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Introduction

One of the classical methods in the representation theory is to replace a category one wishes to
study by an equivalent category of modules over an associative algebra. This approach was extensively
used in the study of the category O (cf. for example [1-4,12,19-21]) and in many other situations
and led to the introduction of highest weight categories in [4]. The associative algebra in question
is usually the endomorphism algebra of a generator or a co-generator of the category. On the other
hand, it is also known that endomorphism algebras often give rise to nice associative algebras (for
example, in the case of the category O these algebras are Koszul). However, describing them in terms
of generators and relations, or in terms of quivers with relations, is usually a rather involved task (cf.
for example [20]).

In [8] the category G of graded finite dimensional modules over the polynomial current alge-
bra g[t] = g ® C[t] of a finite dimensional complex Lie algebra g was studied. That category can
be perceived as a non-semisimple “deformation” of the semisimple category of finite dimensional g-
modules. We proved that the category G is highest weight in the sense of [4]. We also studied a family
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of quivers arising from the endomorphism algebras of injective co-generators of certain Serre subcat-
egories with finitely many simples in the cases when they are hereditary. For example, all Dynkin
quivers can be realised in this way. We also considered an example where the endomorphism algebra
was not hereditary and computed the relations in that algebra. However, it was already clear from
that computation that describing quivers and relations for these algebras in general would be rather
difficult.

The situation becomes more manageable if we pass to the truncated current algebra g ® C[t]/(t%)
which is isomorphic to the semidirect product g x g of g with its adjoint representation. The motiva-
tion for the study of graded representation of that algebra stems from the fact that several interesting
families of indecomposable objects in G can be regarded as modules over g x g, namely the classical
limits of Kirillov-Reshetikhin modules for g of classical types [15] or more generally, of the minimal
affinisations [5,6]. The category G, of graded modules over g x g was studied in [9]. In particular, we
studied families of Serre subcategories of G, associated with sets of roots maximising some linear
functional. We call these sets extremal since they correspond to faces of the convex hull of roots of g.
A study of these subcategories was motivated by the observation that, after [6,10], there is a natural
extremal set of positive roots associated with a Kirillov-Reshetikhin module. Extremal sets have many
interesting combinatorial properties and were studied in [7] (in particular, their complete list for g of
classical types was provided). After [9], given an extremal set ¥ contained in a fixed set of positive
roots of g, one obtains a family of Serre subcategories which have enough projectives and for which
the endomorphism algebra of a projective generator is Koszul. Then one constructs an infinite dimen-
sional Koszul algebra Sg,p which is “approximated” by these finite dimensional Koszul algebras. The
advantage of this infinite dimensional algebra is that it allows us to study all these finite dimensional
subalgebras simultaneously.

The aim of the present paper is to describe the structure of algebras Sg. We show that they can
be realised as path algebras of quite nice quivers with relations. In some cases these quivers admit
very explicit combinatorial realisations. We compute all relations in these algebras for g of types A
and C. Quite expectedly, that turns out to be rather difficult and uses monomial bases of the universal
enveloping algebra of the lower triangular part of g. Due to very restrictive properties of extremal sets,
in types A and C we can perform all computations using only the monomial bases in type A which
are known very explicitly [16]. On the other hand, it is quite remarkable that to study the relations
in Sg, we only need the most elementary properties of the extremal sets described in [9]. It should
also be noted that, although an extremal set is conjugate under the action of the Weyl group to the
set of roots of an abelian ideal in a suitable Borel subalgebra (cf. [7]), the algebras S?I, behave quite
differently even for conjugate sets ¥. For example, depending on whether the highest root of g is
contained in ¥, all connected subalgebras of qu, are infinite or finite dimensional.

The paper is organised as follows. In Section 1 we briefly review the construction of the alge-
bras Sg and present the main results. In Section 2 we develop the technique for computing relations,
while in Section 3 we consider several relatively simple examples which illustrate how these methods
are applied. In Section 4 we construct a family of elements in the universal enveloping algebra of a
Borel subalgebra of g corresponding to parabolic subalgebras with the Levi factor of type A which
play the central role in our computations. Finally, in Sections 5 and 6 we undertake a systematic
study of relations in the algebras Sg, for g of types A and C. We also describe several infinite families
of quivers arising from the study of connected subalgebras of Sg when ¥ satisfies some “regularity”
condition.

1. Main results

Throughout this paper we denote by Z, the set of non-negative integers and by C the field of
complex numbers. We consider Z; U {4+o0} as a totally ordered semigroup with +0o >n and +oco +
n = +o0 for all n € Z. All algebras and vector spaces are considered over C. Tensor products and
Hom spaces are taken over C unless specified otherwise. For an associative algebra A, A°P denotes its
opposite algebra. For a vector space V, V* = Hom(V, C). Given a Lie algebra a, we denote by U(a)
its universal enveloping algebra and by U(a), the augmentation ideal in U(a). In particular, if a is
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abelian, U(a) is the symmetric algebra S(a). Given an a-module V we denote by V® the subspace
of a-invariant elements in V, thatis V¢ ={veV: xv=0, Vx € a}.

11. Let g be a finite dimensional simple complex Lie algebra and fix its Cartan subalgebra §. The
Killing form of g induces a non-degenerate bilinear form (-,-) on h*. Let P C h* be a weight lattice
and let R C P be the set of roots of g with respect to . Choose the set of simple roots «; € R,
iel:={1,...,dimb} and the corresponding fundamental weights w; € P. Let P* C P be the Z, -

span of the @; and let R™ be the intersection of R with the Z,-span of the «;. Given 8 € R, set for
alliel,

gi(f)=max{teZ,: B+ta; R}, @i(B) =max{teZ;: B —ta; € R}

and define

eB) =) eiBwi, 9B =Y i(B)mi.
iel iel
Clearly, £(8), ¢(B) € P*. It is well known that ¢(8) = £(8) + B. For « € R let g, be the corresponding
root subspace of g and, given ¥ C R, let n:; = Py ey 9+a. In particular, we write nt = n% and

setb=Hdn".
We say that ¥ C R is extremal if there exists & € P \ {0} such that

v={aer: € =rg€a}§(é,ﬂ)}.

Geometrically, an extremal subset of R is the intersection with R of a face of the convex hull of R
in the euclidean space spanned by R. Note that if £ € P* then ¥ C R™. We will need the following
property of extremal sets.

Lemma. (See [9, Lemma 2.3].) Let ¥ C R be extremal and suppose that

Zmaoe = Z ngB, Mmg,nge€Z,.

a€eR Bev

Then

Zm;mea (11)

pev a€eR
with equality if and only if my =0 forall o ¢ .
We note the following

Corollary. Let ¥ C R be extremal. Then ¥ + ¥ N (R U {0}) =¥ and

oa,BER, a+BeVYv+V¥Y — «,BeV.

Remark. It is shown in [7] that this property characterises extremal sets.



J. Greenstein / Journal of Algebra 322 (2009) 4430-4478 4433

1.2. Let ¥ C R* be extremal. In [9] two infinite dimensional Koszul algebras Sg, and Eg, were
constructed and it was shown that (Ef},)"p is the quadratic dual of qu, and the left global dimension
of Sg, equals |¥|. This construction was motivated by the study of categories of graded representations
of current algebras initiated in [8].

Given A € PT, let V(A) be the unique, up to an isomorphism, simple finite dimensional g-module
of highest weight A. Let

v=Ppvmw., ve=PHvm*

rePt rePt

Then V® ® V with the product given by

feovgew =gvfew, f.geV® vweV

is isomorphic to a subalgebra of the associative algebra (EndcV)°? and hence for any associative
algebra A, the space A=A ® V® ® V has a natural structure of an associative algebra. Moreover,
if A= EBHEZ+ A[n] is a Z-graded associative algebra, we obtain a grading on A by assigning to the
elements of V® @ V the grade zero, that is, A[k] = A[k] ® V® @ V. In the rest of the paper, we identify
the algebra A with V® ® A ® V under the natural isomorphism of g-modules and with the induced
algebra structure given by

(f®aRVv)(gRb®W)=g(v)f®ab®w, abeA, f,gcV® v,weV.

We write T (respectively, S, E) for A with A the tensor algebra T(g) of g (respectively, the sym-
metric algebra S(g) and the exterior algebra /\ g). In particular, in these cases A is a g-module with
respect to the diagonal action, hence A is also a g-module and the multiplication is a homomorphism
of g-modules. It follows that A? is a subalgebra of A. From now on, we let A be one of the algebras T,
S or E. Given A € PT, the algebra A? contains a primitive idempotent 1; corresponding to the canon-
ical g-invariant element in V(1)* ® V (1), or, equivalently to the identity element in End V (1). Then
we have

A= P 1A%, LA, =(VO)*®A®V(w)'
A UEPT

1.3. Given ¥ C R, define a relation <y on P by A <y u if u — A € Z, . It is straightforward to
check that <y is a partial order. In particular, < := <g+ is the standard partial order on P. If A <y
and A # /4 we write A <y . Note that for all A € P and for all ¥ C RY, the set {it € PT: u <y A} is
finite. Define a function dy : {(A, ) € PT x P™: A <y u} — Z, by

Zma: M—A:Zmaa, man+}.

aey aey

dw(k,u):min{

Clearly, dy (A, x) =0 if and only if A = and dy (A, @) +dw (1, v) <dg (X, v) for all A <y @ <y V.
Furthermore, if ¥ is extremal, we have

dy (A, ) +dy(u,v) =dyg (X, v)

and if p covers A then dy (A, ) = 1. In particular, in this case dy is the unique distance function for
the poset (PT, <y¢).
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Fix an extremal set ¥ C R*. Given F C P*, define

AL F)= @ LA de(h )]l
AUEF: Ay

It is not hard to check that A, (F) is a subalgebra of A%. Let A, := A}, (P™). Given A, u € P, define
the following subsets of PT

<egr={vePT:rv<yrl, pu<g={mw<gv:veP"}

and [, Ay = (K M) N (u <g). We say that F C PT is interval closed in the partial order <y
if A, u € F implies that [A, u]y C F.
The main properties of the algebras Sf}, established in [9] are summarised below.

Theorem 1. (See [9, Theorem 1].) Let ¥ be an extremal set of positive roots.

(i) Let 4, v € PT. The subalgebras S}, (<w ), Sy, (1 <) and Sy, ([, v1w) of SY, are Koszul and have global
dimension at most |¥|. The bound is attained for some ', v’ € P+ with ' <y V.

(ii) The algebra SS, is Koszul and has left global dimension |¥|.

Remark. The argument of [9, Proposition 4.5] actually proves that SS,(F) is Koszul for any F C P*
interval closed in the partial order <y.

14. Being Koszul, the algebras Sg are quadratic and so to describe all relations in them it is enough
to describe the quadratic relations. A convenient language for that is provided by quivers. We mostly
follow the conventions from [18]. Let us briefly review the quiver terminology which will be used in
the sequel.

Recall that a quiver A is a pair A = (Ap, A1) where Ag is the vertex set, A; is the set of arrows.
In this paper we only consider quivers without multiple arrows, that is, for any pair x, y € Ao, there is
at most one arrow x < y € Aq (in other words, A; identifies with a subset of Ag x Ag). A path of
length k in such a quiver is a sequence Xg, ..., Xx € Ag such that for all 0 <i <k, there is an arrow
Xi < Xi+1 € A1. Denote by A(x, y) the set of all paths in A from y to x. With every vertex x € Ag we
associate a trivial path 1y of length 0.

The opposite quiver A°? of A is the quiver with the same vertex set obtained by reversing all
arrows. The underlying graph A of A is obtained from A by forgetting the orientation of the arrows.
We say that A is connected if A is connected. A connected quiver A is said to be of type X (re-
spectively, of type X), where X = A, D, E if A is the Dynkin diagram (respectively, extended Dynkin
diagram) of a simple finite dimensional Lie algebra of type X.

A vertex x is said to be a direct successor (respectively, predecessor) of y if there is an arrow
X < y (respectively, y < x) in Aq. The set of direct successors (predecessors) of x € Ag is denoted
by x* (respectively, x~). A vertex x € Ay is called a source if x~ =@ and a sink if x* = .

Given Af C Ao, the full subquiver of A defined by Aj is A’ = (4, A}) where A is the set of all
arrows in A; with starting and ending points in Aj. A subquiver A’ of A is called convex if for any
vertices x, y € Ay we have A’(x, y) = A(x, y), that is a path in A from y to x is completely contained
in A’. In particular, a convex subquiver is full. A connected component of A is a full subquiver A’
such that A’ is a connected component of A. Then A is a disjoint union of its connected components.
Given x € Ag, we denote the connected component of A containing x by A[x].

A full embedding of quivers A — A’ is a pair of injective maps Fo: Ag — Aj and Fy: Ay — A]
which are compatible in a natural way and such that (Fg(Ap), F1(A1)) is a full subquiver of A’. If
both maps are bijective we say that A is isomorphic to A'.

Given a quiver A = (Ag, A1), let CA be the complex vector space with the basis consisting of all
finite paths in A. The product of two paths is set to be their composition when they are composable,
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and zero otherwise. This defines on CA a structure of a Z, -graded associative algebra, the grading
being given by the length of paths. In particular, the 14, x € Ap are primitive orthogonal idempotents
and CA[0] is commutative and semisimple. Clearly, C(A%) = (CA)°P. The group (C*)#! acts natu-
rally on CA[1] and for all z € (C*)?1 the action of z extends to an automorphism of CA preserving
the grading and the 1y, x € Ap. Clearly, an isomorphism of quivers induces an isomorphisms of the
corresponding path algebras.

A relation on A is a linear combination of paths from x to y for some x,y € Ap. In particular,
a relation of the form p, where p is a path, is called a zero relation, while a relation of the form
p — p’ is called a commutativity relation. Given a quiver A and a set of relations R, we can form
an algebra C(A, R) =C(A, V) :=CA/(R), where V is the vector subspace of CA spanned by R. This
algebra is often referred to as the path algebra of the quiver A with relations R.

15. We define the infinite quiver Ay as

(Ag)o=PT,
(Ap)1={t, W) eP* xP i u—r=Bec¥ r—eB)=pn—¢@@P)cP}

Thus, (Ay)1 is a subset of the cover relation in (PT, <y). It is immediate that if there is a path
from @ to A in Ay, then A <y p and the length of any such path is dy (A, w). In particular, the
quiver Ay has no loops or oriented cycles. Since for all A € P+ the set <y A is finite, it follows
that every vertex in Ay is connected to a sink. Given F C P*, denote Ay (F) the full subquiver
of Ay defined by F. If F is interval closed in the partial order <y, Ay (F) is convex. The following
proposition is proved in 2.3.

Proposition. Let F C P be interval closed in the partial order <y . There exists a natural isomorphism of Z. -
graded associative algebras Tf,’, (F) — CAy (F). This isomorphism is unique up to an automorphism of CAy (F)
extending the natural action of (C*)4¥ )1 on CAy (F)[1].

1.6. As proved in [9, Lemma 4.2], for each F C P* which is interval closed in the partial order <y,
S?,,(F) is isomorphic to the quotient of T?I, (F) by a quadratic ideal and

ker(Ty, (F) — Sy, (F)) =Ty, (F) Nker(Ty, — Sy,).

Fix an isomorphism @& :Tg — CAy. Then Proposition 1.5 allows us to identify the idempotents
(respectively, some fixed generators of degree 1) of Sg with vertices (respectively, arrows) in the
quiver Ay. To describe the quadratic relations, we need to consider, for all A, & € P™ with A <y i
and dy (A, u) =2, that is, for all A, A+n € PT, n e ¥ + W, the subquivers Ay ([A, A +7]y) of Ay and
the subalgebras Sg, ([A, A + 17lw) of S,.

Denote by My (A, A + 1) the image of the canonical map ker(TJ, ([x, A + 17lw) — S5, ([A, A + 1lw))
in CAy ([A, A 4+ n]w) under &. We set Ry (A, A +n) =0 if A +7n¢ P+,

17. letne ¥ + ¥ and set

my = [{(B,8) €W xW: B+ =n}|.
Note that m, =1 implies that n € 2¥. For all A € P¥, let t; , = diml,\Tg,lH,, if A +neP* and
set ty,, = 0 otherwise. Since by Proposition 1.5, t; ; equals the number of paths from A 475 to A

in Ay, it is immediate that t; , <m, for all A € pt.

Definition. An extremal set ¥ C R is said to be regular if for all n e ¥ + W, t; , >0 = t) , =my.
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The quiver Ay ([1, 2 + n]y) identifies with the quiver

t+1

I = 1‘4/ : -\Xﬁ (1.2)
\O%

with t paths p; = (0 <-r <t 4 1), 1 <r <t of length 2, where t =t; .

Let V be a k-dimensional subspace of C{p1, ..., p:}. We say that V is generic if it is generic with
respect to any coordinate flag corresponding to the basis p1, ..., p;, thatis for all 1 <i; <--- <i, <t,
1 <r <t we have

. 0, 1<r<t—k,
dlm(V ﬂC{p,l,...,plr}) B {H—k—t, t—k<r<t.
In particular, if t =1, V is generic if and only if dim V = 1. For instance, if t =2 and dimV =1 then
C(I'(t), V) is of finite type. However, it has different isomorphism classes of indecomposable modules,
depending on V being or not being generic. If t =3, dimV =1 and V is generic then C(I"(t), V) is
unique up to an isomorphism, is canonical (cf. [18, §3.7]), of tubular type D4 and tame. If t = 4,
V is generic and dimV =2 then we can assume, without loss of generality, that V is spanned by
P1 -+ P2 +P3, P1 +2p2 + P4 for some z € C*. In particular, we have a family of algebras parametrised
by elements of P'. The algebra C(I'(t), V) is again canonical, of tubular type Dy, and is tame (cf. [18]).
In these cases the module categories of C(I"(t), V) are described completely [18]. If V is not generic,
C(I'(t), V) it is still tame (cf. [13]). If t > 4, it is easy to see, using [11, Proposition 1.3], that C(I"(t), V)
is wild for all choices of V of dimension [t/2].

From now on, we identify & € h* with the canonical algebra homomorphism S() — C extending &.

Let

Ny ={reP*: 1, >0 R, A+n) isnot generic}.
We can now formulate our main result.
Theorem 2. Let ¥ be an extremal set of positive roots, || > 1.

(i) The algebra Sg,l, is isomorphic to the quotient of the path algebra of the quiver Ay by the ideal generated

by the spaces Ry (A, A +1),n €W +¥, A, A +nePT.
Fixnevw +v.

(ii) If m, =1 then Ry (A, A + 1) =0 forall A € P,
Suppose that g is of type A or C.

(iil) Iftx,y > 1, thendimRy (A, A + 1) = [t3,»/2] > 0.

(iv) Suppose that my, > 1. Then N, is contained in a Zariski closed subset of h*. Moreover N, N {A €
PT: t; p =2,3} =0 and if ¥ is regular, then either Ny = { or there exists a linear polynomial H;, € S(b)
such that

Ny =Pt n{gebh*: £&Hy =0}

Analysis of other examples allows us to conjecture that the same result should hold for g of all
types. It might happen, though, that in some cases the Zariski closed set containing N cannot be
described as a set of zeroes of a linear polynomial.

The above theorem is established in Propositions 5.6 and 5.7 for g of type A and in Proposi-
tions 6.9, 6.10, 6.12 and 6.13 for g of type C. In fact, we do not just establish the genericity of
the spaces SRy (A, A 4+ 1) but also compute the relations explicitly. Needless to say, as we write the
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relations as linear combinations of paths, the specific coefficients we obtain depend on a fixed iso-
morphism @, or equivalently, on the choice of generators of degree one in SJ,, which are unique up
to non-zero scalars, while the genericity of the spaces Ry (A, A+ 1) is independent of that choice. We
choose @ so that the relations for n € ¥ + ¥ and A € P* satisfying t; , =m; = 2, are the commuta-
tivity relations.

Let us briefly explain how to compute relations in Ej, from those in S,. There is a natural

map (-,-): CAy ® CA‘;f7 — C, such that ((CAy)[k], (CA‘,}f)[r]) =0,k#r,

(1)»7 1;1,) :8)\,#5 ()"] e <_)\ka/J'k D (_M1> :8)\1,#1 "'Skk,uk'

It is not hard to see from [9, Proposition 5.3] that Eg is isomorphic to the quotient of CA‘;{) by the
ideal generated by the spaces Ry (A, A +1)' = {x € (CAP)[2]: (Ry (A, A + 1), x) =0}.

1.8. We conclude this section with a description of an infinite family of quivers arising from this
construction (see also 5.3).

Given X= (X1,...,x) €Z', let |x| = 23:1 xj. Set efr) = (8, jigj<r €L Givenm= (mq,...,m;) €
(Z4 U {+00})", we define the quiver & (m) as follows. The vertices of & (m) are the lattice points in
the r-dimensional rectangular parallelepiped [0, m] x --- x [0,m;]. Given ¥ = (x1,...,Xr) € E(m)o,

the arrows ending at x are

x—x+2e  xj<mj—1, 1<j<r
and
x<xte” el Xi <mj xi<m;, 1<i<j<r
j k i i» j js X JsT.

Let Z4,(m), a=0,1 be the full subquiver of & (m) defined by the set

{xe Em)o: |x| =a (mod 2)}.

It is immediate that Z,(m) is a convex subquiver of Z (m).

For instance, for r =2 and m; =my =1, &g(m) is the quiver of type A, with the linear orientation
and &7(m) has two isolated vertices (in fact, this is the only case when Z{(m) is not connected).
For my =my =2, Eg(m) is the quiver (1.2) with t =3, while Z7(m) is

(1,2)—=(1,0)

0,1)<—(2,1)

An example with my =6, my =5 is shown below

5,)<——(5.3)<=——(5,5) (5,0) (5,2) (5,4) (5,6)
e Ve Ve Ve Ve Ve
(4,0) 4,2) 4,4) (4,6) “4,1) 4,3) 4,5)
Ve Ve Ve Ve Ve Ve
. 3,1 3.3) 3.,5) - 3,0) 3.2) 3.4) (3,6)
Eo(m) = Ve Ve Ve E1(m) = Ve Ve Ve
(2,0) 2,2) 2,4) (2,6) 2,1 2,3) 2,5)
e Ve Ve Ve Ve Ve
(1,1) (1,3) (1,5) (1,0) (1,2) (1,4) (1,6)

Ve Ve Ve Ve Ve
(0,0 (0,2) (0,4) (0,6) (0,1)<——(0,3)<——(0,5)
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Note that in this case Z1(m) = Zo(m)°P (cf. Proposition 6.3). For r=3 and m; =my =m3 =1, Zp(m)
(respectively, &1(m)) is the quiver of type D4 where the triple node is the unique sink (source).
Finally, £¢((2, 1, 1)) is the quiver (1.2) with t =4 where (0, 0, 0) is the sink and (2, 1, 1) is the source,
while Z¢((1,1,1, 1)) is the quiver (1.2) with t =6, where (0, 0, 0, 0) is the sink and (1,1, 1, 1) is the
source. We prove (cf. Proposition 6.3) that the isomorphism classes of quivers &;(m) with r > 1 are
parametrised by partitions.

Proposition. Suppose that g is of type C and ¥ is regular. Let .. € P and suppose that .~ UAT| > 0. Then the
connected component Ay [A] of Ay is isomorphic to E,(m) for somem € (Z,. U{+o0})",r > 0anda € {0, 1}.

In particular, our isomorphism Tf}, — CAy induces an isomorphism of a subalgebra of qu, cor-
responding to an interval closed set onto &,(m). Therefore, we can define a family of relations on
E4(m), depending on positive integer parameters, which yields an infinite family of finite dimensional
Koszul algebras.

2. Relations in S},

2.1. Let V be a g-module. Given u € h*, let
Vu={veV:hv=pnmyv, hep}.

If V is finite dimensional, then V =P, cp V.. Moreover, V is isomorphic to a direct sum of simple

finite dimensional modules V (1), A € P*. In particular, the adjoint representation g is isomorphic
to V(0) where 6 is the highest root of g.

Fix Chevalley generators e; € gy;, fi € §—o; and h; € b, i € I of g. The module V(1) is generated by
a highest weight vector v, € V (1), satisfying

Anny ) v, = U(g)(n* +kerx) + Y U(g) f; ",

iel

For each A € P, we fix v; once for all and then we fix £&_ € V (0%, such that £_;(v;) =1. Then we
have

Anny g -, = U(g)(n™ +ker(—1)) + Y_ U(g)e "7,

iel
In particular,

Anny -, V) = Z U(n’)fi)‘(h")H, ANy £y = Z U(n*)e?(h")ﬂ,

iel iel
Given A € PT and a finite dimensional g-module M, let
M* = {m € M: Annyy+ym D Annyu+) -3 ).
If N is a subspace of M, let N* = NN M*. We will need the following results (cf. [17]; we use
some of them in the form in which they are presented in [14], where the corresponding statements
are established in the case of integrable modules over quantised enveloping algebras of Kac-Moody

algebras).

Proposition. Let (1, v € PT and let M be a finite dimensional g-module.

(i) Homg(V (), M) =M™ N M;.
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(i) Vi) @ Vn)* =U(g) (v, ®§_v).
(iii) There exist canonical isomorphisms of vector spaces

Homg (V (1) ® V (1)*, M) = Homg (V (1), M ® V(1)) = (V(1)* @ M @ V (1))*
= (V)* @ M* @ V(w)? = Homg (V(v), M* @ V(1)).

(iv) Mj,_, ={meMy_y: Anny-ym D AnNyn-) Vyl-
(v) The linear map M,“kv — Homg (V () ® V(v)*, M) given by m — x,, where

xm(a(vy ®€_y))=am, aeU(g)

is an isomorphism of vector spaces. In particular, all vector spaces in (iii) are isomorphic to M;‘i—w

22. Let K =@, Cex be a semisimple commutative algebra with primitive pairwise orthogo-
nal idempotents ey and let V be a K-bimodule. Assume that dimexVe, < oo for all x,y € J and
that V = EBX,},EJ exVey (which is always the case if J is finite). Let T,?(V) =K, Ti (V) be the r-fold
tensor product of V over K and set Tg(V) = EBTEZ+ T} (V). This is a Z, -graded associative algebra.
In particular, if A is a Z-graded associative algebra and A[0] is commutative semisimple, we have a
canonical homomorphism of associative algebras T a[o01(A[1]) — A (cf. [2]).

Let A be the quiver with Ag = J and with dimexVe, arrows x <— y for all x,y € J. We have
an isomorphism of algebras K — @xe] Cly C CA. In particular, we can regard the subspace of CA
spanned by all arrows as a K-bimodule and for any choice of basis in exVey, x, y € J this subspace
is naturally isomorphic to V as an K-bimodule. This isomorphism extends canonically to an isomor-
phism of graded associative algebras Tx (V) — CA. Then, if A is a quotient of Tg(V) by an ideal
which has the trivial intersection with T} (V), r =0,1, then A is isomorphic to the path algebra
C(A, R) where R is the image of ker(Tg (V) — A) in CA.

An associative algebra A is said to be connected if A= A1 @ A, where the A; are subalgebras
implies that A1 =0 or Ay =0. Clearly, C(A, R) is connected if and only if A is connected.

2.3. Let ¥ C RT be a fixed extremal set.

Proposition. Let F C P be interval closed in the partial order <y. Then the algebra qu/ (F) is isomorphic, as
a Z. -graded algebra, to the path algebra of the quiver Ay (F). In particular, for all A, i € F,

dim(V(\)* @ T *M (g) @ V())?, A<y W,
|A¢/(F)()~,M)’:{O ve) © ) othemse

and if F' C F is interval closed, then Ay (F’) is a convex subquiver of Ay (F). Furthermore, Sgl,,(F) is isomor-
phic to the quotient of CAy (F) by an ideal generated by paths of length 2.

Proof. By [9, Proposition 4.4], T}, (F) is isomorphic to T18 (Fyj0) (T3, (F)[1]) as a Z.-graded associative
algebra. Since TS,(F)[O] =P, ¢ C1y, it is enough to prove that for all A, u € F, the number of arrows
A < equals dimlATg,(F)[l]lu. The latter is zero unless u = A+ 8, B € ¥. Since by Proposition 2.1,

LT, (L= (V)*®a®@ V0 +p8)° =g}

and dimgg =1, it is enough to prove that A <~ 1 + 8 € (Ay)1 if and only if gg # 0. Observe first that
X —e(B) € Pt implies that A + 8 =A —&(B) +¢(B) € PT. Since v,y + «; € R implies that e;g,, #0,
it follows that efg,g #0 for all 0 <t < &j(B). Therefore, gg # 0 if and only if A(h;) > €;(B) for all i € I.
The remaining assertions are straightforward. O
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24. Forall Be W and for all A < A+ B € (Ap)n, fix 0#£a; g € 1,TY, 1,44 = 1,55, 1,4.. This choice
is unique up to a non-zero scalar. It follows from [9, Proposition 4.4] that the elements 1;, A € P™
and @, g, A < A+ B € (Ay)1 generate T§, and S,. In particular, for all A <y p with dy (A, 1) =2 the
set

{ptiipp: BB €W, u=r+B+B . L<—r+B. A+ < e (Ap)}
is a basis of 1, T, 1,. By Proposition 2.1 and Corollary 1.1,

A

1,181, = (Tz(g))z_A = (T2(n§))},

Let IT, (B, B') be the image of a, ga,,g g under this isomorphism. Using [9, Lemma 4.2] we obtain
the following

Proposition. Let n € ¥ + W, A, A + 1 € PT and assume that Ay (A, A + 1) # . The elements IT;. (8, B')

where B, 8’ € ¥, B+ B’ =nand » < A+ < +n € Ay (h, A+ 1) form a basis of T?(nj))}. In particular,
we have a relation

) Xp@. p@+n,n—p =0
BeW: h<rt+B<r+neAy (. A+1)

in Sy, if and only if

xs (B0 — B)e N\ .

BEW: A<—A+B<2r4neAy (A, 1+1N)
2.5. Thus, to describe the relations, it remains to find a way for describing the elements IT, (8, 8').
It turns out that the most convenient language is provided by g-module maps.

Let V be a finite dimensional g-module. Given f € Homg(V (1), V ® V (1)), note that f is uniquely
determined by f(v,). Using Proposition 2.1 we obtain an isomorphism of vector spaces

Homg (V (1), V@ V() = V),
given by
frevi=085,)f(vy).
In particular, we have
f(vp)=vf®vi(mod U(n+)+vf®U(n’)+v;\). (2.1)

Let B € ¥, A€ Pt and assume that L < 1 + B € (Ay)1 and so gg = g%. Fix root vectors ey, €
gy \ {0}, ¥ € R™. Then by (2.1) we have a unique 0# p; g € Homg(V (A + ), g ® V(1)) satisfying

Prg(Vitp) =€ @ vy + Z ey @ug, (AM)v;, (2.2)
B<y

where ug , (1) €e U(n™)g_y. Clearly, p; g(viip) spans (g ® V(A))Qiﬂ. Note that the elements ug , (1)
are uniquely determined modulo Anny -y v;.
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2.6. Let F(h) be the field of fractions of S(h). Given S € ¥, let

Fe(h)={fg ' €F(h): rePT, A< r+Be(Aw)1 = A(g) #0}.

Clearly, Fg(h) is a subring of F(h). Given A < A+ B € (Ay)1, note that A : S(h) — C extends canoni-
cally to a homomorphism Fg(h) — C which we also denote by A.

Furthermore, regard U(b) as a right S(f)-module via the right multiplication and a left U(n™)
module via the left multiplication. Then U (b) ®s(ry) Fg(h) is a right S(h)-module and is isomorphic to
Um™) ® Fg(h) as a left U(n~)-module by the PBW theorem. Thus, A induces a surjective homomor-
phism of left U(n™)-modules 7 g : U(b) ®se) Fg(h) — Un™).

Let A € h*. The quotient of U(b) by the left ideal generated by the kernel of A : S(h) — C is
isomorphic to U(n™) as a left U(n~)-module and so we have a surjective homomorphism of left
U™ )-modules ; : U(b) — U(n™). Clearly, the restriction of ; to U(n™) is the identity map. Fur-
thermore, if V is a finite dimensional g-module, v € V;, and x € U(b), then x — , (X) € Annyq) v.

Lemma. Suppose that x € U(b), y € U(b)_p, n € Z, R™. Then 1, (xy) = 7, (x)7,.(y). Furthermore, if » <
A+ Be(Ap)rthenm; g(x® f) =m,(x) @ p(f) forall f € Fg(h).

Proof. Note that m; (xy) = m(x)m, (y) for all xe U(n™), ¥y € S(h). Since U(b) =U (™) ® S(h) by the
PBW theorem, it is enough to show that 7, (hy) = 7, _,(h)m,(y) for all h e b, y € U(b)_;. We have
7y (hy) =, (Yyh) —n(M)m(y) = . (¥) (A — ) (h) = 5, (W, (¥). The second assertion is obvious. O

Given 8 € ¥, we have a group homomorphism Fg(h)* — (€C*)A)1 defined by h — (zr,y(h): y €
U, A< XL+ y € (Ayp)1), where

Z,y(h) = {i\(h)’ ))j ;Z

This yields a natural group homomorphism [,y Fs(h)* — (C*){“¥)1. We denote its image by Gy .
2.7.
Definition. Let 8 € ¥. We call a tuple

(ugy €U®)g—y ®sp) Fp(h): B<y, ¥ €RT)

an adapted family for 8 if ug g =1 and for all A <— A 4 B € (Ay)1, the vector

Z ey @, g(Ug )V (2.3)
yeRt: By

spans (g ® V(A));Iﬁ.

Proposition. Let 8 € ¥ and suppose that (ug, € U(b) ®sy) Fg(h): B <y, y € RY) is an adapted family
for B. Then for all B’ € ¥ and forall A € P+ such that A < A+ B, A+ B < L+ B + B € (Ag)1 we have, up
to a non-zero scalar,

(B, B)=es @ep + > e, @ug, (A + Beg, (2.4)
B<y:y.B+p'—ye¥
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where

ug, (V) =1y g(ug,y) (mod Anny-y vy), V<—Vv+Be(Ayp).
In particular, if B € ¥ is maximal, IT(B', B) = eg Q egr.

Proof. Let v; <y V;. Since g = g*, by Proposition 2.1(iii) we have the following canonical isomor-
phisms of vector spaces

15, TS 1y, = (V01)* @ T% 1% (g) @ V (1))
= (V)* @ T 12 (g) @ V (1)) °

= Homyg (V (v2), T% 192 (g) ® V (v7)).

Moreover, this isomorphism is compatible with products and compositions, that is, if x € 1u1qu,1u2.
y €1,Ty 1y, v <y V2 <y v3 and

x> f eHomg(V (1), T¥ M (g) @ V(11)),  y+> g eHomg(V (v3), T% 27 (g) @ V (1)),

then

xy > (1® f)ogeHomg(V(v3), T% 1Y) (g) @ V (11)).

In particular, 8 € ¥ and A <— A + B € (Ay)1, we may assume, without loss of generality, that p, g €
Homg(V (% + B), g ® V(1)) is the image of @, g under the above isomorphism. Then T, (8, g) is the
image of

(1®pa,p)oDavp g
under the isomorphism

A

Homg(V(A + B+ ), T2 (@ @ V(L) — Tz(“qt),sﬂs/-

It is now immediate from (2.1), (2.3) and Proposition 2.1(i) that

M. B =ep@ep+ » e, @ug,(A+p)eg.
yeRt: B<y

Since ug , (A 4+ B)ep € gpyp—y, it follows from Corollary 1.1 that ug, (A + B')eg # 0 implies that
y,B+B —yvew. O

The following elementary corollary establishes part (ii) of Theorem 2.

Corollary. Let B e W, L € PT.Then (A < A+ B < A +2B) ¢ Ry (A, A + 28).



J. Greenstein / Journal of Algebra 322 (2009) 4430-4478 4443

3. First examples

The aim of this section is to provide the reader with relatively simple examples of quivers and rela-
tions arising from algebras S, before we undertake a complete study of all possible relations in these
algebras for g of types A and C. We begin with the infinite dimensional example announced in [9]
which is independent of type of g. The same computation allows us to obtain a complete description
of relations in SS, for g of type A,. Then we describe the relations in the algebras corresponding to g
of type G,. The remaining rank 2 case is postponed until 6.11.

Throughout the rest of the paper, given A € P™ and i ¢ I, we set A(h;) = +oo.

3.1. We begin by excluding the case |¥| = 1. In this case the algebra SS, is hereditary and we have

two possibilities. If ¥ = {9} then every connected component of Ay is isomorphic to the quiver A%,
where

Ap=0—>1—>2— ...

If ¥ ={B} with B #6 then B ¢ P (it is easy to check that if the highest short root is contained
in ¥ then |¥| > 1) and so the connected components of Ay are either simple one-dimensional or of
type A, with the subspace orientation.

3.2. Suppose that g is not of type A or C (in fact, the computation of the relations works for the
type A as well, but the quiver is more complicated, as we will see below; the corresponding construc-
tion for the type C will be discussed later). Then there exists a unique ip € I such that 6 — o, € R*
and it is not hard to see that ¥ ={6,6 — «;,} is extremal.

Recall (cf. [18]) that a pair (A,t) where A = (Ag, Aq) is a quiver without multiple arrows
and 7 : Ay — Ao, Aj € Ao is an injective map, is called a translation quiver (and 7 is called the trans-
lation map) if (t(2))* =z~ for all z € Aj. A full embedding of translation quivers (A, 7) — (4', 7/) is
a full embedding of quivers A — A’ which maps the domain of t into the domain of t/ and is com-
patible with the maps 7, t’. If (A, 7) is a translation quiver and has no multiple arrows, a relation of
the form Zyex, (x < ¥)(y < 1(x)), x € A, is called a mesh relation.

Given a quiver A, a translation quiver ZA is defined by

(ZA)=Zx Ao, (ZA)1={Mx) < @y), n+1,y) < 0,x): x<yeA},
(%) =0 —1,x).
If A is a Dynkin quiver, ZA depends only on A (cf. [18, §2.1]).

Proposition. Every connected subalgebra of Sg is isomorphic to the path algebra of the translation quiver

0,2)<—(1,2)<—(2,2)<—" -+
r'= 31)

0,H)=<-1,1)=-2,H=-3,1)<—---

(0,00<—(1,00<—(2,00<~(3,0)<—(4,0)<—- - -

with the translation map T (m,n) = (m,n + 1), m,n € Z and with the mesh relations.
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Proof. Suppose that A € P* is a sink in Ay. Since ¢(8) = wij,, we must have A(h;;) = 0. Suppose
that g € PT is a sink in Ag[A],  # A. Since Ag[Alo C A +Z¥) NPT, uw=x+mb + kB for some
m, k € Z. Interchanging the role of A and p, if necessary, we may assume that m > 0. Since 6(h;,) =1,
B(hiy) = —1, we have m =k > 0. On the other hand, for all j # ip we have B(hj) = ¢;(8) and so
u(hj) — A(hj) =ke;j(B). Since A(h;) > 0 and @; (B) =0, this implies that © — @(B) € Pt which is a
contradiction since w is a sink. Thus, every connected component of Ay contains a unique sink A
hence

AgAloC (A <y)={A+10+5B: 0<s<r}.

Note that A +1r6 +sB, 0 < s <r is connected to A by a path

A< A4+0 <« < A+10 < A4+T04+B <« < L+10+5B.

Thus, Ay [Alo = (A <y). Define a map Ay[Alo > [0 =2y XZ; by L +710 +sB +— (r —s,s). This
map is clearly a bijection. Furthermore, we have an arrow A + 10 +s8 < A+ (r + 1)0 + sB and an
arrow A +16 +sB < A +16 + (s + 1)8 provided that s <. Since in the quiver I we have an arrow
(m,n) < (m+ 1,n) for all m,n €Z; and an arrow (m,n) <— (m — 1,n+ 1) for all m > 0, it follows
that Ay [A] = I'. Finally, if we define 7 : Ag[A]o > Aw[r]o by T(u) = i + 6 + B, we conclude that
our isomorphism is in fact an isomorphism of translation quivers.

It remains to compute the relations in our algebra. Since g < 6, by Proposition 2.7 we have
IT).(B,6) = eg ® eg. Assuming that [e;,,eg] = ey we can easily check that ugg =1 and ugp =
— fio ®hi‘01 € U(b),oq0 ®s(n) Fp(h) form an adapted family for B. Since fj; ¢ Anny -y vy if v(h;y) >0,
we conclude that IT, (9, ) =eg ® eg — (A(hj,) + Dl ® eg.

Suppose that A(hj,) > 0. Then t; 944 =2 and, clearly, A(hj))IT,(B,0) — (A(hiy) + 1)IT,(6, B) €
A% nj,. Fix the isomorphism @ : TJ, — CAy by assigning

a9~ (A<1+6), rePt

and

a5 (=10 (0(hi) ' <A+ B), Alhyy) > 0.

Then it is easy to see that Ry (A, A + 60 + B) is spanned by the mesh relation with respect to our
translation map. If A(h;,) =0 then I7,(6, B) /\2 ni, so the unique path is a zero relation and is
again the mesh relation with respect to our translation map. O

Note that we have a full embedding of translation quivers I" < ZA., given on the vertices by
(r,s) = (—r — s,r). The quiver I"°? identifies with the Auslander-Reiten quiver for A,, and so a
connected subalgebra of Sf}, can be regarded as an infinite dimensional analogue of the Auslander
algebra of CA .

3.3. In the remainder of the section we will consider g of types A, and G,. Identify P with Z x Z
and write (A(h1), A(hy)) for A € P.
Let g be of type A;. Then R* contains two extremal sets with |¥| > 1, namely ¥; = {¢;, 6}, i € I.
Clearly, it is enough to analyse one of them, say ¥ = ¥1.
Suppose that (m,n), (m’,n’) € PT are in the same connected component. Then (m’,n) €
((m,n) + Z¥) N PT, that is, (m’,n') = (M +r+2s,n+r —s) for some r,s € Z. This implies that
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m —n’=m —n (mod 3). Since ¢(a1) = (2,0), (®) =6 = (1, 1), the sinks in Ay are (0,m), meZ,
and (1,0). Let 0 <r < 3. Then we have

0,1) < (1,r+1) « - < 2k, 2k+1) > (2(k — 1), 2k + 1471) = --- > (0, 3k + 1),

hence all sinks (0,3k +r) lie in Ag[(0,r)]. Finally, we have (1,0) < (2,1) — (0,2) hence (1,0)
belongs to Ay [(0, 2)]. Thus, Ay has three connected components given by

Ay[0,n)],={m.n)€Z; xZ;:m—n=r (mod 3)}

the arrows being (m,n) < (m+1,n+1) and (m,n) <- (m+2,n—1), n > 0. The translation structure is
given by 7(m,n) = (m+ 3, n). The computation of relations performed in 3.2 implies that all relations
are the mesh relations.

It is easy to see that the quivers Ay [(0,1)], r € {0, 1,2}, and hence the corresponding connected
subalgebras of s? , are not isomorphic. For that, note that Ay[(0,r)] has a unique sink A, such
that [A~| =1 (indeed, clearly A9 = (0,0), Ay = (0,1) and A, = (1,0) have this property). It follows
that any full map of quivers Ay [(0,1)] = Ag[(0,s)] must send A, to As and A, to A; . On the other
hand, A, belongs to the following full connected subquivers of Ay [(0,1)], respectively

0,3)<—(1,4) (0,4)<—(1,5) 0,2)<—(1,3)=<-(2,4)
0,00=<—(1,1)=-(2,2)<—(3,3) 0,1)<=-(1,2)=<-(2,3)<-(3,4) (1,00<—(2,1)<—(3,2)<—(4,3)
(3,00<—(4,1)<—(5,2) 3, 1)<-(4,2)<-(5,3) (4,00<—(5,1)<—(6,2)
(6,00=<—(7,1) (5,00<—(6,1)=—(7,2) (7,00<—(8,1)

These quivers are obviously non-isomorphic.

34. Let g be of type G,. Let 1 (respectively, ) be the long (respectively, the short) simple root.
Then R* = {1, a2, 1 + a2, 1 + 2002, a1 + 32, 8 = 21 + 3wz ). It is not hard to show that there are
only two extremal sets of positive roots containing more than one element, namely ¥; = {6 — o1, 6}
and ¥, = {a1, 0}, which correspond to the two one-dimensional faces of the convex hull of R having
trivial intersection with —R™. The set ¥; has already been considered in Proposition 3.2. We should
only note that since ¢(6) = (1,0) and ¢(@ — 1) = (0,3), (0,1), 0 <r <3 are the only sinks in Ay
and hence by Proposition 2.3 Ay has three isomorphic connected components.

The situation is rather different if ¥ = ¥;. Since ¢(a1) = (2,0) and ¢ () = (1, 0), it follows that
(m,n) is a sink in Ay if and only if m = 0. Furthermore, since (1) = (0, 3), we have an arrow
(m,n) < (m+2,n—3) if and only if n > 3. Suppose that we have two sinks (0, x), (0, y) in the same
connected component of Ay. Then we must have (m + 2n,x — 3n) = (0, y) for some m,n € Z, hence
x=1y (mod 3). Furthermore, let 0 <r < 2. Then we have in Ay

0,1 <11« «<Q2nn—>Q2n-1,r+3)—> - (2,31—=1) +r1) > (0,3n+7).

Thus, every sink (0,3n+r), n € Zy lies in Ay[(0,r)]. Therefore, Ay has three isomorphic connected
components and the quiver Ay [(0,1)] is
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(0.146) <— (1,7 +6)<— (2,1 +6) <—- - -

0,r+3)<—(1,r+3)<—2,r+3)<—GB,r+3)<—4,r+3) <—- - -

(0,r) (1,r) 2,r) 3,r) “4,r) (5,r) (6,r)

that is, Ag[(0,r)]o = {(m,3n +1): m,n € Z,} and the arrows are (m,3n+7r) < (m+ 1,3n +
r), mneZy, m3n+r1) <« (m+2,3n —1) + 1), n> 0. This is clearly a translation quiver
with 7(m,3k+r1r)=m+3,3(k—1)+71), me Zy, k> 0. In particular, ¥ is our first example of
a regular extremal set. Clearly, there is a full embedding of Ay[(0,1)] into any of the infinite con-
nected quivers considered in 3.3.

3.5. It remains to describe the relations. We write xP) = xP/p! e U(g), x € g, p € Z,. Fix root
vectors in g so that eq, py, = (ad e2)Pe;, 1< p <3 and [eg, €a;+3a,] = €9. We have only one non-
trivial case to consider, namely n =6 + o1 = (3, —3). If Ay ((m,n), (m+ 3,n — 3)) is non-empty it
always contains two paths. Proposition 2.7 immediately implies that

Il (01,0) = ep @ eq; .

To find IT,(60, 1), note that {y € R™: a1 < y} = {o1, 01 + a2, 01 + 202,27 + 3,6}, Since
dimU(n7™)_(a;+3¢,) =4, the monomials

839 0<a<3

which are of course all possible monomials in the f; of weight —a; — 3@y, form a basis
of U(W™)—(a;43ay)- It is not hard to see that the element

U=f1" (hy+ 1hy(hy = 1) = f51 57 (hy + 1)hy (hy - 2)
5l + 1)~ 1) (0 =2) ~ 5 Fyhay 1)y ~2) < U
satisfies
e,U=6f"(h +h+1)+U@n",  eUeU@n®.
Define uy,,, € U(b);—y ®s(p) Foy (), a1 <y as
p-1

oy oy +poy = (_1)pf2p ® H(hz -7, 0<p<3,
t=0

Ug, 0= U @ ((h1 + hy + Dha(hy — 1)(hy — 2)) .

Then it is easy to see that (uy, ,: o1 <) is an adapted family for ¢/, hence by Proposition 2.7,

-1
IT,.(0, 1) =eq, ®eg + (A1 + A2+ D22 — D(h2 —2)) ey ® murg(U)ey.
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Clearly, m)49(U) = =220 — 1) (A2 — 2)]“2(3)f1 + Annyg) eg. Since (A +0)(hy) > 0, we conclude using
finite dimensional sl theory that f2(3)f1 ¢ Anny -y Vitg. Thus, we get

(0, 01) =eq, ®eg — (M + A2 +2) leg @ eq,.

It follows that none of the two paths is a relation and that the relations can be chosen to be the mesh
relations.

4. Arecursive family of elements in U (b)

In this section we construct a family of elements of U(b) which will play the crucial role in
constructing adapted families for g of type A and C.

4.1. Suppose that g is of type A,. After [16], a monomial

P () e U)

where aj 41 >a;; forall 1< j<¢, 1<i<j—1,is called standard. Furthermore, let A € P*. A stan-
dard monomial that satisfies

¢
Ah) >aji—aji1+ Z ar;—arji—1—ariv1), 1<j<L,1<i<]j (4.1)

r=j+1

is called A-standard [16, Definition 22]. In the above we adopt the convention that aj ;=0 if s <0
or s > j. We have the following

Theorem 3. (See [16, Theorems 17 and 25].) Standard monomials form a basis of U(n~). Moreover, for all
A € PT, the set

{Fvy: Fis a A-standard monomial}
is a basis of V.().).

Assume now that g is a simple Lie algebra of rank ¢, | ={i,i+1,...,j}, 1 <i < j<{. Suppose
that the Lie subalgebra g; of g generated by the e, fr, r € J is of type Aj_i;1. Let u € P+ and let
n= Zre] krotr, kr € Z. Set

J
Jm) = {az(as,r)igsgj,igrgs: Aspp1 2 0sp, I+1<s<J, i<r<s—1, Zas,err, igrgj}
s=r

and

J
Jm, )= :a e Jon: plh) > a5k — g1+ Y Qark —Arg—1 = Urs1), 1 <K< J'},
r=s+1

where we assume that a5y =0 if k < i or k > s. Using Theorem 3, we immediately obtain
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Proposition. The monomials

FE L (f](-lj’j < f, a=@spickes<j € T (D)

form a basis of U(n™)_, and the vectors

ST (Y fP v a= @spdickes<g € T (0 0)

form a basis of V() ,—y. In particular, if w(h;) > 0 (respectively, u(hj) > 0) then fj--- fiv,, # 0 (respec-
tively, fi--- fjv, #0).

Remark. The last assertion can of course be established by a simple induction on j —i from the
elementary theory of finite dimensional s(;-modules.

4.2. Let J CI and assume that g; is of type A|j. Let X'(i, j), i < j € ] be the set of all bijective
maps o :{i,i+1,...,j}—>{1,...,j—i+ 1} satisfying

or+1l)<o(r) = o@+1)=0@)—1, i<r<j.

r=i1

Given o € 2(1, _]), let fg = fo-—l(<1) s fd*l(j—i—])' Let o j= Z] (0 € RT.
Lemma. The set {f5: 0 € X (i, j)}is a basis of U(n™)—g; ;-

Proof. Clearly, if o € X (i, j) then f, is a standard monomial, and if o0 # ¢’ then the monomials
f,, f, are distinct. Now, we prove by induction on j — i that every standard monomial of weight
—a; j is of the form f;. If j =i there is nothing to prove. If j > i, let F be a standard monomial of
weight —a; j. Removing f; from F we obtain a standard monomial of weight —«; j_1 which is equal
to f;, T € X (i, j — 1) by the induction hypothesis. Now, since F is standard and every f;, i <r < j
occurs in F exactly once, it follows that either f; occurs in the (j — i+ 1)th position or fj_1 occurs
immediately after f;. In the first case, set o(r) =7(r), r < j, 0(j) = j — i+ 1. In the second case, set
forall r<j

T, Tt <T(-1),
O(r)_{f(r)Jrl, ) =T(-1)

and let o (j) =t(j — 1). Then it is easy to see that F =f;, and 0 € X' (i, j). O

4.3. Given n € h*, the assignment h— h —n(h), he b, x> x, x € U(n~) extends to an algebra
automorphism v, : U(b) — U (b). Clearly, v,y = 4y for all n,n" € b* and

xy=vyn(y)x, VxeU(g)y, ye€SOH).

Observe also that ) o ¥y =mTy—y, A, € b*.
Given r <s e J and A € h*, set

Hrs:=hr+---+hs+s—reSOH).

We use the convention that H; s =0 if r > s. Note that A(H;s) € Zy for all A € P* and A(H;s) =0,
r <s if and only if r =s and A(hs) = 0. Define
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. - . + .
uk Z fUC k), Xi,j' XIJJ’XIJ Xlll’
oeX(i,j)

where the cE e S(h) are given by the following formulae

J
¢, (k) = 1_[ (= 1)@ 0601 (H | +1 = 85(s).05-1)-1)s J<ke ],
s=i+1
j—1
g =[ [ Fewvet My + 85 ¢s1).0m-1), [<i€].

r=i

+
WeletXH]k_ll ji<e—1, &;

”,(_O,i>j+1.

Lemma. leti<je J,nePandrel Then

er‘pn(XiTj) U (8ri X4, Hig+ & 4, 1177(hr)) +Wﬂ+ar()(z3)er» (4.2a)
erl//n (Xl-’_]) 1/’ ((Sr j I+j 1Hi,j Xlt 1X+1 NE ,n(hr)) + ¢U+ar (&t)e (4‘2b)
In particular,
erX = ar’i;vin’jH,-,j + Y, (ij)er, (4.2¢)
esX =Js ;X ] 1Hij+ Y (X,+]) (4.2d)

Proof. We only establish (4.2a), the proof of (4.2b) being similar. The argument is by induction
on j —i. Note that the induction begins since X= fi and so

eryy (i) = X er + r.ihi = Vo (X7 )er + 8wy (X 4 (Hii + n(ho)).

We claim that the X

qu,p<q<ke] satisfy

Xp fp p+1.q, k(Hp+1 k+ 1) IJ+1 q, kaHp+1 k- (43)
Indeed, since f, commutes with the f;, p+1 <t, t € ], a standard monomial F of weight —a 4

equals either fpfr or fr fp, T € Z(p+1,q). Let 0,0’ € X (p,q) be the elements corresponding, re-
spectively, to fpf; and f; f,. Then

o) = Hprie+De; 0, €500 = —Hpr1cs (K.

Note that f; commutes with X ik P> i+ 1. If r #i, we immediately obtain from (4.3), the
induction hypothesis and the propertles of ¢ that

erw'?( ) 1p’l(f' r+1 j 1+1 r—1 ](H1+1 j +1) - r+1 ]'X;:-l r— 1]f1H'+1 ])n(hr)
+ 5r i+1 \/fn (fz ,+2 JHH-] ](HH-l i+ 1) - ,+2 JH1+1 szHz-H ]) + ¢U+Otr( )er
- w’l( r+1,j 1 r—1 j)n(hr) + 1/f’IJrﬂfr( )er
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Suppose now that r =i. Then we obtain from (4.3) and the induction hypothesis

eivry (X ;) = hivry (X g j(Hivrj + 1) = ¥y (X7 jHiv1) + Vv (X e
=Yy (X j((hi +n(h) + 1) (Higrj + D = (hi + 0(h) i) + ¥ (X )ei
=YXy j(Hij + D)) + ¥ (K)o O
5. Type Ag, £ > 1

51. We have Rt = {ajj: 1<i<j<{}. In particular, 6 = o1 ¢. In terms of fundamental weights,
O j =+ Wj — Wi—1 — Dj1, where we set wy = w41 = 0. Since &(i,j) = Wi—1 + @jy1, we
immediately obtain

Lemma. et j €W, A € Pt.Then A < A + aj j € (Ay)t ifand only if A(hi_1), A(hj41) > 0.

5.2. We now proceed to describe the set of paths of length 2 in Ay. Suppose that o m, aj, € ¥,
i<j. Ifm+1<jwe have ajm + @ = Qi — &my1,j—1 Which is a contradiction by Corollary 1.1,
while j=m+ 1 implies that aj;m +tjr =ik € R™ which is again a contradiction. Thus, we must
have j <m.If j=1i or m =k, there is only one way of writing a; m +aj « as a sum of roots. Otherwise
we may assume without loss of generality that i < j <k <m and so we have

Uim + 0k =0k +0jm-

It is easy to check that the sets

{ai j, cti k), i<j<k,

{ai,l(! Olj,k}v i < j g ka

{im. X, Uik, Ajm}, i<j<k<m
are extremal and so all cases listed above actually occur.

Now we can list all paths of length 2 in Ay. First, let n = o j + o, i < j < k. Suppose that
A+mnePt. Then A(hi_1) > 1 and either A(hj41), Ahgy1) > 0 or A(hg1) >0, j=k+1 and A(hy) =
A(hjt1) =0. Using Lemma 5.1 we see that Ay (A, A+ 1) is non-empty only if A(hj—1) > 1, A(hg41) >0
and we have
A<—Ataij<—r+nr<—r+ajr<—ri+n}, Ahjp) >0,

A <—=A+ajx<—Ar+n}, k=j+1, A(hj+1) =0.
(5.1)

Aw(l,)ﬁ-ﬂ):{

Similarly, if n =« + ok, i < j <k, then Ay (A, A +n) is non-empty only if A(hgq) > 1, A(hji—1) >0

and

A<—=A+ajy<—Ar+nA “—A+ajk <~ A+7n}, )»(hjfl) >0,

(A <= A+ajr < r+n), i=j—1, Ath;)) =0.
(5.2)

Aq,(k,k+n)={

Finally, let n =aim + ojx = jx + Ajm, i < j<k<m If A+n¢ P+, we must have A(hi_1),
A(hmy1) > 0. Using Lemma 5.1 again we see that Ay (A, A + 1), if non-empty, has one of the fol-
lowing forms:
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A=A+ ars < r+n:@,5)e{lm),dk,[Gm,G R}, M), i) >0, (5.3)
Ae=rtdim<—r+nr<—itoai<2r}, i=j—1, A(hj—1) =0, A(hgy1) >0, (5.4)
A —A+dim<—A+nA<ArA+djm<Ar}, k=m—1, A(hj_1) >0, A(hgy1) =0, (5.5)
A —Ar+taim<—Ar+n}, i=j—1,k=m—1, A(hj_1) = A(hg1) =0. (5.6)

In particular, we have the following

Lemma. An extremal set & C R is regular if and only if at; j, oti € ¥, j <k, (respectively, otj i, jx € ¥,
i < j), implies that k > j+ 1 (respectively, j > i+ 1).

53. Fixr,s>0.Given m= (my,...,my) € (Z U{+oo})", n=(n,...,n5) € (ZLU{+o0})* and a e Z,
—|n| <a < |m|, we define a quiver I';(m,n) as follows. We set

Fam,mo={@® y) = (%1, ... X), V1,..., ¥9) € Z x Z5: x <y, 1< <,
yi<nj, 1<j<s, x| =1yl +a}.

In other words, I"(m, n) is just the set of lattice points in the (r + s)-dimensional rectangular par-
allelepiped [0, m1] X --- x [0, m;] x [0,n1] X --- x [0, ng] which lie on the hyperplane z; +--- + z; —
Zr41 — - -+ — Zr4+s = a. The arrows are

Q)

i

®y) < (x+e. y+e).  xi<myj<m; 1<i<r, 1<j<s.
Note that the map (x,y) — (m — x,n — y) yields an isomorphism of quivers Ig(m,n) =
Im)—n)—a(m, n).

For example, I'p((n,n), (n)) = I,,((n,n), (n))° is isomorphic to the following quiver

(n,0) (n-1,1) -~ (1,n=1) (0,n)
N 27 N (5.7)
(1,0) (0,1)
N

0,0

This is a translation quiver, with t((x,y))=(x+1,y+ 1), 0<x+ y <n— 2. It is easy to see that
there is a full embedding of translation quivers of the above quiver into ZI5;41 where ;41 is any
quiver of type Ajp+1. On the vertices, that embedding is given by (x, y) — (—y,n+y — x), where we
assume that the vertices of Ip41 are numbered from O to 2n. There is also a full embedding of the
above quiver into the Auslander-Reiten quiver of the hereditary algebra of type Aj,4+1 where the nth
node is the unique source.

Clearly I;((13), (1)) is the quiver of type D4 in which the triple node is the unique source. Two
more small examples (respectively, I3((1%), (1%)) and I3((1%), (1%))) are shown below

(0111)(0%) (1011)(0%)
(0111)(03) =— (1%)(100) = (1011)(0%)
(1%)(10)
(14)(010)
(%o
(1101)(0%) <— (1%)(001) = (1110)(03)
(1101)(0%) (1110)(0%)

Lemma. The quiver I';(m, n) is connected.
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Proof. Clearly, every vertex in I;(m, n) is connected to a sink and a vertex (x, y) € I,(m, n) is a sink
if and only if either x=0¢€Z! or y =0 € Z’. In particular, if a =0 then Ip(m,n) has a unique
sink and hence is connected. If a > 0 (respectively, a < 0) the sinks in I';(m, n) are the vertices (x, 0)
(respectively, (0, y)) with |x| = a (respectively, |y| = —a). Suppose that a > 0, the other case being
similar. If a = |m| then we have a unique sink which is also a source. Otherwise, let S = {x € Z',:
Xi <mj, |X| =a} and let < be the lexicographic order on S. Let (x,0), x € S be a sink and suppose that
X is not the minimal element of S. Let 1 < j <r be maximal such that xj; < m;. If there is 1 <i < j
minimal such that x; > 0, we have (x,0) < (x + eﬁr), egs)) - (x— elfr) + e?r), 0) and x — el@ + ey) <X.
Suppose that x; =0 for all i < j. Since x is not minimal, there exists ¥ € S such that ¥’ < «, that is
x;=0,1<i<j and x} < Xj. Since |¥'| =a = |x|, we must have x; > x; for some j <k <r, which
is a contradiction by the choice of j. Thus, the connected component of (x,0) contains a sink (x’, 0)
with & < x. The assertion is now immediate. O

54. Fix1<ij<---<ir<ji<---<js<£el and consider lI/:{ozip,jq: 1<p<r, 1<qg<s)h It
is easy to see that ¥ is extremal. Assume further that iy #ip +1, jgr1 #jg+1forall 1<p<r,
1<q<s, and so by Lemma 5.2, ¥ is regular.

Proposition. Let A € P*. Then the quiver Ag[)] is isomorphic to I'y(m,n) where m = (A (hi,—1) +
Mhip))<p<r, m=((hj) + rhj 1)) <ggs and a =Yy Ahi,) — D g_q A(hj,).

Proof. Let | = {ip,ip —1: 1< p <r}U{jg jqg+1: 1<q<s}. Suppose that u € Ag[A]g. Since
Ag[Alo C (A +Z¥) NPT, we have p(hj) =A(hj), j ¢ J, and

N
=
I\
=

N S
whiy) =rthi) + Y xpq, i, 1) =A(hi, 1) =Y Xpg, 1
q=1 q=1

N
K
N
»

r r
i) =rhi)+ Y xpgo phjgp) =Ahj ) — > Xpgo 1
p=1 p=1

where X, €Z, 1<p<r, 1<q<s. It follows that Ay[A]o is contained in the set S(A) of u € pt
satisfying the following conditions

phi,—1) + p(hiy) = Ahi,—1) + Ahiy),  phj) + phj1) = Ahj) + Ahj41),
Do nlhi) =Y pthi) = rhi) =D achyp).
p=1 p=1 p=1 p=1

Clearly, if u € S(&) then = C S(&) and so S(1) defines a convex subquiver of Ay containing Ay [A]
as a full connected subquiver. Define a map S(A) — Iy(m,n)q by

e ((hiy), .. pwhi)), (mhj), ... whj))).

This map is clearly a bijection and it is easy to see that it induces an isomorphism of quivers. Since
by Lemma 5.3 the quiver I;(m, n) is connected, the assertion follows. O

5.5. For 1<i< j< ¢, we fix root vectors e; j € [P such that

ler,ep.ql = 8rp—1€r.q — Srg+1€p.1> [fr.ep.q]l =0r peri1,qg — Orqlp.r-1- (5.8)

For example, the standard basis of the matrix realisation of sly;; has these properties.
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Fix oj jeWw. Clearly {y e R*: o j <y}l={opq 1<p<i,j<qg< L f A, A+« jePT, we have
A(hi—1),A(hj41) > 0 and so

AHei—1) 2 Ahi—1) >0,  A(Hjy1,0) 2 A(hj1) >0, 1<t<i—1, j+1<e<L.

Therefore

Hr,i—lij+1,S€Fa,'yj(h)Xv ]<r<1_171+1<5<z

Forall 1< p <i, j<q<¢, define Uy, o, , € U(b)g; j—arp o Bs(h) Foy ;(H) by

q
i— — -1 -1
Uy 0, = (=1) poll j+1.q H ti—1 1_[ Hifqe (5.9)
t=j+1

Lemma. et j € ¥, 1 <i < j <L Then (ugy, ;. 1< p<i, j<q <) isan adapted family for o ;.

dpg-

Proof. We have ;, i j (o oy o) = l()L) i, q(k)Bp,q(i, j, A), where
) i—1 . q
Bpg(i.j. 1) = (=D"P[(AHein) ™ [] *Hjno ™" (5.10)
t=p t=j+1

Wirite By g = Bp ¢(i, j, A) to shorten the notation. It is immediate that the B 4 satisfy

Bp-H.,q = _)\(Hp,ifl)Bp,q, Bp,q—l = )\(Hj+1,q)Bp,q~ (5.11)

Let

V= Z ey ® Tha; (U j.y) V-

Qi j<Y

Since v € (g ® V(X)) and Ug; o =1, it remains to prove that e,v =0 for all 1 <r <. It follows
immediately from Lemma 4.3 and (5.8) that e,v =0, i <r < j. Note that Xp_li (A) and X J+1 q(A)
commute forall 1<p<i, j+1<qg<l et 1<r<i—1. By Lemma 4.3,

p i— 1()‘) j+1, q()\)vk —81’ p)V(Hrl DA, r+] i— ]()\) j+1, q()t)v)u
hence, using (5.8) and (5.11), we obtain
e
erv = Z (Br+1 g+ Brgr(Hri- 1))er g ® & +1 i 1()L)X i1 q()»)Vx =0.

q=j+1

Finally, suppose that j+ 1 <r < ¢. By Lemma 4.3,

p i— 1()\) j+1, q()‘)v)» = Sr,q)\(Hj+1,r) pi— 1()‘-) jH1,r— 1()‘)VA
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and so by (5.8) and (5.11)

i
erv=" (=Bpr1+Bpra(Hjp10))epr ® X, (X, ;)vi=0. O
p=1

5.6. To describe the relations without ambiguity, we need to fix an isomorphism TS, — CAy which
amounts to fixing an element z € (C*)(4¥)1. Given o j € ¥, let

Zoyo= ] M JT Hipme (5.12)
1<t<izoy jeW J<t<L: aje¥

Since A + o j € Pt implies that A(hi—1),A(hjt1) > 0, Zy; ;@ € Fo; ;(h). Let z be the image of
(Zﬂ_jl,)ﬂeq/ € ]_[ﬁeg, Fg(h)* in Gy. In other words, we fix the isomorphism @ by requiring

@~ M Zo;0) A=At aij), A AtajePT.

Now we are ready to compute all relations in the algebra Sg,. For readers convenience, we describe
different cases in separate propositions.

Proposition. Let ¥ be an extremal set, |¥| > 1.

(i) Letaj j, i €W, 1 <i< j<k< L Thenforall A e P such that ty, o jtai g, =2, Re (A, A+ o j+ i k)
is spanned by the commutathty relation. If t o 4oy, = 1, diMRy (A, A + i j + i) = 1.

(ii) Letajg, ajr e W, 1<i<j<k< L Thenforall i e P+ such thatt;, wigtaj =2 Re (A, A+ +ajk)
is spanned by the commutativity relation. If t; e =1, dimRy A, A +ajp+aj)=1.

In particular, if n € ¥ + W satisfies m;) = 2, then ;) = .

Proof. We present a detailed argument here since the computations of this kind will be used repeat-
edly in the rest of this paper and in the future we will omit most of the details.

Retain the notations of the proof of Lemma 5.5. To prove (i), note that a; ; < oj. It follows
from Proposition 2.7 and Lemma 5.5 that

I (aj,j, i k) = €k Q€ j,
I (i, @i j)=¢€jjQejr+er® Wy ik (e ks M=+,

and

uot,;j,oti,k(,u) T, ](ua” Dtlk) =B (i, j, W& J+1 k(ﬂ)-

Note that p(hy) = A(hy) +1> 0. Let 0 € ¥(j + 1,k) and suppose that f; ¢ Annyqy e; ;. Then (5.8)
we must have o (k) =k — j and so fye;x = —f,re; x—1, where 0’ € X(j+ 1,k — 1) is the restric-
tion of o. Following this way we conclude that o (r) =r—j, j+1<r <k, that is fy = fj 1+ fi.
Since w(hy) > 0, using Proposition 4.1 and Lemma 4.3 we conclude that

k—1

1+l () = (= k=it l_[ W(Hjy1,e) fj+1 -+ fie + Anny gy v, N ANy g) €; k (5.13)
t=j+1
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and fjy1--- fk ¢ Anng -y v, Therefore,
-1
uOliyj,Oli_k (I’L)ei,k = _(/’L(Hj-'r'l,k)) ei,j
hence
-1
(i o) =ejj®eix— (A Hjze) +1) eix®ei. (5.14)
It is easy to see that the intersection of CIT; (o, j, & ) + CITy (¢t k, @i j) With /\2 nj, is spanned by
A(H 1,00 T (e j, @i k) — (M(Hjg1 1) + 1) M@ g, o).
Thus, Ry (A, L + 1), n =0 j + & is spanned by
-1
)»(Hj+1,k)(k(3a,~.,»,w)()» +0i ) (Za; ) (A< A+aij<—r+1n)

— (AHjz10) + 1) (M2 w) A+ Oli,k)(Zoz,-,j,r,lf))_1 A <—2rtadixg<r+0n).

Since o j + ok =k + @ j, 1 <t <1, Corollary 1.1 implies that for all 1 <t <1, oy j € ¥ if and only
if o € . Then

M(Zar 2 0) O 000 (B ) O 1 ) (23] )
A Hjra) + DI licoai g pew MHei-D) Ticecis o jew A(Heiz) = 1)

AH 1100 [hiceai o jew MHei-D Ticeciiog oew M(Hei1) = 1)

_ AMHjp1) +1
A(H 1.0

and so Ry (A, A + n) is spanned by the commutativity relation. If t; ;, =1, by (5.1) we have

MHjy16) = A(hjy1) =0 and it follows from (5.14) that ITy (o, o)) € /\2 nj,. Thus, the unique
path (A <~ A+« j41 < A+n) in Ay (X, A+ n) is a relation.
To prove (ii), note that & < ;) and so

I (o g, k) =e€jk Q €k,
Ih(cik ajk) =ejr®eik+eik®Uy; o, (Veik, V=A+0ig,

where

o ook )= Ty, aj (uozjyk.ot,;k) =B r(Jj.k, V)XL_]',1 v).
An argument similar to the above shows that
j-1

X5 )= T vHe o0 fioa -+ fi+ Annygy vy NANNg g ek, (5.15)
t=i+1
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hence

-1
(g o) =ejr®eix— (A Hij—1)+1) eix®ejk (5.16)

To finish the computation, we observe that o;; + & = & + @i, k <t < £, hence by Corollary 1.1
ajr eV if and only if aj, € ¥ for all k <t < £. This implies that

k(Za,;k,wZ;;k,g,)(k + 0 k) (2o, 0) (A + Olj,k)(ZD;Llp) = (M(Hij—1) + 1)(?»(71{,;'—1))_1-

Finally, if tai+aj, = 1, (5.2) implies that A(H; j—1) =0 hence ITy(cjk, o) € /\2 n}; and so the
corresponding path is a relation. O

Example. Fix i < j <k el with k#i+1 and either i # 1 or k# £. Let A = m(@i_1 + @jt1 + Dit1)-
Then by Proposition 5.3 and by the above, S?I, (A <y) has global dimension 2 and is isomorphic to the
path algebra of the translation quiver (5.7) with the mesh relations. In particular, it is isomorphic to a
subalgebra of the Auslander algebra of the path algebra of the quiver of type A1, where the node
preserved by the diagram automorphism is the unique sink.

5.7. The following proposition completes the proof of Theorem 2 for g of type A.

Proposition. Let ¥ C R, |¥| > 4 be extremal. Suppose that

(i, otj.Qim, xjm} C¥, i<j<k<m
and let 1) = @i g + otj,m = Qi,m + &j - Let X = A(Hi, j1), Yo = A(Hit1,m)-
(i) Suppose that t; , =4, x) # yi. Then Ry (A, A + 1) is spanned by
CGr+ DI+ 2tk <2+ - +2)Ya+ DR <2 +ajm<—2r+n)
- = YA <—A+aim<—L+1n)
and
X+ DA <—Atadik <A+ — @ +DYA < A+ajm<Ar+n)
- —y)A—Artoajp <A+

(ii) Suppose thatt; , =4 and x) = y,. Then Ry (A, A 4 1) is spanned by

A<—A+dig <A+ —QA<A+djm<Ar+n)

and

2()»(—)»-{-051"]( —A+N) =X A <—A+dipm<—A+n) — X +2)A <_)‘+aj,k <~ A+n).
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(iii) Suppose that t; , = 2. Then x, # y; and either i = j — 1, x, = 0 and the relation is

Vi <= A+im <A+ +Yr+2)A <A+ < 2+n),

orm=k+1, y, =0 and the relation is

A <—=A+dim<—A+n)+ X +2)A<—A+ajm<—r+0n).
(iv) Suppose thatty y=1.Theni=j—1,m=k+1,x =y, =0and Ry (A, A +n) =0.

Thus, N, is contained in the set PT N {& € b*: &(H; j—1 — His1,m) = 0} and coincides with this set if ¥ is
regular.

Proof. We have o < ok, &jm < & m While oy, ojm are not comparable in the standard partial
order.
To prove (i) we compute using Lemma 5.5, Proposition 2.7 and (5.13), (5.15)

I (ajk, 0tim) =e€im @ ejks (5.17a)
I (tim, djk) =€k Qeim— (X + D leir ® ejm— (Yr+ 1)_]ej,m ®eik

+ 0+ D@+ D Teim®ejk (5.17b)
I (m, i) =€k ®ejm— (Vi + 1) leim ®ejik, (5.17¢)
(@i Ajm)=ejm®eix— . +1) Teim®ejy. (5.17d)

In particular, we see that none of the paths in Ay (A, A + 1) is a relation. Furthermore, we have

ogre¥ < apme¥, 1<t<j,

aire¥ <= ajeV¥ k<t<L

Indeed this follows from Corollary 1.1 by observing that o m + 0tk = Qe.m + Xk, Qip + O =ik +
aj¢. Then if we set z= A(Za“(,w)()\ + 1) (2o w0 )s

M Zay ) A+ Uim) (B w) = (o + D+ D 1y) 'z,

M Zaj ) O+ Q) Zaow) = (13 + D5 'z,

M Zay ) O+ i) (2o w) = (6 + 1x; 2.

The relations in (i) and in (ii) are now straightforward.
To prove (iii) observe that in these cases we have, respectively,

M(Zaimt Zgty ) O+ i) B 0) O+ @it m) (2, o) = 0+ Dy;
MZater 0 2y ) O i) By ) O 0 1) (2, o) = (+ DG

The relations now follow easily from the above and (5.17b), (5.17d) with x; = 0 (respectively, (5.17b)
and (5.17c) with y, = 0). Finally, in the last case IT) (¢ k+1, Qit1k) & /\2 n;,t, hence the unique path
A < A+0jks1 < A+ n is not a relation. O
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5.8. Retain the notations and the assumptions of 5.4. Then by Proposition 5.4, a connected sub-
algebra of Tg is isomorphic to the path algebra of the quiver I';(m,n) for some m € (Z U {+oo})T,
ne (Z, U{+o00})® and —|n| < a < |m|. However, this isomorphism looses some information which
is necessary for describing relations in SJ, since the latter depend on /L(H,-p,,'p,q). /L(quﬂ,jq,).
Given A € P, set

zZW)y =r(Hipr1ip-2) +2, 25 ) = A(Hjgr2.jea-1) + 2.

These parameters are obviously constant on connected components of Ay and can take arbitrary
integer values > 2. Let (x,¥) = ((X1,...,Xr), (¥1,-..,Ys)) be the image of u € Ay[A]p under the
isomorphism of quivers constructed in Proposition 5.4. Then we have

U(Hipiy—1) =Xp +Mpi1 —Xpi1 +2N), . W(Hjgr1.jr) =g — Yq + Yar1 + 207
and

p'-1

Mp p®) = (Hip i, 1) =Xp =Xy + ) (My1 +20; ) +p' —p—1, 1<p<p'<r,
k=p
q-1

Nog(¥) = (Hj11,) =Yg — Vg + ) (+2z00f) +d —g—1, 1<q<q <s.
k=q

Thus, the isomorphism of the connected subalgebra of Tg corresponding to Ag[A], A € PT onto

Cly(m,n) provided by Proposition 5.4 induces the following relations on I;(m, n). First, for all 1 <
p<r,1<q<gq <s and for all (x,y) such that (x + Zeg), y+ eff) + e;f)) € I'y(m, n)o, we have a

commutativity relation

() (s)

((xvy)&(x—‘f_ep 7y+eq )

) < (x+2e)) y+ef” +e))

— (@)« (x+ep). y+el)) < (x+2e), y+ef +el))).

Similarly, for all 1 < p < p’ <r and for all 1< q <s such that (x+ eg) + e(pr,), y+ ZeEf)) € I';(m,n),
we have the commutativity relation

(.y) < (x+e). y+ef)) < (x+ey +el) y+2e))

Q) (s)

— (@ y) < (x+e) . y+eg )<—(X+e§,r)+e;r,),y+2eff))).

Finally, for all 1< p<p ' <r, 1<qg<q <s, let ¥ =x+ eg) + e;r/),

that (x', y') € I'y(m, n)o. If My, pr(x) # Ng ¢ (¥), we have

y=y+ eff) + eés,). Assume

(Mpp @ +1)(Ng.g () +2) (%, 3) < (x+ ey, y+e) < ¥, ¥))
— (Mp,p®) +2)(Ng.g ) + 1) (%, 3) < (x+ e y+ed) — &, y))
p q
— (Mpp @ = Nog ) ((x.3) < (x+ef, y +e)) < *.y))

and
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My @) (Ngg ) +1)(%,3) < (x+e), y+e’) < . y))
— (Mppy @) + )Ny () ((x.3) < (x+e)). y+el) « &, y))
— (Mp.p® = Nog 1) (. ) < (x+e€) y+e) < &, y)).
Finally, if M, (%) = Ng.q (¥), we have

(.3 < (x+ey) . y+ef) « ®.¥)) = (xy) < (x+e) y+e)) < *.y))

and

2(x, y) < (x+ eg), y+ eff)) <~ &, ¥)—Mppy®(xy) < (x+ ef,r), y+ eés,)) <~ &.y))

+(Mppy @) +2)((x.3) < (x+el) y+ef’) < &.y)).

Note that the coefficients in these relations, and in particular their genericity, depend on a family of
(r+s) positive integer parameters z, (), z,‘{()u), 1< p<r, 1<q<s which are independent of m,
n. The resulting algebra is Koszul and has global dimension at most rs. It is finite dimensional if and
only if i1 > 1 and js < €.

6. Type C¢, £ > 2

6.1 Let Bij=Bji=0—1+aje—1+0ay 1<i<j<tand B¢ =ay. In particular, 811 =#6. The
roots ; j and f; j, i < j are short while the roots g;;, i € I are long and

R+:{Ol,',j2 1§l‘<j<€}U{,3i,j:i§j€1}.

In terms of fundamental weights, g; j = @; + @ — wi_1 — @;j—1, where we set as before @y = 0.
Let ¥ be an extremal set of positive roots. Our first observation is that a; j ¢ ¥ forall 1<i<j < ¢
since 2« j = Bi,i — Bj+1,j+1 and hence if o; j € ¥ we get a contradiction by Corollary 1.1. Furthermore,
since 2B; j = Bi.i+ Bj,j we conclude by Corollary 1.1 that g; j € ¥ if and only if 8; ;, Bj j € ¥. From this
observation, it is immediate that all extremal sets in R™ are of the form ¥ (i1, ..., i) :={Bii,: 1<
r<s<k}, 1<ij<---<ip <L 1<k<L (see also [7]).
Since &(B; j) = wi—1 + wj—1, we immediately obtain the following

Lemma.let B j€ ¥,i < je L Thenforallx € Pt, 1 < L+ B j € (Aw)1 ifand only if A (hj—1), A(hj_1) > 0.
Furthermore, > <= A + Bi i € (Ag)1 ifand only if A(hi—1) > 1.

6.2. We now proceed to describe all paths of length 2 in Ay. Let n € ¥ + W. It follows from 6.1
that apart from the trivial case n =2p;;, Bi; € ¥, we have four cases to consider.

(C1) Assume that i < jel. Let n =B ; + B j. Then Ay (A, A +n) =0 unless A(h;_1) > 2 and

{A<=A+Bii<—r+n), A<=r+8ij<—ri+n} Arthj—1)>0,

“”’“’“”):{{(MHﬂi,ieHn)}, i=j—1, A(hj_1) =O0.

Similarly, if n = B j + Bj.j, Aw (A, A +n) =9 unless A(hj_1) > 1 and A(h;_1) > 0. Then

{A<=r+Bij<r+n,A<—r+Bjj<—r+n}, Ar(hj—q)>2,

Aq/()\’)\—i_n):{{(l <—k+ﬂiyj<—k+7])}, i=j—1, )\(hj_1):2.
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(C2) Let n=pBii+Bj,j=2pPij.icjel.Then Ay (A, A+n) =0 unless A(hj_1) > 1.If A(hj_1) > 1 then
Ay (M, L+ n) contains all three possible paths. Otherwise, Ay (A, A+ n) is empty unless i = j—1.
Ifi=j—1 we have

{(A<=A+Bii<r+m),A<—r+pij<r+n)}, Ahj_1)=1,

Aw ()= ( At Bii—ht+m) Alhj_1) =0,

(C3) Assume that i < j < k. First, let n = B;; + Bjx = Bi,j + Bik Then Ay (A, A + 1) =@ unless
A(hi—1) > 1 and A(hj_1) + A(hg—1) > 0. If A(hj_1), A(hg—1) > O then we have all four possible
paths. Otherwise,

{A<=2+B8ii<2+n), A <2+Bix<2r+m}
Ag(A+1) = i=j—1, Athj_1)=0,
{A<=A+Bij«<r+n}, j=k—1,A(h_1)=0.
Next, let n = B j + Bix = Bi,j + Bjk- Then Ay (A, A+ 1) =9 unless A(hj_1) >0 and A(hj_q) +
A(hg—1) > 1. If A(hj_1) > 1 and A(hg_q) > O then we have all possible paths. Otherwise,
{A<=A+Bix<—Ar+n)}, i=j—1xrhj_1)=1,
AgQ, A+ =3 {A<=2+Bjj<r+n), A<—r+bij<r+n),
j=k—1,x(hx_1)=0.

Finally, if 7 = Bk + Bi,j = Bik + Bj.k, then Ay (A, A +n) =¥ unless A(thj—1) >0 and A(hj_1) +
A(hg—1) > 1. If A(hg—1) > 1 and A(hj_q) > 0 then we have all possible paths. Otherwise,

{A<=A+Bix<—Ar+n)}, i=j—1,xrthj_1)=0,
Ay, a4+ =3 {A <A+ Bij<A+n), A <A+ Bjr<r+n0)},
j=k—1,A(he_) =1.

(C4) Finally, leti < j <k <lel, n=Bij+ Bri=Bik+ Bji1=Bi1+ Bjk Then Ay (A, L +n) =9 unless

Ahi—1), A(hj—1) + A(hg—1), A(hg—1) + A(h—1) > 0.

If A(hr—1) >0, r e{i, j, k I} we have all possible paths. Furthermore, if A(hy_1) =0 we must
have j=k—1 and

Ap (o h+m) ={ <2+ Bij<m, A< i+ <1+
Finally, if A(hx_1) > 0 we have
{A<=A+Bix<r+n), A<=r+Bi <1+l
i=j—1, A(hj_1) =0, A(h_1) >0,
Ag A+ =3 {A <A+ Bik < A+n), A< A+ Bjk<r+n},
k=1—1,x(hj_1) >0, A(hj_1) =0,
{A<=A+Bix<2r+m}, k=1-1,i=j—1, Athj_1)=2r(h_1) =0.

The cases (C1)-(C2) (respectively, (C3), (C4)) occur if ¥ D ¥ (i, j) (respectively, ¥ D ¥ (i, j, k), ¥ D
¥ (i, j, k,1)). In particular, we obtain the following

Lemma. The set ¥ (i1, ..., i) is regular if and only if i, 11 # i, + 1 forall 1 <r <k.



J. Greenstein / Journal of Algebra 322 (2009) 4430-4478 4461

6.3. Retain the notations of 1.8. A straightforward induction on r shows that

1 1
#EO(m)O=’7§(m1+1)"‘(mr+1)—‘, #51(m)o=Li(m1+1)--~(mr+1)J. (6.1)

It is immediate that E,(m) = Z;(m’) if m’ is a permutation of m or is obtained from m by adding or
removing zeroes. Clearly, Z4((m)) = E4((m’)), a,a’ € {0, 1} if and only if |[(m —a)/2] = |(m' —ad’)/2].
Note also that Z¢((1,1)) = E0((2)) = Z9((3)) = £1((3)) = &Z1((4)).

Proposition. Let m = (mq,...,m;) €Z,, my > --- > m; > 0, 1 > 1. The quivers Eo(m) and E1(m), m #
(1, 1) are connected and pairwise non-isomorphic. Furthermore, Zo(m) = £ (m)°? if and only if |m| is odd.

Proof. Observe that every vertex in Z;(m) is connected to a sink. Clearly, 0 = (0, ..., 0) is the unique
sink in Zo(m), hence Zo(m) is connected. On the other hand, the e; := eﬁ.r) are the only sinks

in Z1(m). If r=2 and m # (1, 1), then m; > 1 and so we have e; < 2e; + e, — e,. If r > 2 then for
all 1 <i<j<k<r, we have

e <— ejt+ejte, — €j

l

€y

Thus, all sinks in &7 (m), m # (1, 1) lie in the same connected component hence & (m) is connected

and Ey(m) % Eo(m’) forallm' =(m},....,m), my>--->m >0,k>1.
Given m= (mq,...,my), my > --- 2 my, let ny(m) =#{j: mj=p}, p>0 and £(m) = Zp>0np(m).
Suppose that Zo(m) is isomorphic to Zo(m'), m’ = (m),...,m}), mj > --- > m,. Suppose first that k =

L(m’) > £(m) =r. Then #0~ =r(r+1)/2 —ny (m). Since 0 (respectively, 0') is the unique sink in Zq(m)
(respectively, in Zo(m’)), we must have ny(m’) =k(k +1)/2 —r(r + 1)/2 + n1(m). Since n;(m’) <k,
this implies that ny(m) <r(r+1)/2 —k(k — 1) < 0 with the equality if and only if k =r 4+ 1 which in
turn implies that ny(m’) = k. Then (6.1) implies that #& (m)g > 3"/2, while #Z(m’)o = 2'. Since r > 1,
it follows that #5 (m)g > #& (m’)o which is a contradiction. Thus, k =r and ny(m) =n(m’).

Furthermore, note that x € Z'(m)g is a source if and only if |x| > |m|— 1. It follows that if |m| € 2Z
then m is the unique source in Zg(m). Otherwise, the m —e;, 1< j <r are al the sources. Therefore,
|m| = |m’| (mod 2). Since the length of any path in Zy(m) from a source to the unique sink is
[Im|/2], it follows that |m| = |m’'|. Clearly, if ny(m) >r —1 or m; <2 for all 1< j <r, this implies
that m =m’, so we may assume that ni(m) <r —1 and m; > 2 for some 1< j<r.

Note that if x € & (m)o satisfies #x™ =1 then either x = 2xe; for some 1< j<r, 0<x<m;/2, or
x=ej+e, 1< j<k<r Given 1< j<r with m; > 2 consider a path

0 < 2ej < --- < 2ke;, k=|m;j/2]
in Eg(m). Then its image in Z¢(m’) under our isomorphism of quivers must be

0 <—2€j/ <. <—2kej/,

5/

for some 1< j’ <r with |my /2| = |m;/2]. Furthermore, it is easy to check that

X € Eg(m)g, #xt<3 = «x=xe +xje;, 1<i<j<r. (6.2)

Suppose first that r =2 and nq(m) = 0. Since my +my = m/l +m/2, we may assume, without loss of
generality, that m; > m{. By the above, we must have |m/2] = |m}/2| hence m; =2a+ 1, m| = 2a,
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a>1 and so my =2b, m), =2b+1, b > 1. Since #Zo((m1,my))o = #Zo((m}, m}))o, we conclude
that a =b, which is a contradiction since m) >mj.

Suppose now that r > 2. For 1 <i < j <s fixed let ._,Oj(m) be the full subquiver of Z¢(m) de-
fined by {x;e; +xje;: x; <m;, x; <mj, xj+x;j €2Z,}. Clearly for all xe & '](m)o the set of direct
successors of ¥ in Ey(m) is contained in ._,Oj(m)o, hence uoj(m) is a convex connected subquiver
of Zo(m). It is clearly isomorphic to Zo((m;, m;)). It follows from (6.2) that the isomorphism of quiv-
ers Eg(m) — Eo(m’) induces an 1somorphlsm of qu1vers uoj(m) — E ’ 7 (m/) for some 1 <i’' < j <r
which by the r =2 case implies that m; =m},, m; = m . Therefore, m m.

Suppose that &1(m) = Z1(m’). Since Z1(m) contains £(m) sinks, it follows that ¢(m) = ¢(m’) =r.
Furthermore, we have

(;) - nl(m)s m; = 17
le;|=1 () +r—1-nim), m=2,
(5) +r—ni(m), m; > 2.

It follows that n,(m) =n,(m’), p =1,2. Since Z1(m) contains a unique source if |m| is odd and r
sources otherwise, it follows that |m| = |m’| (mod 2). Since the length of a path from a source to a
sink is (jm| — 1)/2 if |m| is odd and |m|/2 — 1 1f |m| is even, it follows that |m| = |m’|. Furthermore,
note that x € =1 (m), #x* <3 implies that x € oh j(m) forsome 1<i<j<rorx=e;+ej+e, 1<
i < j <k<r.On the other hand, a vertex of the second type is connected to three sinks in Z7(m) by
arrows, while a vertex of the first type can be connected to at most two sinks. Thus, we conclude as
before that the image of E{’](m) under the isomorphism &;(m) — Z¢(m’) is contained in E;/”/ (m)
for some 1 <i’ < j/ <r. The rest of the argument is similar to that in the “even” case and is omitted.

To prove the last assertion, note that if |m| is odd, then at least one of the m, is odd, hence
#Eo(m)g = #Z1(m)y and the map &y(m)g — E1(m)g, ¥+~ m — &, is a bijection. This map induces
the desired isomorphism of quivers. Conversely, if |m| is even, then £1(m) contains £(m) > 1 sources.
Since Zp(m) has a unique sink, E¢(m) and =7(m)°? cannot be isomorphic. O

6.4. We can now describe all connected components of Ay for ¥ regular.
Proposition. Let ¥ = W (iq, ..., i), 1 <ij < - < i, < £ and suppose that ¥ is regular. Let » € P™ and
assume that |\ U A~| > 0. Then Agl[)] is lsomorphic to the quiver E,(m) where m = (mq,...,my) €

(Z+U{+oo})k, my = A(hj,—1) + A(h;), 1 <r<kanda=Ai(h;) +---+ A(h;,) (mod 2).

Proof. Let | ={i;: 1 <r<n}U{iy —1: 1 <r < n}. Suppose that u € Ay[r]p. Since Ay[r]p C
(A+Z¥)N PT, we have

r—1 k
M(hir) = )L(hir) + sz,r + 2xr r + Z Xr,s,
s=1 s=r+1
r—1 k
M(hir—l) = )L(hir—l) - sz,r — 2Xpy — Z Xrs,
s=1 s=r+1

where xp g €Z, 1 < p <q<k. It follows that
whi 1) + p(hy) =ahi,—) +Athy), 1<r<k, ) =ithj, jé¢], (6.3a)

k k
> uthi) =Y x(hi) (mod 2). (6.3b)

r=1 r=1
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Let S(1) be the set of u € P satisfying these conditions. Then Ay [A]g C S(A) and for all i € S(A),
MU~ C S(A). Thus, S(1) defines a convex subquiver I' of Ay with I'p = S(A) and Ay[A] is a full
connected subquiver of I".

Let my = A(hj,_1) + A(h;,), a=A(h;;) +--- + A(h;,) (mod 2). Then we have a bijective map

Iy — Eq(m)o,

p> (phiy), oo a(hyy).
It is easy to see that this induces an isomorphism of quivers I" — Z;(m). To complete the argument,
observe that the assumption that [A™ UA~| > 0 implies that we cannot have a =1 and m; = §; p + 8¢
for some 1 < p <q <k. Then Z;(m) is connected by Proposition 6.4. Therefore, I" is connected hence
Ag[Al=T. O

6.5. Fix root vectors e €9 ; \ {0}, 1 <i<j<¥so that
lei, ep; ] =6ij—1€p, + dik—1(1+3dijep; ;. J<Kk,
lei.ep; ;1= 3dij-1€p (6.4)
and
[fi.ep;, ]=38ij(1 +8j1100€p; 1, +0ikepipsrs J <k
[fi.ep; ;1= 3ijep; - (6.5)
For example, we can use the standard presentation of g as the matrix Lie algebra sp,,. The subalge-
bra g; of g with J =1\ {¢} is of course a simple Lie algebra of type A;—1. Note that [e,,ep ;]=0=
[fe.ep ;1. 1 <i< j< L Due to this observation, we can perform our computations in U(gj).

6.6. Retain the notations of 4.3. Fix 1 < i< j < £. Given any pair 1 <r < s such that r <i+1,
s<j+1 set

Ursij=6s—1"" 'eTXrTin,_j'
In particular, Uy ;i j = Xr_in_j e U(b). Clearly, Uy s j € U(9)-a,—a, ;- We set Ur s j=0 ifr>i+1.

Lemma. The elements U; s ; j satisfy

eslr si.j =Ur s11.i, (6.6a)
erlrsi,j = (1 + 8r41,9)Urs1,s5,i,j(Hri — 8, j)Hr, j + U(Q)n+v r<s, (6.6b)
exlhrsij€U(@nt, k#r,s. (6.6¢)

Proof. The first identity is obvious. To prove (6.6b) and (6.6¢c), we need to show first that

exlrrijeU(gley, k#r, (6.7a)
e2Ur v i, j = 2Uri1 41,1, j(Hri — 8i, ) Hr j + U(@er, (6.7b)
er—1elUrrij € U(g)n+- (6.7¢c)
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Using Lemma 4.3 we immediately deduce (6.7a) and the following identity

Urrit,ij =elrrij= Xr?—],inTj(HT,i —1=36ij) + Yo, (X,:i)Xr:_]’jHr,j + U(ger. (6.8)

Then (6.7b) and (6.7c) are easy to obtain using (4.2a). To prove (6.6b) for s > r, note that the case s =
r+ 1 is immediate from (6.7b). Assume that s > r + 1. Clearly e, commutes with the e;, r+1 <t <
s — 1. Since (adeg)?e, =0 for all 1 <a#b < £ with |a—b| =1, we have in U(g),

eze, — 2eq.e e, +epel =0. (6.9)

Therefore,

erlhrsij=€s—1" " ery2ereri1€lrrij=es_1- - eryilri1ri1,ij(Hri— 8 )Hrj+ Ugn™,
where we used (6.7a) and (6.7b). To prove (6.6¢) for s > r, note that for k <r — 1 or k > s this is

an immediate consequence of (6.7a). Thus, if s =r + 1 there is nothing to do. Assume that s >r+ 1.
If k=r—1, the assertion follows from (6.7c). If k =s — 1, it follows from (6.9) that

2 2
es—1Urs,ij =€5_1€s—2 - elrrij=—€s_2---eres_(Urrij+2€s_1---eres_1Urrij
which is contained in U(g)n™ by (6.7a). If r <k < s — 1 we can write, using (6.9)

exlrs,ij=€s—1" " €kek11€kek—1 - erlr rij

1 1
2 2
= 565_1 ©reegy1€r—1- el i j+ 565_1 ee€jerr1€k—1 el ri j.

The second term is in U(g)n™ by (6.7a) since ey, ; commutes with the e, t <k — 1. Applying (6.9)
again, we obtain

1
el si,j = (es—l ceclrlg — Ees—l cr o Ck4+1€k—1 "'er€£>ur,r,i,j + U(g)n+ € U(g)ﬂ+,

where we used (6.7a). O
6.7. For our purposes, we need to find the projection U s ; j of Uy s ; j onto U(b).

Lemma. Let 1 <i < j < £ and suppose thatr <s,s < j, r <i. Then

s—1

s—1
Unsij =X X5 [ [(Hei = 8ee = 81.9) + Vo () X [ [ Mo
t=r t=r

s—1 t—1 s—1
X5 Y Ve (M) X [ THe [T e =i (6.10)
t=r+1 p=r p=t+1
In particular,
s—1
ui+1,s,i,j:XsTj 1_[ Ht,j,s i+1<s<j+1 (6.11)

t=i+1
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and Uy s i j(1L) =TTy (Z/_lr,s,,-,j) is given by the following formulae

Urrij(W) =X (= @)X (1),

s—1 s—1
Urs.i.j (1) = X (i — X, [ [(Hed) = 8re = 8ij) + X (1w — X ;g0 [ [ w(He )
t=r =
t—1 s—1
X (w—@)) Z i —opxow [T et [T (0t —8ij),
t=r+1 p=r p=t+1

r<s.

Proof. The elements U ; j are uniquely determined by the conditions that U s j = Ui j + U(g)n™
and U s j,j € U(b). The argument is by induction on s —r, the induction base being (6.8). To prove the
inductive step, note that by Lemma 4.3 and the induction hypothesis we have

Ur s11,i,j = eslr s.i j

s—1
=X 1 rjl_[(chz—5rk—5z])+esl//0lrs1( ri S]HHIH
k=r

k=r
s—1 t—1

—esXyy Y Vo (1 )X [ [ e H(Hp,—a,j)w(g)n (6.12)
t=r+1 p=r p=t+1

Applying Lemma 4.3 to the second term, we obtain

s—1 s—1
esVa, s 1( T SJHHtj—Wa” 1( s+1,i rs 11)(Olr5 1)(h3)+]//0‘r3( r,i 65 Sjl_[Ht]
t=r t=r

s—1

s+11¢0‘r5 1( r.s— 11 SJHHf]_'_wars 1 +]jl_[Htf
+U(g)n™,

where we noted that ¥, ., (&, Finally, the last term in (6.12) can be written as follows

s+1 1) - s+l it

s+1zHSIZw(¥rf1 rt1z t]l_[HPJ H(HPI_SIJ)

t=r+1 p=r p=t+1
s—1 t—1 s—1
— Vo (X)) Y esva (A )X [T Hes [T e —8ip.
t=r+1 p=r p=t+1

Since X, _;; Zrex(rt 1) frez (@), it follows that esyr, (X, ) = ¥y4as (X ,_; )es and so we get

1'Z/"‘S( )es\pa,[ 1(Xr[ 1, I)X 1»Zlﬂlrt 1+ (Xr[ 1, 1)1//055( )65 € U(g)n
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Thus the last term in (6.12) equals

s—1
s+1,2‘//a”1 rtll tjl_[HpJ H(sz—511)+u(g)ﬂ
t=r+1 p=r p=t+1

The inductive step is now straightforward. 0O
Corollary. Forall 1 <i<j<61<r<i+1,r<s<j+1,elhs;jeU(gnT.
6.8. We can now construct adapted families for all 8 € ¥. Suppose that g; je ¥, i< jel. If A <

A+ Bij € (Ap)1, we have A(Hei—1) > A(hi—1) >0, 1<t<i—1and A(H; j—1) > A(hj_1)>0,1<r <
Jj — 1. Furthermore, if i = j, A(hj—1) > 1, hence A(H;,i—1 — 1) > 0. Therefore,

Hei-1—8ij, Hrj-1 € Fp ()™, 1<t<i—1,1<r<j—1.

Clearly, {y € R™: Bij <y} ={Brs: 1<r <i, r<s<j) Define the elements ug ., €
U(b)g; ;—pr.s ®sep) Fp; ;(h) by

i—1

L 1485 -
um,j.ﬁr,s=(—1)‘+J+r+s1+5”ursz 11 ® [ [(Heio1 =81~ lHHU . (613)
LJ t=r

Lemma. Let B j € ¥. Then {ug, ; g+ 1 <1 <i, r <s < j}isan adapted family for g; ;.

Proof. We have

708 Mg ) = Crs (s J, MU 5i—1,j—1(R),

where
1+6 = 1
Crsi, j,2) = (=) gsl_[(x(m,i_])—si,j)’ [TCte-0)".  (614)
b t=r t=r

To shorten the notation, we denote C; s(i, j, A) (respectively, U; 5 i—1,j—1(A)) by C; s (respectively, U ).
Observe that for all r <s < j and for all k <i <s we have

1+ 1+3k+1s

r.s 1+ 0r 511 rs+1 k+1,s 1+ 8s ( (Hk,i-1) 1,1) ( k, j 1) ( )
Set
U= Y ey ®mp,(up,0) € (@OVA+Fif),
YERT: Bi i<y

Since by (6.11), ug,; 4,; =1, it remains to show that e,u =0 for all 1 <k < ¢. For k > j this is
immediate from (6.6c) and (6.4). Suppose that i <k < j. Using (6.4) and (6.6a) we obtain

i
exlu = Z(Cr,k-H (146 1) + Cr,k)eﬁr,k QU k+1V .,
r=1
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which equals zero by (6.15). Furthermore, if k < i, it follows from (6.4), (6.6a) and (6.6b) that

j
exl = Z (Crs1,s + Creos (1 + Skr,6) (A (Hi i—1) — 8i,j)A(Hi j—1))€py s @ Ur1,5Va
s=k+1
k
+ Z(Cr,k-H (14 68r0) + Cri)ep,, @ Ur i1V
r=1

Using (6.15) it is easy to see that exu=0. O

6.9. Now we have all necessary ingredients to describe the relations. We set

Zpw= [] Huia—=8ip [ HejoreFp;m*
t<i: frie¥ t<j: B j€¥

and fix the isomorphism Ty, — CAy corresponding to the image of (24 ¢ )gew € [lpew Fp(h)* in Gy
(cf. 5.6).

Proposition. Let n = g j+ Bi,i, i # j. If t n = 2 then Ry (A, A+1n) is spanned by the commutativity relation.
Ifts p =1 then dimRy (A, A + n) = 1. In particular, N = (.

Proof. Let i < j. We have two different cases to consider.

1°. Let n =B + Bi,j € ¥ + ¥, i < j. Suppose that t; ; =2, hence A(hj_1) >3 and A(hj_1) > 1
by 6.2(C1). Then B; j < B;; and it follows from Proposition 2.7 and Lemma 6.8 that

IT,.(Bi,j, Bi,i) =eii ® €, j, IL(Bii, Bi.j) =ep; ®ep,; +ep, Qug ;g (). ep;, U=r+Bii.

Using (6.5) and an argument similar to that in the proof of Proposition 5.6, we conclude that

j—1
Ui j-1= (=171 1_[ W(He j—1) fj—1--- fi+ Anny(g) v, NAnnyg) ep,,  (6.16)
t=i+1
hence
-1
IL(Bii. Bij) =ep,; ®ep; —2(A(Hij-1) +2) ep, Qep, ;. (6.17)

To complete the computation of relations in this case, it remains to observe that

M(Zpw 25 0) O Bii)(Zp ) 0+ Bi (25 w) = (M(Hij-1) +2)A(Hij-1) 7,

and it is now easy to see that Ry (A, A + 1) is spanned by the commutativity relation. Furthermore,
if tx,5 =1 then it follows from 6.2(C1) that A(H; j—1) =0 and the path in question (A <A+ B;; <
A+ mn) is a relation by (6.17).

2°. Let n = B j + Bj,j, i < j and suppose that t; , = 2. Then B;; < B; j and by Proposition 2.7
and Lemma 6.8,

I (Bj,j, Bi.j) =ep,; ®ep,; ;

nl(ﬂi-,j’ ﬁj,]’) =€g;; ® €pi; + €pi; ® ulsj.jvlsi,j(v)eﬁi,j’
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where v =1 4+ B; . Note that Xk_j_l(u)eﬁ,.'j =0,i<k<j—1.It follows from Lemma 6.7 that

j-1 j—1
Ui jj1.j-1=X 0 [[0Hep =ik — 1)+ X0 — a0 [ [ v(H )
k=i k=i

+ Al‘ll’lu(g) vy N Al’ll‘lu(g) s ;-
Furthermore, it is easy to see from (6.5) that for any & € P,
j-1
X5 =D T 60 fia-++ fi (mod Anny(g) eg, ).
k=i+1

Since v(h;) =A(hj) +1>0, fj_1--- fi ¢ Anny(g) v, by Corollary 4.1. Therefore,
IL.(Bi,j. Bj.j) =ep; ; @ep ; — 21(7‘(@]’—1)716/3,-,)- ®ep; ;-

Since

)‘(Zﬂf.jﬁ‘l’zﬁ_j,]j,w)()” + Bi, ) (Zp; ;,w) (A + 5j,j)(3,3_,-_1j,q/) =A(Hi j—1) (M(Hij—1) — 2)_l

it is now easy to see that we again obtain the commutativity relation.

Finally, if t; ;, =1 then by 6.2(C1), A(H; j—1) =2 and so IT,. (B, Bj,j) € /\2 nj. Therefore, the

corresponding path is a relation. O

6.10. The next case n =2p; j, i < j is more interesting since this is the only case in this paper

where my, > 1 for n e 2v.

Proposition. Suppose that ¥ D W (i, j),i < jel andlet n =2p; j = Bi; + Bj,j € ¥ + W. Assume that A €

P is such that Ay (A, L + 1) # 0.

(i) Ifty 5 = 3, the unique relation is

2
AHi )2 0= A+ Bii < A+ m) = (M(Hijo1) +2) (= A+ Bjj < A+n)
+ (M(Hi j=1) + 1) A < A+ Bij < 2 +1).
(i) Ift; » = 2, the unique relation is
A=A +Bii<A+n)+20 <1+ 6ij<Ar+0n).
(iii) Iftx,y =1 then A(H; j—1) =0and Ry (A, 1 +1n) =0.
Thus, Ry (A, L + n) has dimension |t /2] and is generic if and only if t; , > 1.
Proof. Suppose first that t; , = 3. We have B; j < Bi j < Bi,i, hence
IL(Bj.j, Bii) = ep,; ®eg,; ;,

IL.(Bii, ﬂj,j) =€g;; ®eg; +ep; ® ug; i Bii (M)eﬂi.i + €pi ® ug; i Bi (/’l’)eﬂi,i’
II(Bi,j, Bi,j) = ep; ; @ ep ; +ep, Qug ;g (V)eg, ;,

(6.18)
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where p =X+ B, v=»X1+ B j. Using Lemma 6.7 and (6.16) we can write

-1
ug; g () = (W (Hij—1) = V)(Hij—1)) (Fia -+ fi)? 4+ Anny g eg;; NANNYg) Vy.

We claim that (fj_q e fi)? ¢ Anng -y vy Indeed, since w(h;) = A(h;) +2 > 2, it follows from Corol-
lary 41 that F = fj_2---fifj—1--- fi ¢ Anny-yvy. Now, if ¢ is the weight of Fv,, we have
¢(hj—1) = A(hj_1) > 2. Furthermore, e?ivaﬂ = 0. It now follows from the elementary sl; theory
that fj_1Fv, #0. Thus,

uﬁjj,ﬁi.i(u“)eﬂi,i = 2(()‘(7'{1',]'—1) + 1)()‘(Hiej—1) + 2))_1eﬂj,j'

A computation similar to that of I7,(8; j, 8j,;) in 6.9 yields

1
ug; g (0es, = —(A(Hijo1) +2) ep ;.

Thus,

M (Bii. Bi.j) =ep;, ®ep, — (M(Hij1) +2) ep, ®ep,
+2((MHijo) + 1) (M(Hij-1) +2)) s, @ep; - (6.19)

The computation of T, (8; j, Bi,j) is similar to that of IT, (B, Bi,j) in 6.9 and yields

-1
IT,(Bij. Bi.j) = ep; ®ep; —4(A(Hij-1)) ep, Degp; ;.

Note that none of these paths is a relation. To complete the computation of relations in this case, it
remains to note that

A2 w) (A + Bii)(Zp; jw) = (M(Hi,j—1) +2) (M(Hi j—1) + 1)z,
MEp, ) O+ B (Ep0) = (M(Hi 1) 2,
A(Zg; 5 w) A+ Bj ) (Zp,w) = A(Hi j—1) (A(Hi j—1) — 1)z,

where z € C*. The relation (6.18) is now straightforward. Since all coefficients in it are positive inte-
gers, Ry (A, A + 1) is generic.

If t; , =2 then by 6.2(C2), i=j—1 and A(H;;j—1) =1 and we immediately obtain the relation
using the above formulae. Finally, if t; , =1 then A(H; j—1) =0 and it is easy to see from (6.19) that
the corresponding path is not a relation. O

6.11. We now present an infinite dimensional example which in particular includes the remaining
rank 2 case. Let ¥ =¥(1,2), £ > 2. Since f11 =2w1 =0, B12 =3 and Br = —2w1 + 2w3 it is
clear that A, € PT are in the same connected component of Ay only if A(h;) = u(h;), 2 <i < L.
Therefore, it is enough to describe the connected components of Ay for £ = 2. Identify P with Z x Z
and write (A(h1), A(h2)) for & € P. Since @(0) = (2,0), ¢(B12) =(1,1) and ¢(B22) = (0, 2), we con-
clude that the only sinks in Ay are (0, 0), (0,1) and (1, 0). Furthermore, if (m,n) and (m’,n’) are in
the same connected component it is immediate that m =m’ (mod 2). Since we have (0, 0) < (2,0) <
(2,1) = (0, 1), we conclude that there are two connected components, Ay [(r,0)], r =0,1 (if £ > 2,
each of these components has infinite multiplicity). We have Ay [(r,0)]o = {(m,n): m,n€Z;, m=r
(mod 2)} and the arrows are (m,n) < (m+2,n), myn€Z,, (m,n) < (m,n+1), m>0,neZ, and
(m,n) <~ (m—2,n+2), m>2,neZ,. Thus, the quivers Ay [(0,r)], r=0,1 are, respectively,
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(6,0) <— (7,0) <— -

(4,0) <— (4,1) =<—--- 5,0 =651 <=—"--

(2,00 <= (2,1) == (2,2) =<— - (3,00 <— (3,1) =— (3,2) =<— -
(0,00 (0,1) (0,2 (0,3 (1,00 =—(1,1) = (1,2) = (1,3) =<—---

Both are translation quivers with t((m,n)) = (m,n —2), m > 0, n > 2. The relations are: the commu-
tativity relations in

(m+2,n) <— (m+2,n+1) (m+2,n) <— (m+2,n+1)
(m,n) <—— (m,n+1) (m,n+2) <— (m,n+3)
for all m > 0, n € Z, the zero relations (2,n) < (2,n+1) < (0,n+3), n >0 and
m?((m,n) < (m+2,n) < (m,n+2)) — (m+2)*((m,n) < (m—2,n+2) < (m,n+2))
+m+1)((,n) < (m,n+1) < (m,n+2)), m>1,
and, finally, ((1,n) < 3,n) < (1,n + 2)) + 2((1,n) < (A,n+ 1) < (1,n + 2)). Thus, if £ =2
and |¥| > 1, the algebra Si is the direct sum of two non-isomorphic connected Koszul subalgebras

of left global dimension 3.

6.12. Next, we consider n € ¥ + ¥ with m; =4. We have three possibilities here, and the compu-
tations turn out to be rather different.

Proposition. Let i < j <k e I and let x; = A(H; j—1), ¥ = MHj k—1). Assume that ¥ D ¥ (i, j, k) and let
N = Biri; + Biy.is = Biy,iy + Bir.iz» li1, 12,13} = {i, J, k}.

(i) Suppose that iy =i.Ift; , =4 then Ry (A, A + 1) is spanned by

204+ y)A <A+ Bii<A+n) —C+x)X + ¥ +3)A <A+ Bij<A+1n)
FRH+x)X F YA F+FDA <A+ Bix<—1+1n) (6.20a)
and
5+ F2DA A+ Bii <A+ + 20+ Y +DA <A+ Bij<r+1n)
—2+x)X+yr+4HA <_)\+ﬂj,k /)8 (6.20b)

If ty,n =2 then Ry (A, A + 1) is spanned by

G+ DA <A+ Bii<—r+mM+ X+ +DA <A+ Bik<—Ar+n). (621)

Finally, if t; ; = 1 then the unique path is a relation.
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(ii) Suppose that iy = j. If t;. , =4, Ry (X, L + 1) is spanned by
G —DR+ YA <A+ Bik < A+n) —A+x)y2(A <A+ Bjj<Ar+n)

—X =Y —DA <A+ Bjr<—A+1n) (6.22a)

and

A+x)Y A <A+ Bij <A+ +22+x +Y )X <A+ Bik < A+n)
—R+x)A+y )M <A+ Bjk<Ar+n) (6.22b)

and Ry (A, A + 1) is generic unless x, = y; + 1. If t; ; = 2 then Ry (A, A + n) is spanned by

K =DA =2 +Bij—r+m+ X +2)A <r+Bj; < r+n). (6.23)

Ifty n =1then \(H;j j—1) =1 and Ry (A, A +n) =0.
(iii) Suppose thatii =k.Ifty , =1, Ry (A, L + 1) is spanned by

A+y)C+x+ YA <A+ Bjk <A+ —CL+y)2+x+ Y )A <A+ Bix < A+n)
F2(1+X%)A <A+ Bij<r+1n) (6.24a)

and

20400 <A+ Bk < A+mM+ W —DE +ya+ DA <A+ Bjk <A +1n)
=+ YOR <A+ Bik < Ar+n). (6.24b)

Ift;. 5 = 2, then the unique relation is

G+ DA <—r+Bij<r+mM+ G+ DA <A+ Bjk < r+n). (6.25)
Ifty n =1thendimRy (A, A +n) =1.

In particular, in cases (i) and (iii), N, = ¢ while in the case (ii), {A € Nyj: ty;, > 1} = PT N {§ € h*:
E(Hij—1 —Hjk-1—1) =0}

Proof. Suppose first that n = g; ; + Bi k. We have B < Bik < Bi,j < Bi,i- Suppose first that t; , =4.
The first two paths are straightforward

IT,(Bjk Bii) =ep; ®ep;,, (6.26)
I (Bik: Bi.j) =ep;; @ep — 2. + 1)_19,8” ®ep;,- (6.27)

The next path is more involved. We have

I, (ﬂi,j’ Bik) = €Bik ® €pi; +eg, @Ug, g, (“)eﬁi.j + €Bi ® ug B (M)eﬂu*

where =X + g; j. We claim that
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Ui ii—1,k—1(1)
= )q;(_] (:u')

k—1 k—1
=(—1)k_i_1( l_[ W(Hek—1) fk—1--- fi — H (M(Ht,k—1)+5r,j)fj1---fifk—1---fj>

t=i+1 t=i+1
+ Annyg) ep; ; N ANy (g) Vyu. (6.28)
Indeed, suppose that f, ¢ Annyg egj» 0 € X (i,k — 1). Then by (6.5) we must have o (i) =k — i
oro(j)=k—i.If o(i) =k—ithen f, = f,_1--- fi by the definition of X' (i, k —1). Otherwise, we must
have o (r)=k—r,r < j<k—1and so f; =f5 fi_1--- fj, where 6’ € X (i, j—1). Then fgeﬁi.j =f,ep,

hence f,» = fj_1--- fi. Since p(hy) =A(h;) +1>0, r =i, j, it follows from Corollary 4.1 that the
vectors fy—1--- fivyu, fj—1-+- fifk—1--- fjv, are non-zero and linearly independent. Therefore,

k—1 k—1 k—1
up,i(wes, = =2 [ | e ™! (2 [T nteen - [] (M(Ht,k_1)+5r,j)>eﬂj,k

t=i t=i+1 t=i+1

-1
= —2(L(Hjk-1) = 1) (BHig- D Hjk-1)) " epj,-
An already familiar computation yields ug,, 6 (Mep ; = _M(Hj,k—l)ileﬁ,;k and we obtain

2yx
W+ D +ya+2

IL.(Bi,j. Bix) =ep, Qeg ; — (Vr+ 1)716,3,-,j ®epg, — )e,s,.y,. ®ep,,- (6.29)

Finally,

_ -1
I, (Bi i, Bik) = €8k ®ep; — X +2) 1eﬂi<k ® ep ; + 2((XA +2)(x + Yo + 3)) ep; ® €8k
x,+1
x+2)x +ya+3)

e ; @ep;- (6.30)

It is now straightforward to show that SRy (A, A + 1) is spanned by the elements (6.20a) and (6.20b)
and that Ry (A, A + n) is generic.

Suppose now that 0 < ¢, , < 4. By 6.2(C3) we have two possibilities. If A(hj) =0 and i =j—1
(hence x;, = 0) we obtain from (6.27) and (6.30) that SRy (A, A + 1) is spanned by the element (6.21).
Finally, if A(hj) =0 and j=k —1 (hence y; =0), it follows from (6.29) that IT,(B; j, Bi k) € /\2 n$
hence the unique path (A <= A 4+ B j <— A+ 1) is a relation.

We now prove (ii). Let n = i j + Bjk = Bik + Bj,j. The first three paths are rather easy and we
obtain

I5.(Bjk: Bij) = ep ; ®epj»

I (i B.j) = sy, ® e — (6 + 1) ep  @epy,.

ID.(Bj.j. Bik) =ep; ®ep;; — (Y + 2)_1631',1 Qep;,-
The last path has some new features. We have

1T, (Bi j» ﬂj,k) =€Bji ® 8. + €8;.j ® Ug; .8 (v)eﬂxﬁj teg,® ug; . Bik (V)eﬁi,j
+ €g; ® ug; B (V)eﬂi,j’
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where v =1+ B; j. Two terms are already familiar
=_2 -1
ug;,.pi;(V)eg ;= — (V(Hj,k—l)) €Bik>

-1
uﬁj,kaﬂi.k(v)eﬂi,j = _Z(V(Hi»1—1)) g

Furthermore, we have, modulo Annyy) eg, ;,

j—1 j—1
U j i1k ) =X ) [ [0 Hejo1) = 8ei) + X DX ) [ [vHes-1).
t=i t=i
Using (6.28), we obtain
j-1
Ui jj-14—10) = (=D T J(v(He j-1) = 8c.i)
t=i

k—1 k=1
X (— l_[ V(He k1) fk—1--- fi + H (V(Hek=1) +8.) fim1 - fifier "’fj)

t=it1 t=i+1
i k—1 j-1

+ DT vHe o0 [T vHerd) []vHes-0) fioa -+ fifier - f
t=it1 t=j+1 =i

+ Arll‘lu(g) e,giyj.

Thus,

uﬂj.kﬁi,j(v)eﬁi.j
= (V(Hi,j—1)V(Hi,kfl)V(Hj,kfl))_l (v(Hik-1) — (V(Hi j—1) = 1) (V(Hj k1) — 1))9/31-.,(,

hence

IT(Bij. Bik) =ep ®ep —2(s+ 1 e, @ep, — 2% lep, @ep,

@+ yr+2—(—Dyn)
N+ D&+ Ya+2)

€g; ® €8k

and we obtain the relations (6.22a) and (6.22b). It is now straightforward to check that Ry (A, A + 1)
is generic if and only if x;, # y, + 1.

Suppose now that 0 < t; , < 4. Using 6.2(C3) and the above, we conclude that if t; ; = 2, the
unique relation is (6.23), while in the case t; ;, =1, x, =1 and the unique path is not a relation.

In part (iii) we encounter some new features. We have By < Bjx < Bix < Bi,j and

IT, (Bik» Bi,j) = €p; ® ey >

I.(Bjk Bik) =epr, ®ep,, —2¥5 ep ®ep,
ZX)L
G +DE+yr+1)

IT.(Bi ks ﬁj,k) =€ Xep, — (. + 1)_1e/3i,l< ® €Bjk — €8 j ® gy -
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The remaining path is rather interesting. Indeed, this turns out to be one of the only two cases when
the last term in (6.10) does not lie in the annihilator of the corresponding root vector. As before,

IL.(Bi,js Bik) = By @ B + Bk ® By 1. Bjk (M)eﬁi.j tep® uﬁk,k,ﬁi.k(‘})eﬂu
+ €B;j ® g, k.Bi.j (IU“)eﬂi,j’

where p =X + B j. Note that w(H; k—1) = A(Hrk—1) + 1> A(hg—1) > 2, r =1, j. We immediately get

ug, .Bjk (“)eﬂi.j = _N“(Hj,kfl)ileﬂi,k'
Furthermore, by Lemma 6.7 we have

k—1 k—1
U jek—1.0-1 () = X () [ [ (e Hen—1) = 8ei = 1) + X (0 — @) [ [ (Hei1)
t=i

t=i

j—1 k—1
— X =o)X [ [t [T (v = 1)
t=i t=j+1

+ Annu(g) elgi‘j .

Using (6.28) we obtain

(WHik—1) —2)(W(Hjk—1)— 1)
U(Hj k1) (Hik-1)

1 -1
g, . Bik (/’L)eﬁi,j = _E(M(Hi,k—l) - 1) (

H(Hjk-1)—2 1 )e
wHip1) -1 wHje ) a(Hjp 1) — 1)) P
M(Hjr-1)—1

en. ..
w(Hi D (Hjp1)

To compute the remaining term observe that by Lemma 6.7,

D" jk1xe1 ()

j—1
=X (=@ DX [ [ ek —1=600)
t=i
j—-1
+ X5 (= D)X GO [ [ (Hek1) + Anny g ep,
t=i

= JI #Hac—1-80ficr S

i<t<k—1, t£]

k—1 k—1
X ( 1_[ MU(He—1) fe—1--- fi — l_[ (M(Ht,k—1)+5r,j)fj—1---fifk—]-~-fj>

t=it1 t=i+1
k—1
+ l—[ (W(Hep—1) — 1) l_[ W(He k—1) fe—1 -+ fife—1--- fj +Annyg) e, ;.

t=i+1 i<t<k—1,t£]
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Since wu(hi) =A(h)) +1>0, w(hj) =xr(hj)+ 1> 0, the monomials

e fifemr--- fjs fe—ae o fifo—1-- fi

are pu-standard and hence the vectors

U1 = fe—2- fife—1--- fivu,u2 = fe—z-- fife—1--- fivu

are linearly independent by Corollary 4.1. Clearly, e,%_1u1 = e,%_1u2 =0, while hy_qu, = (u(hg—1)+2)u;,
r=1,2. Since p(hg_1) + 2 = A(hg_1) + 2 > 4, it follows from the standard sl,-theory that fy_qu1,
fk—1up are non-zero and linearly independent. Therefore,

/’L(Hi,k—l) -2

+ ])e )
(Hig1) Pk

ug, g (Weg ;= (W (Hik—1) — 1)_1 (M(Hj,kq))_l(

-1
=2(u(Hj k-1 (Hik-1)) Bk

Thus,

n}»(ﬂi,]’v ﬂk,k) = eﬂkk ® e,Bivj - (y)» + 1)716,3]‘,)( ® eﬂi,k
-1
— (G + Y+ + D) (Vaep, Dep;, —2ep,; ®ep,).

We immediately obtain the relations (6.24a) and (6.24b) (note that in this case y; > 1) and
Ry (A, A +1) is easily seen to be generic. Finally, suppose that 0 < t;, ; < 4. Using 6.2(C3) we conclude
that if t; , =2, the unique relation is (6.25), while if t; , =1, the unique path is a relation. O

6.13. Finally, we consider the case when my =6, that is n = B j + Br,1 = Bix + Bji1 = Bii + Bjk €
V+V, i<j<k<lel Let x3 =A(Hij-1), Yo = rMHjr-1), zn = A(Hi—1). Then A(Hjr—1) =
X+ Y.+ 1, M(Hjj—1) =yr+2z.+1 and A(H;j—1) =X, + ya + zx + 2. Note that if t; , =6, we
have x;, ys, z, > 0.

All technical difficulties in computing the IT; (8, 8/) which occur here have already been discussed
and we omit the details. Suppose first that t; ; = 6. We have

IL Bk, Bij) = ep;; @ep,,

IL(Bj1, Bik) =ep;, ep;; — (Yo + 1)716,3,-,1- ®ep,
Z)

@ +Dr+2+2)
X

G+ D+ ya+2)

I (Bik. Bj) =ep;, @ep,, — (zn + 1)_]eﬂj_k ®ep — (b +1)7 e, ® €k

Hk(ﬁj,k’ Bi) = ep; ® €Bjx — (2 + 1)_1el3i,k ® €gj1 — 8. @ epy s

M (Biss Bis) =ep;, ®ep, — (u+ 1) eg, ®ep — e ; ®ep

-1
+ (i + D@ +1) ep, ®ep;,
X)\Z),
@+ D@+ DX +ya+23 +3)

€pi ®epy s



4476 J. Greenstein / Journal of Algebra 322 (2009) 4430-4478

Ya

—1
IL.(Bij, Be) =ep, ®ep; — (Ya+ 1) ep; ®ep, — T I DT LT ep; ®ep,
Y
- e Qeg.
Wt Dy, +2)
_ At s34ttt D+ D@nta+D Qe
Vrt Do+ Y7 +2Ur+ 22+ 2)n + ya+22+3) ok < i

@ +yrt+t DOtz + D+ @+ D&+ ya+20+3)
W+ + Y +2)(Yr +2 +2)X + Yo+ 20 +3)

€g; ®eg,,-

Denote the paths in Ay (A, A+ 1) by pr, 1 <r <6, where the numbering corresponds to the order
in which they appear above. Clearly, none of these paths is a relation. A direct computation shows
that Ry (A, A + n) is spanned by

=X+ D2 +2)X — 202+ DP1+ yaxn + ya + D& — 20 + 20 + 2)p2
+2.00+ DL+ D&+ Yy + 2D+ 20+ 1Dp3
=+ D@+ D&+ yu + DY+ 20 +2)pa,
n=+D@H+DX+yr+2)x+2+2)(Yr+2.+3)P1
+ 00+ D@+ 2D+ Y+ D+ 2.+ 2D (X0 + Vi + 2+ 3)p2
— N FDC Yy +2X + 2+ 2) Y+ 2z + DX+ Y+ 20+ 3)p3
=W+ D@+ D&+ Y2+ 2D+ 20+ 2)(x + Ya + 20+ 2)ps,

and

r=Wr+2)@+ D& +yr+2)Yat+ 20 +3)x+ya+ 20+ 3P
— @+ + Y DUtz +2) K + 2y, + 20+ 4)Pp2
=Y+ DG +ya + 23 +3) %, +2yx + 20 +4)P3
— W+ D@+ DO+ Y+ D+ 20+ 2) (X + Vi + 22+ 2)Ps.

One can now check that Ry (A, A + 1) is generic unless x, = z,. In the latter case the first relation
reduces to p3 — p4.

Finally, we list the relations in cases when 0 < t; ; < 6. By 6.2(C4), we have three cases
with t; ;, =2.If y, =0, or equivalently j =k —1 and A(h;) =0, while x,, z; > 0, the relation is

(Z, +2)x0 + 20 +DP2 + (25 + DX + 20 + 2)Ps.

If x, =0, yx, z, > 0 the relation is

W+ D@z +2)(Ya + 25 +3)Pa+ (Ya +2)20 (Y + 20 + 2)Ps.

If z; =0, x;, y» > 0 the relation is

X2 +2)(¥5 + D&+ ¥ +3)P3 + X0 (Ya +2) (X0 + Yo + 2)Ps5.
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Thus, in all these cases the space SRy (A, A + 1) is generic. Finally, if x, =2z, =0, y, > 0 the unique
path ps in Ay (A, A+ 1) is not a relation.
Thus, we obtain the following

Proposition. Let i < j <k <1 € I. Suppose that n = B; j + Br1 = Bik + Bj1 = Bii + Bjx € ¥ + ¥. Then
dimRy (A, 2 +1) = [|Ag (A, A +1)/2|] and

Ny C P {g eb™ (M j—1 — Hyi—1) =0}
and coincides with the latter set if ¥ is regular.

6.14. let ¥ =Y (iy,..., i) be regular. It follows from Propositions 6.9, 6.10, 6.12 and 6.13 that the
coefficients in all relations in SRy (i, n + 1) depend on w(H;, j—1), 1<r<s<n.

Let A € PT. By Proposition 6.4, Ay[)] is isomorphic to the quiver Z,(m), where a = Z’r;l A(hi,)
(mod 2), m = (mq, ..., my), my = A(hj,—1) + A(h;,). Let

&) =A(Hi41,i-2) +2, 1<7 <k

Let (x1,...,X,) be the image of u € Ay[A]o in E,(m)g. Then

S
W(Hi, ig—1) = Xr — Xs + Z mpy+Ep—1(M) +r—s—1.
p=r+1

Thus, the isomorphism of algebras Tg — Ay gives rise to a family of relations on quivers Z;(m).
The relations, and in particular their genericity, depend on a family of positive integer parameters
¢p(X). The resulting algebras are Koszul and of global dimension at most p(p + 1)/2, where p =
#{j: m; > 0}. It is finite dimensional if and only if iy > 1. The explicit relations can be easily written
down using Propositions 6.9, 6.10, 6.12 and 6.13.

List of notations

I 11 Qj, @i 11 &i, i, &, @ 11 R, P, R, Pt 11
ng, n*, b 11 140} 12 Vv, v® 12 ATSE 12
1,: Ae Pt 12 <u, < 1.3 dy(x, ) 13 A} (F), A, 1.3
S h A<y, [A, ule 13 Ag, A1, A 1.4 xt, xe Ag 1.4 CA 1.4
Ay (F), Ay 15 ReM,A+m) 16 my by 17 N 1.7
x|, x € Z', 18 e 18  E@m), E,am) 18 e fi, hi 21
vy, £y, M 21 1.8, ) 24 Fp(h) 26w, g 26
ug,, ug (L) 27w 42 X)) 42 42
vy 43 Hij 43 X,i] o Xﬁ“j 43  T,(m,n) 5.3
e 55 Uy ap, 55  Zuw 56  Bij 6.1
e 6.5  Ursij 6.6  Ursij 6.7  up 4, 6.8
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