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Abstract

Some fractional and anomalous diffusions are driven by equations involving fractional derivatives in
both time and space. Such diffusions are processes with randomly varying times. In representing the
solutions to those equations, the explicit laws of certain stable processes turn out to be fundamental. This
paper directs one’s efforts towards the explicit representation of solutions to fractional and anomalous
diffusions related to Sturm-Liouville problems of fractional order associated to fractional power function
spaces. Furthermore, we study a new version of Bochner’s subordination rule and we establish some
connections between subordination and space-fractional operators.
© 2012 Elsevier B.V. All rights reserved.
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1. Introduction and main results

In recent years, many researchers have shown their interest in fractional and anomalous
diffusions. The term fractional is achieved by replacing standard derivatives w.r.t. time ¢
with fractional derivatives, for instance, those of Riemann-Liouville or Dzehrbashyan—Caputo.
Anomalous diffusion occurs, according to most of the significant literature, when the mean
square displacement (or time-dependent variance) is stretched by some index, say o # 1 or,
in other words proportional to a power « of time, for instance ¢*. Such anomalous feature can be
found in transport phenomena in complex systems, e.g. in random fractal structures (see [22]).

Fractional diffusions have been studied by several authors. Wyss [60], Schneider and
Wyss [56] and later Hilfer [26] studied the solutions to the heat-type fractional diffusion equation
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and presented such solutions in terms of Fox functions. For the same equation, up to some scaling
constant, Beghin and Orsingher [5], Orsingher and Beghin [49] represented the solutions by
means of stable densities and found the explicit representations only in some cases. Different
boundary value problems have also been studied in [6,45]. In the papers by Mainardi et al.
[36,39,40] the authors presented the solutions to space—time fractional equations by means of
Wright functions or Mellin—Barnes integral representations, that is Fox functions. See also [37]
for a review on the Mainardi—Wright function.

For a general operator <7 acting on space, several results can also be listed. Nigmatullin [48]
gave a physical interpretation when ./ is the generator of a Markov process whereas
Kochubei [30,31] first introduced a mathematical approach. Zaslavsky [61] introduced the
fractional kinetic equation for Hamiltonian chaos. Bacumer and Meerschaert [1] studied the
problem when &7 is an infinitely divisible generator on a finite dimensional space. For a short
survey of these results see [47].

In general, the stochastic solutions to fractional diffusion equations can be realized through
subordination. Indeed, for a guiding process X (¢) with generator </ we have that X (V (¢)) is
governed by 8,’3 u = o/u where the process V (¢), t > 0 is an inverse or hitting time process to a
B-stable subordinator (see [1]). The time-fractional derivative comes from the fact that X (V (¢))
can be viewed as a scaling limit of continuous time random walk where the iid jumps are
separated by iid power law waiting times (see [43,46,53]). Results on the subordination principle
for fractional evolution equations can also be found in [4,11].

Anomalous diffusions can also be carried out by considering a fractional operator acting on
the space. The problem of finding a suitable representation for a fractional power of a given
operator A defined in a Banach space X has a long history. The first definitions of fractional
power of the Laplace operator were introduced in [11,20]. For a closed linear operator A, the
fractional operator (—A)* has been investigated by many researchers, see e.g. [3,27,32,33,59].
Although the methods presented differ, each of those papers was primarily based on the integral
representation

sin o

—(—A) f = / AT — AT A Fda
0

for a well defined f and 0 < N{a} < 1 under

(i) A € p(A) (the resolvent set of A) forall A > 0;

(1.1)
(i) MM — A7 <M < oo forall & > 0.

Different definitions can be also given by means of hyper singular integrals, see e.g. [54].

In both cases, time and space fractional equations, the explicit representations of the law of
stable processes and, those of the corresponding inverse processes, are fundamental in finding
explicit solutions to fractional problems.

In this paper we study time and space fractional problems involving the operator G* (see
formula (3.1)) which is the adjoint of an infinitesimal generator of non-negative diffusions G. In
particular, for to(x) = xV*~ 1 the second order differential operator

1 0

3
— L yu—y+l 7 = +1 0
V2 10(x) dx ax 7 ke

is the operator governing two related diffusions, the squared Bessel process G, (t),t > 0 (for
y = +1) and its inverse process E,(t),t > 0 (also known as reciprocal process of G, for



M. D’Ovidio / Stochastic Processes and their Applications 122 (2012) 3513-3544 3515

y = —1). Due to the fact that P{E,(t) < x} = P{Gp(x) > t} we refer to E, as the
inverse of G ;.

For such processes we study the governing equations where the time derivative is replaced
by its fractional counterpart and find solutions in bounded and unbounded domains. For
the time-fractional equations on bounded domains we study Sturm-Liouville problems of
fractional order associated with fractional power function spaces. A complete orthogonal set
of eigenfunctions (w.r.t. the weight function to(x)) arises naturally as solutions of the second-
order differential equations involving G under appropriate boundary conditions and therefore,
we obtain Sturm-Liouville boundary-value problems associated to the killed semigroups of G,
and E,,.

The fractional power of G* (for y = +1, that is the governing operator of the squared Bessel
process G,,) is also examined. We find the explicit representation of —(—G*)" for v € (0, 1)
in terms of Riemann-Liouville derivatives and we discuss the properties of the corresponding
subordinated process. Thus, we obtain a representation of the power v of the composition of non
commuting operators (formula (3.1) below).

All fractional problems investigated in this work have stochastic solutions with randomly
varying times which are subordinators. Such subordinators are denoted by §; and £;. From the
fact that P{£} < x} = P{H) > t} we say that £/ is the inverse of §); which is a positively
skewed stable process with non-negative increments and therefore non-decreasing paths. This
means that £/ = inf{x > 0 : H) & (0, )} can be regarded as hitting time. We find that, for
v=1/n,n €N,

I
VB (Euy (o Ey (00" ), >0 (1.2)
and
l
L E Gy (G (.. G (" /v) .. )] >0 (1.3)
for suitable choices of 4 = (i1, ..., i,). Furthermore, we show that the compositions (1.2) and

(1.3) hold for all p € &7, (n!) where

n
) DZ(U15'~~’UH)€N”7 HU]:Q
j=1

Pl@=1peR| : p=

x|

with m, «, 0 € N. This result permit us to explicitly write the laws of § ,1 /™ and 2,1 /™ and therefore

the laws of the processes subordinated by them. In particular, we obtain useful representations
of solutions to fractional equations involving general operators but representing anomalous
diffusions realized through subordination.

The main results of this work are collected in Section 3. We present auxiliary results and
proofs in the remaining sections of the paper.

2. Introductory remarks and notations

We first introduce the following notation:

e s, is the law of the symmetric stable process S},
e h, is the law of the stable subordinator $;,
e [, is the law of £} which is the inverse to 9},
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gu = 8,5 is the law of the squared Bessel process starting from zero G, (z),

ey = g;] is the law of E,, () which is the (reciprocal of) inverse to G (1),

H,',' is the Fox function,

W¢ and W"‘ are the left and right Weyl derivatives,

(,3 - and 3 7 are the left and right Riemann—Liouville derivatives,

€Dy is the Dzehrbashyan—Caputo fractional derivative.

We now introduce fractional derivatives and recall their connection with stable densities. The
a-stable process Sf"g, t > 0, with law sf = sf (x,1), x € R, t > 0 has characteristic function

E exp (i B Sf"g) = exp|:—t|§|“ [1 - ié)%tan (%)H, £eR 2.1

witha € (0, 1) U (1,2] and 8 € [—1, 1] (see [63]). If & = 0, then we have a symmetric process
with E exp (i,BS;") = exp (—t|B|%),a € (0,2]. For the sake of simplicity we will write S7
instead of Sf"o. Moreover, we will refer to ! = S, 1t > 0asthe totally (positively) skewed

process which is also named the stable subordinator. Forn — 1 < o < n,n € N, according
to [29,55], we define

W) (x) = ((_—l)na)dxn / (s —x)"" 1 f@s)ds, xeR (2.2)
and
(W f)(x) = _ & /X (x =) f(s)ds, xeR (2.3)
I'n —a)dx" J_

which are the right and left Weyl derivatives by means of which we write the governing equation
of S,a’e, t > 0, given by

(x 1) = |x|sa(x,t), xeR, t>0, 2.4
where
1
D = ——— kW 1—x)W¢ 2.5
%1 2cosam/2 [e W2+~ W] 2.5)
and0 <k =k (0) < 1 (seee.g. [7,13,36,50]). For & = 0O (that is x = x(0) = 1/2) we obtain the
Riesz derivative

80(
oD% = — (2.6)

x| x|

which is the governing operator of the symmetric process S, ¢ > 0. The Riemann—Liouville
derivatives

d*f
d(—x)“

() =WINHx), xeRy 2.7

and

daf_ 1 _n * _ yn—a—1
e ~To—w dx”,/o (x—s) f@s)ds, xeRy (2.8)
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are defined by restricting Weyl derivatives (2.2) and (2.3) to (0, 4-00). For « € N, the fractional
derivatives above become ordinary derivatives and

d“ d“
— = (=" 2.9
Tra (=D d(—x)" (2.9
We also introduce the Dzehrbashyan—Caputo fractional derivative
1 ! d*f
‘Drf(t)y=—— [ t—5)" == (s5)d 2.10
110 = o [ = S s (2.10)
defined forn — 1 < @ < n, n € N, which is related to (2.8) as follows (see [24,29])
daf n—1 dkf tk—oc
‘Dif(t) = )= )  — ) T (2.11)
dr® ,; dt* gp k= +1)
From the relation
Pr{g] < x} = Pr{®) > 1}, (2.12)

according to [1,16,44,42], we define the inverse process £}, ¢t > 0 with law [, = [,(x, 1),
x,t > 0. As already mentioned before, $}, ¢ > 0 is the v-stable subordinator, v € (0, 1) with
law, say, h, = h,(x,t), x,t > 0. The process )/, ¢ > 0 is a process with non-negative,
independent and homogeneous increments (see [8]) whereas, the inverse process £/, ¢t > 0 has
non-negative, non-stationary and non-independent increments (see [43]). Stable subordinators
and their inverse processes are characterized by the following Laplace transforms:

Eexp (—19}) = exp (—11"), Eexp (—A&[) = Ey(—At") (2.13)
and
LAy (x, )M = x"E, ,(=1x"), L1, (x, ) = A" Lexp (=x2Y), (2.14)
where the entire function
k
Z al
Ea,ﬁ(z)—zm, zeC, Ra) >0, fC (2.15)

k=0
is the generalized Mittag-Leffler function for which

a—p

. R > eV R >0

i g1 A
e P E, g(—cz%)dz =
/0 ¢ apl=ee)dz AY +¢

and E,(z) = Eq.1(2) is the Mittag-Leffler function. From (2.13) we immediately verify that the
law h, satisfies the fractional equation —%hv(x, t) = %hv(x, t) whereas, for the law of £},

from (2.14) we have that %lv (x,1t) = —%lv (x, t). Such density laws cannot be represented in
closed form. In this paper we write
( o >
l——, -
Vo )

0.1

(1 —=v,v)
0, 1)

o1 | X
hy(x,t)= —F—H| | —
v(x, 1) vel/v LT 41/

(2.16)

1 1 X
L(x,1) = t—le”? [t—v
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forx,t > 0,v € (0, 1) in terms of H-functions as can be obtained by considering (A.12) and the
Mellin transforms (see [16,36,38])

n—1
_ == I vO=1)
My 01 = T (52) e MILG 010D = 785 2.17)
Further representations of /, and /, are given in terms of the Wright function

k

Z
Wa,ﬂ(Z):/;m, z€C, Ra} > -1, peC

by considering that

1 X
lv(x’ t) = t_uW_V’l_” (_t_”)

and (see [17]) xh, (x, t) = vtl, (¢, x).
3. Fractional and anomalous diffusions

Standard diffusion has the mean squared displacement (or time-dependent variance) which is
linear in time. Anomalous diffusion is usually met in disordered or fractal media (see e.g. [22])
and represents a phenomenon for which the mean squared displacement is no longer linear
but proportional to a power o of time with « # 1. Thus we have superdiffusion (¢ > 1)
or subdiffusion (¢ < 1) in which diffusion occurs faster or slower than normal diffusion (see

e.g. [58]).

3.1. Fractional evolution equations

We begin our analysis by studying anomalous diffusions on {2, = (0,a),a > 0, whose
governing equations involve the operator
G* = inxw—yﬂi_l 3.1
y< ox ax o (x)

(to(x) = x”*~1 will play the role of weight function further on) for y = 41 and 1 > 0.
The solutions to the ordinary problem

du "

a9
subject to the initial data ug = f canbe written as u(x, ) = T} (¢) f (x) where T|(t) = exp —tG*.
For the subordination principle (see for example [4,11]) we can write the solutions to the
fractional problem

u
atY

=G*u, ve(,I1]

atv
operator

1 o0 1,0 S
TU([)It—U 0 dSHl,l t_U

(av“ is defined in (2.8) ) subject to the initial condition ug = f by considering the convolution

(I'=v,v)| _sg*
©, 1) }e ’
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where the Fox function Hll’l0 is the law of the inverse process £} introduced in the previous
section. In order to explicitly write the convolution 7, (¢) f (x), for y # 0, u > 0, we introduce
the functions

. 1 X
gl (x.1) = sign(y)~ Q] (7) and  g(x, 1) = gl (x,1"/7), (3.2)
where
y Zzri—1 oy
(z) = “, z>0,y>0,u>0
0y, YT Y Iz

is the well known generalized gamma density or Weibull distribution if y € N.

Theorem 1. For y # 0, u > 0, v € (0, 1], the solution to the fractional p.d.e.

vyt
s =Gt x € G, 1> 0 (3.3)
il (x, 0) = 8(x)
is given by
o0
G e, 1) = / 2(x,9) Ly(s, 1) ds, G4
0

where gf,Z and l,, are defined in (3.2) and (2.16) respectively.
From the fact that

hm Q"“

where ¢ is the elementary subordinator (see [8]) we can write

lim /,(s,t) =8(s — t)
v—>1

and thus ﬁ}f’“ = g,Z are the solutions to (3.3) forv = 1 and y # 0, u > 0. In this case the
time-fractional derivative becomes the ordinary derivative d/9¢. For y = £1 and © > 0, we
obtain that

2, (x, 1) = E*8(GL(1)),

g, (x. 1) = E*8(E, (1),
il (x, 1) = E*8(Gu(LY)),
iy M (x, 1) = EXS(Eu(L))),

where E*§(X;) = 8% fx, (x). The process G, is a non-negative diffusion satisfying the stochastic
differential equation

dG,(t) = pdt +2,/G,(t)dB (1), (3.5)

where Bi(t), t > 0 is a Brownian motion with variance /2. The reciprocal gamma law
e, = g;l, u > 0, represents the 1-dimensional marginal law of the process satisfying the
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stochastic equation

( 1 ) [21E, (1)
dE,(t) =— | E, (@) — —— | dt + .| ————d B (1), 3.6)
n—1 u—1

where B;(t), t > 0 is a standard Brownian motion (see e.g. [9,51]). Due to the global Lipschitz
condition on both coefficients, the stochastic equation (3.6) has a unique solution which is a
strong Markov process. The process E,, also appears by considering the integral of a geometric
Brownian motion with drift w, that is

1 law o
EE“ = A exp 2B(s) —2us)ds 3.7

(see [19,52]). For y = 2, the operator G* becomes the governing operator of a 2;-dimensional
Bessel process Ry, = Gzﬂ .

For the processes G, and E,, introduced above there exist a couple of interesting properties.
In particular, we have that

PriG,(x) >t} = Pr{E,(t) < x}
and therefore we refer to £, as the inverse to G, whereas from the fact that

law

Eu(t) = I/Gu(t)
the process E,, will be also termed as the reciprocal process of G ;.
Remark 1. We observe that §; has non-negative increments and therefore, from (2.12), the

inverse process £, can be regarded as an Hitting time. This does not hold for E,, being G,
a diffusion driven by (3.5).

The operator G* is the adjoint of the infinitesimal generator

1 9 9
=— — xR =41, u >0 (3.8)
y-1o(x) dx ax

which is a second order differential operator driving the squared Bessel process G, if y = +1
and the inverse process E, if y = —1. The Sturm-Liouville eigenvalue problem (see [10,14])
associated with (3.8) leads to the differential equation (see Lemma 2 below)

GV = —(Ki/2)* V. 3.9)
The eigenfunctions
Y () =x20=10 7, (K,. x”z) (3.10)

corresponding to different eigenvalues are orthogonal with respect to the weight function to(x) =
x¥#*~1 in the sense that

/rza Vi (2) Vi (;—C) r(x)dx =0, ifi#j 3.11)
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on the domain {2, = (0, a), a > 0. The eigenvalues are written in terms of {«;};cn Which are the
zeros of the Bessel function of the first kind (see [35, p. 102])

B (_l)k (Z/z)aJer
Jo(2) = % TeitiD lz| < oo, |argz| < 7. (3.12)

The set of eigenfunctions {1/, }ien is complete and therefore a piecewise smooth function can
be represented by a generalized Fourier series expansion of (3.10). In particular, on the finite
domain 2] = (0, 1), we study the solution to

‘Dimit =G mi*, xef,t>0,
m*(x,0) = mo(x), mo e C(2) (3.13)
mlH(x, 1) =0, x€ed, t>0,

with v € (0, 1], y # 0, u > 0 and arrive at the next result.

Theorem 2. The solution to the problem (3.13) can be written as follows

~ -
M) =) Y e By (~2?) L (3.14)
n=1 ||1/f/<n ”m
where 1 (x) = xV*~ 1 is the weight function,
Cn =f mo(X) Ve, (x)dx, n=1,2,... (3.15)
ioh

and E\(z) = E, 1(2) is the Mittag-Leffler function (2.15).

This result can be easily extended to the case in which the bounded domain is {2, = (0, a) for
a > 0 and we can write

myt (e, 1) = EXmo(Gu(€))) Lgy <10, (G, (3.16)
and
my MG, 1) = EY mo(En(8)) gy <10, (£ (3.17)

where Tp(X) = inf{t > 0: X; ¢ D} is an exit time and E*¢(X;) = ¢ * fx,(x). We observe
that 1,y <1, (x)) = L<7q, (x(2¥)))- For a — oo we obtain the solutions to the problem (3.3).
Indeed, we have that 1,v <7, (G,)) = ! and 1y<1,, (E,)) = 1. Furthermore, formula (3.11)
can be rewritten for a — oo as

fo Vi, () e, ()0 (x)dx = 8k — k) /i

which leads to the Hankel transforms

o]

(H f)(p) = fo 2 1y(pX) f()dx and  f(x) = /0 Py (pX)(H F)(0)dp

of a well-defined function f.
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3.2. Fractional powers of operators

From the Cauchy integral
1 f(dz

2i Jr (z — z0)

we can define an algebraic isomorphism such that a function of a linear bounded operator A is
defined as

1
FA = f £ RG, A)dz,
L Jr

where R(z, A) = (zI — A)~! is the resolvent operator (under conditions (1.1)). In general, for
a closed linear operator A in a Banach space X, the definition of A% for a complex « could be
given by means of the Dunford integral

sin T«

1 oo
A“:—,/;“(;—A)_ldg“:— / AY (v + A da,

2mi r 0
where I' encircles the spectrum o (A) counterclockwise avoiding the negative real axis and ¢“
takes the principal branch (see e.g. [3,27,32,33,59] and the references therein). For such operators
the expected property A% A# = A%+P holds true. A well-known example is the fractional Laplace

operator which can be also defined (in the space of Fourier transforms) as

1 ,
A2 u(x) = —5 /R eTEX|ENY Flul€) dE, x € R™. (3.18)

The stochastic solution to the Cauchy problem involving the fractional Laplace operator (3.18)
is given by the process B($Y) (B is a Brownian motion driven by the self-adjoint Laplace
operator A and $)¢ is a stable subordinator) and has been first investigated in [11,20]. In
the one-dimensional case, the operator (3.18) becomes the Riesz operator (2.6) for which the
representation (2.5) given by means of the right and left Weyl derivatives holds as well.

In this section we study a fractional power of (3.1) which is the power of the composition of
non commuting operators and obtain the explicit representation

e e
Af==(=G""f=—+5 (x“—““a(_—x)v (' f)> (3.19)

defined on the positive real line {2 = (0, +00) for v € (0, 1). This representation involves the
Riemann—Liouville fractional derivatives (2.7) and (2.8) which replace Weyl derivatives (2.2) and
(2.3) for functions defined on the positive real line. As we can check, from (2.9), the fractional
operator (3.19) for v = 1 becomes the operator (3.1). We show that, for v € (0, 1), the process
G . (%) is the stochastic solution to the Cauchy problem involving the operator (3.19) where G,
is driven by G*. First we state the following result.

Theorem 3. Let us consider the process G, (t),t > 0, satisfying the stochastic equation (3.5).
For pu > 0,Vv € (0, 1], the I-dimensional density law g}t of the process G, solves the fractional
p.d.e. on 2o0 = (0, +00)

8vglll _ 9” u—14+v 9" I—p 1
G 0= 5 <x paeers (x gﬂ(x,t))) (3.20)

subject to the initial condition g}L (x,0) =8(x).
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The stochastic solution to (3.20) is the process G, which does not depend on the fractional
index v € (0, 1]. Furthermore, we notice that the space operator appearing in (3.20) is different
from A.

We proceed our analysis by considering the process F,v’ﬂ = f)/”gﬁ, t > 0 with law

fop(x.1) = /oohv(x,s)lﬁ(s, Nds, x>0,1>0, v,8¢e(0,1) (3.21)
0

which has been thoroughly studied by several authors, see e.g. [16,18,28,36,40]. If v = B, then
the law (3.21) takes the form §, , (x, ¢) = t_lfv (t~1x) where

1 x""lsinzv

w14 2xVcosmy + x2v’

Hx) = x>0,1t>0 ve(1) (3.22)

and F,”’”lgut X 19//29),t > 0, (which means that F,"" € PP}) where ;§!,j = 1,2 are
independent stable subordinators and the ratio 15, /2 is independent of ¢ (see [12,16,34,62]).
The density law f, arises in many important contexts, we refer to the paper by James [28] and
the references therein for details.

Lemma 1. The governing equation of the process F,a’ﬂ,t > 0, with density law (3.21), is
written as

v t=F
<W+W> f”’ﬁ(x’t)zs(x)ﬂl——m’ x>0,1t>0 (3.23)
with , (3200, t) = 0 and §, g(x, 0) = 8(x) or, by considering (2.11),
9V
<CD;3 + 3x”> fop(x.0)=0, x>0,1>0 (3.24)

with fy, g(x, 0) = 8(x).
Proof. From the Laplace transforms (2.13) and (2.14) we have that
o o.f
D(E A = / e (Bt Y ar =280 807,
0

Let us consider Eq. (3.24). From the fact that

]Df ]Gy =2 LLr100 =257 F %), Be D)
(which comes from (2.11)) we obtain

MWwE -2+ wE N =0
which concludes the proof. [

We state the main result of this section concerning the operator (3.19).

Theorem 4. For x € {20 = (0, +00),t > 0, u > 0 and B, v € (0, 1] we have that
(i) the density law g‘;t (x,t) = fooo g}t (x,8) hy(s, t)ds solves the fractional p.d.e.

ag’ )
—, @0 =Agux. 0, (3.25)
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(ii) the density law gfjﬁ(x, t) = fooo gllL (x,5) fv,8(s, 1) ds solves the fractional p.d.e.

abgh?
(1) = AgyP (x. ). (3.26)
Furthermore,
1 X
v,B - quB(
gu (xv t) - tﬂ/UG”’ (l‘ﬂ/") ) (327)
where

1
GZ’ﬁ(x) = ;H3231 X

1
<1, —> ; <1, é) ;o (s, 0)
v v
1 , x>0
(u, 1); <1, —) o (LD
v
is a Fox function defined in (A.13).
From Theorem 4 we have that
gl (. 1) = EXS8(GL())),
P (x, 1) = E*8(G ("))
and thus GM(F,V’ﬂ),t > 0 is the stochastic solution to (3.26) whereas GH(F,V‘I) = Gu(HY),

v &Sy
2[1 57);’

t > 0, being 2,1 L4 the elementary subordinator and /,,(s, t) — 6(¢ —s) for v — 1. Furthermore,
from the formulas (A.12) and (A.11), by taking into account (4.30), we immediately have that

t > 0 represents the stochastic solution to (3.25). This is because of the fact that )

r 1
1 <1»_>1 (M,O)
GW(x)=-—H"'|x v x>0, ve(0,1),
" X 2,

2 1 )
L v
B 1
<1, —); (i, 0)
v

(w, ;1,1

1
Gyl(x)=~Hy, |x
X

%) , x>0,ve (0,1

and

1 [ (1, 0)
1,1 _ 1,0 M,
GH (x) = )_cHl’l _x (. 1):| , x>0.

For B = v, Eq. (3.26) takes the form

3”gfl’” av av
_ n—1+v 1—p v, v
ye (x,1) = Py (x —8(—x)” (x g, (x, t))) (3.28)

which differs from (3.20) and represents the governing equation of the process
Gu(t x 197/29%), >0

where ;§/,t > 0, j = 1,2 are independent stable subordinators. Here, the stochastic solution
to (3.28) depends on v only by means of the ratio 1]/ 29} which possesses distribution (3.22).
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For B = 1, Eq. (3.26) becomes (3.25) and writes

g/‘i*l — 9" pu—1+v 9" I—p gv,1
Y (x,1) = _W X m (.X g, (.X,t)) (3.29)

(9;11 = g;’l’l) with stochastic solution given by G, ($}), ¢ > 0. Finally, for v = 1 in (3.26), we
reobtain the governing equation of the process G (L}), t > 0 already investigated in Theorem 1.

Remark 2. We observe that, for u € N,

"
Gu(®) =IBGNI* =) _[;B®))]

Jj=1

2

where B(t) = (1B(t),...,, B(t)),t > Oand ;B(t), j = 1,...,n are independent Brownian

motions. From Bochner’s subordination rule we get jB(f_)}’)lazw ;S2V which are symmetric
stable processes with EexpiéjStz” = exp —t|&|?¥ for all j = 1,...,n. Thus, by considering
n independent stable processes ;S?' and SV = (;S%',...,,5%"),t > 0, we obtain that

1
Gu(H) = IS2||.

Remark 3. For B(r) € R3, the three dimensional Bessel process represents a radial diffusion
on a homogeneous ball. The subordinated squared Bessel process can be therefore regarded
as a radial diffusion on a non-homogeneous ball, with fractal structure for instance. This
interpretation is due to the fact that the random time §); has non-negative increments and
therefore, non-decreasing paths. Furthermore, the subordinated process G, ($);) speeds up as
%/ increases. For v — 1, 9} — t a.s. and G, (9}) becomes standard diffusion because of the
linear growth of time.

Remark 4. From (4.31) we obtain that

E [G,L(Ft”’ﬁ)]r <15, r>0,v,B8e 1]

Moreover, F,""6 — S? for v — 1 and therefore we have that Gu(il,’6 ) is a subdiffusion whereas,
from the fact that Ft“’ﬁ — 9 for B — 1 we get the superdiffusion G, (9}).

3.3. Explicit representations of solutions via Mellin convolutions

The laws of the processes §); and £} can be written in terms of H-functions as pointed out
in Section 2. Alternative expressions can be given in terms of the Wright function but only
for v = 1/2,1/3 we obtain a closed form of the density laws and therefore of the solutions
investigated in the previous section.

We give an explicit representation of the solutions presented so far by exploiting the Mellin
convolutions of generalized gamma functions. The simplest convolutions we deal with are written
below: for x, > Oand y # 0, uy, w2 > 0,

Iy xYmi—lgyua
B(pi, po) (17 +xvyratua’

gh o *x & (x, 1) = (3.30)
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where B(-, -) is the Beta function (see e.g. [25, formula 8.384]) and,

Hytuo

2yl (x7/t7) 2
x I'(n) I (u2)

where K, is the modified Bessel function of the second kind. In particular

z I_4(2) — Iy(2)

8l * 8, (x, 1) =

K- (2 (xV/tV)) , (3.31)

Ky(2) = - , «anotinteger (3.32)
2 sin o
(see [25, formula 8.485]) where
(Z/2)Ot+2k
1 = _ , 3.33
w(2) ;W(QHH) 2| < oo, largz] < 7 (3.33)

is the modified Bessel function of the first kind (see [25, formula 8.445]).
Definition 1. For —oo < a < b < 0o, we define the space

M? = {f Ry > C|x" f(x) e L'(Ry), Vi € HZ} :
where H? = (¢ : ¢ € C,a < %{¢} < b}.

Definition 2. Let us consider the function Py : C — R. We define the class of one-dimensional
processes

P, = {Y(t),t > 0:3S C HEsLE Y () /i = Py(n).Vn e S} . acR

Remark 5. We notice that S} e P, < S/ 1 Sy.

Definition 3. We define the class of functions

Fo ={f|Y ~ f, Y €P,},
where Y ~ f means that the process Y possesses the density law f.
Remark 6. We remark that F, C M2,

We point out that for a composition involving the processes Yy, = [Xt7 j]a where X,; are
independent processes such that ng € P, forall j = 1,2,...,n, we have that ng e P,Vj
which implies that

law

Yo,(Yo, (- .. Yo, (1) .. ) = Yo (111" Yoy (t17) -+ Yo, (11 (3.34)

for all possible permutations of {o;}, j = 1,2, ..., n. This can be easily carried out by observing
that 'Pygj (n) = Px(,j (na — a + 1). Indeed,

ElXo, (O™ = Px, (1% = E[Yy, (0] = E[X,, |0+ D~!
and therefore, for i # j,
EYo, (Yo, )" = Px, (ot — o + DE[Y5, (01" = E[Yo, (1/%) Y, (212177
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From the fact that Py 5 G, ~ gb € F; and
l ~ ~
P, 3 (G ~ gl & &), €F,
VY ~ oY Y
Py > [Gu(t")] g e g el

we can define the following Mellin convolution of g,}i e M{2 "

Definition 4. For y # 0, o = (u1, ..., tp) € R’} we define the Mellin convolution

g™ (e 1) = gl e xgl, () -3
with Mellin transform (see (A.1))
* i o -1 .
Migl™ (01 = TT Migl, ¢, 1Ym0 = =1 [ Ot (3.36)
j=1 j=1 :

where 1 € Hé anda =1 —min;{yu;}.

We notice that fy« * fyp = fyp * fxe is the law of X* - YPif X e P, and Y € Pg whereas
the well-known Fourier convolution fx * fy is the law of X + Y. Also, we introduce the sets

_ _ Q_J _ n
S(g) = {pem:pz = D= (U1, 0) eN".) v; = } (3.37)
j=l1
and
{) n
P! (0) = [@em LH= = (v,...,vp) €N, ]_[ujzg} (3.38)
j=1
withm, k, 0 € N.Fory =1,2and afixed p = (1, ..., in) € L (s), we have that
g/}:l Koo *gl]:n(x’t) Zggﬁl *“.*ggrrn(x’t)
forall @ = (6y,,...,05,) € 4/ (¢) and all permutations of {o;}, j = 1,2, ..., n. This fact

follows easily from the semigroup property (x-commutativity) of the law g}i which will be shown
in (ii), Lemma 5 below. We observe that 8 = |Z?)"| < |N| is the cardinality of &), thus &} is
a finite set. Furthermore, Yo € N and a fixed u € &) (0), we have that

Mgp™ (.01 = Mgy ™ (.01(m), Y0 € P (0) (3.39)
whereas, for p € " (¢) and y = 1, 2, we have that
Flgp ™ ¢ 01¢) = Flgy ™ (.O1E), V0.7 (), (3.40)

where we used, the familiar notation, f;f” = fu, * -+ * fu,. The symbols M and F stand for
the Mellin and Fourier transforms.

Theorem 5. Let us consider v=1/(n+1),n e Nand p = (u1, ..., n).
(i) For the stable subordinator §}, t > 0, the following equivalence in law holds true
vl g (B E v 0 2" (n! 3.41
t = En (B (o Ep, (v))77)0)), >0, pe (), (3.41)
where the process E, (t),t > 0, satisfies the SDE (3.6).
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(ii) For the inverse process £/, t > 0, the following equivalence in law holds true
I
£/ KL [Gm(Guz(' Gy, (")) .. .))]V . >0, pe 2 (n), (3.42)
where the process G (t),t > 0, satisfies the SDE (3.5).

From Theorem 5 and formulas (3.30), (3.31) we can explicitly write g,‘i’ﬂ . Furthermore, this
representation holds in the general set f@,’f 11 (n!). Indeed, forv = 1/(n+1), n € N, the stochastic
solution to (3.25) is given by

Gu(Ep (Epy (o Epy (WD) 000, 1> 0, (1, .., 1) € P2 ().

Moreover, the representation (3.42) turns out to be useful in representing the solution to
the problems (3.3) and (3.13). A natural extension follows for the problem (3.26). From

E,(ct) law %Eu, t > 0, ¢ > 0 and formula (3.41) we obtain that
B TE, (B (o Ep (177) ), £ 0
and thus, foroe; = 1/(n1 + 1), 020 = 1/(n2 + 1) and

wy =11, L1ny) € P l+1(111') My = (2,1, .., H2my) € ,,2+1(n2)

we have that

l _
o A T G Epr Gy (Gugy (- Gy, /1) -00)) -0). - (3.43)
The fact that £,, € P; and G, € P| means that

law

Ep(Guy () = Gy (Ep, (1))

or equivalently

-1 || -1
By *8uy = 8y * 8y -

From this we can write the law (3.21) in terms of the convolutions (3.30) and (3.31).
Corollary 1. Forv =1/(n + 1), n € N, the stochastic solution to (3.20) is given by
G.(F"P), >0,

where G, has law g,ll and FYP has density which can be represented by means of the Mellin
convolutions (3.30) and (3.31) as formula (3.43) entails.

Remark 7. For y # 0, u > 0 and v = 1/5, the stochastic solution to (3.3) can be written as
follows

1/5 Yy
(G161 (G (G Gy 5D, 1> 0
(Gu, Gy, -+ -, Gy, are independent squared Bessel processes) where

po= (11, p, 13, 1a) € 5 (4.
For p = (3,2, 2, 2)/5, we have that

V:"L 1 _)CV/Z 25/2 2 Ky
"‘1/5 (X t) = [2/5 / / 2/5 % <2T) K() (Wm) ds dZ,
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e 2r@r@)
s (B)] ()

For further configurations of u, see Remark 9.

where

Remark 8. The relation between stable densities and higher order equations has been
investigated by many authors (see for example [2,15,17,18]). In [17] we have shown that the
1

law [; of £/ solves the higher-order equation

"u _ Ou

axn B

(="

4. Auxiliary results and proofs
4.1. The operators G and G*

The operators we deal with are given by

1 [ i) 9
G fa= (— 7 — —(ypu - l)a—xl_y> f2
X

ﬁ axx ax
1 0 ad 1
— — = yypuy+r *
= 2ox <x i (m(x) fz)), f2 € D(GY) 4.1
and
xl=r 2 0
Ggfi= v <x@+(yu—y+l)a> h
0 (@
= yzm(x) ™ (xVM Y o f1> ,  f1 € D@QG), “4.2)

where w(x) = x”#~1. We shall refer to G* as the adjoint of G. Indeed, as a straightforward check
shows, we have that G* 1o f] = tv G f] and the Lagrange identity

LGA-HG =0 (4.3)

immediately follows. Thus, by observing that

DG ={feMi: f=wfi, fi € D)),
(see Definition 1) we obtain that

(Gf1, o) =(f1, G f2). Vfi € DG andVf, € DG").

Lemma 2. The following hold true:

(i) For the operator appearing in (4.2) we have that

G = (k/2)* Ve, (4.4)
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where

Vo) = x 30K, <K xy/z) . k>0,x>0,7#0 (4.5)
and K is the Macdonald function (3.32).

(i1) For the operator appearing in (4.2) we have that

GV = —(/2)* i, (4.6)
where

@K(x)zx%(lfmlu_l (Kx”ﬂ), k>0 x>0 y#0 4.7
and Jy is the Bessel function of the first kind (3.12).

Proof. We first recall some properties of the Macdonald function (3.32): we will use the fact that
K_, =K, and

d o
—Ko(z) = —Ka-1(2) — —Ka(2). (4.8)
dz z
(see [35, p. 110]); the functions K, and I, are two linearly independent solutions of the Bessel
equation
d?*Zy(x)  dZy(x)
2 o o _
) e dx

whereas, the functions J, and Y, (see [35] for definition) are linearly independent solutions to

x2Zy(x) =0 (4.9)

d*Zy(x)  dZy(x)

2 o o
TR T

(see [35, pp. 105-110]).

By performing the first and the second derivative with respect to x of the function ¥, = v, (x)
we obtain

x2Zy(x) =0 (4.10)

Y a_ ) La-w¥€ yp|_g 1ok
Ve = 2(1 M)wa e e Ky KxV/ZKl_“
Y 1 YK ro- Y 1 YK 10—
= 5(1 — ,u);l/f,( - §X2(2 M)Kfﬂ — 5(1 — ,LL);I//K = —EXZ(Z M)K,M

and

n_ (Y L, YK Yo VK _,n ®
W= (F@=m=1) s+ T FO I B K = 0]

2x
FU-w+y

y 1, ryk\2x2tdon Y,

=(£2- —1>— —(—) L K. -2yl

(2( W xw" 2 x2 m Ty Vi

By keeping in mind the operator G, from the fact that
2,2
XY+ (v —y + DY = x5 (4.11)

the relation (4.4) is obtained. Eq. (4.11) can be rewritten as

Yl yn—y +Dx vl —y /27X Y =0 (4.12)



M. D’Ovidio / Stochastic Processes and their Applications 122 (2012) 3513-3544 3531

which is related to the formula (4.9) whereas, a slightly modified version of (4.12), which is

Yl v —y +Dx UL+ y /25§ =0, (4.13)

is related to the formula (4.10). Eq. (4.6) can be written as formula (4.13) and therefore, after
some algebra, from (4.10), we have at once that

J,K(x) — x%(lf,u)]u_l (ny/z)
as announced in the statement of the Lemma. [

Formula (4.13) can be put into the Sturm-Liouville form as follows

(77 4150) + 7% 60/2 ) e = 0. (4.14)

According to the Sturm-Liouville theory [14] and formula (4.14), we obtain an orthogonal
system {1, }ien such that

GV, = —(ki/2)* Yy (4.15)

where «; are the zeros of J, and G is a Hermitian linear operator whose eigenfunctions are
orthogonal w.r.t. the weight function tw(x) = x?*~!. Indeed, from the fact that

1
/va(/c,-x)JU(Kjx)dxzo, ifi #j
0

(see [35]) we get that

1
/ Vi, )V (Ow(x)dx =0, ifi # j. (4.16)
A .

4.2. Proof of Theorem 1: time-fractional diffusions in one-dimensional half-space

For v = 1 the density law (3.4) becomes the law of G, 12}1”“ = g,ﬁ whose Mellin transform
is written as

n—1

t

- n—1
v, = M[gV(,t =I|—— , eHP® . . 4.17
+ (1) (g, ¢, H1(m) < > + M) TG0 n 1—yu (4.17)
We perform the time derivative of (4.17) and obtain

0 -1 -1 n—y—1
=0y (n) = ”—F("—w)r v
Jt y y

-1 —y—1 —y—1 —y-l

_n (n % -H/M)F(U Y +u)tﬂ¥
14 Y Y

1
= S0-D—y—-1+yw)¥%n-y)
Y
1 1
= S-Do-—¥h-—y)+—50-Dyu—D¥%0n—y)
Y Y

1 0 ,_, 0 _ (yu—1) 9 1, -
= ﬁM [axz ”agﬁ} (m — WTM [ﬁxl Vgﬁ} ().
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From the fact that g,{ € M, and according to the properties (A.8), (A.2) and (A.3), the inverse
Mellin transform yields the claimed result. We give an alternative proof by exploiting the Laplace
transform technique. The Laplace transform of g,ﬁ (x,1), x,t > 0, can be evaluated by recalling
that (see [25, formula 3.478])

/Ooox“—l exp {—px? — yx~P)dx = % <%)2p K. (2\/7,3) , (4.18)

where p, y, B, v > 0 and K, is the modified Bessel function. Thus, we obtain
Zu+D-1
2 o
C1g 0 = 25— K (20200P) 2208 ) 200,
(i = I'(p)
where f(A) = ~A(“_l)/ 2 and Yy (x)~ = Y(x;k) ~is that in Lemma 2. By considering that
g/ (x, 1) = w(x)k}, (x, 1) and G* ro(x)k}, = ro(x) Gk}, we get that

LIG* &) (x, )1(h) = 2% FO)GY (20172 = 5 LIZ(x, )1,

where in the last formula we used the result (4.4). From the fact that
L i gV(x, )| (A =AL[gY (x, )N, x>0
31‘ gl" ? - gﬂ ’ il
we obtain the claimed result for v = 1.
Now, we consider v € (0, 1). From the Laplace transform
LIl (x, )1() = 2" exp(—x2")

(see formula (2.14)) we obtain that

Llul*(x, )1x) = /0 gy, (x,8) LI (s, )]I(A) ds
_o(x) avl
- T (w a2

to(x)
=22 £ () Y (0),
F(M)f()l/f(x)

where ¥ (x) = ¥ (x; k) is that in (4.7) with « = 2A"/2 and f(A) = A"W+D/2=1 Thus, in the
right-hand side of (3.3) we obtain

0 <2xy/2 ,\v/2>

2
* . v/2
—F(M)f(k)g o (x) ¥ (x; 247°)

_ 2m(x)
I'(w)

where we have used the fact that G* v f = v G f. Finally, from (4.4), we obtain

LIG* al " (x, 1)

FO) G (x; 2072,

LIG* al ™ (x, )I() = A" LLayH (x, )1R). (4.19)
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We note that |ii}, " (-, 1)| < Be™%" for some B, go > 0 as a function of ¢ and thus,
8\1ﬁ)’,ll
L [a—;}(ﬁh ')} A = A"LlalH(x, )10, (4.20)
see [29, Lemma 2.14]. By comparing (4.19) with (4.20) the result follows.

4.3. Proof of Theorem 2: regular Sturm—Liouville problems

From the fact that G* m}"" (x, t) = w(x)G m} " (x, t), the problem (3.13) reduces to

al)
S =GR, @2, =0, A, 0) =mo()/w(x),  (421)

where 1215’“()@ t) = m(fc) my?(x, 1) and w(x) = x?*~!. Furthermore, from Lemma 2, we have
that G ¥, = — (ki /2)*¥,, where

Vi () = x4 (Kixy/z) (4.22)

and «;,i € N are the zeros of J,. Formula (4.16) leads to the orthonormal system
{Wn )/l ||2w; i€ N} where ||f||t2U = (f, f)n is the norm associated to the inner product
(4.16) with respect to the weight function to(x). Thus,

L*®) = ém
n=1

where H,, is the space of eigenfunctions associated with the eigenvalue A, = (k,/ 2)2 and we
obtain that

Vi, (x)
1V, 12

where ||¢Kn o = Jl’kl (kn)/ /Y (see, e.g. [35, p. 130]). From (4.21) we have that

Y (x, 1) =Y ealt, hn) (4.23)
n=1

) %Cn(t, oy L) D et )G Vi, () (4.24)

= el o= 17, 1%
which holds term by term. From the fact that
G Vi, () = —n i, (%),
where A, = (k,/2)? (see (4.6)), formula (4.24) lead to the fractional equation
D} cy(t, An) = —Ancn(t, Ap)
and thus, we obtain
cn(ty hy) =cp - Ey(—Apt") (4.25)

(the Mittag-Leffler is an eigenfunction of the Dzehrbashyan—Caputo fractional derivative) where
¢, must be determined by taking into account the initial data. In particular,

¢ = (mg/1o, Jf/cn>m Z/ mO(x)‘/_fKn(x) dx.

2
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Formula (4.23) solves (4.21) and we obtain

mit(x, 1) = (m"H*(x, ), L, 1) = ch E, (—(Kn/z)ztv) ||1/j1/_/n()|c|)2 ) (4.26)
n Kn llto
We have to observe that m}," (x, t) = ro(x)m} " (x, t) for the proof to be completed.
4.4. Proof of Theorem 3
Foru > 0,a € (0, 1)
IS CHY st. (T1y~%k)(n) =0, neS (4.27)

(see the Appendix) where gl (x, 1) = ro(x)k},(x, ) and k},(x, 1) = |y|/I (1) exp(—(x/1)")/
t7*. Indeed, being

(1l "f)()—r()/ s — 0% f(s)ds. x>0

we obtain
(I~ %k), (. 0)(x) = 1% k) (x, 1)

and (4.27) immediately follows. We restrict ourselves to the case v € (0, 1). From the formula
(A.9), we obtain

o0 81) 81)
n—1 u—1+v I—p ,1
/0 x P (x Fram (x 8, (x, t))) dx

_& * n—v—1 u—1+v oY 1
=y (e ) s

' (% ap-n-1_9" 1= 1
= v D)d
Tm—w)o * 3(—x) (x 8ulx )> .

I'(n) I'n+u—1) o p—1-—1 ( 1—p 1
= ,1)) d
I'hm—v)I'n+pn—1-v) x (x 8ux )) .

__ I I'g+p-1
I'm=v)I'M+p—-1-v)

Ir'ap I'n+p-1
= Mlg, (¢, Dl —v).

Fm=v)I'n+p—1-v) &z !
The x-Mellin transform of both members of (3.20) writes

I'(n) I'h+u—-1)
'q=v)I'n+u—1-v)

where M[gllL(-, DI =" 'r(p+pu—1/I'(w),n e H‘l"iﬂ. Thus, we have that
I I'h+p=1D 1
'm—v)y  I'(w

because of the fact that ;—étﬂ_l =1'B)/I'B— a)tP=2=1 (see e.g. [55, Property 2.5]) which
concludes the proof.

oo
x(”_")_lglll(x, t)dx

o M[gﬂ( N1 = Mg, (. D1 — v),

0

— 3% Migh¢, 0l =
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4.5. Proof of Theorem 4

We proceed as follows: first of all we find out the Mellin transform of the fractional operator
acting on space

Af(x, 1) = —%G“_Hva(ﬁ—;)v (xl_” fx, r))), ve 1) (4.28)

for a well-defined function f € M{°,a € R (and for which (4.27) holds, that is (7° I(}i_o‘ D)
(n) = 0) and second of all we prove (ii) by exploiting the Mellin technique and then (i) as a
particular case of (ii). We also consider f € D(G*). Let us write

_I'A—n+v) _ I'n+p—-1
%(n)——p(l_n) and ¥, (n) = Totu—T—v)

From (A.10) we have that

f " VAf(x, Ddx = — D, (n)f P A R
0

-9, (Tl)/ xtu=l

Frasy (x' 7 rer ) dx

( =1 fx, t)) dx.

8( x)V
From (A.9) we obtain

o o0
/ VA S (e Ddx = — @, () Wy () / AT 1 (1, 1) dx
0 0
= =S, (MM SC, D] —v).
Thus, by collecting all pieces together we have that

_ T-n+v) To+p-1)
MIAS (010D = == F o P MU 101 = ). (4.29)

Now, we consider the x-Mellin transform
Mg (.01 = Migp, (. DIM) x Mfup(C. 1)

'm+p—1
= —M v .5 9
0 [fv.p (-, D1(0)

where the fact that , € I, and Ig € [Fy,g leads to

1
Mfv,p (D10 = Mhy (-, DI x Ml (-, 1)] <— + 1>

and, from the formulas (2.17) we obtain

_p D(5r) (st
M[g,”;”(-,t)](n)=r("+” D ( ) ( )zvlf’, neH., (430

Ty vIid-np (’77—‘,3 ¥ 1)

where a = max{0, 1 — u}, © > 0. Now, we show that

atﬁM[gzﬁ( N1 = MILAgLP (. 010 (4.31)
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by taking into account the formula (4.29). The right-hand side of the formula (4.31) can be
written as

' — T
MIAgL (. Dl = L0 -1 Tt —D

I'l—n) I'n+p-— )M[g ﬁ( Hln —v)
Tt (]%”)F(]%") r(anl) s
I'(w) vI'(l—n) < ,3+1>

n=1

T4 u-1 r () (
IR VI =mp(=tp -

T:o+
\_/

n—1
= Mig,” ¢, DIm) <]: 1) i
r ("Tﬁ Sy 1)

From the fact that
B F(”—’l +1) .
97 mip P REVE
orf r(ste-p+1)

(see [55, Property 2.5]) formula (4.31) immediately follows and this prove (ii).
For B = 1, the formula (4.30) takes the form

Fn+p—1 1
M[gzc,r)](n):vF((’L)F“(l_;)r( v”>tu, 7 eH),

where a = max{0, 1 — u}. This is (for § = 1) because of the fact that .?J", = 57, t > 0, being

2,1 = ¢ the elementary subordinator, see e.g. [8]. Thus, form (4.29), the Melhn transform of both
members of (3.25) becomes

0 y _I'd=—n+v) I'h+p-—-1
_EM[QM("O](”) =S TTa-n To+u—1- )M[QM( D] —v),
where

r —1- - _—
Migl, (. 0y —v) = otk = 1= V) r( "*”);N

v l(w) 'l —n+v) v

:_(n—l) IF'n+p—1-v) p<1_’7)t”vl—1

v avl'(w) 'l —n+v) v

_ T+ p-1-v F(l—ﬂ)é) n—1
v I'(w) 'l —n+v) v

By collecting all pieces together we obtain the result claimed in (i).
From (4.30) and by direct inspection of (A.12) we arrive at

(l_l’l>; (1_é é) (/'L»O)
v v VvV v

11
(n—1,1); (1——,—); O, 1)
VvV Vv

MIGP ()1 = n
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where G,‘i’ﬁ(x) = guﬁ(x 1). Thus,

2,1
G;i’ﬁ(x) = Hyy | x

where we used, for ¢ = 1, the property of the H functions

(als al)l I,... 1 |: :|
Hm n 3eeey — Hﬂ’l sn ’ 432
|: q] x¢ (bj +c/319:31)/ L..g 432
for all ¢ € R (see [41]). From (A.2), by observing that

bp v 2lp
M [;ﬁ/vG ( ,s/v)} (n) = MIG} ()1t
we obtain the claimed result.

4.6. Proof of Theorem 5

Hereafter, we extend the result given in [16] (Lemmas 3 and 4) and show how the Mellin
convolution turns out to be useful in order to explicitly write the distributions of both stable
subordinators and their inverse processes. Let us consider the time-stretching functions ¥, (s) =
mst/™ s € (0,00),m € Nand ¢@m such that ¥, = goml (the inverse function of ¢y, ).

Lemma 3 ([16, Lemma 2]). The Mellin convolution e;"(x,¢n+1(t)) where pj = jv, for

Jj =1,2,...,nis the density law of a v-stable subordinator {H,(U), t>0}withv=1/(n+1),
n € N. Thus, we have

hv(xvt)Ze;,n(xv(Pn+l(t)), x3t >O
We recall that e, = g;l is the 1-dimensional law of E,.

Lemma 4 ([16, Lemma 3]). The Mellin convolution g("+1) M (x, Yng1(2)) where Hji = jv,

j=12,....,nandv = 1/(n+1),n € N, is the density law of a v-inverse process {Lﬁ”), t > 0}.
Thus, we have

Lx, 1) = gt (x Y1), x.t>0.
We observe that gﬁ‘“ is the 1-dimensional law of G”+1 ("t = G), /).
The following facts will be useful later on.

Lemma S. For g,’i = g}: (x,1), x e Ry, t >0, u > 0 the following hold:

(1) *x-commutativity: gm *guz = gu2 *gm forall y1, y2 # 0.
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(i) *-commutativity: gM1 * gM2 = gﬂ2 * gM1 forall y1, y» # 0. Furthermore, for y = 1,2,

gl‘«l * gﬂz = gMH-Mz'
(iii) (x, *)-distributivity: when - and *- commutativity hold, we have
8y * (&l * giy) = (8], % 8]1,) * (&, * &)

@iv) For w1, ua,c € N

1 M1 w2 Hi1te 1
8y = Fji=1 guz =% lgul and = guz = 8 gt (4.33)
o N
where xi f=fix fox, ..., xfn

Proof. The point (i) comes directly from the formula (3.34) and the fact that g}:’] e IF,Vy; #0,

and u; > 0,j = 1, 2. We show that (ii) holds. For y = 1,Vt > 0, g,’: is the gamma density
with Laplace transform L[glb(o, H)](x) = 1/(1 4+ At)** and the statement follows easily. This is

a well-known result. The case y = 2 is considered in [57] being gi the semigroup for a Bessel
process Ry, = Gl/ 2 Where G, satisfies the stochastic equation (3.5). The result in (iii) can
be obtained by cons1der1ng, Vt > 0, the independent r.v.’s G ;). j = 1,2, 3 with densities
guj = gﬂj(x t),j = 1,2,3,x € Ry. From the fact that guj € Fy,j = 1,2,3 we have that

Gl (GIA (1) law 5 G123 (Gll (1)), thatis, V j, g,):’j are commutative under . For this reason and the
k-commutativity, V¢ > 0, we can write
1 1 1 _
Gy Gy ) + Gy (1) = Gy (G gy (0) = Gy (G (1))

= G‘ LG (D) + G (G ().
In the last calculation we have used the fact that
E [exp (=A[G, (5) + Gy ()]) ‘s _ x,] _E [exp (=2G 1)) ‘s - X,] .

The same result can be achieved for y =2.In order to prove (iv) we proceed as follows: first of

PSR P | L M1 ) :
all we observe that (ii) implies g,,,.,,, = =t gu2 =%, gpd ,- Second of all we consider that
Mitc . C M1
*j]—l gﬂz = Xj=1 le_l gﬂz gﬂl-ﬂz-f
whereas

. C n1—c c 1 _
Kot X0 8y = ¥ Bty = 8uypy

and this concludes the proof. [

Proposition 1. The following holds true

y *1n 1,x(n—1

(x,0) =g}, ogu\m})(x,ﬂ), Vujem, j=1,2,...,n, (4.34)

where
fio folx, 1) =/0 Sfi(x, ) fa(s, ) ds

for fj : [0, +00) = [0, +00), j =1,2.
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Proof. Fix n = 3. V¢ > 0, it is enough to consider the r.v.’s G, G,]: and their density laws

g,’i, g,Z where g,K (x,1) = g}; (x, t'/7) or equivalently GZ(Z) law G,’:(ﬂ’). In this setting, we have

that X (1) = G, (G, (G, (1)) can be written as X (1) "% G}, (G (G}, (t7))) thanks to the
fact that (GJ,)" law G}L. Thus, we can write

,*3 ~ 1,%2 ~
gn e ) =gl 0l (6 7) = 8L o (g, * 8l (x, 1),

Thanks to the +-commutativity we have that g/, » g}, = g, » g}, and also that

3 ~ 1,x2 ~
g ) =gl 08 (1) =gl o (g, * g, (x, 1),

By considering n processes, the formula (4.34) immediately appears. [

Remark 9. For v = 1/5, we have that

lysCe,t) = gurtee,51179), g = (1/5,2/5.3/5,4/5) (4.35)

and, from the Proposition 1 and the Lemma 5,

5,%4 __~5 1,%3
8(1/5,2/5,3/5,4/5) = 8175 ° 84/5,3/5,2/5)

= g’?/s °© [(811/5 * 811/5 * 811/5 * 811/5)
1 1 1 1
*(81/5 % 8175 * &1/5) *gz/s]
~5 1 1 1 1
= 81/5° [(81/5 * 815 % 815 * 81/5)

1,%x2 1,%2 1,%2
(875,175 * 82/5,1/5) * g<2/5,1/5>)]

=5 12 1,43
= 81/5° [*k:l (8(2/5,1/5,1/5>)k]

~5 1,43 5,0 Sxd
= 81/5° g24/5,1/5,1/5(xv 1) = 8(24/5,1/5,1/5,1/5)

where
o = (24/5,1/5,1/5,1/5)
and i, py € @? (24). Finally, we obtain
5,%x4 5,%2 5,%2
834/5.1/5.1/5.1/5) %> 1) = &3a/5.1/5) * 8(1/5.1/5 (X 1)-
From (3.31) the corresponding integral representation emerges.
Theorem 6. Fix p € &7 (0). Then g,l,j*" = gé’*" forall ¥ € 2 (o).

Proof. Fix k, 0 € N. We have g™ = gl *---xgl .= (11, ...1tn) € P/ (0). From (3.38)

we can write g = %(/11, ..., in). Let us first consider n = 2. We recall that g(l;’fuz) = g(l;’;fm)
from the x-commutativity. Thus, form the properties (i) and (ii) of the Lemma 5, we have that
1,%2 L 1 1,%x2 1 1,%2
- L =X L =X -
Sl by = Th=18(L iy T Fi=1 8L, L
*11] ) 12 i1 2 1,%2

=1 X181 1, =%, 1 %i_181 .
hi=l 7 p=15(1 1 h=l "=l
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Forn e N, ¥y = %(l,...,l) € R” , we can write

1,%n 1,%n o1 . fn 1,%n
= N L =XKL L aX .
S g%(m fn) J1=1 =182

,,,,,

We shall refer to #( as the O-configuration. We first observe that
7 i 1 1 .
lxn _ M1 o M R/ JxIL - ~
g”, _lezl"'xjn"IIg"O _gl(gl l)’ Q—l_[ll“]a
K N T .
j=1

or equivalently

1xn _ I . in ILxn __ i L,xn _ L
8w = F=t Fi=1 800 T Fi=18 L1, T St
oi = o/, foralli = 1,2,...,n. The last identity comes from the x-commutativity. By

exploiting the *-commutativity and the *-commutativity we have that g,lt’*’1 = g;’*n for all 6
such that

i
(. i
Rl >0 = —(oi, fii, ), Qi=Q/| [ i,

sj=1

where dim(1) = n — |i| — 1, fii = (s, , ...,[Lsm) € lerl,sj €i,j=1,2,...]iland |i| < nis
the cardinality of i. A further configuration is given by 8 = (oj, fii)/« where |i| = n — 1. In this
case, 0 € (o) is obtainable by n! permutation of the elements of . In a more general setting,
forad = (a; - B,2,...,a,) € N, 8 € N, ¢ € N the following rules hold

lxn _ B 1,xn
84 - 9‘éj=l g(al,az ..... o) (4.36)

(see (iv), Lemma 5) and, for ¢ > 1,

L Bxc 1,xn _ G BEc 1xn _ 1xn
*j:] (a1,00,..., anp) *j:l (aal sa()'zs“'vaﬁ)l) - g(olol -ﬂ-Cil,CCGZ ..... gy ) (437)
for all permutations of {o;}, j = 1,2, ..., n. We recall that
., B+c . B
iz 8a = *;1=1 =1 8a = 8ape;

for o, B, c € N. By making use of the properties (i), (ii) and (iii) of the Lemma 5 we can
obtain all possible configurations of # € R’ starting from the O-configuration #. All different
configurations of # are included in &7} (¢). From (4.37), for all % = (91, ..., ¥,) € P} (0) we
have that ]_[;'-:1 ¥; = o. This concludes the proof. [

By collecting all pieces together we obtain the claimed result.
Appendix. Fox functions and Mellin transform
The Mellin transform of f € MZ (see Definition 1) is defined as

MLFOI) = fo AU f(O)dx, g e . (A1)
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Let us point out some useful operational rules that will be useful throughout the paper: for some
—c0o<a<b<ooandb >0, f, fi, f» € M&:

/0 T fendx = 5TMIFOL 0, (A2)

M FO] = MIFOIG+b), (A3)

M [ /0 f(5)ro —] () = MIAOTO) x MLLOTM), (A4)

MUIOI) ="' MIFOI0+ D, (A5)
where

1(x) = foo f(s)ds, x>0, (A.6)

see e.g. [23]. The formula (A.4) is the well-known Mellin convolution formula which turns out
to be useful in the study of the product of random variables.
We say that f € M if fe Mb and is a rapidly decreasing function such that

—k—ld f

JaeRs.t lim x° W(x)zo, k=0,1,...,n,neN, x e Ry

xX—+00

and

145f

I eRst lim x5 dxk(

x—0t

x)=0, k=0,1,....,n, neN, x e Ry.

For f € M,,_l and n € N we have that

[ f()}(n)=( D" (() MIfOI(m—n) (A7)
_I'+n—n)
= F(l——n)M O] —n). (A.8)

As a generalized version of the integer derivatives (A.7) and (A.8) we introduce the Mellin
transform of fractional derivatives (2.7) and (2.8) (see [29,55] for details). For a given f € Mla’
and 0 < o < 1,if R{n} > 0,

d* I
M [ e f T (~>] ) = %M[ﬂ)](n — o)+ (T () (A9)
whereas, if R{n} < o + 1,
I'(1

[ i ](n) (FJ—“H)MU( ) (=) + (TIL (), (A.10)
where

1—a F(Ol—n) n—1,71—a

I D = s [ G Hw]
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and

1= F) () = re )/ s — 0% f(s)ds. x>0,

U35 o) = )/< — 9 f)ds, x>0

are the right and left fractional integrals.

The Fox functions, also referred to as the Fox H-functions, H-functions, generalized
Mellin—Barnes functions, or generalized Meijer’s G-functions, were introduced by Fox [21] in
1996. Here, the Fox H-functions will be recalled as the class of functions uniquely identified by
their Mellin transforms. A function f € MZ can be written in terms of H-functions by observing

that
o0
/ nHm N |:
0

with n € HY where

(ai, O‘i)i_l d_x _ m,n
(b, B)jer... :|x =M. [

(ai, 051)1_1 WP
(b /3])/_1 :| (A.11)

l_[F(b +77,31 HF(I_al_nat)

ma | (@i o))i=1,..p | J= i=1
M [ by By P } - : (A.12)
l_[ I'(1=b; —nBj) l_[ I'(a; + nay)
j=m+1 i=n+1

Thus, according to a standard notation, the Fox H-function can be defined as follows

Hmn|: (ai, o)i=1,... }:L
(b]qu)j 1,. 2mi P(HDb)

where P(]I-]Ig) is a suitable path in the complex plane C depending on the fundamental strip
(HZ) such that the integral (A.11) converges. For an extensive discussion on this functions
see [21,29,41].

/\/l',',l”;’(n)x_”dn, (A.13)
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