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Available online 28 March 2009 identifying codes was introduced by Karpovsky, Chakrabarty and

Levitin in 1998. Currently, the subject forms a topic of its own with

ﬁ:ﬁ%ﬁig code several possible applications, for example, to sensor networks.
Optimal rate Let us denote by Mﬁg)(n) the smallest possible cardinality of
Hypercube an (r, < ¢)-identifying code in F". In 2002, Honkala and Lobstein
Fault diagnosis showed for £ =1 that
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lim — log, M{S” () =1 — h(p),
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where r = |pn], p €[0,1) and h(x) is the binary entropy func-
tion. In this paper, we prove that this result holds for any fixed
£>1 when p € [0,1/2). We also show that MS?(n) = 0(n3/2)
for every fixed ¢ and r slightly less than n/2, and give an explicit
construction of small (r, < 2)-identifying codes for r = [n/2] — 1.
© 2009 Elsevier Inc. All rights reserved.

1. Introduction

Let F = {0, 1} be the binary field and denote by F" the n-fold Cartesian product of it, i.e., the
Hamming space. We denote by A A B the symmetric difference (A \ B) U (B \ A) of two sets A
and B. The (Hamming) distance d(x,y) between the vectors (called words) x,y € F" is the num-
ber of coordinate places in which they differ, ie., x(i) # y(i) for i =1,2,...,n. The support of
x=(x(1),x(2),...,x(n)) € F" is defined by supp(x) = {i | x(i) = 1}. The complement of a word x € F",
denoted by x, is the word for which supp(x) = {1,2,...,n} \ supp(x). Denote by 0 the word where

all the coordinates equal zero, and by 1 the all-one word. Clearly 0 = 1. The (Hamming) weight w(x)
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of a word x € F" is defined by w(x) =d(x, 0) = |supp(x)|. We say that x r-covers y if d(x, y) <r (if x
r-covers y, then also y r-covers x). The (Hamming) ball of radius r centered at x € F" is

B:(x) ={y e F" |d(x, y) <1}
and its cardinality is denoted by V (n,r). For X CF", denote

B:(X)=|JB:x)={y eF"|d(y, X) <r}.

xeX

We also use the notation

Sr(x)={y eF"|dx,y) =r}.

A nonempty subset C C F" is called a code and its elements are codewords. Let C be a code and
X CTF". We denote (the codeword r-neighbourhood of X by)

LX) =1(C; X) =B (X)NC.

We write for short I.(C; {x1,...,X¢}) = Ir (X1, ..., X).

Definition 1. Let r and ¢ be non-negative integers. A code C C F" is said to be (r, < £)-identifying if
for all X,Y CF" such that |X|<¢, |[Y|<{ and X # Y we have

L(C; X) # I (C Y).

The idea of the identifying codes is that given the set I.(X) we can uniquely determine the set
X CTF" as long as |X| < 4.

The seminal paper [15] by Karpovsky, Chakrabarty and Levitin initiated research in identifying
codes, and it is nowadays a topic of its own with different types of problems studied, see, e.g.,
[2,4-6,11,12,20,22]; for an updated bibliography of identifying codes see [19]. Originally, identifying
codes were designed for finding malfunctioning processors in multiprocessor systems (such as binary
hypercubes, i.e., binary Hamming spaces); in this application we want to determine the set of mal-
functioning processors X of size at most £ when the only information available is the set I.(C; X)
provided by the code C. A natural goal there is to use identifying codes which are as small as pos-
sible. The theory of identification can also be applied to sensor networks, see [21]. Small identifying
codes are needed for energy conservation [16]. For other applications we refer to [17].

The smallest possible cardinality of an (r, < £)-identifying code in F" is denoted by MSE) (n).

Let h(x) = —xlog, x— (1 —x) log, (1 —x) be the binary entropy function and p € [0, 1) be a constant.
Let further r = | pn|. Honkala and Lobstein showed in [14] that, when ¢ =1, we have

1
lim - log, M{SP(n) =1 - h(p). (1)
n—oo n

The lower bound that is part of (1) comes from the simple observation that if C is an (r, < £)-
identifying code for any ¢ > 1, then necessarily B;(C) = F" (otherwise there would be a word
X ¢ B;(C) and then I;(x) =@ = I;(?), so {x} and @ cannot be distinguished by C) and also
|F™ \ Bp—r—1(C)| < 1 (otherwise there would be two words x,y ¢ Bp_r—1(C) and then I,(X) =C =
I:(y), so {x} and {y} cannot be distinguished by C); consequently, for any n,r, £ > 1,

(<0 ) 2" 2"-1
M;~"(n) > M;~ ' (n) > max ,
|[Vin,n| |[Vin,n—r—1)|
—max( 2 21 ) (2)
Yio () X ()

and the lower bound in (1) follows from Stirling’s formula. Cf. [7, Chapter 12], [3,10,14,15] for this and
similar arguments and related estimates.
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Let us now consider any fixed ¢ > 1. When r = | pn], we have by (1) or (2) the same lower bound
as for £ =1:

1
liminf = log, M{SY () > 1 — h(p). 3)
n—»oo n
In the opposite direction, it is shown in [10] that
limsup + log, MO () < 1— (1 — 200)h( —L— ), 4)
n—oo N 1-2¢p

where 0 < p < 1/(2¢ + 1). In this paper, we improve (4) by showing that the lower bound (3) is
attained for any fixed ¢ > 1 when p € [0, 1/2). (The proof is given in Section 2.)

Theorem 1. Let £ > 1 be fixed, let p € [0, 1/2) and assume that r/n — p. Then

1
lim - log, M'S?(m) =1 — h(p).
n—oon

Furthermore, it is easy to see that when ¢ > 2, unlike the case £ =1, no (r, < ¢)-identifying codes
at all exist for r > |n/2]. (This explains why we have to assume p < 1/2 in Theorem 1.)

Theorem 2. Ifn > 2 and r > |n/2], then there does not exist an (r, < 2)-identifying code in F".

Proof. If r > |n/2], then B;(x) U B;(X) = F" and thus I;(x,X) = I;(y,y) for any C € F" and
x,yeF'. O

We give this theorem mainly because the proof is so simple. In fact, it is proved in [18] that any
(r, < £)-identifying code in F" has to satisfy

r<|n/2]+2-4¢, (5)

which is slightly better than Theorem 2 when ¢ > 3.

Since h(p) <1 unless p = 1/2, Theorem 1 implies that an (r, < ¢)-identifying code has to be
exponentially large unless r is close to n/2. We give in Section 3 an explicit construction of a small
(r, < 2)-identifying code for the largest possible r permitted by Theorem 2, viz. r = |n/2] — 1.

Theorem 3. Let n > 2. There exists an (r, < 2)-identifying code in F" of size at most n> — n®> when r =
[n/2] —1.

For comparison, it is shown in [14] that for £ =1 and n > 3,

2_

MED oy < | 5372 nodd,
~X 2

n/2) 4 neven

For ¢ > 2, we do not know any explicit constructions of small (r, < £)-identifying codes in F", but
we can show the existence of small such codes (even smaller than the one provided by Theorem 3) for
every ¢ > 1 when r is a little smaller than n/2. For £ =1, there exist by the explicit estimate in [10,
Corollary 13] (r, < 1)-identifying codes in F" of size 0 (n3/?) for every r <n/2 with r=n/2 — 0(/n).
Our next theorem, proved in Section 2, yields a bound of the same order (although less explicit) for
every fixed ¢ and certain r.

Theorem 4. Let ¢ > 1 be fixed and let 0 < a < b. Then there exist no and A such that for every n > ng and r
withn/2 —by/n<r<n/2 —an,

MSO () < An3/2.
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Remark 1. This is not far from the best possible, since an (r, < ¢)-identifying code C in F" trivially
must satisfy f_, (21 ) <2/ and in particular 2" < 2/¢I; thus M'S9(n) > n for r and ¢ > 1. (Moreover,
this argument yields Mﬁg)(n) >4n— 0(1) for every fixed ¢ > 1.)

For r closer to n/2, we can show a weaker result, still with a polynomial bound. (This theorem too
is proved in Section 2.)

Theorem 5. Let £ > 1 be fixed and let L be fixed with L > 2¢. Then there exist no and A such that for every
n>ngandrwithr=|n/2] — L,

-1
Mﬁgl)(n) < Anz +1.

For ¢ > 3, we do not know the largest possible r such that there exists an (r, < ¢)-identifying code
in F", but Theorem 5 leaves only a small gap to the bounds in Theorem 2 and (5).

2. Proofs of the main results

Our non-constructive upper bounds in Theorems 1, 4 and 5 are based on the following general
theorem proven in [10]. Let m,(r, ¢) stand for the minimum of |B,(X) A B;(Y)| over any subsets
X, YCF", X#Y and 1< |X|< ¢ and 1< |Y| < £ Denote further by N, (= Ny ) the number of
(unordered) pairs {X, Y} of subsets of F" such that X #Y and 1 < |X|<fZand 1< |Y|< L.

Theorem 6. (See [10].) Let r > 1, £ > 1 and n > 1. Provided that m,(r, £) > 0, there exists an (r, < £)-
identifying code of size K in F" such that

211
K< InN 1.
[mn(r, £) e—‘ *

Obviously,

(B0) =

i=1

Ny

N

and thus Theorem 6 yields

(6)

It remains to estimate m,(r, £). Using probabilistic arguments, we are able to show in Theorems 7
and 8 the following crucial result: we have (with certain conditions on n, r and ¢) that for ¢ > 0

n
mp(r, £) >C(r). (7
In Theorem 9 the slightly weaker estimate (for certain values of n, r and ¢) is given

Ma(r, 0) > cn=2""' 20, (8)

(We do not know whether (7) holds in this case too.) Combining (6)-(8) and standard estimates for
binomial coefficients, see [7, p. 33], we obtain Theorems 1, 4 and 5.

We prove the required estimates of my(r, £) in the following form. In applying the following results
to obtain the bounds (7) and (8) on my(r, £) just notice that we can assume that there is x € X \ Y
and Y C{y1,...,Y¢}
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Theorem 7. Let ¢ > 1 be fixed. For every € > 0 there is a constant ¢ > 0 and ng such that for n > ng and any
¢+ 1wordsxand yq,...,ye¢ in F*, with y; #x fori=1,...,¢, and every r with 0 <r < (1/2 — &)n, there
exist at least c () words z € F" withd(z,x) =r and d(z, y;) > fori=1,..., L.

Theorem 8. Let £ > 1 be fixed. For every a, b > 0 there is a constant ¢ > 0 and ng such that for n > ng and any
L+1wordsxand yq,...,y,inF", withy; #xfori=1,..., ¢ andeveryrwithn/2—by/n <r<n/2—a./n,
there exist at least cn=1/22" > ¢(7) words z € F" withd(z,x) =r and d(z, y;) > fori=1,..., L.

Theorem 9. Let £ > 1 be fixed. For every L > 2¢ there is a constant ¢ > 0 and ng such that for n > ng and
any £ + 1 words x and y1,..., Yy, in F", with y; #xfori=1,...,¢, and r = |n/2| — L, there exist at least
en=2"" 2" words z € F" with d(z,x)=randd(z,yi) >rfori=1,...,¢

The proofs of Theorems 7-9 are similar, although some details differ. We begin with some common
considerations.

By symmetry we may assume that x = 0. Given y1,..., ¥¢, partition the index set [n]={1,...,n}
into 2¢ subsets A, (some of which can be empty), indexed by o € F¢, such that

Ay ={ien]: yj()=ajfor j=1,....¢}.
Let z € F" and let further sy =s¢(2) = |{i € Ag: z(i) =1}|. Then d(z,x) = w(z) =) _, S« and
dz,yp= Y sa+ Y (lAal—5a)=dz0+ Y (lAal—25¢).
a:aj=0 a:aj=1 aaj=1
Hence, if d(z, x) =r, we need also
Y (lAal—250) >1
aaj=1

for each j=1,...,¢, then d(z, y;) > d(z,x) =r.

For simplicity, we consider only z such that s, < |Ay|/2 for every o such that Ay # @; we say that
such z's are good. Note that Za:aj:] |[Aql =d(x,y;) > 1 for each j, so Ay # ¢ for some a with a; =1,
and if z is good, then Za;aj:1(|Aot| — 25¢) > 0, and thus, as shown above, we get d(z, y;) > d(z,x)
for each j. Thus, it suffices to show that the number of good words z with d(z,x) =r is at least the
given bounds in the theorems.

Proof of Theorem 7. It now suffices to show that there exist ¢ and ng such that for any choice of
n>ng, x=0, y1,...,y¢ and r with 0 <r < (1/2 — ¢)n, if z is a random word with d(z,x) =r, i.e, a
random string of r 1’s and n —r O’s, then

P(z is good) > c.

Suppose that this is false for all ¢ and ng. Then there exists a sequence of such (n, y1,..., ye¢, 1),
say ny, y(]y), e yéw eF" and ry,, y =1,2,..., such that n, — oo and if ze F" is a random string

with r, 1’s, then
P(z is good) — 0.

The sets A, depend on y, but by selecting a subsequence, we may assume that for each o e F¥,
either

|Aql =ay for some finite a, 9

or

|Aq| — o0. (10)
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Let S = {a: « is of type (9)}. Let z be a random word as above (length n, and weight r, with
ry < (1/2 —¢e)ny ). Let &1 be the event that s,(z) =0 for each a of type (9). The bits z(i) for the
finitely many indices i € A, for some « of type (9) are asymptotically independent and each is 0 with
probability (n, —ry,)/n, > 1/2.

Hence

lim ll'lf]P)(E]) >2" P aes da > 0.
y—00

(This depends on a,, but we have chosen them and they are now fixed.) Given &, for every o ¢ S
(i.e., @ is of type (10)) the random variable s, (z) has a hypergeometric distribution with mean

Ty
——|Adl
ny — Zo{es Qo

and it follows by the law of large numbers that

i

Since r, /n, <1/2 — ¢, it follows that

se(2) 1
P - 1
( |Aa| < 5 ‘51) e
for each « ¢ S. Hence, with probability (14 o(1))P(&1),

sq(2) =0, o €S,
1
{sa(z> <;lAul. ags.

sa(2) Iy
[Aal ny

<8‘51>—>1.

and then z is good.
Hence

liminfP(z is good) > liminfP(&7) > 0,
y—o0 y—00
a contradiction. O

For the remaining two proofs we will use the central limit theorem in its simplest version, for
symmetric binomial variables. (This was also historically the first version, proved by de Moivre in 1733
[1,8].) We let, for N > 1, Xy denote a binomial random variable with the distribution Bi(N, 1/2). The
central limit theorem says that (Xy — N/2)/./N/4 converges in distribution to the standard normal
distribution N(0, 1), which means that if Z ~ N(0, 1), then for any interval I C R,

Xn — N2

We will also need the more precise local central limit theorem which says that if xy is any sequence
of integers, then, as N — oo,

N
P(Xy = XN) = (x )27N — (z/nN)l/Z(e—Z(xzva/2)2/N +0(1)). (12)
N
(This is a simple consequence of Stirling’s formula.)

Proof of Theorem 8. Let n, = |Aq|, and note that )", ¢ Ny =n. Fix an index o with ny, > n/2¢ (for
example the index maximizing ny). Let A = {a € F¢ :ny > 0} and A’ = A\ {op}. Consider a random
z € F". The numbers sy = s¢(z) thus are independent binomial random variables: s, ~ Bi(ny, 1/2).
Let § =2~¢1a. Let &, be the event

Mo /2> Sa > Na /2 — [5/01, (13)
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for o € A, let &, be the event
saozr—Zsa, (14)
A/

and let £ = A\, 4 £x- Assume in the sequel that \/n >2*1/a. If £ holds, then

Sap=T— Y Sa <N/2—a/n—Y (ng/2—8/n—1)
A A

<Ngy/2 — ay/n+ 2580+ 2 <ngy /2, (15)
and thus z is good; further, d(z,x) =), s¢ =T. It thus suffices to prove that P(£) > cn~ 12 since then
the number of good words z with d(z,x) =r is at least P(£)2" > cn~1/22", and further (7) <n=1/22"
by (12) (at least for large n).

First, let
pn=P(N/2> Xy = N/2 - [8¥/N7).

Note that py > P(Xy = (N —1)/2]) > 0 for every N > 1, and that the central limit theorem (11)
shows that as N — oo, py — P(0 > Z > —26) > 0. Hence, p, = infy>1 py > 0. Consequently, for
ae A, P(&) = pn, = P« Moreover, the events &, o € A, are independent, and thus

P( A sa> = [T per = p2.

ac A’ ac A
Secondly, if (13) holds for oo € A’, then r — >" 4, S¢ <Ny, /2 by the calculation in (15), and

r— sa>n/2=byn— Ng/2=ngy/2 — by >ng,/2 — b2"/? /g,
A A

The random variable sq, is independent of {s: o € A’}, and sy, ~ Bi(ng,. 1/2). Thus, the local limit
theorem (12) shows that for every set of numbers sy, o € A’, satisfying (13),

2
P(Eqy | Sas o € A') = (2/7ng) /2 (exp(—2<r D naO/Z) /nao) + 0(1))
A/

> (2ny) "2 (exp(—2T1b?) +0(1)) = cyn~ /2

for some cq > 0, provided n, and thus also ny, > 2~¢n, is large enough. Consequently, for large n,

P() =P( A 5a) :P(‘gao A 5“>[P< /\ 5“) > o 12p2 =en 12,
acA

aec A ac A
which completes the proof. O

Proof of Theorem 9. Let n,, op, A and A’ be as in the preceding proof and consider again a random
z € F". Define the numbers ty, o € A, by

i L(ng — /2], aeA,
T lr-Y 4t a=ao,
and let £ be the event

Sq =ty o e A
Note that
ap T =) (/2 = 1) <Ny /2 = L+ | A < N /2,
A/
and thus £ implies that z is good and d(z,x) =), sa =T.
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Since also ty, =T — ) 4/ Ng/2 >ng,/2 — L — 1, it follows from (12) that for some constant c; > 0
(depending on L) and every n > 2¢L,

P(sq = to) > Cong /* > con™1/?

for every « € A, and thus

PE) = [] Plsu =ta) > c5n~ 72,
acA

which completes the proof. O
3. Construction of small (r, < 2)-identifying codes

Proof of Theorem 3. We make an explicit construction for r = [n/2] — 1. If 2<n <3, then r=0
and we trivially may take C = F". Furthermore, the following few values are known (see [9,13])
M{S? @) = 11, M{S?(5) = 16, M{S? (6) < 22. So, we may assume that n > 7.

Let Co consist of the words co =0 € F" and ¢; € F" such that supp(c;) = {1,2,...,i} for i =
1,2,...,n. Clearly |[Co|=n+1.Let C, ={a€F"|aec Cyorac Cp}. Now |Cy| = 2n. The code which
we claim to be (r, < 2)-identifying for r = [n/2] — 1 is then the following

C={ceF"|1<d(c,a) <2 for some ae C,}={ceF" |d(c,a)=2 for some a € Cy}, (16)

where the equality follows since every word in C; has two neighbours in C,. Obviously, |C| <
(g)\Cu| =n3 —n?. (We are interested in the order of growth, so this estimate is enough for our pur-
poses. However, with some effort one can check that |C| =n? — 5n2 + 4n for n > 7.)

We consider separately the cases n even and n odd.

(1) Let first n be odd. Now r = (n — 3)/2. The code Cy is such that from every word x € F" we have
a codeword exactly at distance (n — 1)/2. Indeed, either d(x,0) > (n —1)/2 and d(x,1) < (n—1)/2 or
d(x,0) < (n—1)/2 and d(x,1) > (n — 1)/2. Moving (in the first case—the second case is analogous)
from the codeword cy =0 to ¢, = 1 visiting every codeword ¢; (i =1,...,n), there exists an index
i such that d(x,c;) = (n — 1)/2, since every move between two codewords ¢; and c;j+1 changes the
distance by +1.

Now we need to show that

I (X) # I (Y)

for any two distinct subsets X CF" and Y C F" where |X| <2 and |Y| < 2. Assume to the contrary
that I.(X) =I(Y) for some X,Y CF" with |X]|,|Y| <2 and X #Y.

Without loss of generality, we can assume that |X| > |Y| and that we have a word x € X \ Y. Using
the property of C,, we know that there exists a codeword a € C, such that d(x,a) = (n — 1)/2 and
d(x,a) = (n+1)/2. We concentrate on the words in the sets S1(a) U Sz(a) and S1(a) U Sz(a) which all
belong to C. Since I(x) C I(X), we know that the sets

LX)NS1@,  (X)NS2a) and [(X) N S2(a) (17)

are all nonempty. By the symmetry of F", we can assume without loss of generality, that a =0 (and
so,a=1).
Since I(X) N S1(0) is nonempty, there must be y € Y such that w(y) < (n —1)/2.

(i) Suppose first that w(y) < (n — 5)/2. This implies that S1(0) C I,(y) C I;(Y) = I-(X). Conse-
quently, there must exist y € X (y # x) such that w(y) < (n — 1)/2, since x does not r-cover all
of S1(0). Since |X| <2, thus X = {x, y}.
In order to cover the (nonempty) set I.(X) N Sz(1), there has to be g in Y (8 # y) such that
w(B) > (n—1)/2. Thus Y = {y, B}. If w(B) > (n — 1)/2, then I,(8) (and hence I;(Y)) contains
elements from S1(1), but the set I(X) N S1(1) is empty, immediately giving a contradiction.
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If w(B)=m — 1)/2, then I;(x) contains a codeword not in [(Y). Indeed, since x # B (and
w(x) = w(B)), then there exists an index j € supp(8) such that j ¢ supp(x). This implies that
the needed codeword, say c’, is found in S,(1) by taking supp(c’) = {i, j} for any i ¢ supp(x) and
i # j—clearly, B cannot r-cover this codeword and y cannot r-cover any word in S»(1).

(ii) Assume then that w(y) = (n—3)/2. Now y cannot r-cover all the words in I;(x) N S1(0), so there
must be 8 € Y such that w(B) < (n —1)/2. If w(B) < (n—1)/2, then I(Y) N S2(1) =@ which
contradicts I (X) N Sa(1) #@. If w(B) = — 1)/2, we are done as in (i), using again x # 8.

(iii) Let then w(y) = (n —1)/2. Because there are codewords in I;(x) N S1(0) which are not r-covered
by y, it follows that there exists 8 € Y with w(8) < (n — 1)/2. By the previous cases, it suffices
to consider w(B) = (n — 1)/2, since otherwise we can interchange S and y. Let i € supp(x) be
such that i ¢ supp(y) and j € supp(x) such that j ¢ supp(B). Since x ¢ Y, such indices (it is
possible that i = j) exist. When i # j, a codeword c € S;(0) such that supp(c) = {i, j}, gives a
contradiction. If i = j, then we pick a codeword with supp(c) = {i, k} where k € supp(x), i #k.

(2) Let now n be even. Now r = (n — 2)/2. Take C, as in the odd case; it has now the analogous
property that from every word x € F" there is a codeword a € C, such that d(x,a) =d(x,a) =n/2. Let
C be defined also as above. We will show that it is (r, < 2)-identifying for r =n/2—1. If [,(X) = I, (Y),
we can again assume that |X| > |Y| and choose x € X \ Y. We know that there is a € C, such that
d(x,a) =n/2. The sets (17) as well as now the set I.(x) N S1(a@) are nonempty. Again it suffices to
consider a = 0. Since I(x) N S1(0) is nonempty, so there must be a word y €Y such that w(y) <n/2.

(i) Suppose first that w(y) <n/2—2. Then S1(0) < I;(y). Since S1(0) ;(_ Ir(x), this implies that there

is y € X, y #x, such that w(y) <n/2.

Let first w(y) < n/2 — 1. Subsequently, neither y nor y r-covers any of the codewords of S1(1)

whereas |I-(x) N S1(1)| =n/2. Hence there has to be 8 € Y such that I.(x)NS1(1) =I-(8)NS1(1).

However, this implies that x = 8, a contradiction.

Assume next that w(y) =n/2. Due to the fact that y r-covers all the codewords S1(0) we know

that y = x. Hence S1(1) € I;(X) = I;(Y). On the other hand, S1(1) N I;(y) = @. Consequently,

S1(1) € I(B) which implies w(8) >n/2 + 2. Thus  does not r-cover any of the words in S;(0).

e If w(y) <n/2-3, then y r-covers all of S;(0). However, all of S;(0) is not contained in I (X).
Indeed, take i € supp(x) and j ¢ supp(x) (notice that now X = {x, x}). The codeword ¢’ of S;(0)
which has supp(c’) = {i, j} does not belong to I(X).

e If w(y)=n/2 —2, then supp(x) has (at least) two distinct indices, say i and j, which are not
in supp(y). Consequently, the codeword ¢’ in S,(0) with supp(c’) = {i, j} belongs to I.(x) but
not to I(Y), a contradiction.

Let now w(y) =n/2 — 1. Now I(x) N S1(0) has one more codeword than I(y) N S1(0) and,

therefore, there exists 8 € Y such that w(8) <n/2 (or we are done). But now I.(x) N S1(1)

contains at least one codeword not in I(8)—notice that y does not r-cover any words in S1(1).

(iii) Assume finally that w(y) =n/2. Since y # x, there must exist an index i € supp(x) such that

i ¢ supp(y). Consequently, the r codewords z; € S»(0) N I;(x) such that supp(z;) = {i, j}, where
j €supp(x) and j # i, do not belong to I;(y) and hence must belong to I.(8) for some other
B €Y or we are done. By the previous cases and symmetry with respect to a and a, we can also
assume that w(B) =n/2. However, this means that supp(z;) C supp(p) for all j. Subsequently,
x= B or w(B) >n/2 and we get a contradiction in both cases. O

(ii

-
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