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1. INTRODUCTION

Logarithmic Sobolev inequalities are an essential tool in the study of
various problems (cf., e.g., [G2], [ D-SC], [L3]). The main purpose of
this paper is to refine some known connections between logarithmic Sobolev
inequalities, exponential integrability of “smooth” functions and the con-
centration of measure. Provided a logarithmic Sobolev inequality holds, we
estimate exponential moments of functions in terms of the “modulus of
their gradient” and deduce a transportation inequality with a corresponding
concentration inequality. Furthermore, we shall describe all probability
measures satisfying logarithmic Sobolev inequalities on the real line.

Let us describe the general scheme of logarithmic Sobolev inequalities.
Let (Q, i) denote a probability space, and assume there is an operator I’
defined on a set .7 of bounded measurable functions on £ with the following
properties:
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2 BOBKOV AND GOTZE

(1) for any fe.oZ, I'(f) is a non-negative measurable function on Q;

(2) forall fe.oZ and for all aeR, b>=0, a+ bf e.o/ and I'(a+bf)=
bI(f).

Introduce the entropy functional:
Ent(g)zf g log gdﬂ*! gdﬂlogfgd#

:fglogséidlud,ua g=0.

We will say that (2, u, I') satisfies a logarithmic Sobolev inequality with
constant ¢ >0 (for short, LSI,) if, for all fe.«,

Ent(e”) <% j I(f)? e’ du. (1.1)

If I' is a derivation, ie., if for all fe.o with values in (@, b) and
ue C*[a,b], we have u(f)e.oZ and I'(u(f))=|u'(f)| I(f), then (1.1) is
equivalent to the more familiar version

Ent(g®) <2¢ [ I(g)>du, (12)

whenever g € .o/ satisfies inf g > 0. To be more precise, (1.1) represents an
exponential (or, modified) form of (1.2) which is usually called logarithmic
Sobolev inequality (the normalization 5 in (1.1) is chosen such that ¢=1
in the Gaussian case). In the most interesting cases of derivations I, this
operator and the inequality (1.2) itself (as well as (1.1)) are easily extended
to a larger class of functions including unbounded “smooth” functions. For
example, when € is a metric space with metric d, one may consider the
following natural generalization of the modulus of the usual gradient:

TU)(x) = [Vf(x)| = lim sup L=/

d(x, y)—> 0+t d(-xa y)

In this case, we may define I” on the class of all Lipschitz functions f (i.e.,
with || f|y;, < 00), and the inequalities (1.1) and (1.2) hold for this class if
they hold for all bounded Lipschitz functions. Thus, for the Euclidean
space Q = R” with the usual Euclidean metric, we arrive at the usual defini-
tion of logarithmic Sobolev inequalities.

One of the questions of interest is to determine whether or not, a given
probability measure u satisfies LSI, with some finite ¢. In the case of the
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real line Q =R, we provide the following characterization. Let F(x)=
u((—oo, x]), xeR, denote the distribution function of u, and let p be the
density of the absolutely continuous part of u with respect to Lebesgue
measure. Let m denote a median of u. Set

1 m ]
Do=sup ( Py tog s ) [

1 1
D, =sup <(1_F(x))10gl—F(x)>J ﬁdt’

defining D, and D, to be zero in case u((— oo, m)) =0 or u((m, +o0))=0,
respectively.

THEOREM 1.1. Let u be an arbitrary probability measure on R. For some
constant ¢, the log-Sobolev inequality Ent(g2)<26§ |g'|>du holds in the
class of all smooth functions g on R if and only if Dy+ D, < + co. In this
case, the optimal value of ¢ satisfies

Ko(Do+ D) <c< K (Do + D)),

where K, and K, are certain absolute positive constants.

The proof of Theorem 1.1 uses a result of M. Artola, G. Talenti, and
G. Tomaselli on Hardy-type inequalities with weights on the real line
(cf. [Mu]) and is given in Sections 4 and 5 (cf. Theorem 5.3). In Section 4,
we transform logarithmic Sobolev inequalities (1.2), up to an absolute
multiplicative constant, into Sobolev-type inequalities | f —[ Sfdu|3 <
¢ I'(f)*du in a suitable Orlicz space Ly(£2,u) with Orlicz function
N(x)=x?log(1+ x?). On the real line this allows to reduce LSI, to a
Hardy-type inequality (cf. Propositions 4.1 and 4.2).

In Section 2 we study in a general setting exponential moments of a func-
tion fe.«Z in terms of the distribution of 7(f) under x provided LSI,
holds. As a main result (cf. Theorem 2.1), we prove, in particular:

THEOREM 1.2.  For any function f € o/ with jfd,u =0,
Jefd,ugje”r(f)zd,u. (1.3)

This estimate implies inequalities for exponential moments of “Lipschitz”
functions similar to those proved by S. Aida, T. Masuda and I. Shigekawa
[A-M-S] and M. Ledoux [LI1], [L2]. In the Gaussian case, (1.3)
improves an exponential inequality due to G. Pisier [ P1]. In the case of
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the discrete cube, it affirmatively answers his question (p.182) on the
validity of the discrete analogue of the Gaussian variant of (1.3). These
examples and applications will be discussed in more detail in Corollaries
22-24.

In Section 3, we study for a metric space (£, d) equipped with a
probability measure u inequalities of the following type:

d
W (1, v) < /2cflogd—;dv. (1.4)

Here W, (1, v) denotes the Kantorovich—Rubinstein distance between u and
v (we shall consider the cases a« =1 and a =2, only) which is defined as the

infimum of
1/
([ dx »rednc. ) )

over all probability measures 7 on the product space Q2 x 2 with marginal
distributions x and v (v is an arbitrary probability measure on £ which is
absolutely continuous with respect to u with density dv/du). Thus, (1.4)
relates the minimal transportation cost needed to transport v into u to the
so-called informational divergence D(v | u) =§10g(dv/d,u)dv. Such trans-
portation inequalities have been introduced for a=1 by K. Marton
[Mal]. On the basis of (1.4), she established concentration inequalities for
discrete product measures (and, furthermore, for distributions of certain
Markov processes, [ Ma2]), of the form

l,u(Ah)<exp<—zlc<h— /2cloglu(lA)>2>, (1.5)

where 4" denotes A-neighborhood of a set 4 = Q. This approach has been
studied as well by M. Talagrand in [ T4] proving, in particular, that the
canonical Gaussian measure u =1y, on the Euclidean space satisfies an
inequality (1.4) for the W,-metric:

Wy(y,,v) < /2j1og;;vdv. (1.6)

As a consequence, M. Talagrand derives from (1.6) using Marton’s line
of arguments, a sharp Gaussian concentration inequality (1.5) with ¢=1
(which is similar to an isoperimetric inequality).

A natural question arising in connection with (1.4) is to find an
appropriate functional form for (1.4) and to relate it to other classes of
inequalities. When a =1, we shall prove:
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THEOREM 1.3. Assume yd(x, Xo) du(x) < + oo, for some x, € Q (where d
denotes the metric on Q). The transportation inequality (1.4) holds for all
probability measures v on Q which are absolutely continuous with respect to
u if and only if, for all te R and all functions f on Q with jfd,u =0 and
[/ lup <1,

j e’ du < e,

In particular, (1.4) together with the concentration inequality (1.5) always
holds assuming the LSI -property.

Such a functional description shows as well that, in turn, (1.5) implies
(1.4) although with a worse constant. Thus, (1.5) and (1.4) are essentially
equivalent. However, we do not know, whether or not (1.4) with a>1 is
implied by a logarithmic Sobolev inequality. A main argument we use in
the case a=1 is the well known Kantorovich—-Rubinstein’s theorem
representing the metric W, in terms of Lipshitz functions on 2, and it
seems there is no such “Lipshitz” representation for W . The question of a
functional representation for metrics of Kantorovich—Rubinstein-type
(raised by R. M. Dudley) was open for some time until V. L. Levin and
S. T. Rachev proved in particular that ([Lev], [Ra])

W3(v, u) =sup f gdv—fdﬂ,

where the supremum is taken over all pairs of bounded continuous func-
tions (g, f) such that g(y)— f(x)<d(x, y)% for all x, ye Q. This func-
tional description allows one to give an equivalent representation for the
transportation inequality (1.4) with =2 (and with ¢=1) by a relation
between the distribution of an arbitrary function f and the distribution of
the function (Sf)(x)=inf{f(y)+3d(x, y)*:yeQ}. Namely, (14) is
equivalent to the inequality

fesfdﬂgeffdﬂ. (1.7)

Inequalities of this type were introduced by B. Maurey [ Mau] as a func-
tional approach to some of M. Talagrand’s isoperimetric inequalities
([T1], [T2]). They are now referred to as inf-convolution inequalities.
Using this approach, we shall give a simple alternative proof of Talagrand’s
transportation inequality (1.6) via (1.7) with g=7y,. In this case, the
inequality (1.7) may be viewed as a generalization of a Tsirel’son exponen-
tial inequality for the supremum of a bounded Gaussian process.
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2. EXPONENTIAL INTEGRABILITY
First we emphasize some particular cases and applications of:

THEOREM 2.1. Assume (2, u, I') satisfies LSI.. Then, for any f € o/ with
mean s fdu=0, and for all o> c/2,

) c/(Qa—c)
jefd,u< <Je°‘r(f) d,u> . (2.1)

In addition, for all f e .o/ and Ae(0, 1],

) 1/
Jefdﬂ<<J eifﬂll)cf(f)/zdu) . (2.2)

For A=1, there is an equality in (2.2), and comparing the derivatives of
the both sides at A=1, we obtain exactly (1.1). Hence (2.2) is another
version of the LSI -property. In this sense, (2.2) is stronger than (2.1).

Assuming that I(f)<1 p-a.e. and applying (2.1) to functions #f with
o — 4+ o0, we get, for all >0,

j e du < e, (2.3)

When I is a derivation, one can also apply (2.1) to functions #( /> — f )
with 0 <7< 1/(4c). Then I'(f>—[ f?)=2|f1 I(f)<2|f], so that by (2.1)

with o= 1/(41),
fe’fzdﬂgexp<(112aff2 >

This is not as sharp as (2.3) and can be improved by virtue of (2.2). In
the same way, applying (2.2) to sf%/(2¢) (instead of f) with 0 <s<1 and
A=(p—ys)/(1 —s), where pe (s, 1] is arbitrary, we get

(1=9)/(p—s)
J e gy < ( j P Y20 d,u) .

This inequality becomes an equality for p =1, so comparing the derivatives
of the logarithm of the both sides at p =1 one gets

1 sz 2 2 2
~ oY (2e) sf°/(2¢) sf/(2¢)
021 S{che (I—s) Je logje }
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This means that the function u(s) =log [ ¢¥ "2 du satisfies the differential
inequality u'(s)/u(s) < 1/(s(1 —s)), which expresses the fact that the function

- (1 —s)/s
u(s) =exp {1 p 2 u(s)} - <J esf2/<zc)>

does not increase in 0 <s< 1. Comparing v(s) with v(0*) and introducing
t=15/(2¢), we arrive at

¢ 1
fev“dﬂsexp(l_zctjﬁdﬂ), 0<r<y. (2.4)

The inequality (2.3) has been shown to follow from (1.1) by M. Ledoux
[L1], [L2], and (2.4) was deduced from (1.1) by. S. Aida, T. Masuda and
I. Shigekawa [ A-M-S], see also [A-S] (according to [ D-S], the original
idea goes back to I. Herbst). The above deduction of (2.4) from (2.2) essen-
tially repeates an argument of [ A-M-S]. As for the proof of (2.1), we
develop an argument of M. Ledoux which was based on a another differen-
tial inequality. Below we will also show that (2.3) is implied by (2.4) (this
requires however that I is a derivation; cf. Remark 2.5).

For a=c¢, (2.1) becomes

jefd,u < j eI’ gy, (2.5)

This inequality seems to be new except for the case of Gaussian measures
where it had a different constant in the exponent. More precisely, let
(22, 1)=(R" y,) be the Euclidean space equipped with the canonical
Gaussian measure with density (27) ~"2e =2, and let I'(f)=|V/f]| denote
the length of the usual gradient of a smooth function f. Given a convex
function @ on R, G. Pisier [ P1] proved that, for smooth functions f with

| fdy,=0.
[Lordns] [ @5 )dum b,
R” R" YR"

where the constant 7/2 appears to be optimal for the choice @(x) = |x|. For
@(x) =¥, this inequality yields

7[2
j e’ dy, <f exp < |Vf|2> . (2.6)
n RrR" 8
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On the other hand, by Gross’ logarithmic inequality [ G1], (1.2) holds for
y, With ¢ =1. Therefore, according to (2.5), the constant in the exponent
can be somewhat improved:

COROLLARY 2.2. For any integrable smooth function f on R with
§ fdy,=0,

R’

From Theorem 2.1, we also get [gie”!dy,<+o0, whenever
g e dy, < + 0, for some a>2L Clearly, the condition a>1 is
necessary to prove this claim. Thus, it is natural to ask whether or not,
even for one dimension, the above implication holds for « = 3. This turns
out to be the case (an observation due to M. Talagrand [T5]).

Consider another important example. Let ¢ be an arbitrary product
probability measure on the cube Q= —1, 1]”. Recently, M. Ledoux [L3]
established for such a measure, in the spirit of some of Talagrand’s concen-
tration inequalies ([ T1], [T3]), a logarithmic Sobolev inequality (1.1) for
the class ./ of all convex smooth functions on [ —1, 1]". He also deter-

mined the optimal constant as ¢ =4. Together with (2.5) this yields:

COROLLARY 2.3. For any smooth convex function f on [ —1,1]" with
§ fdy,=0,

j el du< f AR gy (2.7)
[—1,1]" [-1,17"

Note that, in such a situation, the inequality (1.1) may not follow from
(1.2) since the latter does not hold with a universal constant even in dimen-
sion one for the class of all convex functions.

Let us now specialize to the canonical Bernoulli (i.e., normalizing
counting) measure x4, on the discrete cube { —1, 1}”. In this case, (1.1)
holds true for convex functions with optimal constant ¢ =2 (cf. [B]). This
can easily be shown using the Gross’ discrete logarithmic inequality [ G1].
Thus the constant 4 in the exponent in (2.7) can be replaced by 2. Now we
are able to state a discrete version of Pisier’s inequality (2.6). Take for I(f)
the length of a discrete gradient of f:

Here f is an arbitrary function f on { —1,1}" and s;(x) denotes the
neighbor of the point xe { —1, 1}” on the i-th coordinate: s,(x),=x;, for
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j#i, and s5;(x);= —x;. As in the Gaussian case, (92, i, D) satisfies (1.2)
with ¢=1 [G1]. It is easily verified, with the same constant (although D

is not a derivation), that the triple (2, u, D) satisfies (1.1). Thus, we obtain
a discrete version of Corollary 2.2:

COROLLARY 2.4. For any function f on { —1,1}" with | fdu,=0, we
have

{(—1,1}" {—1,1}"

Proof of Theorem 2.1. 1t is well known that the entropy functional can
be represented as

Ent(g)=sup J gh du

where the supremum is taken over all functions h with [e”du<1. In
particular,

jeh du=1  implies f oh di < Ent(g).

Put i =log | 7 du so that | e du =1 for h=al'(f)?— f5. Hence, for any
on-negative measurable function g,

| @I~ p) g du<Ent(g).
Take g = e/ so that
ajr(f)zefdﬂ—ﬁjefdﬂ<Ent(ef). (2.8)

Now, applying (1.1) in order to estimate the first term on left hand side of
(2.8), we get

Ent(e’) < pe
20

[ e’ du (29)
We now apply (2.9) to functions of the form ¢f, t >0, f € .o/. Hence, put

(1) =log j T2 gy



10 BOBKOV AND GOTZE

and define the function u by
j eV du = ™™,

Since Ent(e?) = %u'(t) ™", (2.9) will transform into

et B

T2a—c 2

s t>0.

Note that f(z) is a convex function. In addition, f(0)=0 and f’(0)>=0,
hence f(t) is non-negative and non-decreasing in ¢ > 0. Consequently, the
function f(¢)/t does not decrease in ¢ > 0. Thus, we can conclude that, for
0<r<, (1) <cf(1)/(2a—c)=cp/(2a—c). Recalling that f fdu=0, we
also have u(0)=0. As a result,

c
1)<
u(l) 20—¢

£y — pu(D) ¢
b, and Je du=e <exp<2a_cﬁ>.

This proves (2.1). To prove (2.2), take fi=log | ¥+ =D TUY2 gy As in
(2.8) we have

[ O + 30 =2) eI ()2 = ) g du <Ent(g)

Applying (1.1) to this inequality with g =e” yields the result.

Remark 2.5. Given a function f on the probability space (2, u) and a
constant ¢ >0, assume that, for allaeR and 0 <t <1/2¢

t(f +a)? t 2
je d,ugexp(l_zclf(waa) d,u>.

Then, for all teR.
fetfd'u <ot VS dutels2

Indeed, set f,=f+a. As in (2.8), for any probability density g (with
respect to the measure u), we have

J<1f§— I _lzctffi dﬂ> g du <Ent(g).
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Optimizing over 1€ [0, 1/2¢), we arrive at

I /2 HLz(gdy) — | fa HLZ(dﬂ) <./2c Ent(g).

Letting a - — o0, and also a —» + o0, we get

[ feda~ [ o < /2T eTog g

This implies (3.8) which is equivalent to (3.6) (cf. Proof of Theorem 3.1
below).

3. TRANSPORTATION INEQUALITIES

Let Q be a separable metric space with metric d. Given a>1 and two
Borel probability measures x and v on 2, we defined the quantity

1/ec
i) =ind ([[ dx. i )

where the infimum is taken over all probability measures 7 on the product
space Q2 x Q with marginal distributions g and v. This quantity is com-
monly refered to as L*-Wasserstein distance between x4 and v. When a=1,
W,(u, v) represents the classical Kantorovich—-Rubinstein distance. The
measure v will be assumed to be absolutely continuous with respect to g,
with density dv/du. In this case, the so-called informational divergence of v
with respect to p,

dv
D(v | ﬂ)=f10g@dv,

is well defined. As shown by K. Marton [ Mal], [Ma2], suitable upper
estimates for W,(u, v) in terms of D(v | u) like

Wi, v) </2e¢D(v || 1) (3.1)

turn out to be well adapted to derive from them sharp concentration
inequalities for u (assuming that v in (3.1) is arbitrary). To start with,
let us recall Marton’s argument. Given Borel sets 4 and B of positive
u-measure, define the conditional restrictions of u by u (C)=u(CnA)/
w(A), ug(C)=u(Cn B)/u(B), for any Borel set C of 2. By the triangle
inequality and by (3.1),
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Wil i) < Wilpts fg) + Wit ) <3/2¢D(py | 1) +/2¢Dug | pt)

1 1
= 2610g+\/2clog.
/ m(A) H(B)
On the other hand, all the measures 7 on Q x Q2 with marginals ¢, and
i must be supported in 4 x B, ie., n(A x B)=1. Therefore, by the very

definition of Wy, we have W(u 4, ug) >d(A, B)=inf {d(x, y) : xe A4, y € B}.
Hence,

1 1
d(A,B)<\/2c’logﬂ(A)+\/2010gﬂ(B). (3.2)

This is already an isoperimetric-type inequality. Given & >0, let A" denote
the open A-neighborhood of A4 for d, A"={xeQ:d(a,x)<h for some

ae A}. Taking for B the complement of A", one obtains from (3.2) the
following equivalent property: For every A and h>./2c¢ log(1/u(A)),

1—,u(A”)<exp<—2lc<h— /2c10g'u(lA)>2>. (3.3)

As an example, one may take the product space 2=, x --- x 2, with
the Hamming metric d(x, y)=card{i<n:x;# y,} and with a product
measure 4 =u; ® --- ®u,. In this case, (3.1)—(3.3) hold with optimal con-
stant ¢ =n/4 [ Ma2]. For the Hamming distance, concentration inequalities
related to (3.3) appeared first in the work of R. Ahlswede, P. Gacs, and
J. Korner [ A-G-K ] under the name “blowing up” property. They can be
proved in this special case by different methods (cf. [MS], [T3]), but,
among these inequalities, (3.3) is apparently the sharpest one. The par-
ticular two-point case Q = {0, 1}” with uniform measure x is the exception:
The optimal bound on the left-hand side of (3.3) is known and given by
Harper’s theorem [H]. Another important example is the Gaussian
measure x4 =y, on 2 =R” with the usual Euclidean metric. In this case, the
inequality (3.1), with ¢ =1, has recently been established by M. Talagrand
[T4]. His approach is another transportation inequality

Waiu, v) </2¢ D(v || p), (34)

which of course is stronger than (3.1) and has the advantage that, for the
Euclidean-type distance, it can be extended by induction from one dimen-
sion to n dimensions without loss in the constant ¢. However, it is not
clear whether (3.4) implies a sharper concentration inequality than (3.3).
Another question of interest is whether or not (3.1) is indeed stronger than
its consequence (3.3). It turns out that (3.1) has a simple functional
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description which shows that, up to an absolute constant, (3.1) itself
is a consequence of (3.3), which in particular holds assuming the
LSI,-property.

THEOREM 3.1. Let u be a probability measure on (L2,d) such that
f d(x, xo) du(x) < + oo, for some x, € Q. The inequality

Wi, v) </2¢ D(v || p) (3.5)

holds for any absolutely continuous probability measure v (with respect to ),
if and only if, for every function f on Q with | f| <1 and | fdu=0, and,
for all teR.

j e du < e, (3.6)

The assumption on u ensures that all Lipschitz functions on £ are
u-integrable which is necessary to get exponential, integrability in the
form (3.6). Finally, in order to connect (3.5) with logarithmic Sobolev
inequalities, we recall that, for every function f on Q with || f1|y;, < + o0,
“the modulus of gradient” of fis given by

[f(x) = V()] = lim sup L=/

d(x, y)—>0+t X, y)

(with |Vf(x)| =0 for isolated points x in Q). Thus, we have by Theorem 3.1:

COROLLARY 3.2. Given ¢ >0, assume that LS, is satisfied for the triple
(2, 1, I'). Then, (3.5) holds. In particular, for every Borel set A< Q and

h>=./2clog 1/u(A),

l—'u(Ah)gexp<—2lc<h— IZClog'u(lA))Z).

Indeed, (3.6) is exactly the exponential inequality (2.3) which is implied
by LSI, as soon as the assumption /7 f) <1 is fulfilled. This relation holds
since |Vf(x)| < || fllLp, for all xeQ. This establishes (3.5) and its conse-
quence (3.3).

Proof of Theorem 3.1. Without loss of generality we restrict ourselves
to the case >0 in (3.6). As in the proof of Theorem 2.1, (3.6) holds if and
only if, for any non-negative Borel measurable function g on Q,

[ (f —er22) g du < Ent(g).
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This inequality is homogeneous in g, so g may be chosen as a probability
density (with respect to u). Recalling that f has mean 0, we conclude that
(3.6) holds if and only if, for any probability density g,

1
[ Ue=r1due<S+- [ glog g du. (37)

Minimizing the right hand side of (3.7) in ¢ > 0, we may rewrite (3.7) equiv-
alently as

[(fe—1)du</2cT glog g du (38)

Let g be the density of the measure v. Then (3.8) takes the form

dev—de,u< 2cflogzzdv=«/2cD(v | ). (3.9)

It remains to note that, by the Kantorovich—Rubinstein theorem (cf,, e.g.,
[D, p.330]),

supjfdv—jfdﬂ‘zwl(ﬂ, V), (3.10)

where the sup is taken over all Lipschitz functions f on Q with || f1|1;, < 1.
To be more precise, let M, denote the space of all Borel probability
measures v on 2 such that yd(x, Xg) dv(x) < + o0, for some x, € 2. Then
(M, W;) is a metric space. Furthermore, all Lipschitz functions are
v-integrable, for ve M,;, and (3.10) holds whenever u, ve M, (the
Kantorovich—Rubinstein theorem). To prove the equivalence of (3.5) and
(3.6), assume first that the property (3.6) or, equivalently, the inequality
(3.9) with arbitrary v is fulfilled. Assume D(v || u) < + oo. Then, by (3.9)
and by the assumption on u, we obtain ve M, and thus, one may apply
(3.10). Hence, we arrive at (3.5). Conversely, assume that (3.5) is satisfied.
Via (3.10), we get (3.9), for any ve M,. That is, (3.7) is satisfied, provided
[ d(x, x0) g(x) du(x) < + o0, for some x, € Q. In particular, by the assump-
tion on u, (3.7) holds for all bounded probability densities g. Therefore, it
holds for all probability densities g. But (3.7) is equivalent to (3.6). Thus,
Theorem 3.1 is proved.

Remark 3.3. The subgaussian property (3.5) (up to an absolute con-
stant in the exponent) can be expressed in another way. Given a function
Jfwith | fdu=0, the optimal value of ¢ =¢(f) in (3.5) satisfies

Kol fIx<e<Kilfl%
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where | f|| y denotes the Orlicz norm for N(x) = e~ —1, and where K, and
K, denote universal constants (one may take K,=1/6, K, =2). Therefore,
roughly speaking, \/E in (3.5) is a diameter of the family of all functions
Jfon Q with mean 0 and | f/|1;, < 1 in the Orlicz space L (€2, i) (cf. section
4 for definitions). Obviously, this diameter is at most K¢, for some univer-
sal K, provided that the concentration inequality (3.3) is satisfied. Thus,
using Theorem 3.1, (3.3) implies the transportation inequality (3.1) with a
constant Kc.

The statement in Corollary 3.2 that LSI; implies (3.5) can be sharpened:

THEOREM 3.4. Given ¢ >0, assume that LSI, is satisfied by the triple
(22, u, I'). Then, for any probability measure v which is absolutely continuous
with respect to u,

sup HfHLZ(dv) - HfHLz(dﬂ) </ 2¢ D(v | ). (3.11)

“f“]_ip <1

Clearly, (3.11) is stronger than (3.5): Insert in (3.11) Lipshitz functions
f+a with |a| - co. The proof of this statement uses (2.4) and the same
arguments as those given in Remark 2.5. Hence we omit it.

What is the interpretation of the left hand side of (3.11), say Q(v, u)?
Indeed, in connection with Theorem 3.4, this is a natural question.
Obviously, W,(u, v) < O(v, u) < Wo(u, v), but we do not know when the
equality Q(v, u) = W,(u, v) holds for every absolutely continuous v. In the
case of Gaussian measures 4 =7y, on 2 =R”" (with the Euclidean metric d),
this would imply Talagrand’s inequality (3.4),

Wo(9,, v) </2¢ DV || 7,), for c¢=1, (3.12)

based on the Gross logarithmic inequality, only. Nevertheless, one can give
a simple alternative proof of (3.12) using the Levin—Rachev functional
description of the Wasserstein metric and the Maurey (-type) inf-convolu-
tion inequality for the Gaussian measure.

To be more precise, assume that (2, d) is a Polish space, and let x and
v denote probability measures on Q. Then,

Wg(v,ﬂ)=supfgdv—jfdy, (3.13)

where the supremum is taken over all pairs of bounded continuous func-
tions (g, f) such that g(y)— f(x)<d(x, y)? for all x, yeQ. This func-
tional form for W, is due to V.L.Levin [Lev] and S.T. Rachev [Ra]
(they established (3.13) in an even more general setting). The requirements
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on (g, /) suggest to consider instead of g the so-called inf-convolution. Put
in general

(SF)(x) =(Sa2n f)(x) =Inf { () + 3d(x, y)*: ye 2}

(without discussing inessential questions of measurability here). Thus,
(3.13) is equivalent to

sup“Sfdv—jfd,u} =12y, p), (3.14)
f

which holds for all (measurable) f. Therefore the inequality (3.12) is equiv-
alent to

fesfdﬂgeffdﬂ, forall f,  where u=y,. (3.15)

Indeed, (3.15) amounts to say that, for any probability density g of a
measure v with respect to u=1y,,

fodv—jfdyﬁj(Sf—jfdyn) g<Entg=D(v]7,)

which is exactly (3.12) due to (3.14). So, (3.15) is indeed a functional form
for Talagrand’s transportation inequality (3.12). It might be worthwhile to
note that, for convex functions f on R”, (3.15) can be rewritten in an
infinite dimensional setting as Tsirel’son’s inequality [ Ts]

E exp {sup (x,—?/2)} <exp {E sup x,},
t t

where x, denotes an arbitrary bounded Gaussian process with variances o2.

In order to prove (3.15), we shall use an argument of B. Maurey [ Mau].
We use the Brunn—-Minkowki inequality in the functional form of
A. Prékopa and L. Leindler ([ Pr], [Lei], cf. also [ P2, p.3] for a simple
proof due to K. Ball): Given (fixed) A€ (0, 1), for any measurable functions
u, v and w on R”,

<Jeudx>l <Jevdx>l_igjew dx (3.16)
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holds provided that u, v and w satisfy w(Ax+(1—A41) y) <Au(x)+
(I—=2)v(y), for all x, yeR” For a given function f on R”, this condition
is satisfied for all 2€(0, 1) by the functions

w(x)=3Ix|% ulx) =3 [x[*+(1=2) f(x), v(x)=3|x]*—ASf)(x),

and for these functions (3.16) may be rewritten as

A

1—-2
<j e/ledyn> Qe_(l_’”fdvn) <lI. (3.17)

When 4 = }, this is Maurey’s inf-convolution inequality | e¥* dy, [ e~/ dy,
< 1. There is equality in (3.17) when A=1, and comparing derivatives at
this point, we arrive at (3.15).

Remark 3.5. M. Talagrand established another transportation inequality
of the form (3.12) for the product measure yx, on R” of the two-sided
exponential measure with density du,(x)/dx =e~(Xl+ - +xDy—n  Hijs
inequality ([ T4, Theorem 1.2]) is

Wit V) </ DOV [ 1), c=——,  ae(0,1),  (3.18)

where the distance W,(u,,, v) corresponds to the (noncanonical) metric d,
in R” given by

3dAx, y)=Y, Ula|x;— y,|), x, yeR”, where U(t)=t—1+e™"

i=1

The function U(|¢|) behaves like 7% for small ¢ and like |¢| for large ¢ In
fact, a stronger inequality, namely, the inequality (3.18) with respect to the
cost function Y7_, U(a(x;— y;)) was proved in [ T4], and in this stronger
inequality the condition a <1 is essential, and there are cases of equality
for each o.

As in the Gaussian case, the transportation inequality (3.18) can be con-
nected with a known inf-convolution inequality. Using arguments as above,
the inequality (3.15) with p =, and with operator S=S..,

Jesdza/"fdun<e”d"", (3.19)

represents a functional form for (3.18). In this case, an inf-convolution
inequality related to (3.19) was obtained by B. Maurey in the same paper
[Mau] but as a functional form for a different isoperimetric-type inequality
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for u, due to M. Talagrand ([ T2]). Namely, B. Maurey proved that, for
all functions f on R”,

j Sl dy, j e~du, <1 (3.20)

with respect to the metric p on R” given by 3 p*(x, y)=3"_, W(|x;,— »:|),
x, yeR”, where W(t)= 41> for |t| <4, and W(t)=2(|t| —2) otherwise.
Since (3.20) implies

[ oS du, < el (321)

and since the functions U and W can be estimated up to constants by each
other, we roughly arrive at (3.18). Indeed, (3.21) implies (3.19) and thus
(3.18) if and only if S, > Sz, that is, if and only if W(¢) =2U(at)/c, for
all 7>0. By a simple computation, the optimal constant is determined
to be

u 2U(at)
C:
Sob (1)

(the sup is attained at r=0). Thus, (3.18) holds with this ¢ for all a>0.

= 3602

4. LOGARITHMIC SOBOLEV INEQUALITIES AS
POINCARE-TYPE INEQUALITIES IN ORLICZ SPACES

Since I'(f +a)=11(f), for all aeR, the inequality

Ent(fz)scjr(ffdu (4.1)

may formally be strengthened as

2(f)=sup Ent((f+a)2)<cfr(f)2du. (4.2)

aceR

Now (4.2) being equivalent to (4.1) is invariant under translations
f—f +const, which leads to the question whether the functional #'? may
be a seminorm. Indeed, we will connect it to an Orlicz space norm.

Let (2,u) be a probability space. Given a Young function
N:R—-[0, + ), ie., an even, convex function with N(0)=0, N(x) >0 for
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x>0 the Orlicz space Ly = Ly(£2, 1) consists of all measurable functions f
with

I =sup {2 0: [ N2 duf < o0

Any Young function N strictly increases on [0, +00) so an inverse

“1:70, +00) = [0, +00) exists. When N(x)=|x|?(1<p< +xo), Ly is
the usual Lebesgue space with norm | f|,. In what follows, we consider the
norms || f||x and || f| » for the Young functions N(x)= x?log(1 + x?) and
Y(x)=|x| log(1+ |x]|), respectively

ProrosiTION 4.1.  For any function fin Ly(Q, 1),

2
—[ra) <zn<|r-| fd/l (43)
N

Thus, the Logarithmic Sobolev inequality (4.1) is equivalent, up to a
numerical multiplicative constant, to an inequality

f=[rae] <ciri, (44)
N

which belongs to the class of Poincaré-type inequalities. When 2 =R, the
estimates (4.3) can be further modified, and (4.4) may be reduced to a
Hardy-type inequality for the Orlicz space norm | | .

Let m=m(u) denote a median of the probability measure ¢ on R. For
functions f on R introduce fo= f1_ . ,n and f1 = fl[,, 4o

ProrosITION 4.2.  Assume that for any smooth function f on R,

Ent( f <cf F1(x)? du(x). (4.5)

Then, for any smooth function f on R with f(m)=0,
130+ 13 w<d [ f(x)? du(x) (4.6)

with d="T5c/2. Conversely, (4.6) implies (4.5) with ¢ =117d/2.

The inequality (4.6) being an equivalent form for logarithmic Sobolev
inequalities on the real line will be used in the next section to characterize
probability measures u satisfying (4.5). The proof of Propositions 4.1 and
4.2 is given in this section. Clearly, (4.5) as well (4.6) may be extended from
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the class of all smooth functions to the class of all absolutely continuous
functions (with the same condition f(m) =0 in the case of (4.6)).

Lemma 43, £ < I/ 12 <(/5/2) | £l n» for all f € Ly(Q, ).

Proof. One may assume that | /| y=1. Since | Y(f?)du=|N(f)du
=1, we have, by Jensen’s inequality, ¥({ f*du)<1. Hence, | f*du<
v Y1) <5/4 since y(5/4)=1.014..>1 (where ¥ ! denotes the inverse
function).

Proof of Proposition 4.1. One may assume that fe Ly, |flly=1, and
that | fdu=0. The second inequality in (4.3) is essentially a version of an
inequality due to O. S. Rothaus who showed ([ Ro], Lemma 10) that

L(f)<Ent(f2)+2 [ f2du (4.7)

whenever | fdu=0. Now, introducing the function U(x)=2x—xlogx,
x>0, and noting that

[ /2108 f2dus< [ f2l0g(1 + f2) du= [ N(f) du=1.
we obtain that
Ent(f2)~|—2Jdeﬂzjleogfzdﬂ+ U<ff2du><1+ U<ff2dﬂ>.
(4.8)

The function U(x) increases in 0 < x <e. Hence, by Lemma 4.3,

U<f 12 d,u> < U(5/4) =5/2— ¥(5/4) <9/4.

Combining (4.7) and (4.8), we get Z(f)<13/4. This proves the second
inequality in (4.3).

In order to prove the first inequality in (4.3), assume that fe Ly,
f fdu=0, and by homogeneity that #(f)=2. Since in general

2
Jfau=([rae) = fim End(f + ) <b 00,

lal — oo
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we get | f2du<1. Thus, | f>dulog| f*du<0 and therefore

ffz log /2 dy = Ent(f?) Jrff2 du log f 12 du

<Ent(f?)

<ZL(f)=2.
But ¥(x) <1+ xlogx, for all x>0. Therefore,
[ NCHY di= [ ) dus 1+ [ 2 10g 2 du <3,

Finally note that N(x/ﬁ)g%N(x), for all real x. Consequently,

[ N(f1\/3)du<], that is, [f/\/3|y<1. Thus, |f|3<3=32(f), and
Proposition 4.1 follows.

To prove Proposition 4.2, we need an elementary lemma.

Lemma 4.4.  For any function f€ Ly(R, 1),

f—[ s

<3 [ fllw- (4.9)
N

If f=0 on (— oo, m(u)), we also have

x5 | 7= [ s . (4.10)

Proof. By Lemma 4.3, |f—{fdu|y<|flx+IfI1<3Ifly- This
proves (4.9). To prove (4.10), using the Cauchy—Schwarz inequality and
once more by Lemma 4.3, we get

[t = A1 om ] < |f|2k<£ 11

Hence,

i< |r-[ra] | rad<|r-[rad + Fu
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Thus,

N

|f|N<1_\l/%f—jfd,u

and Lemma 4.4 is proved.

Proof of Proposition 4.2. First we derive (4.6) from (4.5). By Proposi-
tion 4.1, we have, for any smooth function f from L, (R, u),
2 o0
: <e| S duc) (4.11)

N —o0

f= | s

As already noted, this inequality extends to all absolutely continuous func-
tions fin Ly(R, ) in the sense that starting with an integrable function f”,
one defines f as indefinite integral of f’. This implies in particular that the
measure ¢ on the right hand side of (4.11) may be replaced with its
absolutely continuous component (with respect to Lebesgue measure), and
therefore the integral in (4.11) can be taken over any set of full Lebesgue
measure, e.g., over R\{m}. Hence, we can apply (4.11) to f, and f;

: <c[" e dut),
N

— 00

fo—[fod/l

2
3

<e| 7 p dut)

fi— [ fid

Applying (4.10) and the general identity |g[/% = ||g*[|», We get

Elfle<e] 02 dutx),

— 00

ZIfTw<e | 1007 dul),

m

Adding these inequalities, we obtain (4.6) with d="75¢/2.
To derive (4.5) from (4.6), we use (4.9). First assume f(m)=0. Since

f=fo+ f1, we have
B hefra, )

SO Sfollw+ 1/ 1> < I8l fo I3+ 11.£1 17)

Hf—jfdu

fo— [ fod] +

=181/ 21w+ 1131 <184 [ f/(x)? dutx)

0
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where we used (4.6) in the last inequality. Now, by Proposition 4.1,

a(5)< 87— [ ra

<d [ dut),

This inequality is invariant under translations f— f + const, thus it holds
without the condition f(m)=0. This proves (4.5) for ¢ =117d/2.

5. PROBABILITY MEASURES SATISFYING LOGARITHMIC
SOBOLEV INEQUALITIES ON THE REAL LINE

Using Proposition 4.2, we shall give in this section a direct characteriza-
tion of probability measures x on the real line R satisfying the logarithmic
Sobolev inequality

Ent( f <cj F1()? du(x) (5.1)

with some (finite) constant ¢ for all smooth functions f on R. Our tool is
the following theorem due to M. Artola, G. Talenti, and G. Tomaselli (cf.
[Mu]) on the optimal constant 4 = A(v, 4) in the Hardy-type inequality
with weights

ffdv<Ajf (x).

Here f is supposed to be an arbitrary smooth function on [0, + c0) such
that /(0) =0, and 4 and A are (non-negative) Borel measures on [0, 4+ o0).
Denote by p,= p,(x) the absolutely continuous component of A with
respect to Lebesgue measure, and define the constant B= B(v, 1) as

o * di
2B |

THEOREM 5.1 [Mu]. B<A<4B.

This theorem has the following natural generalization. Consider a Borel
measure v on [0, +00) and a Banach space (X, ||-||) of Borel measurable
functions on [0, + oo0) (with usual factorization with respect to measure v)
such that

(1) f<|g| v-ae., geX implies feX and ||f| <|g|, for all Borel
measurable functions f;



24 BOBKOV AND GOTZE

(2) any pointwise non-decreasing sequence f, of non-negative func-
tions in X converging pointwise to a function f € X satisfies | f,,| — | f].

By property (1), X is an ideal Banach space, and property (2) is called
order semicontinuity of the norm. For an ideal Banach space X, the last
property is equivalent to a representation of the norm in X in the form

£l =sup [~ 100)] g(x) (), (52)

ge% v0

for some family ¥ of non-negative Borel measurable functions g on
[0, +c0) (this statement holds in the setting of an abstract probability
space (2, v), cf, e.g., [KA, p.190]).

For these Banach spaces X, one immediately obtains by Theorem 5.1:

COROLLARY 5.2. Let A= A(X, 1) be the optimal constant in the inequality

£ 1R i), (5:3)

where feX is an arbitrary smooth function such that f(0)=0. Then,
B< A<4B, where

B=B(X, A)=sup |1, 4ol
x>0 Lx. +e0) fpz(l

Indeed, the measures v (dx)= g(x) v(dx) satisfy B(v,, A)<A(v
4B(v,, A). Using the definitions (5.2) and (5.3), we get

)<

g°

A(X, A)=sup A(v,, ), B(X, A)=sup B(vg, 1),

gey gey
hence, B(X, A) < A(X, 1) <4B(X, A).
In particular, one may apply Corollary 5.2 to the Orlicz space X' = Ly (v)
which of course satisfies the properties (1) and (2) above. Recall that

Y(x)=|x| log(1 + |x|). For indicator functions, we get by definition of the
Orlicz norm

1
L Y[ x, +0)))

where ¥ ! denotes the inverse function. Consequently, the optimal con-
stant A in (5.3) for the norm |- || ={|-[|, can be estimated as follows:
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sup 1 f: dt

T [, + ))) Yo pal0)
1 x dt
A4S T T o) b ey o4

Using Proposition 4.2, we may now conclude the proof of the main
result of this section.

Let 4 be a Borel probability measure on R with distribution function
F(x)=u((—o0, x]), and density function p = p(x), x € R, for its absolutely
continuous part with respect to Lebesgue measure. Denote by m a median
of . Define

1 m ]
po= s (e g ) [

1 * 1
D, =sup <(1 —F(X))logl—F(x))j mdt’

defining D, and D, to be zero in case u((— oo, m)) =0 or u((m, +o0))=0,
respectively.

THEOREM 5.3. For some positive absolute constants K, and K,, the
optimal value of ¢ in the logarithmic Sobolev inequality (5.1) satisfies

Ko(Do+ D)) <c<K{(Do+ D).

Actually, one may choose K,=1/150 and K,;=468. To simplify the
expression in (5.4), we first prove:

LEMMA 5.4. Let ¢, =%, c,=2. For all t >2,

—<YPY 1)<,

5.5
€1 log ¢ (5.5)

log ¢

Proof. The first inequality in (5.5), that is,

4 = 1 1 <t
<log l> log ¢ og< +log t)

will follow, due to ¢;/logt<1 for ¢t =2, from the inequality

log ¢

log(1+1)<¢,
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which is equivalent to log(1+7)<2log¢, that is, to 1 +¢<t% The last is
evident. The second inequality in (5.5),

Ccyt Ccyt
log (1 >1,
log ¢ & < * log l>

may be rewritten as

Ccot

log ¢

1+ >t/

and will follow from c¢,t/log t>t"< For c,=2, the last is equivalent to
u(t)=1log t/(2 \ﬂ) < 1. The function u attains its maximum on the interval
[2, + o) at the point = e? and u(e?) =1/e < 1. Hence Lemma 5.4 follows.

Proof of Theorem 53. Without loss of generality, let m=0. The
inequality (4.6) may be divided into the two inequalities:

0
1f3le<d [ fo(x)? dut), (56)
13 lw<d [ 11(00% dut) (57)

where f, and f, are arbitrary smooth functions defined on (—o0, 0] and
[0, 4+ c0), respectively, with f,(0) = f1(0) =0. According to (5.4) with v=41
being the restriction of u to [0, + o0), and by Lemma 5.5, we have, for the
optimal constant d, in (5.7),

lsu ([x, +00))lo 7r£
2R & u([x, +o0)) o pl0)
<d, <8 sup u([ x, +oo))log;r£. (5.8)
x>0 lu([xs +OO)) Op(l)

Here we have used the fact that m=0 is a median, hence, =
L/u([x, +00)) =2, for all x>0. It is obvious that the supremum in (5.8)
will not change if one replaces the expression u([ x, +00)) by u((x, +0)).
But u((x, +00))=1—F(x), and using definition of D;, we may rewrite
(5.8) as

D, <d, <8D,.

N=
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By a similar reasoning, we get, for the optimal constant d, in (5.6),
1D, <d,<8D,.

By Proposition 4.2, (5.1) implies (5.6)—(5.7) with d=75¢/2. Since d=
max(d,, d,;) is the optimal constant satisfying both inequalities (5.6) and
(5.7), we get

s1max(Dy, D;) < 75¢/2.

Therefore, Dy + D, < 150¢ which implies Theorem 5.3 with K,=1/150. On
the other hand, again by Proposition 4.2, ¢ <117d/2 =117 max(d,, d,)/2,
s0, ¢ <468 max(D,, D;) <468(Dy+ D,). Thus, one may choose K; =360
which proves Theorem 5.3.
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