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1. Introduction

For terminology and notation used here we follow [1,3,7]. Let D = (V, E) denote a digraph (directed
graph) with vertex set V = V(D), arc set E = E(D) and order n. Loops are permitted but multiple arcs
are not. Ax — y walk in a digraph D is a sequence of vertices x, vq,..., v, ¥ € V(D) and a sequence
of arcs (x,v1), (v1,v2), ..., (v,y) € E(D), where the vertices and arcs are not necessarily distinct. A
closed walk is a x — y walk where x = y. A cycle is a closed x — y walk with distinct vertices except
forx =y.

The length of a walk W is the number of arcs in W. The notation x LY y is used to indicate that there
isax — y walk of length k. The distance from vertex x to vertex y in D is the length of a shortest walk
from x to y, and denote this by d(x,y). An I-cycle is a cycle of length I, and denote this by C;. If the
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digraph D has at least one cycle, the length of a shortest cycle in D is called the girth of D, and denote
this by s(D).

A digraph D is called strongly connected if for each pair of vertices x and y in V(D) there is a walk
from x to y. For a strongly connected digraph D, the index of imprimitivity of D is the greatest common
divisor of the lengths of the cycles in D, and is denoted by I(D). If D is a trivial digraph of order 1, [(D) is
undefined. For a strongly connected digraph D, D is primitive if (D) = 1. If D is primitive, there exists
some positive integer k such that there is a walk of length exactly k from each vertex x to each vertex
y. The smallest such k is called the exponent of D, denoted by exp(D).

Proposition 1 [3]. Let D be a primitive digraph with n vertices, and let s be the girth of D. Then we have
exp(D) <n+s(n — 2).

Cohen [6] introduced the notion of competition graph in connection with a problem in ecology.
The competition graph of a digraph D, denoted by C(D), has the same set of vertices as D and an edge
between vertices x and y if and only if there is a vertex z such that (x, z) and (y, z) are arcs of D. Since
the notion of competition graphs was introduced, there has been numerous literature on competition
graphs. For surveys of the literature of competition graphs, see [8]. In addition to ecology, their various
applications include applications to channel assignments, coding, and modeling of complex economic
and energy systems.

Cho et al. [5] generalized competition graph to m-step competition graph. Let D be a digraph with

s . . k
vertex set V and let k be a positive integer. A vertex z of D is a k-step common prey for x and y ifx — z

and y LN z. The k-step competition graph of D, denoted by C¥(D), has the same vertex set as D and an
edge between vertices x and y if and only if x and y have a k-step common prey in D and x # y. The
k-step digraph of D, denoted by D¥, has the same vertex set as D and an arc (x, y) if and only if there is

ax—% yin D. The k-step competition graph of D is the competition graph of D¥, (D) = C(D¥), see
[7]. The concept of k-step digraph and k-step graph are not new, and some asymptotic behavior of D¥
is well known, see [3]. For all undefined graph terminology, see [4,5].

For a positive integer m, m-competition graph of a digraph D, denoted by C;,,(D), has the same vertex
set as D and an edge x and y if and only if there are at least m distinct vertices v1, Vs, ..., vy and
arcs (x,v;) and (y,v;) for 1 <i<m. That is an edge x and y if and only if there is at least m common
preys for vertices x and y. The k-step m-competition graph C;’% (D) has the same vertex set as D and an
edge x and y if and only if there are at least m distinct vertices vy, vo, . . ., Viy such that v; (1 <i<m)

. . . . k k .
is k-step common prey for vertices x and y, i.e. there exist x —> v; and y —> v;. By the definition of
m-competition graph, we have the following.

Proposition 2. For any digraph D and positive integers m and k, we have

ck (D) = Cn(DY).

Lemma 3. For a primitive digraph D of order n (> 3) and each positive integer m where 1 < m < n, there
is a positive integer k such that C,’% (D) = K;, where K,, denotes a complete graph of order n. We also have

CkH1(D) = Ky if CK (D) = K.

Proof. We have Cp,(D*P(®)) = K, by the definition of exp(D) and m-competition graph. Let k =
exp(D). Then by Proposition 2 we have C,’; (D) = K.

Next suppose k be a positive integer such that Cf;(D) = Kj. Each pair of vertices has at least m
common preys and each vertex has at least m preys in DX. Consider two vertices x and y in V(D). There
exist vertices u and v such that there are arcs (x, u) and (y, v). If u = v, we can find m preys of u in DX.
If u # v, we can find m common preys of u and v in D¥.In all cases, we can find m common preys of x
and y in D¥*1. Therefore, we have CX (D) = CkF1(D) = K,. This establishes the result. [
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2. Competition index and scrambling index of a primitive digraph

In this section, we assume that D is a primitive digraph and mis a positive integer suchthat1 <m < n.
The m-competition index of D is the smallest positive integer k such that for every pair of vertices x

and y, there exist distinct vertices v, v, . . ., vy such that x —k> viandy i) vjfor 1 <i<minD. That
is, the m-competition index of D is the smallest positive integer k such that every pair of vertices x
and y have at least m common preys in D¥. The m-competition index of D is denoted by k;; (D). From
Lemma 3, k;; (D) is the smallest positive integer k such that C’,; (D) = C’,f;”(D) = K, for every positive
integer i. An analogous definition can be given for nonnegative matrices. The m-competition index of a
primitive matrix A, denoted by ki, (A), is the smallest positive integer k such that any two rows of A
have positive elements in at least m identical columns.

Akelbek and Kirkland [1] introduced the scrambling index of a primitive digraph D, denoted by
k(D), and in 2008, Kim [7] introduced the competition index of a digraph. In the case of primitive
digraphs, the definitions of scrambling index and competition index are the same. Furthermore, these
definitions are the same as our definition of the m-competition index of a primitive digraph when
m = 1. The m-competition index is a generalization of the competition index and the exponent of a
primitive digraph.

For a primitive digraph Dandx, y € V(D)(x # y), we define the local m-competition index of vertices
xand y as

k(D : x,y) = min{k : x and y have m common preys in D' where t > k}.
We may define

k(D : x,x) = min{k : x has at least m preys in D' where t > k}.
Consider a vertex x € V(D). We define the local m-competition index of x as

km(D : x) = max {kp,(D : x,y)}.
yev(D)

Then,

knm(D) = max ky,(D:x) = max ky(D:x7y).
xeV(D) xy€V(D)

From the definitions of k; (D), k; (D : x), and ki, (D : x,y), we have
k(D : x,y) <km(D : X) <kpn(D).
By the definitions of the m-competition index and the exponent of D of order n, we have
ki (D) < exp(D),
where m is a positive integer with 1 < m < n. Furthermore we have
k, (D) = exp(D).
Proposition 4. For a primitive digraph D of order n and for positive integersi,j such that 1 <i < j<n, we
have
ki(D) < k;j(D).

Furthermore, we have k(D) < kp, (D) for a positive integer m (< n).
Proof. For each pair of vertices x and y, k;(D : x,y) <k;j(D : x,y). This establishes the result. [

From the Proposition 4, we have the following relation between the competition index (scrambling
index) and the exponent of a primitive digraph D:

k(D) = k1 (D) <ka(D) <---<ky(D) = exp(D).
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Fig. 1. The Wielandt graph W,,.

3. Upper bound for the m-competition index of a primitive digraph
In [1,2,7], there are some results related to k(D) = k(D).

Proposition 5 [1]. Let D be a primitive digraph with n vertices, and let s be the girth of D. Then, we have

(%) s, Wwhensiseven,

k(D)<n—s+
(%) n, whensisodd.

Theorem 6 [1,7]. Let D be a primitive digraph of order n, and let W, be the Wielandt graph as shown in
Fig. 1. Then,

k(D) <k(Wp).
Equality holds if and only if D = W,,.

Next we determine the upper bound of k(D) for a primitive digraph. First, we study the m-
competition index of the Wielandt graph W,,.

Lemma 7. For the Wielandt graph W, and 1 < m<n (n > 3), we have
mm=2) (3 — 1), whenn+ miseven,

km(Wn) =1+ < 2_3> )

<”+%> n, when n + mis odd.

Proof. Let the vertex set of W, be labeled as in Fig. 1.

Case 1.n + mis even.

Consider two vertices x and y in {vq, vy, ..., vp_1, vs}. There are arcs (x, v;) and (y, v;) in W, such
that 1 <i, j<n — 1. Consider the digraph (W,)"~ .

VW)™ = {vi,va, ..., v},
E(W)" D) ={viv)li=12....,n—1}U{(vyvi,)li=23,...,n} U{(v1,vp)}.

Since v; and v; are the loop vertex of (W,)"1, the minimum number of vertices that can be reached
from v; at (%)—step in (Wp)" 1 is (”Tm) and the minimum number of vertices that can be

reached from v; is the same. Therefore, v; and v; have at least m common preys at (’”zﬁ)

(W)™ 1. That is, kn (Wn)"™" : i, v)) < ("J";i_z).Therefore, k(Wi 2 x,y) <1+ (%) (n—1).

-step in
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Fig. 2. W;.

Consider vertices v, and vy In (W,)" 1, v, and vz have no m common preys at (H#m_z)—step.
Therefore, we have

km <Wn : vn,ngJ) > <n+2L_2> n—1),

which, in turn, leads to kn,,(W,) = 1 + (%) (n—1).

Case 2.n 4 mis odd.

Sincen 4+ mis odd, we may suppose that 1 < m < n — 1. Consider two verticesxand yin {v{, v,, . . .,
Vn—1, Vn}. There are arcs (x, v;) and (v, vj) in W, such that 1 <i, j <n — 1. Consider the digraph (W;)".
Each vertex has a loop, and {v1, v, ..., vy,_1} forms an (n — 1)-cycle in (W,)".

V((Wn)") = {v1,v2, ..., v},
E(Wn)") ={(vi,v)li=1,2...,n} U{(vviz )i =1,2---,n = 1} U {(vo_1,v1), (Vn, v1)}.

Since v; and v; are the loop vertex of (W;)", the minimum number of vertices that can be reached from
v at (%)—step in (W,)" is (”‘1%) and the minimum number of vertices that can be reached
from v; is the same. Therefore, v; and v; have at least m common preys at (%)—step in (W,)". That
is, km (W)™ 1 v, vj) < (%).Therefore, km(Wp 1 x,y) <14 (,%17_3> n.

Consider vertices v, and v% In(Wp)", vy and v% have nom common preys at (%)—step.
Therefore, we have
n+m-—3
)

km<Wn:vn,v%>> ( 5

and k(W) =1+ (%) n. This establishes the result. [

By a similar argument, we can find the m-competition index of another digraph of order n and with
girth (n — 1).

Example 8. For the digraph W, in Fig. 2 with girth (n — 1) and 1 <m <n (n > 3), we have
km(Wr/l) = km(Wy) — 1.

Theorem 9. Let D be a primitive digraph of order n (>3) and let s be the girth of D. For a positive integer
m such that 1 <m <n, we have
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k(D) < n+ (""”;17_4) s, when n + m is even,
< ~
" n—1+(”+2¢_3)s, when n + m s odd.

Proof. Let C be an s-cycle and consider two vertices x and y.
Case 1.n + m is even.

We can find vertices u and v in V(C) such that there exist x 2= yand y 228 v, Since u and v are
vertices in V(C), there are loops, one containing u and the other containing v in D. D is primitive since
D is primitive. For a positive integer [ such that 1 << n, the minimum number of vertices that can be

reached from a vertex with a loop at [-step is (I + 1). Therefore, the minimum number of vertices that

can be reached from u at (%)—step is (”Tm) in D®. The minimum number of vertices that can be

reached from v is the same. We hence have k;;,(D° : u,v) < ("J’zﬁ) and k(D : u,v) < (%) S.
Therefore, we have
km(D:x,y)<n—s+ ('H_ZL_Z)S
Case 2.n + mis odd.
There existsavertex uin V(C) such that there exists x pi uory sl u. Without loss of generality,
we may assume that x sl u(e V(C)). Then, we can find a vertex v in V(C) such that there exists
y il sincen — s <n — 1. The minimum number of vertices that can be reached from u at (%)—

n+m+1
2

step is ( ) in D, and the minimum number of vertices that can be reached from v at (%)—

step is (%) in D®. Therefore, we have

n+m-—1
kn(D:xy)<n—s—1+ (f>s
This establishes the result. [
Denote
n+ (%’"74) s, when n + m is even,
K(n,s,m) = -3 i
n—1+ (T)s when n 4+ m is odd.

The next example shows that Theorem 9 is sharp for a special case.

Example 10. Let D be a primitive digraph whose adjacency matrix A is given as

0 1 0 0 O
0 0 1 0 O
A=(1 0 0 1 O
0o 0 0 0 1
1 0 0 0 O

The order of D is 5 and s(D) = 3. Thus, we can check

ki(A) =7 # 8 =K(53,1),
ka(A) = 10 = K(5,3,2),
k3(A) = 11 = K(5,3,3),
ka(A) = 13 = K(5,3,4),
ks(A) = 14 = K(5,3,5).
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Remark. Let D be a primitive digraph of order n (>3) and let s be the girth of D. From Theorem 9, we
have

exp(D) = k,(D) <n+ (n — 2)s.
This is the same result of Proposition 1. We also have k,_1(D) <n — 1 + (n — 2)s by Theorem 9, and
equality holds when D = Wby Lemma 7.

Theorem 11. Let D be a primitive digraph of order n (>3). For a positive integer m such that 1 <m<n,
we have

km (D) < ki (Wh).

Equality holds if and only if D = W,,.

Proof. Let s(D) = s. By Theorem 6, this theorem holds when m = 1. Furthermore, by Lemma 7 and
Example 8, this theorem holds whens = n — 1. Let us suppose m > 2 and s < n — 2. We will show that
kin(D) < km(Whp).

Case 1. n + mis even.

n+m-—4
km(D) < n+ <f) s (by Theorem 9)

n+m-—4 n+m-—4
ant (T w-a (Te0)

n+m n+m-—2
=3— -1
(e

<1+ (%) n—1) (n=23, m=2)
= km(Wp).

Case 2.n + mis odd.

n+m—3
km(D) < n— < )s (by Theorem 9)
-3 -3
gn_l <n+m >(n_2) <n+’;1 /O>

—2—m+(n+m_ )n

<1+(n+m—3>n (m=2)
= km(Wy).

Ifm>2ands<n— 2, then we have k(D) < ky,(Wy). This establishes the result. []

4. Closing remark

Akelbek and Kirkland [1,2] obtained an upper bound for 1-competition index, and they also charac-
terized all the primitive digraphs with this upper bound. In [9], it was carried out a research on exp(D)
and its generalization for primitive matrices. These results of these studies can be generalized to m-
competition indices. In the present study, we introduce kp, (D) as another generalization of exp(D) and
competition index of D.
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