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increasing degree sequences. We say 7 is majorizated by 7',
denoted by w <7/, ifand only if v # 7/, Y1, dj = Y[, d, and
Y di<Yi_ diforallj=1,2,...nIf the degree of vertex v is
(resp. not) equal to 1, then we call v a pendant (resp. non-pendant)
vertex of G. We use C;; to denote the class of connected graphs with
degree sequence 7. Suppose 7 and 7’ are two non-increasing c-
cyclic degree sequences. Let G and G’ be the graphs with greatest
spectral radii in C; and C/, respectively. In this paper, we shall
prove that if 7 <7/, G and G’ have the same number of pendant
vertices, and the degrees of all non-pendant vertices of G’ are greater
than c, then p(G) < p(G).

© 2009 Elsevier Inc. All rights reserved.

1. Introduction

Throughout the paper, G = (V,E) is a connected undirected simple graph with V = {vy,va, ..., vy}
and E = {eq,ey,...,.ep}ie,|V| =nand |[E| = m.If m = n+ ¢ — 1, then G is called a c-cyclic graph.
Especially, if c = 1, then G is called a unicyclic graph. Let uv be an edge, of which the end vertices are u
and v. The symbol N(v) denotes the neighbor set of vertex v, then d(v) = |[N(v)| is called the degree of
v. If the degree of vertex v is (resp. not) equal to 1, then we call v a pendant (resp. non-pendant) vertex

of G.

* The first author is supported by the fund of South China Agricultural University (No. 4900-k08225); The second author is
the corresponding author who is supported by NNSF of China (No. 10771080) and SRFDP of China (No. 20070574006).

* Corresponding author.

E-mail address: liubl@scnu.edu.cn (B. Liu).

0024-3795/$ - see front matter © 2009 Elsevier Inc. All rights reserved.

doi:10.1016/j.1aa.2009.03.004


https://core.ac.uk/display/82802712?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://www.sciencedirect.com/science/journal/00243795
mailto:liubl@scnu.edu.cn

554 M. Liu et al. / Linear Algebra and its Applications 431 (2009) 553-557

Let A(G) be the adjacency matrix of G. The spectral radius of G, denoted by o (G), is the largest
eigenvalue of A(G). When G is connected, A(G) is irreducible and by the Perron-Frobenius Theorem
(see, e.g. [1]), p(G) is simple and there is a unique positive unit eigenvector corresponding to p(G).
We refer to such an eigenvector f as the Perron vector of G.

Ifd; = d(v;) fori = 1,2,...,n, then we call the sequence w = (d1,d>, .. ., d,) the degree sequence
of G. Throughout this paper, we enumerate the degrees in non-increasing order, i.e.,d; >dy > - - - > dj,.

A non-increasing sequence 7 = (dy,dy, . . ., dy) is called graphic if there exists a graph having 7 as
its degree sequence. It is called a c-cyclic degree sequence, if it is the degree sequence of some connected
c-cyclic graph. Specially, if there exists a connected unicyclic graph with 7 as its degree sequence, then
7 is called a unicyclic degree sequence.

We use C;; to denote the class of connected graphs with degree sequence . If G € C; and p(G) >
p(G) for any other G’ € Cy, then we call G has greatest spectral radius in Cy, .

Suppose & = (dq,da, . ..,dy) and #’ = (d}, d5, . .., d},) are two non-increasing graphic degree se-
quences, we write 7 <7’ if and only if 7 # 7/, Y0 dj = Y, d}, and YI_, d; < YI_, d! for all
j=1,2,...,n.Such an ordering is sometimes called majorization.

The work on determining the graph which has greatest spectral radius among some class of graphs,
can be traced back to 1985 when Brualdi and Hoffman [2] investigated the maximum spectral radius
of the adjacency matrix of a (not necessarily connected) graph in the set of all graphs with a given
number of vertices and edges. Their work was followed by other people, in the connected graph case
as well as in the general case, and a number of literatures have been written. Recently, Biyikoglu and
Leydold had firstly considered the majorization theorem for the graphs, which have greatest spectral
radii, between two degree sequences, and they once obtained.

Theorem A [3]. Let r and 7’ be two different non-increasing graphic degree sequences with w < ’. Let
G and G’ be the graphs with greatest spectral radii in C;; and Cy/, respectively. Then, p(G) < p(G').

Unfortunately, the following example shows that Theorem A is not correct.

Example 1.1. Let 7 = (4,3,3,3,2,2,1) and 7’ = (4,4,3,2,2,2,1). Let G; and G, be the graphs as
shownin Fig. 1. It is easy to see that (see the data of the spectra of connected graphs with seven vertices
[4, pp. 163-220]) G; and G, are the graphs with greatest spectral radii in C; and C,/, respectively.
Clearly, w <7/, but p(Gy) = 3.09787 > 3.05401 = p(G,).

Very recently, Biyikoglu and Leydold had changed Theorem A from the general graphs to the class
of trees, i.e.,

Theorem B [5]. Let = and 7’ be two different non-increasing degree sequences of trees with w < ', Let
T and T' be the trees with greatest spectral radii in C; and Cy, respectively. Then, p(T) < p(T’).

In this note, we consider the similar problem to the general graphs with additional restrictions, and
we shall prove that

Theorem 1.1. Suppose w = (dy,dy, .. ., dn) and n’ = (d, dj, . . .,d,,) are two different non-increasing
c-cyclic degree sequences. Let G and G’ be the graphs with greatest spectral radii in C,; and Cy,s, respectively.

PN
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Fig. 1. The graphs Gy and G,.
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Ift <7/, G and G’ have the same number of pendant vertices, and the degrees of all non-pendant vertices
of G’ are greater than c, then p(G) < p(G').

By Theorem 1.1, it is easy to follow that

Corollary 1.1. Suppose & = (d1,dz, .. .,dp) and n’ = (dy, d5, . . ., d) are two different non-increasing
unicyclic degree sequences. Let G and G’ be the unicyclic graphs with greatest spectral radii in C;; and Cy,
respectively. If m < 7', G and G have the same number of pendant vertices, then p(G) < p(G').

Remark. By Example 1.1, the condition of “the degrees of all non-pendant vertices of G’ are greater
than c¢” in Theorem 1.1 cannot be deleted.

2. The proof of Theorem 1.1

Suppose uv € E, the notion G — uv denotes the new graph yielded from G by deleting the edge uv.
Similarly, if uv ¢ E, then G + uv denotes the new graph obtained from G by adding the edge uv.

Lemma 2.1 [6,7]. Let u, v be two vertices of the connected graph G, and wy,w, ..., wy (1 <k<d(v))
be some vertices of N(v) \ N(u). Let G’ = G + wiu + Wall + + - - + Wpll — W1V — WaV — -+ - — Wy V.
Suppose f is a Perron vector of G, if f (u) > f (v), then p(G") > p(G).

Given a graphic degree sequence 7 = (dq,d>,...,dy), let w(1) denote the cardinality of 1 in 7,
and d(;r) = min{d; : d; # 1 and d; is a component of 7r}. We use min(rr) to denote the minimum
component of 7, i.e., min(w) = d,.

By the Theorem 1 of [5], the next result follows immediately.

Lemma 2.2. Suppose w = (dq,da, . . .,dy) is a non-increasing c-cyclic degree sequence. If G has greatest
spectral radius in C;; with the Perron vector f, then there exists an ordering of V(G) = {v1,Va, ..., vy} such
thatd(v;) = d; for1 <i<n,andf(v1) =f(va) =--- = f(vy).

Lemma 2.3. If 7 <7/, then min() > min(w’).

Proof. Suppose 7 = (d1,dy, . ..,dy) and 7’ = (d], dj, . . .,d,). Assume that the contrary holds, i.e.,
dn <d.,.Sincer <7’ then Y1, d; = Y"1, d/. Combining with d,, < d},, we have 1" d; > Y"1 d,

a contradiction to the definition of w < 7’. Thus, d, > d/, follows. O

Lemma24. Letw = (dq,da,...,dy) and 7" = (d}, d5, . . ., d},) be two non-increasing degree sequences
withmin(m") > 1.Ifw <’ and only two components of w and 7’ are different from 1, then ' (1) > 7 (1).

Proof. Without loss of generality, we may assume that d; = d,f fori # p,g,anddp + 1 = dl’,, dg —
1 =dj.Since 7 <7, then 1 <p <q<n.Thus,dp >dq = dj + 1 >min(x) + 1> 2. This implies that
7'()>x(1). O

Lemma 2.5 [8]. Let = and r’ be two different non-increasing graphic degree sequences. If w < 7/, then
there exists a series non-increasing graphic degree sequences 11, . . ., Ty such that (m =)mp<m;<--- <«
7Tk < g1 (=7, and only two components of 7r; and i1 are different from 1, where 0 <i<k.

Lemma 2.6. Let v and 7’ be two different non-increasing c-cyclic degree sequences with (1) = 7/(1)
andd(w’) > c + 1.Ifw <« 7/, then there exists a series non-increasing c-cyclic degree sequences i1, . . ., Tk
suchthat (m =)mg <y <+ - <M A M (=) withr (1) = 11(1) = - - - = (1) = 7' (1), d(w) >
d(my) = - - - 2 d(swg) = d(z"),and only two components of t; and i1 are different from 1,where 0 <i < k.
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Proof. Since 7 <7/, by Lemma 2.5 there exists a series non-increasing graphic degree sequences
71, ..., T such that (7 =)mwg <71 <+ - - <« W < TRy1(=7"), and only two components of 77; and 7741
are different from 1, where 0 <i < k. By Lemma 2.3, we can conclude that min(sw) > min(m1) >--- >
min(my) > min(z’) > 1. Thus, 7 (1) <71(1) < - - - <71 (1) < 7/ (1) follows from Lemma 2.4. Moreover,
sincew(1) =7/(1),thenw (1) = m(1) = --- = (1) = 7’ (1) follows.

Inthe following, let 7; = (dq,da, . . ., dy) and iy = (dy, d5, . . ., d},). Since only two components of
7; and 7riyq are different from 1, we may assume that d; = dj/- forj #+ p,g,anddp, + 1 = d;?' dg—1=

dz/;- We only need to show the following facts:
Fact1. d(7w) >d(my) > - - - > d(my) = d(w').

Proof of Fact 1. Itissufficient to show thatd(s;) > d(si41) for 0 <i<k.Sincem; < mi41,then1<p <q<n.
Thus, dp, > dq = df] + 1> min(mi+1) + 1> 2. Combining with (1) = m;4+1(1), then d; #+ 1 (Other-
wise, 77i(1) < 741 (1)). Thus, d(7;) > d(7wit1)-

Fact 2. Each m; is a c-cyclic degree sequence for all 1 <i<k.

Proof of Fact 2. It is sufficient to show that: For each i € {0, 1,...,k}, if there exists a connected c-
cyclic graph G with 7; as its degree sequence, then there must exist a connected c-cyclic graph G’ with
iy as its degree sequence. Once this is proved, we are done.

Since 7; <t 7wit1, then d, > dg > 2. Recall that 77;(1) = 7i11 (1), and d; = d]f forj # p,q, then d; +
1.ByFact1,dq = d; +1>d(x’) + 1=c + 2. Let Py, be a shortest path from v, to v, in G. Note that
G is a connected c-cyclic graph and dg > ¢ + 2, then there must exist some w € N(vq) \ N(v;), but
w ¢ Py,v, (Otherwise, G is not a c-cyclic graph). Let G’ = G + VpW — Vgw, then G’ is also a connected
c-cyclic graph with 77;41 as its degree sequence.

This completes the proof of this lemma. [l

Lemma 2.7. Let 7 = (dy,dy, ..., dp) and 7’ = (d},dj, .. .,d,) be two non-increasing c-cyclic degree
sequences with w(1) = 7'(1) and d(t’) > ¢ + 1. Let Gy and G, be the connected c-cyclic graphs with
greatest spectral radii in C;; and Cy/, respectively. If w <7’ and only two components of = and 7’ are
different from 1, then p(G1) < p(G>).

Proof. Notice that G; has greatest spectral radius in C;, by Lemma 2.2 there exists an ordering of
V(G1) = {v1,va,...,vp} such that d(v;) = d; for 1<i<n,and f(v1) >f(v3) >--- >f(vy). Recall that
only two components of 77 and 7’ are different from 1, we may assume that d; = dlf fori # p,q,
and dy +1 =d,, dg — 1 = dg. Since = < 7', then 1<p < q<n. This implies that d, >d, >2 and
f(Vp) >f(Vq)-

Let Py,y, be a shortest path from v;, to vq in G1. Since (1) = 7' (1), dp > dgq > 2, then d; # 1.Thus,
dg = d(; + 12d(n’) + 1>c + 2. This guarantees that there must exist some w € N(vq) \ N(vp), but
w ¢ Py, .LetG' = Gy + vpw — vgw,thenG’ € Cyr.Moreover,sincef(vy) > f(vq), then p(G1) < p(G')
by Lemma 2.1. This implies that p(G1) < p(G;) because G, has greatest spectral radius in C;/. [

The Proof of Theorem 1.1. Since G € C;,G’ € C,/,G and G’ have the same number of pendant ver-
tices, and the degrees of all non-pendant vertices of G’ are greater than c, then 7 (1) = 7/(1) and
d(7’) > c + 1. Combining with 7 </, by Lemma 2.6 there exists a series non-increasing c-cyclic
degree sequences 7y, . . ., T such that (7 =)mg <y <+ - - 9T < TR (=7 ) withw (1) = 71 (1) =
oo =m(D) =7’ (1), d(w) = d(m) = - - >d(my) =d(x’) > c + 1, and only two components of 7;
and iy are different from 1, where 0 <i<k.

Let G; be the connected c-cyclic graph with greatest spectral radius in Cy; for 1 <i<k. By Lemma
2.7, we can conclude that p(G) < p(Gy) < --- < p(Gy) < p(G'). Thus, Theorem 1.1 follows. [
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