Imyjl

Combining with the fact that limg_ oo (I — |akp+;1%) /% = (1 — |8;1%)!/2, we conclude that
for each fixed 0 < j < p, limg_, o0 Agpyj(8) exists.

Finally, by an argument similar to that in the proof of Theorem 2.1, one could prove that for
each fixed j, (Agp+j(¢))k is of bounded variation.

6. Proof of Theorem 2.3

In this section, ", — L and u(¢) = 0 are the only assumptions that we need. No bounded
variation of the Verblunsky coefficients is required.
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Let

Pu(©) = (1 — |an ) 2001 (O} (2) (6.1)

and 6, (z) be defined as in (4.57).

Note that P,(¢)/6,(¢) = A,(Z). Moreover, since () = 0, K,,(¢, ) — o0, which allows
us to use the Cesaro—Stolz Theorem.

Let p, = (1 — |ozn|2)1/2. Since ¢ € 9D, we can rewrite P,(¢), P,—1(¢) as follows:

Pu(©) = pnd o) 1 (O (D), (6.2)

Pu1(8) = pu_19a ()@} 1 (0). (6.3)
Moreover,

6n(8) — Bu_1(0) = lgn () (6.4)

and ¢, # 0 on dDD; therefore we can cancel ¢, (¢) and obtain

E"Pu(6) = " P Q) T a1 (©) = P19 (D))

= 6.5
610 — B 1(0) on @) ©>
By (1.5.24) and (1.5.43) in [27] respectively,
Py 1 (0) = () — n@n(2), (6.6)
Pn—19,_1(&) = @ (&) + an—102(Z). (6.7)
Therefore, (6.5) becomes
§"Pa@) = ¢" Pt (©) _ "N @r (@) = Con@n(§) — @ (E) — dtp_19a ()
Qn(é‘) - @n—l(é‘) (pn(§)
= —("an + " loy_y). (6.8)

Since ¢"«,, — L, the limit of (6.8) as n — oo exists and is equal to —2L. Moreover, since
¢ is not a pure point of du, 6,(¢) is a strictly increasing sequence that tends to +00, so we can
apply the Cesaro-Stolz theorem and conclude that (" A, (¢) = ¢"P,(¢)/6,(¢) — —2L. This
implies that

"o (dv) = ¢y + ¢ Ap(§) - —L. (6.9)

7. Proof of Corollary 2.1

First, note that «,, is real for all n, so by induction on (1.4) we have a closed form for ¢, (1):

n—1 1— aj
)= eR. 7.1
o =TT,/ ” (7.1)
j=0
Moreover, since «;, — L < 0, i;gj > 1 for large j, ¢, (1) is exponentially increasing towards

~+o00. Thus, lim,, o K, (1, 1) = 0o and (1) = 0. By Theorem 2.1, we have A, (1) — —2L.
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To prove Corollary 2.1, we are going to show that

. (4Ap(1) 42L)
m —————— =

li 2. (7.2)
n—o00 Cn

Observe that by (7.1),
(1 = 1@n )2 @11 (1) = (1 — @) @u (D). (7.3)

Moreover, K, (1, 1) is exponentially increasing. Therefore,

_ (I- Oln)%(l)z +2L K,(1,1)
Ay(1) +2L = K, (D) +E, (7.4)

where E,, is exponentially small.

We shall use the Cesaro—Stolz theorem again to prove that the limit in (7.2) exists and is finite.
Let

Ap=c] [(1 — a)gn(1)? 4+ 2L K,y (1, 1)]; (15)
B, = K,(1,1). (7.6)
First, note that B, — B,,_; = <pn(1)2. Second, note that by (7.1),
(A = )gn 11> = (1 + an_1)@n (1), (7.7)
Therefore,
An = Aumt = [e7 (1 = anen(D? = ;1 (1 + ann)en(D?
+e, LK, (1, 1) — ¢t QL) Ko (1, 1). (7.8)
The first sum on the right hand side of (7.8) is
[c,;l(l —Ly—c (141D —2] on(1)2, (1.9)
while the second sum is
2L [ (D2 + (e = 6 Ko (1L D] (7.10)

Combining (7.9) and (7.10), we have

Ay — Ay [ -1 —1 —1 ~1 Ky,—1(1, 1)
— =1+ L)(c —c_)—2]+2L(c —Cc ) —. (7.11)
B, — By, n n—1 n n—1 (Pn(l)z
Next, we are going to show that Kuc1 LD eyists. To do that, we use the Cesaro—Stolz Theorem
on(1)?
again. Let
Cp=K,—1(1, 1), (7.12)

Dy = (1) (7.13)
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Recall that by (7.1), ¢, (1)* = };gz @n—1(1)2. Hence,

1—a,
1+ a,

Dy — D,y = ( - 1) Pn—1(1)2. (7.14)

Since C, — C,,_1 = <pn_1(l)2, we have

Cp — Cp_ 1— RS N
lim ==L _ i L TR ) (7.15)
n—oo D, — D, _ n—oo \ 1+ a, —2L

Therefore, K,,_1(1,1)/¢,(1)> = —(1 + L)/2L. By (7.11) and the Cesaro—Stolz Theorem,

lim G = 2= lim 716
As aresult,

Ay (1) = =2L —2¢,, +0(cp) . (7.17)
This proves Corollary 2.1. In particular, if L = —1/2 and ¢, = 1/n, we have the rate of

convergence of A, (1) being O(1/n), which is clearly not exponential.
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Appendix. The Szeg6 condition and bounded variation

Both the Szegd condition and bounded variation of recursion coefficients come up in the study
of orthogonal polynomials very often. In this section, we will show that there is a very large class
of measures with Verblunsky coefficients of bounded variation satisfying o, — L # 0 yet failing
the Szegd condition (2.16).

Let dy be a non-trivial measure on R such that for all n, [ |x|"dy < oco. It is well-known that
the family of orthonormal polynomials (p, (x)),cN obey the following recurrence relation:

Xpp(X) = A1 Pry1(X) + b1 pu(x) + anpp—1(x) (A.18)

for n > 0. The reader should refer to [25,27] for details.

Remark: The reader should be reminded that the a,,’s and b,,’s in [27] are different from those
in [25]! In fact, a,+1 [27] = a, [25] and by, 41 [27] = by, [25]. In this paper, we are following the
notation of [27].

Now we consider the measure dy on R which has recursion coefficients satisfying

b, =0, a, /' 1, (A.19)
o0

> law = 11> = 0. (A.20)
n=1

This measure, supported on [—2, 2], is purely a.c., and has no eigenvalues outside [—2, 2].
Moreover, if we write dy (x) = f(x)dx, f(x) is symmetric. By the Killip—-Simon Theorem [15],
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condition (A.20) implies that such a measure fails the quasi-Szeg6 condition, i.e.
/ 4 —x?1og f(x)dx = —o0, (A.21)
[-2,2]
which is weaker than the Szeg6 condition
/ 4 —x»""2log f(x)dx = —oo. (A.22)
[-2,2]
Now we consider dyy supported on [—y, y] C [—2, 2], which is defined by scaling dy:

dyy(x) =dy <2xy71) , O0<y<?2. (A.23)

Then the a.c. part of dyy (x), supported on [—y, y], is

Fr@) = fQxy DXy (A24)
It is well-known that
an(dry) = (3) @@y, baldyy) = (3) badp). (A25)

Now we apply the inverse Szegd map (see Chapter 13 of [28]) to dy) to form the probability
measure [y, on 0ID. Under this map, we have du,(0) = w, (0)% with

wy (0) = 2| sin(0)] £,(2 08 ) xig, 70,1 (0), (A.26)
where
6, = cos™! (%) c (o, %) . (A27)

For any g measurable on [-2, 2],

[g(x)dyy(x) = /g(ZcosG)d,uy(G). (A.28)

By Corollary 13.1.8 of [28], b, (yy) = 0 if and only if oz, (duy) = 0. Moreover, by Theorem
13.1.7 of [28], we know that

an 1 (dyy) = (1 — a2y 1 (dpy)) (1 — 024 (dpy)) (1 + 02041 (di2y))
= (1 — @2p1(dpey)) (1 4 @241 (dpty)). (A.29)

Note that wy (0) is supported on two arcs, [0y, ¥ — 6] and [z + 6y, 2r — 6], and we can
decompose wy (0) into

wy(0) = wy(0)lig,, 76,1 + Wy (O)l[x+6,,27-06,]- (A.30)

Moreover, because yy (x) is symmetric, each of the two components on the right hand side of
(A.30) is symmetric along the imaginary axis. Hence, we can view djuy as a two-fold copy of the
probability measure

do
dvy (0) = my(©) 7 (A31)
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defined on 0D with

my(0) = 2wy <§> X[26,,27—26,] (A.32)
(this is also called the sieved orthogonal polynomial; see Example 1.6.14 of [27]). Hence,
azk—1(dpy) = a1 (dvy). (A.33)
In other words, the Verblunsky coefficients of du are
0, ap(dvy), 0, a1 (dvy), 0, aa(dvy) . .. (A.34)

Therefore, (A.29) becomes

2
(3) @t @) = (1 = a1 @)1 +an(dv,)) (A35)

forn =0, 1, ..., with the convention that «_; = —1.
Now note that dvy is supported on the arc [20), 27 — 20y ], so by the Bello-L6pez result [3]
(see also Theorem 9.9.1 of [28]), for a, = sin (Gy),

lim o, (dvy)| = ay, (A.36)
n—>oo
lim_ a1 (dvy)er, (dvy) = a3 (A37)
n—oo

Since a;, € R, a,;(dvy) actually converges. Moreover, recall that 6, € (0, %) was defined such
that cos(6,) = %. Hence,

ay = /1 —cos2(6y) = /1 — (%)2 (A.38)

We rewrite (A.35) as follows:

2
(Z)z @) o (dvy). (A.39)
2/ 1 —ay_1(dvy)

When n = 0, we have g = (%)%‘2 — 1 < 0. Hence, by an inductive argument for (A.39) we
can show that «,, < O for alln > 0.

Next, we want to prove that (o, (dvy)),en is of bounded variation if (a,(dy)),en is. From
now on, we let &, = o, (dvy), @, = a,(dy) and ¢ = (y/2)> < 1.

By (A.39) above,

clay,, —ap)  ca(@p_1 —ap_2)
1 —a,—1 (A —a,—1)(1 _an—Z)'

Oy — O] = (A.40)
Therefore, by an inductive argument we conclude that ) («, (dvy) — ap—1(dvy)) < oo for
any 0 < y < 2. Hence to any monotonic sequence of @, — 1 and any 0 < y < 2, there
corresponds a family of o, (dvy)’s of bounded variation that converge to —a, < 0.
Finally, we have to show that m (@) fails the Szegd condition (2.16). Since f(x) fails the
quasi-Szegd condition (A.21), it also fails the Szeg6 condition (A.22). Upon scaling, (A.22)
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becomes

y 1
/ (log fy(x)) ——=dx = —o0. (A4
y

V2 _ 2

Finally, by the Szeg6 map and a change of variables, (A.41) is equivalent to (2.16).
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