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1. Introduction

In the 1976 international conference on nonlinear systems and their applications, Bernfeld and Haddock [1] proposed
the following conjecture:

Conjecture ([1]). : Every solution of the delay differential equation

X () = —x3(0) + x5 (¢ — 1), (1.1)
where r > 0, tends to a constant as t —> Q.

Jehu [2] first confirmed the above conjecture, and Krisztin [3], Arino-Seguier [4] also asserted it independently. The
higher-dimensional generalizations with applications to compartmental systems, including the non-smooth nonlinearity
x1/3, were given also in [5,6]. Recently, Ding [7-9], Yi and Huang [10] considered the following more general equation

X (t) = —F(x(t)) + G(x(t — 1)), (1.2)

wherer > Oisaconstant, F,G : R' — R! are continuous functions satisfying either G(x) > F(x) forallx € R! or G(x) < F(x)
for all x € R'. It was shown in [7] (see also [8-10]) that if F is strictly increasing then each bounded solution of (1.2) tends
to a constant as t — oo.
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Moreover, Yi and Huang [11,12] consider a two-dimensional generalization of the Bernfeld-Haddock conjecture. More
precisely, the system considered by [12] is

X1 () = —=F(x1(t)) + G(x2(t — 12)),
Xy (t) = —F(x2(t)) + G(x1 (t — 1)),

where r; and r, are positive constants, F, G € C(R!), and F is nondecreasing on R!. Variants of system (1.3), which have been
used as models for various phenomena such as some population growth, the spread of epidemics, the dynamics of capital
stocks, etc. have recently received considerable attention in the literature (see, e.g., [13-23] and the references therein).
Moreover, Yi and Huang [11] assumes that the following assumptions are satisfied:

(H") (i) G > F;

(ii) If ¢ € R!, G(r) = F(e) and @ = s(«), then there exist ¢ > 0 and L € R! such that —F (x) + F(a) > —L(x — ) for all
x € [a, a + ¢], where s(a) = sup{B € R' : F(8) = F()};

H7) ()G < F;

(ii) If¢ € R!, G(ar) = F(a) and o = i(x), then there exist & > 0and L € R' such that —F(x) 4+ F(x) < —L(x — «) for all
x € [a — &, o], where i(e) = inf{8 € R! : F(B) = F(a)}.

By using monotonicity arguments, it is proved in [11] that every bounded solution of system (1.3) tends to a constant
vector as t — oo provided (1.3) satisfies one of the two assumptions (H") and (H™). Unfortunately, the assumptions (H..)
exclude the situation of F(x) = x%. Hence, a natural question arises: Does every bounded solution of system (1.3) tend to a

constant vector as t — oo provided either G(x) > F(x) for all x € R! or G(x) < F(x) for all x € R'. Our goal in this paper is
to answer this question about three dimension as following system:

(1.3)

X)) = —F(x1(t) + Gxa(t — 1)),
X(t) = —F(x(t)) + G(x3(t —r3)), (1.4)
x5(t) = —F(x3(t)) + Gxq1(t —11)).

The paper is organized as follows. In Section 2, we introduce some necessary notations and establish some preliminary
results, which are important in the proofs of our main results. Based on the preparations in Section 2, we state and prove
our main results in Section 3.

2. Preliminary results

In this section, some important properties of system (1.4) will be presented, which are of importance in proving our main
results in Section 3.
Throughout this paper, we assume that F, G € C(R'), and F is nondecreasing on R'. We will use R}r to denote the set of

all nonnegative real numbers and Ri denote the set of all nonnegative vectors in R3. Define
C = C([—r1, 0], R") x C([—r2,0],R") x C([—r3,0],R")

as the Banach space equipped with a supremum norm. Define
Ci = C([—ry,0],RL) x C([—12, 0], R}) x C([—r3, 0], R}).

It follows that C, is an order cone in C and hence, C; induces a closed partial ordered relation on C. For any ¢, ¥ € C
and A C C, the following notations will be used: ¢ < ¥ iffy — ¢ € CL,¢ < Y iffp < Y ande # ¥, ¢ K ¥ iff
Yv—pentCy,p <Aiffp <y foranyy € A, ¢ <Aiff o < forany ¢ € A, ¢ < Aiff o < ¢ forany ¢ € A. Notations

such as “>", “>" and “>>" have the natural meanings.
Furthermore, for the sake of convenience, we introduce the following auxiliary system

X;(t) = —F(x1(8)) + F(x2(t — 12))
X (t) = —F(x2(t)) + F(x3(t —13)) (2.1)
X3(t) = —F(x3(6)) + F(x1(t — 1)).

By using [24, Lemma 3.2], we can easily get by induction that both the initial value problems (1.4) and (2.1) have unique
solutions on [0, +00). Given ¢ € C, we denote by x;(¢) (x(t, ¢)) the solution of (1.4) with the initial data xo(¢) = ¢.
Denote by x; (¢, F) (x(t, ¢, F)) the solution of (2.1), together with the initial data xo(¢, F) = ¢. For any x € R?, we define
= (X1, (X)2, (X)3) by (X)i(0) =x;,0 € [-1;,0],i =1,2,3.

Before continuing, it is convenient to introduce the following notations and establish some convention. Set

Er = {e € R : F(e1) = F(ez) = F(e3)}.

Define the positive semi-orbit by O(¢) = {x;(¢) : t > 0}.If O(¢) is bounded, then O(¢) is compact in C, where O(¢) denotes
the closure of O(¢). If O(¢) is bounded, define

o(p) =[0G (9)).

t>0
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ie, w(p) = {¥ € C : there exists a subsequence t; — +oo such that x; (¢) — v }. It follows that w(x) is nonempty,
compact, invariant and connected. Similarly, we can define the positive semi-orbit O(¢, F) and the omega limit set w(¢, F)
of the solution x; (¢, F) of (2.1), respectively.

We make the following key definition.

Definition 2.1. [q, b] is called an admitting closed super-interval with respect to F if F(a) = F(b) and a = i(a). [a, b] is
called an admitting closed sub-interval with respect to F if F(a) = F(b) and b = s(b).

Lemma 2.1. Let G > F.Thenforany ¢, ¥ € Cwithyr > ¢, wehavex,(y) > x;(¢, F) forallt € RL.Hence,x[(w, F) > x: (¢, F)
forallt € R}.. Moreover, if ¢ € E, thenx, () > ¢ forallt € R}.

Proof. Lemma 2.1 follows by applying [25, Proposition 1.1]. O

Lemma 2.2. Assume that G > F,¢ € C,a € Erand ¢ > @, then x,(¢) > a,Vt € Rlu In addition, the following conclusions
hold:
(i) If i € {1,2,3}, and o; < s(a;), i(0) > v, then x;(t, ) > aj, YVt € Rl.
(ll) IfO{] =0y =03 = 5(0{1) and <p1(0) > o, then X3(T1, (ﬂ) > o3.
(iii) If a1 = ap = a3 = s(a1) and g2(0) > «y, then x1(r2, @) > ;.
(iv) If a1 = ap = a3 = s(ap) and ¢3(0) > a3, then x5 (13, @) > o,
Proof. It follows from Lemma 2.1 and ¢ > @ that x,(¢) > x.(¢, F) > x,(&, F) = @, t > 0. Now, we prove the remaining
conclusions.

(i) We only consider the case where i = 1 since the case where i = 2, 3 can be dealt with similarly. Assume, by way of
contradiction, that conclusion (i) does not hold. Then

t; = inf{t > 0 : x1(t, ) = o1} € (0, 00).

It follows from Lemma 2.1 that x;(t;, ¢) = 7 and X/ (t1, ¢) = 0.In view of (1.4), G > F and x;(¢) > & forall t > 0, we
obtain

Xi(t, 9) = —F(u(t, 9)) + Gxa(t — 12, )
—F(x1(t, ¢)) + F(x2(t — 12, 9))
_F(Xl(t7 QD)) + F(Olz), vVt Z 0.

It follows from x; (t1, ¢) = o7 < S(«q) that there exists a constant § such that t; > § > 0, and

vV v

o <X1(t,§0) <S(O{1), Vte(f]—g,t1+8).

Thus, for t € [t; — &, t1],

Xj(t, 9) = —F(s(a1)) + F(a2) = 0.
Then, fort; — § <t < t;, we get

ar < x1(t, @) < x(ty, o) = 1.

Therefore, x1(t; — 8/2, ¢) = a1, a contradiction to the choice of t;. Hence conclusion (i) follows.
(ii) If 91(0) > a1, 1 = a3 = a3 = s(aq). We will show that x3(ry, ¢) > a3. By way of contradiction, x;(r1, ¢) = 0 and
x3(r1, ¢) = a3. From (1.4), it follows that
—F(x3(r1, 9)) + G(x1(0, 9))
—F(a3) + F(¢1(0))
—F(a3) + F(a1) = 0.
This contradiction implies that conclusion (ii) holds.

By using a similar argument as in the proof of conclusion (ii), we can prove that the conclusions (iii) and (iv) hold. This
completes the proof. O

X3(r1, @)

(LY

Lemma 2.3. Let [a, b] be an admitting closed super-interval with respect to F, « € [a, b), B = a, then for any M > 0, there
exists ey > 0 such that:
(i) 2ox(t, @, F) > (o, B. ), where ¢ > (a + M. B — e, B — £w).

t—00

(i) Mx(t, ¢, F) > (B, o, B), where @ > (B — em, o + M, B — en).

t—00
—

(i) M™-x(t, ¢, F) > (B, B, @), where ¢ > (B — em, B — em, & + M).

t—0o0
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Proof. We only consider case (i) since case (ii) (case (iii)) can be dealt with similarly. Without loss of generality, let F(a) = 0
andM € (0,b— ). Ifr(x) = a + M — 2x + F(8 — x)(r;, + r3), then lim,_, g+ r(x) = o + M. Thus, there exists ¢y > 0
such that r(ey) > a + ey. Next we will show that ¢y, satisfies this lemma. Let d,,, = (@« +M, B — ey, B — em) € R® and

x(t) = x(t,EM\,F), t > 0. From Lemma 2.1, we obtain x(t) < (¢ + M, B, B)(Vt > 0). Set

t; = inf{t > 0: x1(t) < «a}.
Next we will show that t; = 400, otherwise t; < +00, x1(t;) = @ and x{(t) > o, Vt € [—rq, t1]. From (2.1), for t € [0, t{]
we get

Xy (t) = F(xa(t —12)),
X, (t) = —F(xa(t)) + F(x3(t — 13)), (2.2)
X3(t) = —F(x3(0)).

We claim that t; > r,. In fact, if t; < r, then, from x;(0) =« + M, F(B —ey) < F(B) = 0and t; < r; + r3, we obtain

a = xi(t1)
t

x1(0) +/ 1 F(xa(s — r2))ds
0

x1(0) + t1F (B — em)

o+M—2ey+F(B —ey)(ry+13)+ 28y
r(em) + 2eum

o +38M.

IV IV v

This contradiction implies that t; > r5.
Furthermore, we claim that t; > r, + r3. In fact, if t; < r, + r3, then

a = xq(ty)

— x(0) + / "Flxo(s — 1))ds
0

t1—r
— %0 + / F(xs(s))ds

r

0 t1—1ry
— %(0) + / Flxo(s))ds + / (=X,(5) + Fxs(t — 13)))ds
— 0

= x1(0) + F(B — em)r2 + X2(0) — x2(t1 — 12) + (t1 — r2)F (B — &m)
a+M+pf—em—B+F(B—em)2+rs)

r(em) + em

o+ 2¢ey.

IV IV IV

This contradiction implies that t; > r; + r5.
Now, integrating (2.2), it results that

=12

x1(t1) = x1(0) + / F(xy(s))ds

—r
f—r3—13

t1—nry
Xa(t1 —12) = x2(0) —/ F(Xz(S))dS+/ F(x3(s))ds
0 —

3

tj—ry—r3
x3(ty — 1y —13) = x3(0) — / F(x3(s))ds
0

then
3 3 0
xt) =Y x0)+ ) / Fxi()ds — X, (ty —13) = X3(ty — 15 — 13).
i=1 i=2 YT

Soxi(t)) >a+M+2(B—ey)+F(B—em)(ry +13) —28,1.e,x1(t;) > o + &y > «, this is a contradiction. This implies
that t; = +o00. Moreover from (2.2) we know that x;(-) (x3(-)) separately is decreasing (nondecreasing) on [0, co). Thus, for
any t > 0,x5(t) > 0.

We claim that x,(t) < x3(t — r3) for all t > r;. Otherwise, there exists t* > r3, such that x,(t*) > x3(t* — r3) and
X, (t*) > x5(t* —r3) > 0. From (2.1), we have x, (t*) = —F (x2(t*)) + F (x3(t* —r3)), then x, (t*) < 0. This is a contradiction.
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From the above claim and (2.1), we get x,(t) > O forall t > r3, so there exists d € R? such that lim,_, o, x(t) = d, and
di > «a,dy < B,d; < B.Henced, = d; = B and d € Er. This completes the proof. O
From the compactness of w(x) and the definition of Er, we can show that:

Lemma 2.4. Assume that G > F and ¢ € C such that O(p) is bounded, then, there exists «* € R3 such that o* = sup{e € Ef :
e < w(p))and ot < w(p).

Proof. Since O(¢) is bounded, w(¢) is compact. Hence, there exists & € R such that
(@, o, @) < o(p).

Let
Df ={ecE:e<w(p)}, D={eeD:(x,a,a)<e}CR.

Then D is compact. By Zorn’s lemma, D contains a maximal element and we denote it by e* = (e7, €3, e}). Next we will show
that sup D = e*. If not, then there exist e, e, e3 € R' such that (eq, e;, e3) € Dand (e* — (e1, €3, €3)) & Ri. Without loss of
generality, we may assume that e] > eq, €5 > e, and e} < e3. By the definition of D, we obtain

(ef, 5, es) < w(p) and F(eF) = F(es).
Therefore,
(¢.e5.e3) €D and (¢}, €}, €}) < (¢]. €. e3),

a contradiction to the definition of e*. It follows that sup D+ e*. This completes the proof. O

Lemma 2.5. Assume that all the conditions of Lemma 2.4 hold, o* be defined in Lemma 2.4, if w(p) \ {&\*} %+ (), then
ko ok ok *

aj =a; = a3 =s(a)).
Proof. Assume, by way of contradiction, that the conclusions do not hold. Then, there exitsi € {1, 2, 3} such thate} < s(a}).
We shall consider seven cases as follows:

Case 1. ] <s(a*) Vi=1,2,3.

By w(p) \ {a*} 75 ) and the invariance of w(¢p), without loss of generality, we may assume that there exists ¥ € w(¢)
such that ¥1(0) > «f. From Lemma 2.2(i), we obtain

xi(t,¥) > af, VteRl.
Thus, there exists M > 0 such that
of +3M < s(@}) x, (¥) > (@F + 3M, o, o).
Leta =i(a}),b =s(a}),a =M + o}, B = a. From Lemma 2.3, there exists ey > 0 such that
iﬂmx(t, n) > (.. ). wheren > (@ +M. B — ey, — em).
By the choice of M > 0, we obtain
X (¥) > (@ + M, B— e, B — em).

In view of the definition of w(¢), there exists t; > 0 such that

X, (@) > (@ +M, B — ey, B — em).
Then

x(t, @) = (a, B, B).
t —> o0

Thus
w(p) = (@ + M, o}, ),

Again by the choice of M > 0, we obtain(oqk + M, a3, a3) € Ep, a contradiction to the choice of a*.

Case 2. af < s(a}), a; < s(a}) and af = s(ay).

By using a similar argument as in the proof of Case (i), we can prove: Vi € (), ¥i(0) = of,V0 € [-1;,0],i =1, 2.
Again from w(yp) \ {a*} # @, we get that there exists ¥ € w(¢) such that ¥3(0) > oj. By (1 4) and the above claim, we
have

0 =X,(r3, ¥) = —F(x2(r3, ¥)) + G(x3(0, ¥)),
i.e.,F(e3) = G(¥3(0)) > F(y¥3(0)) > F(a3), a contradiction to o™ € E.
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Case 3. o] = s(a}), o < s(ef) and o < s(a}). By using a similar argument as in the proof of Case 2, we can derive
contradictions.

Case 4. o} < s(a}), o = s(a}) and of < s(a}). By using a similar argument as in the proof of Case 2, we can derive
contradictions.

Case 5. o] = s(a}), o5 = s(a}) and o} < s(a}).

By using a similar argument as in the proof of Case (i), We can prove: V¢ € w(p), ¥3(0) = a3,V 0 € [—r3, 0]. Again
from 1.4, we obtain

0=xy(t, ¥) = —F(x3(t, %)) + G(x1(t —r1, %)), VteR].
Thus,
F(a3) = Gl (t — 11, ¥)) = F(xa(t — 11, ¥)).
From af = s(a}), w(p) > o* and a* € Er, we get
xi(t—r,¥)=af, VteR,.

By using a similar argument we can show that x, (t, ¥) = o, Vt € [—r, 400), a contradiction to w(gp) \ {o/z\*} # 0.

Case 6. o] = s(a}), o < s(ef) and o = s(a}). By using a similar argument as in the proof of Case 5, we can derive
contradictions.

Case 7. o} < s(a}), a5 = s(a}) and o = s(a}). By using a similar argument as in the proof of Case 5, we can derive
contradictions.

In view of all the discussions above, we conclude that o] = o = o} = s(«7). This completes the proof. O
Lemma 2.6. Assume that all the conditions of Lemma 2.5 hold. Then, we obtain
(i) YV € w(p) \ {(?‘}, i = {1, 2, 3}, there exists s* € [0, ry + 1, + 3] such that

Xi(s% ¥) = o

(ii) V¢ € w(p) \ {o?‘}, there exists t* € [0, r1 + ry + r3] such that

(" + k(i + 1y +13),9) =0f,
Xt +k(r1+ra4+13)+ 114713, %) =0,
x3(t* + k(r1 +ry+13) +11,¥) =0f,

for all nonnegative integers k > 0.
Proof. From w(¢) \ {o?*} # ) and Lemma 2.5, we have
of = o) =af =s(af).
(i) Assume, by way of contradiction, that conclusion (i) does not hold. Then, there exits ¥ € w(¢) \ {&\*} such that
xi1(t,¥) > af, Vtel[0,r+r+r13].

By Lemma 2.2 (ii), we have x3(t, ) > a3,V t € [rj,r{ 4+ rp + 3], again by Lemma 2.2 (iv), we get x,(t1, ¥) > a3,
Yt e [ry +r3, r1 + 1+ 3], and from the definition of “ >>”, then

Xeyaraars (W) > o,

Together with the definition of w(¢) and Lemma 2.2, we obtain that w(¢) > o*, a contradiction to the choice of *. This
implies that conclusion (i) holds.
(ii) Set

Ay ={te[0,r+r+r3]:x1(t +k(r1 +124+13), V) =af},
By={te[0,ri+r+r]:x(t+k(ri+r+r3)+r1+13,9%) =03},
Ce=A{tel0,ry+ry+r3]:x3(t +k(r1+12+13)+11,9%) =03},

where k > 0. From Lemma 2.2(ii), (iii) and (iv), we get Ay € Bx_1, By € Gy and C, C A, V k > 1. Thus
AcCA-1 BkCSBr GCSGeor, Ykx=1.

By the compactness of [0, ry + r; + r3], we have

(VAc=[1Be=[")C#2.

k>1 k>1 k>1

Choose t* € (), Ak, then t* meet the requirement of conclusion (ii). This completes the proof. O
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3. Main results
With the preparations in Section 2, we are ready to state and prove our main results.

Theorem 3.1. Assume that G > F, ¢ € C such that O(p) is bounded, then, there exists a* € R? such that w(p) = {&:*}.

Proof. Let o* = sup{a € Er : @ < w(p)}. We shall show that w(p) = {&:‘}. If not, then w(¢) \ {&;} # (). From Lemma 2.5,
we obtain o} = o = af = s(a}). In view of Lemma 2.6, we can suppose that there exists y € w(¢) \ {a*} such that

Xp(k(r1 + 12 +13) + 11413, %) =0,
x3(k(ry + 12 +13) +11,9%) = a3,

where k > 1.
Let x(t) = x(t, ). Fors € [0, ry + 1, 4+ r3] and k > 0, integrating (1.4), we obtain

(k+1)(r14ry+r3) (k+1)(r14r2+r3)
/ X, (0)dt = f [—F((6)) + Glra(t — 1))t
ki ki

(r1+ry+r3)+s (r1+r2+r3)+s

(k+1)(r1+r2+r3)+r1+713 (k+1)(r+r2+r3) 411473
/ X, (Hdt = / [—F(x2(t)) + G(x3(t —r3))]dt
k(ri+ry+r3)+ri+r3+s k(ri+ry+r3)+r1+r3+s

(k+1)(r1+r2+r3)+11 (k+1)(r+r2+r3)+r1
/ xwde = [ [—F(x5(0)) + G (¢ — F)de.
k(ri+ry+r3)+ri+s k(ri+ry+r3)+ri+s

{?ﬁ(k(ﬁ +1413),¥) =af,

Set

(k+1)(r1+ry+r3)
ax(s) = / Fxi(0)dt
k(ri+ry+r3)+s

(k+1)(r{+r3+13)
Ax(s) = / G(x(t))dt
k(r1+ra+r3)+s

(k+1)(r1+r2413) 4114713
o) = | Foo(6)de
k(r1+ry+r3)+ri+r3+s

(k+1)(r1+r24r3)+r1413
Bi(s) = / G(xa(t))dt
k(ri4r2+r3)+r147345

(k+1)(r1+ry+13)+11
(s = / Flu(0)dt
k(ri+ry+r3)+ri+s

(k+1)(r{+ry+1r3)+11
Ck(s) = / G(xs(t))dt
k(ri+ry+r3)+r1+s

and

yilk(ri + 12+ 13) +5) = x1(k(r1 + 12 +713) +5) —of,
Valk(ri + 12 4+13) +5) =x2(k(ry + 12+ 13) + 11 +13+5) —af,
y3(k(ry + 12 +13) +5) = x3(k(r1 + 12 +13) + 11 +5) — af,

then

0 < y1(k(ry + 12 +13) +5) = a(s) — Br—1(s) < ax(s) — br_1(s),
0 < ya(k(r1 + 12 +13) +5) = bi(s) — Ce(s) < bi(s) — ck(s),
0 < y3(k(ry + 12 +13) +5) = i (S) — A(S) < cr(s) — ak(s),
hence
n 3 n
Yilk(ri + 12 +713) +5) < Z(bk(s) — bk—1(s)) < ba(s) — bo(s).
k=1 i=1 k=1
Together with the compactness and invariance of w(¢), it follows that there exists M > 0 such that |bi(s)| < M for any
k>0,se€[0,r1 +1+13].S0

n

3
Y > k(i) +5) <2M, Ynx1
k=1 i=1
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Thus, y;(k(r; + r, + r3) + s) uniformly converges to 0 for s € [0, ry + 1, + r3]. Then,
lim ak(O) = lim bk(O) = lim Ck(O) = F(oz’f)(rl + 1+ r3).
k—00 k— 00 k—00

Again from the discussions above and the choice of i, we obtain
{ﬂk(o) > br-1(0),

bk (0) > ¢ (0),
ck(0) > a,(0)

where k > 0. Hence
ax(0) > ap(0)  bg(0) > bo(0) and ¢x(0) > ¢o(0), Vk=>D0.

In view of ¢ € w(yp) \ {&\*} and of = o = of = s(af), we get
max{ax(0), bi(0), ck(0)} > max{ao(0), bo(0), co(0)} > F(a})(r1 + 12 +13),

a contradiction to limy_, oo (max{a(0), b (0), cx(0)}) = F(a})(r1 + 12 + r3). Thus w(p) = {o’c\*}. This completes the proof.
O

Theorem 3.2. Assume that G < F, ¢ € C such that O(p) is bounded, then, there exists a* € R? such that w(p) = {(?"}.
Proof. Let f(—x) = —F(x), g(x) = —G(—x), then f is nondecreasing, g > f. Set y;(t) = —x;(t, ¢), Vt > —r;, then

Vi) = =fy1(0) + gWa(t —12)),
Vo(t) = —f(2(0) + g(y3(t — 13)),
y3(t) = —f3(t) + g1t — 7).

It follows from Theorem 3.1 that there exists 8* € R? such that lim;_, o (y1(£), y2(t), y3(t)) = B*.Seta* = —pB*, then
w(¢) = {a*}. This completes the proof. O

Corollary 3.1. If F is nondecreasing, then, each solution of

X (t) = —F(x1(t)) + F(xa(t —12)),
X5(t) = —F(x2(t)) + F(x1(t — 1)),

tends to a constant vector ast —> oQ.

Corollary 3.2. If F is nondecreasing, G > F or G < F, then, each bounded solution of
X (t) = —F(x(t)) + G(x(t — 1))
tends to a constant ast —> oQ.

Proof. Consider the synchronization solution of (1.4), together with Theorem 3.1. or Theorem 3.2., we can prove that the
conclusions hold. O

Remark 1. Corollary 3.2 also gives an improvement of the results in Ding [7-9] and a new form of proof on the
Bernfeld-Haddock conjecture.
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