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ABSTRACT

A two-sheeted hyperboloid in R? can be identified with the Riemann sphere C without the equator.
Canonical representations of the group SU(I, 1) on C are defined as the restriction of spherical
representations of the “overgroup” SL(2,C). We decompose these canonical representations into
irreducible constituents and decompose Berezin forms.

Canonical representations on Hermitian symmetric spaces G/K were introduced
by Vershik, Gelfand and Graev [7] (for the Lobachevsky plane) and Berezin [1].
They are unitary with respect to some invariant non-local inner product (the Berezin
form). We think that it is natural to consider canonical representations in a wider
sense: to give up the condition of unitarity and let these representations act on
sufficiently extensive spaces, in particular, on distributions. The notion of canonical
representation (in this wide sense) can be extended to other classes of semisimple
symmetric spaces G/ H, in particular, to para-Hermitian symmetric spaces, see [5].
Moreover, sometimes it is natural to consider several spaces G/ H; together, possibly
with different H;, embedded as open G-orbits into a compact manifold 2, where G
acts, so that 2 is the closure of these orbits.
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One of sources of getting canonical representations consists of the following. We
take some group G (overgroup) containing G, take a serles of representations R of
G induced by characters of some parabolic subgroup P associated with G/H, and
restrict these representations to G.

In this paper we carry out this program for a crucial example: the two-sheeted
hyperboloid £ in R3. Here the group G is SU(1, 1), the manifold € is the Riemann
sphere C. The hyperboloid £ can be identified with this sphere without the equator
S: zZ = 1. Both hemispheres can be identified with the Lobachevsky plane. The
overgroup G is SL(2,C). We decompose canonical representations R; ,, A € C,
v =0, 1, into irreducible constituents and decompose the Berezin form considered
on corresponding spaces.

This paper is closely related to our paper [6], where the Lobachevsky plane was
considered. For the two-sheeted hyperboloid, analysis of canonical representations
turns out to be in some sense more natural. Essential differences from [6] are the
following. Now the inverse of the Berezin transform Q; , can be easy written: it is
the Berezin transform Q_,_» ,. It allows to write a decomposition (a “Plancherel
formula”) of the Berezin form (f, h),., for all A in a transparent form.

Let us introduce some notation and agreements.

We use the following notation for a character of the group R* =R\ {0}:

™7 = |t|*(sgne)”,

wheret e R*, L € C,v =0, 1. By N we denote {0, 1, 2, ...}. The sign “=" means the
congruence modulo 2. If M is a manifold, then D(M) denotes the Schwartz space
of compactly supported infinitely differentiable complex valued functions on M,
with the usual topology, and D'(M) denotes the space of distributions on M—of
antilinear continuous functionals on D(M).

1. THE TWO-SHEETED HYPERBOLOID

Let us equip the space R with the bilinear form [x, y] = —x{y; + x2y2 + x3)3.
Let G; = SOq(1, 2), the connected component of the identity of the group of linear
transformations of R3 preserving the form [x, y]. We consider that G; acts on R?
from the right. Let £ denote the two-sheeted hyperboloid [x, x] = —1. It consists
of two connected parts £7: xy > 1 and £™: x; < —1. Each of these parts is
the Lobachevsky plane—the homogeneous space G1/K; where K1 = SO(2), the
stabilizer of points (%1, 0,0). A measure on L invariant with respect to G; is
dx = |X1|_1 dxydxs.

Let us realize £ on the Riemann sphere—the extended complex plane C = C U
{oo}: to a point x € £ we attach the point

X2 +ixs
x1+1 ’

(1.1) z=

the inverse map carries a point z = & + iy to the point

142z 26 21 )
1—zz2" 1—27"1—27

(1.2) x=<
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in £. Under this map the sheet LT goes onto the open disk D: z7 < 1, and the sheet
L~ goes onto its exterior D": zZ > 1 including the point co which corresponds to
the point (-1, 0,0). The group G, is isomorphic to the group of fractional linear
transformations

az+b a b -
' o= . —bb=1.
(1.3) I—>2z-g bita g (b a),aa bb

These matrices g form the group G = SU(1, 1). We obtain the homomorphism G —
G with the kernel {£E}. The group K| is the image under this homomorphism of
the group K consisting of diagonal matrices. The sphere C splits into three G-orbits
with respect to the action (1.3): D, D’ and the circle S: zz = 1. A G-invariant
measure du(z) is given by

(14)  du@) =p~2dxdy,
where
p=1-2zz.
Let U be a representation of G on functions on D by translations:

(U@f)@)=fz-9),

a quasiregular representation. In particular, the representation U/ on the space
L%(D, dy) is unitary with respect to the inner product

15 (b= / FQRD du).
D

These manifolds are convenient to consider together—as sections of the cone
C: —x? +x2 +x3+x2=0, x#0, in R*. Namely, the section x4 = 1 is the
hyperboloid L, the section x; + x4 = 2 can be identified with the complex plane C:
to a point z = £ +in in C we attach the point (1 +zZ, 2§, 25, 1 —zZ), so that we shall
denote this section as C again, finally, the section Q: x; = 1 is a two-dimensional
sphere. These three manifolds are mapped to each other by the central projection
from the origin. In particular, it gives (1.1) and (1.2). Under this correspondence we
have dx = 4du(z) and, moreover, if points x, y € £ correspond to points z, w € C
respectively, then

1—[x,y]  (1—zw)(l —w3)
2 T (1—z7)(1 —ww)’

(1.6)

The orbits D, D’ and S are mapped to hemispheres x4 < 0, x4 > 0 and the equator
x4 = 0 respectively.
Let us realize the space R* as the space of Hermitian matrices of order 2:

X1 — X4 xz—ix3)

1
x=(x1,%2,%3,X4) <= x=; .
x2+ix3 X1+ x4

2
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The group G = SL(2, C) acts on this space as follows: x > g'xg, the prime denotes
matrix transposition. This action preserves detx. The cone C is characterized by
detx =0, x # 0, it is invariant with respect to G.

2. ELEMENTARY REPRESENTATIONS OF G/{+E}

In this section we recall a description of the principal non-unitary series of
representations of the group G which are trivial on the center, see, for example, [8].
A representation T,, o € C, of G acts on D(S) by:

(T (9)p)(s) = @(s - g)Ibs +al™.

Let ds denote the Euclidean measure on S: ds = da, if s = ’*. The inner product
from L2(S, ds):

Q) (We)s= f V($)p() ds
S

is invariant with respect to the pair (7, T_5—1). An operator A, on D(S) defined
by

(As9)(s) = f 11— sit] ™2 "2 (u) du
N

intertwines T, and T_,_1, i.e., T—s—1(g)As = A,;T;(g). A sesqui-linear form
(As", @)s is invariant with respect to the pair (7, T5). In particular, for o € R,
this form is an invariant Hermitian form for 7.

The composition A, A_,_ is a scalar operator—the multiplication by [27w(c)]™!
where

1 1
(2.2) w(o) = m(a + 5) cotom,

a “Plancherel measure”, see Theorem 3.1. The function y¢(s) = 1 is an eigenfunc-
tion of A, with the eigenvalue

j(@)=2nT(-20 — 1)/ T?(=0),
so that
j(@)j(=o = 1) =[2rw(©)] "

The operator A, as well as the factor j (o) is meromorphic in o with simple poles
at o € —1/2 + N. Residues of A, are differential operators.

If o ¢ Z, then T, is irreducible and T, is equivalent to T_,; by means of the
operator A, or its residue.

There are four series of unitarizable irreducible representations: the continuous
series: T, 0 = —1/2 4+ ip, p € R, an inner product is (2.1); the complementary
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series: Ty, —1 < 0 < 1, an inner product is the form (A, ¥, ¢)s with a suitable
factor; the holomorphic and antiholomorphic series consisting of subfactors of Ty,
o€l

3. HARMONIC ANALYSIS ON THE LOBACHEVSKY PLANE

In this section we recall some facts from [6] about harmonic analysis on the
Lobachevsky plane realized as the disk D (of course, the Plancherel formula on
D is a classical result).

The Poisson transform Py : D(S) — C*(D) and the Fourier transform F, : D(D)
— D(S) are defined by

(Pr@)(@) = f (T (g™ Y0) ()p(s) ds = p~° / 11— 2577 p(s) ds,

S N

(Fs f)(5) = / F(T>(g7") Vo) () du(z)
D
=/f(Z)P_a_2|1—z§|2°dxdy, z=x+1iy,
D

where z =0 - g. They intertwine T_,_; with U and U with T, respectively. With
A, they interact as follows:

(3.1)  PyAy=j(0)P_o_i.
(32)  AoFy=j(©)F_g_1.

For a function f € D(D), we call F, f € D(S) a Fourier component of f corre-
sponding to 7.
Both transforms are entire functions of . They are conjugated to each other:

(Psp, )=(o, F5f)s

(in the left-hand side form (1.5) stands).

The Poisson transform W, = P, vy of the K -invariant vy is the spherical function
corresponding to T, . It belongs to C*°(D) and is expressed in terms of Legendre
functions: W, (z) = 2w P,;(c) (here P, is the Legendre function!) with ¢ = x;
(see (1.2)).

Theorem 3.1. The quasiregular representation U of G on L*(D, d) decomposes
into the integral of unitary irreducible representations of the continuous series
with multiplicity one. Namely, let us assign to a function f € D(D) the family
{Fs f} of its Fourier components of the continuous series (0 = —(1/2) + ip). This
correspondence is G-equivariant. There is an inversion formula:

o
B3 f= / @(0)P_o_1Fs flo=—1/2)+ip dp

-0
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(for (o), see (2.2)) and a Plancherel formula:

o0

(34 (fih)= f w(0)(Fo f, F-g_1h)slo=—(1/2)+ip 4P -

—00
Therefore, the correspondence above can be extended to L3(D,du).
Proof. Let us assign to any function f € D(D) the function (Mf)(c) on [1, c0):

1472
1—r%

(MF)(c) = / Frsyds, c=x =
S

This averaging map carries D(D) to D([1, 00)). In particular, we have (Mf)(1) =
27 f(0). If a function ® on D depends only on ¢: ®(z) = F(c), then (&, f) =
(1/4){(F, Mf)) where

(F,HY) = f F(c)H(¢) dc.
1

Mehler-Fock formulae [2, 3.14(8), (9)] give:

oo

(3.5 (F.H)= f w20 () (F, Po) (P, H)la=~(1/2)+ip AP,

-0
where P, is the Legendre function. Formula (3.5) implies

o0

3=/w(0)‘l’ala=—(1/2)+ipdp,

where (8, f) = f(0). It gives (3.3), 3.4). O

4, SPHERICAL REPRESENTATIONS OF THE GROUP SL(2,C)

In this section we give some material about spherical representations of the group
G = SL(2, ©), see, for example, [8]—in a form adapted for us here.

For A € C, let us denote by D, (C) the space of functions f in C °°(<C) such that
the function |z|** f(—1/z) belongs to C*°(C) too. The representation R, of G acts
on the space D_;_(C) by

@.1)  (Ru®f)@=f& glBz+87,

where

az+y a B
-g= G.
L8 = Bz+38’ &= (y 5)
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It is useful to realize the space D, (C) in homogeneous functions on the cone C, see
Section 1, and in functions on its sections. Let D, (C) be the space of functions f in
C®(C) homogeneous of order A:

fax) =t} fx), xeC, t+#0.

This space can be realized as a space of functions on each of sections C, Q, £ of
the cone C. For C we obtain just D, (C), for  we obtain the whole space D(£2),
for £ we obtain some space D, (L). It allows to insert the topology from D(S2) into
D, (C) and D, (L). The space D5 (L) contains D(L) and is contained in C*(L).
For f € D;(C), its restrictions f(z) and f(x) to sections C and L are connected as
follows:

42)  f@=Ipl7f@.

The representation R, of the group G acts on the space D_; _»(C) by translations:
(ﬁk(g) f)(x) = f(g'xg), we use the matrix realization of the space R*, see Sec-
tion 1. Restricting functions in D_;_»(C) to different sections, we obtain different
realizations of the representation R,.For Citis exactly (4.1).

Let us return to the C-realization. The Hermitian form

@3)  (fihc= f FQR@dxdy, z=x+iy,
J .

is invariant with respect to the pair (I?A, ﬁ_x_z), ie.,

<§A @7 h)c =(f, ﬁ—X—z(g_l)hXC'

It allows to extend R, to the space D", ,(C) of distributions—antilinear continu-
ous functionals on D; (C).

In particular, two functions 6;_,(z) = p*”, where v =0, 1, belong to D; (C), they
are invariant with respect to G = SU(1, 1) in the representation R_,_» (and any
G-invariant function is a linear combination of these functions).

The operator B, defined by

(B f)(@) = / 2 — wi fwydudv, w=utiv,
C

maps D_;_»(C) in D;(C) and intertwines R, with R_;_,. With the form (4.3) it
interacts as follows: (B, f, h)c = (f, Byh)c. It allows to extend B, to the space
D’ , _,(C). In particular, it carries the function 6_,_» , to the function 6, , with a
factor which we denote by c(A)~!:

Bib_s2v=cN) 0y, cA)=~-A+1)/m
The composition B_,_» B, is a scalar operator:

(44)  BoaBi=[c(Me(-2-2)]'E.
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5. CANONICAL REPRESENTATIONS

Let R;, A € C, denote the restriction of E)\ to G = SU(1, 1). Let I, be the following
operator on D, (C):

G (LWH@ =P fQ1/7).

It is an involution. Let us denote by D, ,(C), v =0, 1, the subspace of functions
f € D, (C) of parity v with respect to I, i.e., I, f =(—1)" f, or:

52 f@Q=CED P /7).

Operators R (g), g € G, commute with I_; _,, so that they preserve both subspaces
D_5—2,,(C), v=0, 1. Therefore, R, splits into two representations, we denote them
by Ry, and call the canonical representations on the two-sheeted hyperboloid.

Thus, the canonical representation R; ,, » € C, v =0, 1, of the group G acts on
the space D_;_2,,(C) by

(Ron(®) f) (@) = fz- g)lbz +al™ 274,

where g € G is the matrix (1.3).
Let us define an operator Q, , : D_;_2,.,(C) = D, ,(C) by

Oxrv=c)B,ol_)_7,

so that

(5.3) (QA,vf)(Z)=C()»)/|1—ZEIZAf(w)dudv, w=u-+iv.
C

It intertwines R;, , with R_,_» .. In virtue of (4.4) we have

54  Qa-2vQv=E.

As in Section 4, we can extend R; , and Q5 » to D_, , (C).
Let (f, h)x,v be a sesqui-linear form:

(5.5) (il =(Qavf h)c.

It is invariant with respect to the pair (Ry,v, Ry ,). So for A real, it is a Hermitian
form invariant with respect to R, ,. Using the property of parity (5.2), we can
rewrite (5.3) and (5.5) as integrals over D and D x D:

(5.6)  (Qun N =/Kx,v(z,w)f(w)dudv,
D

f s = / Koo (2, w) f ()Y dx dy dudv,
DxD
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where
Ky v(z, w) =cW){|1 — 2w + (=D’ |z — w|*}.

We shall call the operator O, , and the form (f, 4), , as well as the form B; ,
below (Section 6) the Berezin transform and the Berezin form respectively.
For a function f in D, ,(C), consider the following function on the disk D:

67 fo=ptf Q).
By (1.4) we have

Lemma 5.1. Let f € D__3,(C). Then if ReAr > —3/2, then fy belongs to
L3(D,dp).

Let us pass in (5.6) to functions (cf. (5.7))

fo@)=p2f@), k(@) = pPh(2).

Then the form (1/2)(f, h)x., becomes the form B, ,(fo, ko), see (6.1) and (6.2)
below.

In the L-realization the operator I, corresponds to the symmetry x — —x,
x € R3. Therefore, the subspaces Div(L), v=0,1, consist of functions f in D; (L)
such that f(—x) = (-1)" f(x), x € L C R3. By (1.6), (4.2) the form (f, h); .
becomes:

(fi)ae =274 () / | =[x, Y1+ 1| F0)RGY dx dy,
LxL

where f € D_;_ 9 ,(L), he D_5_,,L).

Let us denote by L, the restriction of R; to a space ¥ of distributions on C
concentrated at the unit circle S, this space is the union of the spaces ¢, k € N,
consisting of distributions

20()8(p) + 1()8'(P) + - - - + @i (5)8© (),

where §(p) is the Dirac delta function on the real line, ¢,, € D(S).

Denote by X, , (resp. X, 1) the subspace of distributions ¢ € ¥ (resp. £ € Zz)
of parity v with respect to the involution I; and by L, , the restriction of L; (or R;)
to Z_)L_z,y.

For a function f of class C* in a neighbourhood of S, consider its Taylor series
ap+aip +axp? + ---. Here a; = ar(f) are functions in D(S). Let a(f) be the
column (ao(f),a1(f),...). A representation M, of G acts on the space of these
columns: M, (g)a(f) =a(Rx(g)f).

Let M), be the subrepresentation of M, acting on the subspace of sequences
a(f) with f € D_;_3,(C).

Decompositions of L, and M, were given in [6]. We do not turn here our
attention to decompositions of L, ,, and Mj .
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6. DECOMPOSITION OF THE BEREZIN FORM ON D(D)

In this section we consider the Berezin form

61)  Buy(fih)= f Ey (@ w) f (R (0) dpn (@) dps ),
DxD

defined on the space D(D) by the Berezin kernel

(1 —zw)(1 — wZ)]A
(1 —z2)(1 — iww)

62)  Epv(zw) =c<x>{[

(z — w)(z — ) m

(=D [(1 —22)(1 — w)

Notice that the first summand in (6.2) with the factor c()) is just the Berezin
kernel from [6]. Let us decompose this form into invariant sesqui-linear forms
corresponding to the representations 7.

Theorem 6.1. Let f,h € D(D). Then for ReAd < —1/2+ v and for A =—1/2+v
we have

(o]

63)  Bio(fih)= f 0©@)AGh, v, 0)(Fs £, Fog1h)slom—1/24ip dp;

—00

Jor =1/2+v+2r <Rer <3/2+v+2r and for »=3/2+v +2r, r €N, we have

M,
(6.4) B)»,v(fah)—/ Z ()f_m) (AnemyFa—m f, F5_,,h)s,

where m = v + 2s, the integral denotes the same integral as in (6.3) and the sum is
taken over s =0,1,...,r; finally, for Red = —1/24+v+2r, A £ —1/2+ v+ 2r we
have

I MO,k
(6.5) By y(fih)= / + +§ T k)) (Ar—yFar f, F5_ih)s,

where k = v + 2r, the sum in (6.5) contains the same summands as in (6.4), but the
sum is taken over s =0, ...,v — 1 (for r = 0 the sum is absent), the factor w(c) is
given by (2.2),

(6.6) AGuv.0) = I'—Ar—o—-DI'(-A+0) ' sin Aw —|—‘(—1)" sinan’
'(—A —DI'(=A) sin A7
FA+2)Ir+1)

mPRr+2—m)’

6.7) MGA,my=—-a20r-2m+1).
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Proof. The kernel E) , (z, w) is invariant with respect to the diagonal action of the
group G. Therefore, it can be obtained by translations z — z - g (for z - g, see (1.3))
from a function of one variable:

= A
Ey () =E; »(2,0) =C()L){(1 — ZZ)—)» + (_1)v< 2z ) }

1-2z2

This function depends only on ¢ = (1 + zz)/(1 — zZ) = x1, see (1.2), ¢ runs through
the interval [1, 00). We have:

E @ =2""cW{c+ D* + (=1’ - D*}.

This distribution is meromorphic in A with simple poles at A € —2 — N. Let us
expand it into spherical functions ¥, see formula (6.9) below.

Letussetin (3.5) F =E; , and H = Mf, f € D(D). In order to find (E; v, Ps))
with 0 = —1/2 + ip, we compute the integral

o]

6.8) / E,v(c)Ps(c)dc.

—0o0

It converges absolutely for ReA > —1, Re(A + 0o + 1) <0, Re(A — o) < 0, so
that if Reo = —1/2, then —1 < Rei < —1/2. The integral (6.8) can be found
by [4, 7.135(2), 7.127], it is equal to (2/7)A, where A is given by (6.6). For o =
—1/2+ip, the integral (Ej ,, Ps)) is just the integral (6.8) since for such o we have
Py = P5 = P_,_; = P,. Further, by Section 3 we have (P,, Mf)) = 2/7)(¥g, f).
Substituting all this in (3.5), we obtain the desired expansion

(o]

(6.9 E,\,v=/w(U)A()»,v,U)‘I’ala=—1/2+ipd,0

—00

for —1 < ReA < —1/2. By analyticity we extend this expansion to Re A < —1/2.
As a function of o, the function A has poles at points

(6.10) o =xr—k, oc=—-A—141,
and zeros at points
6.11) o=—-r—k-2, o=A+1+1,

where k,/ e Nandk=v,l=v.

Now we make the analytic continuation of (6.9) from the half plane Re A < —1/2.
When poles (6.10) intersect (or meet) the integration line—the line Reo = —1/2,
they give additional terms.

The obtained expansions of E, , give formulae (6.3)(6.5). O

The function A has the following properties:
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6.12)  AGv,—0 —1) =A@, v,0),
(6.13) AR, v,0)A(—r—-2,v,0)=1.

They reflect the equivalence of T, and T_,_; and property (5.4).

Theorem 6.2. For —1 < Re: < —1/2, the Berezin form By, and the operator Q. v
are bounded in L*(D, d ). '

Proof. It is sufficient to show that A with o = —1/2 +ip as a function of p € R is
bounded on R. But it follows from its behaviour at infinity:

A(A, v, —1/2+ip) ~ const - |p| 272,

see [2,1.18(6)]. O

Let us consider the form ¢(A) ™1 B, ,, with real A. Formulae of Theorem 6.1 show
that the form c(A) "' B, , (f, f) has the sign (—1)"*" for—m —1 <A < —m,m € N.
Therefore, the representation R, , considered on D(D) is unitarizable with respect
to this form with a suitable sign (unitary canonical representations).

7. POISSON AND FOURIER TRANSFORMS ASSOCIATED WITH CANONICAL
REPRESENTATIONS

Let A,0 € C, v =0, 1. We define Poisson transforms P, , , and Fourier transforms
F.».» associated with the canonical representation R, , as compositions of Poisson
and Fourier transforms from Section 3 with the multiplication by a power of p:

(Prvo@)(@) = p~*20" f 11— 2577 p(s) ds.
S
(Fio () = f 11— 25 PP f (@) dx dy,
C

where z=x +1iy, p=1—12Z, p € D(S), f € D_,_2.,(C). They are conjugate to
each other:

(71) (F)»,v,af’ (P)S = (f’ P—X—Z,v,5¢>(c'

The transforms P, , , and F) , . intertwine T_,_; with R, , and Ry, with T,
respectively. With the intertwining operators A, and @, , (see Sections 2 and 5)
they interact as follows:

(7.2) PrvoAs = j(O)Prv,—0-1,
(7.3) OrwPrve=ARAv,0)P_y 2,40,
(7.4 AgFy e =JjO)Frv,~0-1,
(7.5) Foy2060,2w=A0,v,0)F 5.
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Formulae (7.2) and (7.4) follow immediately from (3.1) and (3.2), formula (7.5)
will be proved in Section 8, formula (7.3) follows from (7.5) by (7.1).

Theorem 7.1. For a K-finite function ¢ € D(S) and o ¢ (1/2) + Z the Poisson
transform has the following decomposition in powers of p:

(76)  (Proo®)@=p 772" (Corp)(s) - p*
k=0

o0
+p 7YY (Dorg)(s) - pt.
k=0

The theorem follows from [6, Theorem 3.1]. Operators C, ; and D, x on D(S)
are expressed in terms of a differential operator W, ; on D(S):

7.7 Cor=A_61W_o_ 14, Dy = j(o)Wo i,

which is defined by a generating function—as follows. Let us consider the following
power series in powers of p:

oo
(7.8)  (I—p™*Fo+10+14+m20+2p) =Y wo, —mH)p~,
k=0

where F is the Gauss hypergeometric function. The coefficients wy of this series
are polynomials in —m? of degree [k/2] with coefficients rational in o. Functions
exp(ima) are eigenfunctions of the operator d2/da? with eigenvalues —m?. We set

d2
Wk = wi (0', W)

Notice that W, 0= 1.
Here is an explicit expression of W, ;. (it was absent in [6]). Let us denote

s—1

d2
Los= H[(o +142r)+ %—2},

r=0
then

(s + (0 + 1)/2)lk=21

Wo i = —1)52™% :
k= ) (=D si(k — 25))(o + 3/2)l1 7 F

0<s<k/2

This formula is proved as follows. By [2, 2.11(26)] we transform the left-hand side
of (7.8) to

_ +1+m o+1—m 3 p?
1— (0+1)/2F i ) ) == s
d=p 2 2 T TS
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then in each term of this series we expand (1 — p)~@+1/2-% into the binomial series
and finally collect similar terms.

Recall [3] that the distribution x*" (@ € C, v =0, 1) on the real line has poles of
the first order at « = —n — 1, n € N, n = v, with residues

2(—1)'755(")@).

Therefore, because of the leading factors p=*~27% and p~**°~1¥ in (7.6) the
Poisson transform P, , , has poles just at poles (6.10) of the function A(%, v, )
and Laurent coefficients for P, , , are the same as for P, , in [6], multiplied by 2.
For example, if a pole belongs only to one of series (6.10), then it is simple and the
residue is as follows:

(—D*
k!

Piysk=2 JO—k) B k=v,

(=1
I

Py, a1y =2 oAy, I=v,

where &, ; is an operator D(S) — X defined in [6]:

Ty ik (@) 3= (p).

k
Exl@) =) (-D"
m=0

Let Vi x be the image of &, . It is contained in X_ 2, x, V=K.
Taking the residue of (7.3) at ¢ = A — k, k = v, we obtain

1
(1.9)  Owvbak= Z(—l)”k!j(—)» —14+k)-MQ, k) Poy-2,0 1k

where M (A, k) is given by (6.7).

The Fourier transform F) , , has poles in ¢ at zeros (6.11) of the function A. The
Laurent coefficients are the same as in [6], multiplied by 2. For example, if a pole
belongs only to one of the series (6.11), then it is simple and

Frv sz k=j(A=2—k) by, k=v,
Froarip=—A_p—2-jobry, l=v,

where b;  is the boundary operator D_;_; ,(C) — D(S) defined in terms of Taylor
coefficients (see [6]):

k
bii(f)= Z Wos—2—k k- (@m ().

m=0

The operator b, ; intertwines R; ., with T_,_;_,. The conjugacy (7.1) gives the
conjugacy for residues:

(=¥
!

(7.10)  {bra o)y =2

(£, 5—X—2,k(¢))C'
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We extend the space D; (C) as follows. Let 7; 4, k € N, be the space of
functions f of class C*° outside of S, having parity v with respect to I: I, f =
(—1)" f, and having the Taylor decomposition of order k:

f(z)=ao+a1p+~'+akpk+0(p"),

where a,, € D(S). The operators b, , with m < k can be extended in the natural
way to the space 752y k-

Let us consider the Poisson and Fourier transforms at poles of each other:
Py vatlms> Pov,~r<2-m> Frv.—a—14m> Fa,v,r—m, Where m = v. Then these trans-
forms have some special properties.

For the Poisson transforms P,y 114m and Py, _x—2_n the leading factors are
p™ and p~2~3—™V_The first of them is a polynomial in p. Let us fix k¥ € N and let
Rei < —k —3/2. Then for any m =0, 1, ..., k the second leading factor is o(p*),
so that, in particular, the image of the transforms P y+t14m and Py, —a—2—p lie
in 7_5_5 , x and we can apply to them the boundary operators b;,,, r < k. These
boundary operators turn out to be the inverse operators for the Poisson transforms—
up to a factor or the operator A,. Namely, we have

Theorem 7.2, Letk € N. LetRex < —k —3/2. Then for m < k and m = v we have:

(7.11)  bymo Pry,—a2-m = Art14m,
(7.12) b)»,m oPivittm=j@A+1+m)-E,

and for r, m < k, r # m, we have

(7.13)  buyo Py —i—2-m =0,
(714) b;”r o Pk,v,k+1+m =0.

Proof. Consider (7.11) and (7.13). The composition b; , o Py v —x—2-m 1S an
operator D(8) — D(S) intertwining T; 414, with T__,_,. Therefore, if r # m,
then this operator is equal to zero. If r = m, then it is the operator Ay 414m, up to
a factor. By (7.6) the coefficient for P, , _;_2_,¢ in front of p™ is C_y_2_m 09
which is equal t0 Aj+14m@, see (7.7). On the other hand, the dominant term in
by, m is the Taylor coefficient a,,. Therefore, the composition by », 0 Py v, —3—2-m 18
exactly Ax414m. Similarly we prove (7.12) and (7.14). O

Under the same conditions as in Theorem 7.2 we can apply distributions from
¥, v.k to the images of the Poisson transforms occurring in Theorem 7.2. Therefore,
we can take as f in (7.10) a function from these images. Then, using Theorem 7.2,

we obtain the following action of basic distributions from X, ., .

Theorem 7.3. Letk € N. Let Re: < —k —3/2. Then for m < k and m = v we have:

1
(E-r-2m) Py 52 mle = 5 (- D"l Ars1em . 0)s,
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1
(E-r-2m)s Pryipiem®le = 5 (D" m G+ 1+ m)(, 0)s,

and for r,m < k, r £ m, we have

(E—r—2r(¥), P, 5 5 n¥)c =0,
(E—r—2r(¥), Py, 34 14m®)C =0.

Now, using conjugacy (7.1), we can extend the Fourier transforms F) , _;_14m
and F} , )—n to distributions ¢ in X , x, m < k. Namely, for ReA > k — 1/2 (we
replaced A by —A —2)and m < k, m = v, we set:

(Frvr-m8, @)s =, P_3_5 , i-m®)C,
(FA,v,—A—1+mCy (P)S = (é-’ P_X_z,v'_x_1+m¢)c-

Then Theorem 7.3 implies:

Theorem 7.4. The Fourier transforms Fy. , __1+m and Fs_, y_n are inverse maps
to &, up to a factor or the operator A,, more exactly, there are relations—for
mr<kandm=r=v:

1
Fyyi—mobam= 5(*1)mm!A—,\—1+m,

1
Fiv,a-11moéam= 5(—1)'""1!]'(~)L —14+m)-E,

Fyop-mobi,r=0, r#m,

Fyv,—a-14mo© SA,r =0, r#m.

These formulae show that the maps Fy , _j—1+m and F ,_m being defined
originally as maps to the space D’(S) of distributions on S are actually maps to
the space D(S).

Finally we have the following property (a similar property was absent for the
Lobachevsky plane [6]). We may put o = A+ 1+m in (7.3): at this point the Poisson
transform P_,_, , , has a pole, but the function A(X, v, o) has a zero, so that the
left-hand side has a limit when o tends to A + 1 + m. Evaluating this indeterminacy,
we obtain—for m = v:

(715) QA,VPA,v,)»+1+m =T, m)- §_r—2m0A__2-m,

where

_TG+2T(+1)
(7.16) T(,m)= T3t
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8. DECOMPOSITION OF THE CANONICAL REPRESENTATIONS

As in {6], we restrict ourselves to a generic case: we consider A lying in strips
Iy={-3/2+k <Rer < —-1/2+k}, ke Z.

Case (A): A € Iy. Let us take functions f € D_;_5,(C) and h € Dx,v((C) and
consider functions fy(z) = p**2f(z) and ho(z) = p‘xh(z) on D, cf. (5.7). Since
A € Iy, by Lemma 5.1 both functions fy and g belong to L?(D, du). Applying the
Plancherel formula (3.4) to the pair of functions fy and kg, we obtain:

o

B.1)  (fo,ho) = / @ (@) Fy fo, F—g_1ho)slo=—1/2+ip 4P,

—00

on the left-hand side the inner product (1.5) in L?(D,du) stands. Now we pass
in (8.1) to functions f and A. The left-hand side becomes (f,h)p which is
(1/2){f, h)c. The Fourier components F, fy and F_z_1ho become (1/2)F) yo f
and A/ F_5 5, _5_1h So, we obtain

[e,e]

1
B2 (fihc= / Ew(a)(FA,v,af’ F 5 5 —5-1Mslo==1/2+ipdp.

—o0

Here, using conjugacy (7.1), we transfer the Fourier transform from /4 to f—as the
Poisson transform. We obtain a formula which gives an expansion of f considered
as a distribution (in D" A_271}(((3)):

o0
1
@83 f= f Ew(G)PA,v,—o—lFh,v,af|o=—1/2+ipdp~
—00

Now let us take functions f € D__» ,(C), h € D—X—z,v((c)' Then for A € Iy both

functions fo(z) = p**2 f(z) and ho(z) = p**t2h(z) belong to L*(D, dy) again. Let
us take the Berezin form By, (fo, ko). In virtue of Theorem 6.2 we can write the
decomposition (6.3) of this form for 4 in the strip 7 : —1 < ReA < —1/2. Coming
back to f and 4 as above, we obtain the decomposition of the form (f, k), _,—still
for I3 :

o]

1
8.4) (filay= / EG)(U)A()M v,0){Fivof FX,U,_5-1h>S|a=-1/2+ip dp.

—0

Now we are able to prove (7.5). Let us take (8.2) with —A — 2 instead of A for the
functions Q; , f and h. We obtain

o0

1
65 (Quofible= [ J0ONFA 200 Qs f. By g h)sla=1 siip .

—o0
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where f € D_,2,(C),heD_;_, ,(C) and X € Iy. Comparing (8.4) with (8.5) and
taking into account (5.5) we obtain (7.5) first for I(j' . Then by analyticity we extend
it for all possible A.

Now extend (8.4) to —3/2 < Re A < —1. Let A belong to this strip. Then —1 — 2
belongs to IgL . Let us write (8.4) with A replaced by —A — 2 for the pair Q. f
and Qj ,h. Using (5.5), (5.4), (7.5) and (6.12), (6.13) we obtain (8.4) for —3/2 <
Re i < 1. Thus, we have:

Theorem 8.1. Let A € Iy. Then the canonical representation R, , decomposes
into the integral of representations of the continuous series with multiplicity one.
Namely, let us assign to any f € D;, ,(C) the family {F) o f}, 0 = —1/2+ip, of its
Fourier components. This correspondence is G-equivariant. There is an inversion
Jormula, see (8.3), and a decomposition of the Berezin form (f, h), ., see (8.4).

Case (B): A € Iy4+1, k € N. We make the analytic continuation of (8.3) in A from
the strip Ip to the right—to the strip ;1. Here poles of the Poisson transform give
additional terms. As in {6], we obtain

M=~

86) f= / + 3 ()

i
=]

m
m

Il
=

where the integral means the right-hand side of (8.3) and

(=~

m!

87 mm=2 JA=14m7 &m0 Fay—aet4m-

Similarly, the analytic continuation of (8.4) gives (here additional terms are given
by poles of A which are the same as poles of Py v ¢ ):

oo k
1
88)  (fih, = f + Y SMOm B i tpmhls,
—00

m=0,
m=y

where the integral means the right-hand side of (8.4).

The operators (8.7) with m < k can be extended to ¥_,_5 , x since the Fourier
transform F), y,_y—14,m OcCCUrring in 7, , is already extended, see Section 7. Thus,
the operators 7, _,, with m < k are defined on the space

Dos—204(Q) =D_5 2, (C) + T _s2,u k-

Decomposition (8.8) can be also extended to the space D_;_ , £ (C). In particular,
for distributions in X_, 5 , x integrals in (8.6) and (8.8) disappear.

Theorem 8.2. The operators 7y m, m < k, acting on the space D_,_2 , x(C), are
projection operators onto the spaces V, , i.e., there are relations
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B.9)  mmTim=Tam,
(8.10) T mTTxr =0, r ;ﬁm

Moreover, there are “orthogonality relations”:

1
(811) (T[)»,m(f)’ T[X,m(h)))hv = EM()", m)(FA.,v,A._mf’ FX,v,_X—l.}.mh)S’
(8.12)  (mm(H) 77, (W), , =0, r#m.

Proof. By definition we write

(_1)m+r
mir!
“EmoFry s 14mo& 0 Fy v aci4r.

TomT,r =4 jEA=14+m) j(=a=14r)7"

Now we apply Theorem 7.4 t0 Fy v _j_14m © & » and obtain (8.9) and (8.10).
Let us prove (8.11) and (8.12). In virtue of (5.5) consider Q; v7s.m f. By (8.7)
and (7.9) it is equal to (1/2)M (A, m) P_; 2,y »—m Fi v,—r—14m f - S0 we have

1
(mm (P, 77, (), = MO m) = (=1 (=2 =147

AP_x 20, h-mFav,—r—14m [ &3, F5 , _5_ 11, M)C.

By conjugacy (7.10) it is equal to

1
EM(x,m)j(—)\ —14n7!

Ab—r-2r Por—2,00-m o, —a—14m [ Fi o, _5_14,M)s-

By Theorem 7.2 it is equal to zero for r # m, and for r = m it is equal to

1 . _
EM()», m)j (= —14+m) A s timFrv—a—14m fo F\ - 10mM)s-
In virtue of (7.4) it is just equal to the right-hand side of (8.11). O

We see that the decomposition (8.8) is a “Pythagorean theorem” for decomposi-
tion (8.6). Thus, in Case (B) we have:

Theorem 8.3. Let A € Iy 1, k € N. Then the space D_; 3, (C) has to be completed
to D_; 3, x(C). On this space the representation R, , splits into the sum of two
terms: the first one decomposes as R, , does in Case (A), the second one decom-
poses into the sum of irreducible representations T_y_11m With m =0,1,...,k,
m = v (there are no Jordan blocks). Namely, let us assign to any f in D_y_5 , x(C)
the family {F; , o f, Tam(f)}, where 6 = —=1/2 +ip and m =0,1,...,k, m = v.
This correspondence is G-equivariant. The function f is recovered by the inversion
Jormula (8.6). Moreover, there is a “Plancherel formula” (8.8) for the form (., ) .
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For —1/2 < A <0, this theorem gives the decomposition of the unitary canonical
representations, see Section 6.

Case (C): . € I_;_1, k € N. We make the analytic continuation of (8.3) from Iy
to the left—to 7_;_1. Here the poles

813) o=-A-2-m, o=A+14+m, m<k, m

v,

of the integrand (they are poles of F; , ) intersect the line Reo = —1/2 and give
additional terms. As in [6] we obtain
oo k

619 f= [+ X mair),

m=0,
m=v

where the integral means the right-hand side of (8.3) and
(8.15) Mam=j+1+m) Py ystitmbim.

Now let us continue (8.4). Here the poles (8.13) are poles of both Fourier
transforms. Fortunately, the function A as a function of ¢ has zeros at poles of
the Fourier transform. Therefore, the poles (8.13) of the integrand are simple. The
pair of poles (8.13) with the same m gives the addition

lim  27{w(0) (6 +Ar+2+m) AR, v,0))

o—>—A—2—m

Y —I/‘:;,,,,,{+1+mh)s,
which is equal to
N, m)(A_s—2-mbrm [, b5 mh)s,

where
1
(8.16) N@(.m)= E(—l)”‘j()» +1+m) ' m!T(x, m),

for T (A, m), see (7.16). Thus, after continuation we obtain

e k
G17) Gbnu= [+ 30 NOm)Aosambinfbg o).
—50 m=0,
m=v
where the integral means the right-hand side of (8.4).

Denote by P, the image of D_;_> ,(C), m = v, under IT, ,,. The operators
I, ,, with m < k can be extended to the space 7_,_5,,; since the operators by
with m < k are defined on this space. In particular, IT; , can be applied to P; ,,
r < k, and we may consider products IT; ,, 1, , where m,r <k.

628



Theorem 8.4. The operators 11, ,,, m < k, are projection operators on Px m,
namely, there are relations:

(8.18) My Iy =5 s
(8.19) Hk,mn)\,r =0, r ;ﬁm

They are “orthogonal” with respect to the form (f, h)y,,, namely,

(820) (Hk,m(f)’ Hx,m(h)))\’v
=N, m)As—2-mbim(), b, (M),
821)  (Mum(f).Mg,), , =0, r#m,

where m = v and N (A, m) is given by (8.16).
Proof. By definition we write

ML, =ja+14+m~jo+1417!

“Prvad14m 0 bam 0 Pryjsi4r0bar.

Applying formulae (7.12) and (7.14) to b, o Py x+1+- We obtain (8.18) and (8.19).
Now consider the left-hand side of (8.21). By (5.5), (8.15), (7.15) it is equal to

(@ m (), Mz, W) = A +1+m) L+ 1417
AQv Py pri4mbam(f), Px‘v,x+1+rb;,,(h))c
=j0+1+m i+ 1+07'T O, m)
’ (§—l—2~mA—A—2—mb/\,m(f)’ PX,V,X+1+rbX,r(h))<C'

Transfer £_;_; ,, to the second factor in the form (-, -)¢ by (7.10) and use (7.12),
(7.14) and (8.16). We obtain 0 for  # m and the right-hand side of (8.20) for

r=m. 0O

Formulae (8.20), (8.21) show that (8.17) is a “Pythagorean theorem” for the
decomposition (8.14). Thus, in Case (C) we have

Theorem 8.5. Let A € I__, k € N. Then the representation R, , considered on
the space T_;_» i splits into the sum of two terms. The first one acts on the
subspace of functions f such that their Taylor coefficients a,, (f) are equal to 0
Jor m < k and decomposes as R;,,, does in Case (A), the second one decomposes
into the direct sum of irveducible T_;_3_,, m < k, m = v, acting on the sum of the
spaces Py (there is no Jordan blocks). There is an inversion formula, see (8.14),
and a “Plancherel formula” for the form (f, h);, ., see (8.17).
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