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Abstract

This paper is about a connection between a general problem of partitighs:ih and the expression of determinants of
certain circulant matrices. The main result of the article is a method for calculating, in certain special cases, explicit formulas
for the number of partitions of elements4iynZ in distinct summands and the number of partitions of elemenfs i/ with
less thart repetitions. Explicit formulas for partitions id/nZ in the general case can be found by explicitly calculating the
determinants of certain circulant matrices.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction

A partition of an integem is a representation ah as a sum of positive integers. The problem of counting the number of
partitions ofmis a well-known problem. It has a long history and belongs to the classical problems in number theory, see, e.g.,
[1,5]. Many questions about partitions are still ofjgh Questions about the unrestricted partition function can be generalized by
requiring that the summands belong to a certain subsetasfin[2,5] or by fixing some constraints on the number of repetitions
of the summands (e.g. partitions without repetition, als]h

The goal of this paper is to derive a generalization wihrge viewed as an element @/nZ, n € N. This extended notion
of partition must be clarified since unless the number of summands is limited, there will always be an infinite number of
representations of a given € Z/nZ as a sum of elements ifi/nZ. Indeed, one can add an arbitrary number of summands
as long as their sum is equal to zero. The following definition gives the exact type of partitions we will be dealing with in the
sequel.

Definition 1. Letnbe a positive integer € Z/nZ and% be a nonempty subset (3, 1, 2, 3, ..., n — 1}. A @-partition ofm
modulon is an equality of the form

X1+ +xx=m inZ/nZ,
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where

o k=1,
o Vie{l, ... .k}, x; €{1,...,n—1},
e Vxe{l,....,n—=1},[{i e{d,....k}|x; =x}| € C.

Two @-partitionsx1 + - - - + x; =m andy1 + - - - + y; = m are the same if and only if= k and there exists a permutatien
of {1,..., k} such thaty; = x4(;), i.€., the order of the summands is unimportant.

Example 2. Let % = {0, 1, 3}. Then 14+ 2+ 2+ 2+ 5= 4mod 8 is &-partition of 4 modulo 8. This partition is equal to the
¢-partition 24+ 1+ 2+ 5+ 2=4mod 8.

We can now pose the following natural problem:
Problem 3. Letn, m and% be as above. Find the number#@fpartitions ofm modulon.

A special case of this problem, wheh= {0, 1}, asks to enumerate the number of partitionsroivithout repetition of
summands. Such partitions will be callgwlict partitionsin the sequel. In this case, Problem 3 asks to enumerate the number of
possible expressions

x1+---+xx=m inZ/nZ,

where ther; are all different and where the order of the summands is irrelevant. This problem can be seen as the modular version
of the usual problem of partitions with unequal pgsChapter XIX] Despite the huge literature on partitions and additive
number theory, the author was not able to find any results on problems of this type.

The main result of this paper is a method for calculating the numb@Fmdrtitions inZ/nZ in terms of the determinant of
certain circulant matrices. This method leads to explicit formulas for the number of strict partitions and partitions where less
thant repetitions are admitted.

In Section 2, we will deal with properties of circulant matrices and technical results helpful in the computation of some of
them. In Section 3, some theory about Ramanujan’s sums will be recalled and the inverse of a matrix, with Ramanujan’s sums
as entries, will be found. We will prove the main result on gen@rahrtitions in Section 4 and give the explicit formulas when
€=1{0,1,2,...,t — 1} and for strict partitions in Section 5.

2. Circulant matrices

Let M be a circulant by n matrix, i.e., a matrix of the form

ap a1 ap ... ap_1

ap—1 ap a1 ... ap—2

M = Circylag, ay, ..., ap,—1] = | 9n—2 4n-1 40 ... dn-3
ag ap az ... ag

From the usual theory of such matridd$, it is known that given a primitiveth root of unity, say;,,, one has

n—1 n—1
det Cirg,[ag, a1, ..., a,_1] = l_[ p(})  wherep(x) = Z akxk. (2.1)
j=0 k=0

A point that will be implicitly used in the sequel is that any primitiwé root of unity can be considered in the product, a direct
consequence of Galois theory. A useful result in the computation of such a determinant is the following technical Lemma:

Lemma 4. Letn, ¢ be positive integersl a divisor of n and letz, d) be the greatest common divisor of t and d. The following
equality holds

n—1

[Ta+ & + ¥+ + € D)=

{z"/d if (t,d)=1,
j=0

0 otherwise
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Proof. A different expression for the sum Whéﬁl # 1 leads to the following equation:

n—1

1
[Ta+g+& +-+f = H
i=0 Jj=1 1- Cd
dtj

If t andd have a non-trivial common divisor then there exjstéith 0 < j <d andéff = 1. Thus, the product is null. Fand
d are relatively prime, the numerator and the denominator of the product on the right-hand side are the same, which gives the
result. O

Proposition 5. Let% c {0,1,2,3,...,n — 1} andd |n. If
ar = |{c € €| cd = kmodn}|

then
n—1
l_[ Z (:;,dj =det Cirg,[ag, a1, ..., a,_1].
j=0 \ce?

Proof. This follows by applying (2.1) to the equality

n—1 n—1
S =3" |(cebled =kmodn)| G = Y ar@F. O
ce? k=0 k=0

3. Ramanujan’s sums

Let n> 1 andk be integers and le/,, be the set of primitiveith roots of unity inC. Consider Ramanujan’s suni¥k, n)
(notation of[3], also writtenc,, (k) in [5]) defined by

Chomy= > k=3 tk=

(m,n)=1 (,EU
1<m<n

o) - ()
(@)

)

whereg is Euler’s totient function ang the M&bius function. The last equality is proved[5]; using it, one can explicitly
compute Ramanujan’s sums if the factorizatiomd$ known. These sums are integers. This section is devoted to proving and
recalling some results on these sums.

Lemma 6. For anyd | n, we have

Z emk _ Z K =C(k,n/d). (3.1)
5.2::1)§11 (EUn/d

The proof is left to the reader. The next lemma is exactly Theoren{Z] of

Lemma 7. For all d1|n, do | n, Ramanujan’s sums satisfy the following orthogonal relation

" Cln/d,dy) - Cln/dy. d) = {” L 2

d|n

0 otherwise
Given a positive integem, let D, be the set of divisors af, with t = | D, |, written asD;,, = {d1 =1<dy <--- <d; = n}.
Note that with this notation, we have'd; = d,_;. For suchn and D,, we define the matrix?,, as follows:
Ry € Matx(Z) with (%H)t/ = C(di, dj)

This matrix will naturally appear in the next section. All the information we need from it is in the next proposition.
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Proposition 8. Let#,, € Mat;x:(Z) be defined by#,,);; = C(n/d;,n/d;) = C(d,—;,d;_;). Then
(1) the matrix2, is invertible withz, 1 = %%1
(2) det#, = detz,,,

(3) detZ, =nz.

Proof. (1) Using Lemma 7, we have

T
(Bn - y)ij =Y Cldi, di)Cn/dy,n/d;)

k=1
=Y C/d.di_j)C(n/dy_;.d)
d|n
_n ifdi_j=di, e ifi=],
~ |0 otherwise

The same equality With@;1 - ,%n)ij is also true, which gives the result.

(2) The equality is obvious sinc#, is obtained fron¥,, by an even number of permutations of rows and columns.
(3) From (1) and (2), we have’ = det(nl) = det( %, - %)) = (detZ,)?. O

4. The number of ¢-partitions modulo n

Let us fix a positive integen as well as a nonempty subgeof {0, 1, ..., n — 1}. We definep,, (m, ¥) to be the number of
%-partitions ofm modulon:

pn(m, €)= |{x1+ -+ + xx =m is a ¢-partition of m modn}|.

The multiplicative group of units i@ /nZ, (Z/nZ)*, acts naturally by multiplication odi/nZ. Interestingly, it also acts on the
set of all¢-partitions inZ/nZ. Supposex1 + x2 + - - - + x; = m is a%-partition of m. Then clearly for any: € (Z/n7)*,

ax1+axp+---+ax, =am is ag-partition ofam, as defined in the introduction. In other words§jjf is the set of¢-partitions
of m, one has

aSy ={ax1+---+axp =am|x1+ -+ xp = m is ag-partition of m}
and
aSm = Sam-

This yields the following fact fomandm’ in Z/nZ: ifthere exists am € (Z/nZ)* suchthatm=m’,thenp, (m, €)=p,(m’, ).
Thus, the action ofZ/nZ)* on Z/nZ will be a crucial point in the following. The equivalence relation®fnZ induced by
this action is the point of the next lemma, the proof of which is left to the reader.

Lemma 9. (1) In Z/nZ, two elements m and are equivalent under the action 6f/nZ)* if and only if (m, n) = (m, n).
(2) Forall m € Z/nZ, there exists a uniqué|n such that d and m are in the same equivalence class

Lemma 9 shows that in order to solve Problem 3, it is sufficient to compui#, %) for all d|n since
pn(m, €)= pp(d, €) with d = (m,n). 4.1)

Here is the main theorem:
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Theorem 10. Let n be a positive integem an element 0¥ /nZ, a = (m, n), and ¥ a nonempty subset ¢, 1, ..., n — 1}.
Givend|n, let

ar = |{c € €| cd =kmodn}]
and

&g = m det Cirg[ao, - . -, ay—1l.

Then the number &f-partitions of minZ/nZ is given by

1
pu(m, €)= =3 C(a, d)enya
d|n

o(d)u( @, d))

D DR UL

din (f’((a D)

Proof. For afixedd | n, leta; be as above. Using Proposition 5, we have

det Cirg,[ag, ..., an_1] = l_[ ZCCd]
j=0 \ce?

n—1
) -dj
=[]
j=1 \ce¥
— |(g| Z (é’n)d(1i1+2i2+'"+(n_1)in—1) . (42)
Let% ={c1, cp, ..., ¢y} and let us fix notation: for any finite subdebf N, we defing|L|| =",.; [ (and||g]| = 0). If for each
term ({,,)dirt2iz+-+=Din-1) of 4.4 we define
={xef{l,2,....,n—=1]ix =cj},
then the above summation can be written as a sum over all possible disjoint unions in

U={L=(L1,....,L))|Liu---UL, ={1,2,...,n—1}}

as

det Cir,[ao, ..., a,—11 =] | Y (dltaltelbaltte LD
LeU
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ForallLin U, let us writeu(L) = c1|| L1 || + c2l|L2|| + - - - + ¢ || L, || modn. Note that the setL. € U | u(L) = m} is in bijection
with the set of¢-partitions ofm. Thus

n—1
det CirG[ag, ..., ap—1]=1%1| Y | > 1| &

m=0 LeU
n(L)y=m

n—1
=161 | > patm, %)(C,,)d'")

m=0

=161 D @O Y @™

ln (m,n)=l,
1<m<n

cf. 32

=141 > pnl.6)C, n/l)) , (4.3)
ln

where Eq. (4.1) has been used in (4.3). In other words, for each devisfan, we have the following equation:

1
> Cd.n/Dpa(l.6) = & det Cirg,[ag, ..., an_1]1= 4.
lln

Whend goes through all divisors af, we obtain the following system of linear equations:

C(d1,d1) C(d1,dp) C(dy,d3) ... C(d1,dr)7 [ pa(n/dy,6) &dy
C(dp,d1) C(dp,d) C(d,d3) ... C(da,dr) || pn(n/d2,6) &dy
C(d3,d1) C(d3,dp) C(d3,d3) ... C(d3,dy) || pn(n/d3, 6) | — | &d3
C(de,d1) C(dr,dp) C(dr,d3) ... C(dr,dy)d Lpy(n/de, ) &d,

This system can now easily be solved since the matrix on the left-hand-s#devkich possesses the inver#Q;, by Proposition
8. Thus

pn(n/dy, 6) C(n/d1,n/d1) Cn/di,n/d2) ... C(n/di,n/dr) edq
pn(n/dz, 6) C(n/dy,n/d1) C(n/dp,n/d2) ... C(n/d2,n/dc) || €dy
pu(n/d3, €) | _ 1| C(njdz.njdy) Cnjda.njdy) ... Cnfdg,njdy) || eas
pn(n/de, ©) Cn/de,n/d1) C(n/de,n/d2) ... C(n/de,n/dr) séf

Thus, replacing all the /d; with d;, together with Eq. (4.1), we have shown that
, 1
Pa(m, €)= pp(a, €)== Cla,d)eyq.
" din

This ends the proof of the theorem(

Example 11. Letn = 15, D15 = {1, 3, 5, 15}, and% = {0, 1, 2, 5}. We get

¢1= 1 det Cirgs[1,1,1,0,0,1,0,0,0,0,0,0,0,0, 0] = 341,
¢3 = & det Cirgs[2,0,0,1,0,0,1,0,0,0,0,0,0,0,0] = 21296
¢5 = % det Cirgs[1,0,0,0,0,1,0,0,0,0,2,0,0,0,0] = 256
e15= 3 det Cirgs[4.0,0,0,0,0,0,0,0,0,0,0,0,0,0] = 44 = 268435456
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and
p15(15, %) rC(1515 (@155 C(153) C(151) €1
p1s5,%) | 1| C515 C(,5 €53 C6ID €3
p15(3.%) | 15| €(3,15 (C(3,5 (@3 (@3B &5
r15(1,6) LC1, 15 C@1L5 C1L3y 1Ly €15
r8 4 2 1 341
1|l -4 4 -1 1 21296
T15(-2 -1 2 1 256 ’
L1 -1 —1 11Ll26843545
which gives
17901592 ifm =0,
(m. &) = 17901268 ifm € (3,6, 9, 12},
P15V, ) =1 17894266 ifm < {5, 10},
17894283 ifm € {1,2,4,7,8,11, 13, 14}.

5. Partitions modulo n with less thant repetitions

When% = {0, 1, 2,...,r — 1}, the@-partitions are partitions where less thaiepetitions of summands are allowed. In this
section, we give explicit formulas for the number of such partitions and give some examples.

Corollary 12. Let n be a positive integem an element o¥/nZ, a = (m,n), and% = {0, 1, ...,t — 1}. The number of
%-partitions of minZ/nZ, i.e., the number of partitions of m with less than t repetitions of summands is given by

1
1L...,0-1)="= n/d-1
pa(m, (01,1 =1h == 3 Cla,dy

dln

d,n=1
1 Z go(d),u((a d)) n/d 1
Y oG
", s

Proof. Theorem 10 and Proposition 5 show that

Jj=0 \k=0

n—1 [ft-1 ) n—=1 ft-1 )
teg = l_[ Z(Cn)kdj = 1—[ Z(Cn/d)kj .
j=0 \k=0
Using Lemma 4, we see that

L[ i end =1,
4d=1 0 otherwise. O

Example 13. Let us consider the case wher= ¢ is prime. We haveD, = {1, ¢4} and the above formula becomes

-1
[t 527 ift<q, m=0,
pq(m,{0,1,...,t =1} = [ ifr<q, m#0,
q172 ift=gq

Note that for all possible € {2, ..., ¢ — 1} the numbers given by the formula are integers because of Fermat's little Theorem.
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Corollary 14. Let n be a positive integem an element of /nZ, anda = (m, n). The number of partitions of m izi/nZ in
distinct summands is given by

1
_ = n/d—1
pn(m, {0, 1}) = . § C(a,d)?

d|n

d:odd
1 Z (p(d)ﬂ((ad)) n/d 1
Y oGy
ddn‘ dd @d)

Example 15. Letn = 2. In this caseD, = {1, even numbefsand the above formula becomes

n—1

2
po(m, {0, 1) = Z— =221y c 7y,
n

since there is only one term in the sum.
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