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Some inequalities involving the constant e are considered. A strengthened
Carleman’s inequality is proved. Q 1998 Academic Press
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1. INTRODUCTION

It is well known that

n `1 1
lim 1 q s e and s e.Ýž /n n!nª` ns0

w xIn estimating the convergence velocity, Sewell 1, p. 358 showed that

`1 1 3
F e y - , n s 1, 2, . . . . 1.1Ž .Ýn q 1 ! n! n q 1 !Ž . Ž .ns0
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Ž w x.Kloosterman see 4, Chapter 3.8.26 proved the following inequality:

n1 e
e y 1 q - , n s 1, 2, 3, . . . . 1.2Ž .ž /n 2n

In this paper, we consider some inequalities involving the constant e and
Ž .give an improvement of 1.2 . As an application, we prove a strengthened

Carleman’s inequality.

2. LEMMAS AND A THEOREM
1LEMMA 2.1. For e¨ery x in 0 - x F , we ha¨e5

e 11e 21e e 11e1rx2 3 2e y x q x y x - 1 q x - e y x q x , 2.1Ž . Ž .
2 24 48 2 24

Ž . Ž . Ž .Proof. We define a function g by g x s 1rx ln 1 q x for x g
Ž . Ž . Ž .y1, 0 j 0, 1 , and g 0 s 1.

It is convenient to calculate its derivatives explicitly term by term as
follows:

` n y 1Ž .nX ny2g x s y y1 x ,Ž . Ž .Ý nns2

` n y 1 n y 2Ž . Ž .nY ny3g x s y1 x ,Ž . Ž .Ý nns3

` n y 1 n y 2 n y 3Ž . Ž . Ž .nZ ny4g x s y y1 x ,Ž . Ž .Ý nns4

` n y 1 n y 2 n y 3 n y 4Ž . Ž . Ž . Ž .ny1IV ny5g x s y1 x .Ž . Ž .Ý nns5

Whether from this or in the usual way, we find that

X 1 Y 2 Y 3g 0 s y , g 0 s , and g 0 s y .Ž . Ž . Ž .2 3 2
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Ž . w Ž .x Ž . Ž .1r xIf f x s exp g x for y1 - x - 1, then f x s 1 q x , and we ob-
tain that

1
X X X Xf x s exp g x ? g x , f 0 s exp g 0 ? g 0 s y e,Ž . Ž . Ž . Ž . Ž . Ž .

2
Y X 2 Yf x s exp g x ? g x q g x ,Ž . Ž . Ž . Ž .

11e
Y X 2 Yf 0 s exp g 0 ? g 0 q g 0 s ,Ž . Ž . Ž . Ž .

12
Z X 3 X Y Zf x s exp g x ? g x q 3g x g x q g x ,Ž . Ž . Ž . Ž . Ž . Ž .

21
Zf 0 s y e,Ž .

8
X 4 X 2 YIVf x s exp g x ? g x q 6 g x g xŽ . Ž . Ž . Ž . Ž .

X Z Y 2 4q4 g x g x q 3g x q g x .Ž . Ž . Ž . Ž .
Ž .We now write the Maclaurin expansion of f x in the form

e 11e 1
Z2 3f x s e y x q x q x f xu , x g y1, 1 , 0 - u - 1.Ž . Ž . Ž .1 12 24 6

2.2Ž .

and
e 11e 21e 1

2 3 4 IVf x s e y x q x y x q x f u , x ,Ž . Ž .22 24 48 24

for y1 - x - 1 and 0 - u - 1. 2.3Ž .2

1Ž xFor x g 0, , we have5

n y 1 n
ny2 ny1x ) x , n G 2,ž /ž /n n q 1

n y 1 n y 2 n n y 1Ž . Ž . Ž .
ny3 ny2x ) x , n G 3,

n n q 1

n y 1 n y 2 n y 3 n n y 1 n y 2Ž . Ž . Ž . Ž . Ž .
ny4 ny3x ) x ,

n n q 1

n G 4,

n y 1 n y 2 n y 3 n y 4 n n y 1 n y 2 n y 3Ž . Ž . Ž . Ž . Ž . Ž . Ž .
ny5 ny4x ) x ,

n n

n G 5.
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XŽ . YŽ . Z Ž . IVŽ . Z Ž .Thus, g x - 0, g x ) 0, g x - 0, and g x ) 0. Hence f x F 0
IVŽ .and f x ) 0. Then

Z 13 4 IVx f xu - 0 and x f xu ) 0 for 0 - x F .Ž . Ž .1 2 5

1Ž . Ž .In view of 2.2 and 2.3 , we find that, for 0 - x F ,5

e 11e
2f x - e y x q xŽ .

2 24

and

e 11e 21e
2 3f x ) e y x q x y x .Ž .

2 24 48

Ž .Thus inequalities 2.1 follow.

LEMMA 2.2. The following inequalities are true:

1 11 21 1
y q - , n G 5, 2.4Ž .52 32n 2n q24n 48n 3

1 11 1
y G , n G 11. 2.5Ž .22n 2 n q 124n Ž .

Proof. When n G 5,

1 11 21 5 1 1 1 105
y q 2n q s 1 y y y - 1.2 3 2ž /ž / ž /2n 3 n 12 9n24n 48n 144n

Ž .This proves 2.4 .
For n G 11,

1 11 1 1 11
y 2n q 2 s 1 q y G 1.Ž .2 ž /ž /2n n 12 12n24n

Ž .This shows that 2.5 is true.

THEOREM 2.1. For e¨ery positï e integer n,

n1 1 1 1
- 1 y ? 1 q - . 2.6Ž .5ž /2 n q 1 e n 2 n qŽ . Ž .6
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Later on, it will be con¨enient to use these inequalities in the form

n1 1 1
e 1 y - 1 q - e 1 y . 2.7Ž .5 ž /2 n q n 2 n q 1Ž .Ž .6

Ž .Proof. We substitute x s 1rn in 2.1 so that, for n G 5,

ne 11e 21e 1 e 11e
e y q y - 1 q - e y q .2 3 2ž /2n n 2n24n 48n 24n

These inequalities are equivalent to

n1 11 1 1 1 11 21
y - 1 y 1 q - y q . 2.8Ž .2 2 3ž /2n e n 2n24n 24n 48n

Ž . Ž . Ž .Using 2.4 ] 2.5 and 2.8 , it turns out that

n1 1 1
1 y 1 q - , for n G 5, 2.9Ž .5ž /e n 2 n qŽ .6

and

n1 1 1
- 1 y 1 q , for n G 11. 2.10Ž .ž /2 n q 1 e nŽ .

Ž .Inequality 2.9 is equivalent to

n6n q 5 1
q2.7182818 s e - 1 q , n G 5. 2.11Ž .ž / ž /6n q 2 n

Ž . Ž .It is easy to check that 2.11 is valid for n s 1, 2, 3, 4. Hence 2.9 is true
for every positive integer n.

Ž .Finally, inequality 2.10 is equivalent to

n2 1
q2.7182818 s e ) 1 q , for n G 11. 2.12Ž .ž / ž /2n q 1 n

Ž .It is also easy to check that 2.12 is valid for n s 1, 2, . . . , 10. Thus
Ž . Ž .inequalities 2.6 are true, and so are inequalities 2.7 . This completes the

proof.
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3. A STRENGTHENED CARLEMAN’S INEQUALITY

Ž w x.It is well known that the following Karlson inequality see 4, p. 7 ,
4` ` ` `

2 2 2 2 2 2a - p a n a , 0 - n a - `, 3.1Ž .Ý Ý Ý Ýn n n nž / ž / ž /
ns1 ns1 ns1 ns1

may be strengthened as
4 2` ` ` 1

2 2 2a - p a n y a . 3.2Ž .Ý Ý Ýn n nž /ž / ž / ž /2ns1 ns1 ns1

w xIt is well known 2, Chapter 9.12 that the constant e is the best possible
in the Carleman inequality

` `
1rna a ??? a - e a 3.3Ž . Ž .Ý Ý1 2 n nž /

ns1 ns1

where a G 0 and 0 - Ý` a - `.n ns1 n
Ž .Analogous to the strengthening of Karlson’s inequality, 3.3 may be

Ž .strengthened as a consequence of inequalities 2.7 . Hence we prove the
following.

THEOREM 3.1. Let a G 0, n s 1, 2, . . . , and 0 - Ý` a - `. Thenn ns1 n

` ` 11rna a ??? a - e 1 y a . 3.4Ž . Ž .Ý Ý1 2 n n2 n q 1Ž .ns1 ns1

Proof. Assume that c ) 0 for n s 1, 2, . . . . By the arithmetic]n
geometric average inequality, we have

`11rnc a ? c a ? ??? ? c a F c a . 3.5Ž . Ž .Ý1 1 2 2 n n m mn ms1

Then we find that
1rn` ` c a ? c a ??? c a1 1 2 2 n n1rna a ??? a sŽ .Ý Ý1 2 n ž /c c ??? c1 2 nns1 ns1

`
y1rn 1rns c c ??? c ? c a ? c a ??? c aŽ . Ž .Ý 1 2 n 1 1 2 2 n n

ns1

` `1y1rnF c c ??? c ? c a by 3.5Ž . Ž .Ž .Ý Ý1 2 n m mnns1 ms1

` ` 1 y1rns c a c c ??? c . 3.6Ž . Ž .Ý Ým m 1 2 nnnsmms1
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Ž .m my1Set c s m q 1 rm , m s 1, 2, . . . . Thenm

n
c c ??? c s n q 1 ,Ž .1 2 n

and, hence,

` `1 1 1y1rnc c ??? c s s .Ž .Ý Ý1 2 nn n n q 1 mŽ .nsm nsm

Ž .Hence, the inequality 3.6 implies that

m` ` `1 11rna a ??? a F c a s 1 q a .Ž . Ž .Ý Ý Ý1 2 n m m mž /m mns1 ms1 ms1

Ž .By inequality 2.7 , we obtain

` ` 11rna a ??? a F e 1 y a . 3.7Ž . Ž .Ý Ý1 2 n m2 m q 1Ž .ns1 ms1

Ž .Thus, inequality 3.4 is proved.
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