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In this paper we give a new characterization of the classical orthogonal polyno-
mials (Hermite, generalized Laguerre, Jacobi) by extremal properties in some
weighted polynomial inequalities in L>-norm. @ 1994 Academic Press, Inc.

1. INTRODUCTION

Let £, be the set of all algebraic polynomials of degree at most n on an
interval (a, b). Markov [11] proved in 1889 the following

THeoreM 1.1, Let (a,b) = [ 1,1) and || fll< (- 1.1) = sup, ¢ (-1, f (DI
Then

”P’”w,[-]J] < I12“P”x,[_1,1] (1)
for each P € #,.

This result was followed by several extensions by other authors both
from bounded to unbounded intervals, also from L” norm to other norms,
especially norms involving weight functions (cf. Milovanovié¢ [13]). In the
latter case, it is common to talk about “weighted polynomials” (instead of
“weighted norms”). We will use this denomination throughout this paper.

For weighted polynomials on unbounded intervals, a first result was
obtained by Milne [12] in 1931. A transformed form of his result can be
described as follows:

TueoreM 1.2, Let (a,b) = (-, +®©) and |fll.r = sup,cg If(1)].
There exists a positive constant C such that

I[exp(—12/2)P||, g < CVn|lexp(—12/2)P|.. & (2)
for each P € &2,.

*E-mail: guessab @ iprvslL.univ-pau.fr.

125

0021-9045 /94 $6.00
Copyright © 1994 by Academic Press, Inc.
640/79/1-9 All rights of reproduction in any form reserved.



126 ALLAL GUESSAB

Using the L'-norm on (— o, +x), given by

1/r
£, = (fR|f(t)lrdt) , 0<r< +o,

= esssup| f(t)], r= +oo,
teR

Freud [6] proved:

THeorem 1.3. Let PP, and | < r < x. Then there exists a positive
constant C,, independent of n, such that

lexp(—¢2/2)P'||, < C\n'/?exp(—12/2)P],. (3)

In 1983, a generalization of inequality (2) to L’-norms for higher
derivatives was given by Zalik [17]. He proved the following:

TueoreM 14. Given s >0, 1 <r < o, Then, there exists a positive
constant D |, independent of n, such that

(s)

H[exp( —12/2)P|"|| < Dn*/?exp(—1%/2)P],, (4)

for every P € 2,
In proving this assertion, he used the following result:

THEOREM 1.5. Givens > 0,0 < g < wand 1 < r < «, Then there exists
a positive constant D, independent of n, such that

21 exp(—12/2) P||, < Dyn?/?|exp(~12/2) P, (5)

for every P € 2.

The above inequalities are optimal in the sense that constants D, and
D, cannot be replaced by sequences that converge to zero as 1 — .

Similar weighted polynomial inequalities on the interval (0, + ) were
considered by Zalik [18].

An elegant proof of Freud’s inequality (3) was found by Nevai and
Freud [14). The idea has been applied to a wide class of Freud-type
weights

w(t) = exp( —0(1)), t € R,

with some suitable conditions on the function ¢ — Q(¢). This simplifica-
tion of Freud’s proof was subsequently applied by Levin and Lubinsky [9],
Lubinsky and Mthembu [10], and others.
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The classical orthogonal polynomials can be specified as:

the Hermite polynomials H (1), orthogonal on the interval (—o, +x)
with respect to the measure exp{ —¢2) dt:

the generalized Laguerre polynomials L$X(t), orthogonal respect to the
measure t°exp(—1)dt(s > —1) on the interval (0, +x);

the Jacobi polynomials P> #(t) which are orthogonal on the interval
[~ 1, 1] with respect to the measure (1 — £)*(1 + t)# dt(a, B > —1).

Let do(t) be the measure of the classical orthogonal polynomials, i.e.,
do(1) = w(t) dt on (a, b), with

(—=, +=), Hermite case,
(a,b) = {(0, +), generalized Laguerre case,
[-1,1], Jacobi case.

The weight ¢ — w(¢) satisfying the differential equation of the first order

d
—(A(Dw(D) = B(1)w(1),
where the function ¢ — A(t) is given by

1, Hermite case,
A(t) = {1, generalized Laguerre case, (6)

1 ~ %, Jacobi case,

and ¢ — B(t) is a polynomial of degree at most one (cf. Szegd [16]).

In this paper we give a new characterization of the classical orthogonal
polynomials by extremal properties in some weighted polynomial inequali-
ties. More precisely, we prove the following:

THEOREM 1.6. Let (%, - ll4a) be the class of algebraic polynomials of
degree at most n equipped with the norm ||Pllg, = ([gl P()* do(1))'/?,
where do(t) is the measure of the classical orthogonal polynomials. Let w be
the weight function corresponding to do(t). Then for all P € % we have

2

T, 2 5
+H\/A(I)C(I)P to < Bull Pl (7)
do

1 4
HWZ(V“)P)
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where V(t) = JA(t)w(t), and

12, Hermite case,
1{a?-1
— 5 + 1, generalized Laguerre case,
C(t) = 4 t
1{ a? -1 B* -1
— > + 5 |, Jacobi case,
41 (1-1) (1+1)
and
2n + 1, Hermite case,
n+{a+1)/2, generalized Laguerre case,
B = n(n+a+pB+1) Jacobi case.

+(a+ DB+ 1)/2,

The supremum is attained if only if P(t) = yII, (t), where II,  is the
polynomial of degree n which is orthogonal to #,_,, with respect to the
weight function t — w(t), and y(# 0) is an arbitrary real constant.

Similar characterizations of these polynomials are given in Agarwal and
Milovanovié (2], Guessab and Milovanovié¢ [4, 5], and Varma {15].

2. Proor ofF THEOREM 1.6

The proof of theorem is based on a certain transformation of homoge-
neous linear differential equations of the second order, satisfied by the
classical orthogonal polynomials (cf. Szegd [16])

d dy
I(A(t)w(t):i?) +Aw(t)y =0, (8)

where the spectral parameter

2n, Hermite case,
A = (n, generalized Laguerre case,

n(n+a+ B +1), Jacobicase,

and the function ¢ — A(¢) is given by (6). If in (8) we introduce U(r) =
V(t)y, where

V(1) = yA(t)w(t),
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we obtain the following important transformed equation:

2

—U-C(t)U + B,—— (9)

dt "A()

C(t) and B, are defined in Theorem 1.6. Now, let do(t) be the mea-
sure of the classical orthogonal polynomials, for P €%, denote by

IPllay = (P, P)4, where
(f,g)d(,=fnf<z)g<t)da(t> (f.& € LY(R)).

Let P € #,. Then we can write P(¢t) = £7_qa II, (t), where the coeffi-
cients a, are uniquely determined and I, , is the orthogonal polynomial
of degree v which is orthogonal to 2, _,, with respect to the weight
function t — w(t). Now, we define

d> V(t)P
#(P) = 2z (V()P) = C(OV(N)P + B,

Then we have from (9)

Y a,%(11,.,)

LGRS
N0
Qvgo (B B)A(I)

It foliows that

(wlZ(P),V(1)P) o= Y. (B, - B)aa (I, .11, .),

v,u=0

¥ (B, - B,)a2l, ..
v=0

However,

d2
(w_'.‘f(P),V(t)P)da = |w™! ZIF(V(I)P),V(I)P )

—|VAHE@) P, + BIPIE.
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Integrating by parts, we have

4 1 d ?
w EE(V(’“’)*V(‘)P); —“—f;;;(vmm
Then, we find
1 d :
(™' (P)V(1)P), = —‘]ﬁ;(wz)m

—|yaie@ e, + B,IPI.
Since (w™'Z(P), V(£)P),, = 0, we obtain

2 5 )
S <BPI,.

Hw-‘%(vmm

, +|Va(c(oH p

do

Finally, we see that
(W' L(PY, V(1) P) 4, = L (B, — B)aN, NGy =0,
v=A{

if and only if 9, =0, Vk=0,1,...,n— 1, and a, € R; ie. P=cll,,
where ¢ € R. This completes the proof of Theorem 1.6.

3. SeeciaL CASEs

In this section we will give examples with the measures of the classical
orthogonal polynomials.
In the Hermite case, Theorem 1.6 reduces to the following:

CoroLLARrY 3.1.  [f P is a real polynomial of degree n, then we have

lexp(e2/2)[exp(~12/2)P]|f; + Pl < (2n + DIPIZ,

where Hfll% = [*Zexp(—12)f(¢t)* dt. The supremum is attained only if
P(t) = yH (t), where vy is an arbitrary real constant.

Remark 3.1. Note that the left hand side of the above inequality is the
sum of the left handside of the inequality considered in Theorem 1.4 and
the one in Theorem 1.5, for s = 1, r = 2, and ¢ = 1. The number 2n + 1
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appearing in the right hand side of the above formula is optimal. There-
fore, we obtained the best estimate possible for (Df + D%)n, where D,
and D, are constants given in Theorem 1.4 and Theorem 1.5.

For the weight function associated with the generalized Laguerre poly-
nomials we have:

CoroLLARY 3.2, Let wy(t) = 15D Zexp(—t/2) (s > 1) on (0, +).
Let P be a given real polynomial of degree n. Then we have

(sz—l
+t
t

where B, =n+ (s + 1)/2 and |\flz = [§t* exp(—1)f(1)* dt. The supre-
mum is attained only if P(t) = yL:(t), where vy is an arbitrary real constant.

2

< B,IPI3,

2

1,2

1
e+ exp(e/2) 1w PTI + 5

Finally, in the Jacobi case, we get:

CoroLLary 3.3. Let w,(t) = (1 — )21 + )BYD2 (a,8 > 1).
Let P be a given real polynomial of degree n. Then we have

1
+ Z”\/I - tZH(t)Puj < APH3,

It =) ™2(1 + 1)~ [w,

where

-1 pr-1\"

2+ 2
(1-1) (1+1)
B,=n(n+a+B+1)+(a+1)(B+1)/2

H(t) =

and |Ifl3 = [1,Q — %1 + DBf(t)? dt. The supremum is attained only if
P(t) = yP{*PXt), where vy is an arbitrary real constant.

Remark 3.2. In the case @« =8 =1, we have for all P €%, the
inequality

[ 10 =P dr s (n+ D(n+2) [ (1= 2)P(1) ds
-1 -1

or in an equivalent form. If Q €2, _, is such that Q(+1) = 0, then

fQ Q()

(10)
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Remark 3.3. Daugavet and Rafal’son [3] and Konjagin (8] considered
the extremal problems of the form

IPemlp <A, W(rouwsp )P, (PER), (11)
where
1 - 1L/r
Ifll,.. = ([ LF()(1 =) de] . 0<r< +x,
—1
= esssup | f(1) (1 — 2)", r= 4.
—-l=r<l|

The case when p =r > 1, u = v = 0, and m = 1, was considered by Hille
et al. [7). The exact constant A, ,(r, u; p,v) is known in a few cases, for
example, A, (,0;,0) = n? is the best constant in Markov’s inequality
(1), and A, (»,0;%,1/2) = n is the best constant in Bernstein’s inequal-
ity {1}. Also, we have

nll(n+4u +m+ 1)
(n=m)!l(n+4p +1)

A, (2, 152,0 +m/2) =

The inequality (10) can be represented in the form
NO'Nz0 <A, (2,0;2, =1/2)IQll2. =1 2.

This formula extends formula (11) to a case when the weight function has
a nonintegrable singularity.
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