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A new symmetric Hamiltonian constraint operator is proposed for loop quantum gravity, which is well
defined in the Hilbert space of diffeomorphism invariant states up to non-planar vertices with valence
higher than three. It inherits the advantage of the original regularization method to create new vertices
to the spin networks. The quantum algebra of this Hamiltonian is anomaly-free on shell, and there is

less ambiguity in its construction in comparison with the original method. The regularization procedure
for this Hamiltonian constraint operator can also be applied to the symmetric model of loop quantum
cosmology, which leads to a new quantum dynamics of the cosmological model.
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The singularity theorem of general relativity (GR) is a strong
signal that the classical Einstein’s equations cannot be trusted
when the spacetime curvature grows unboundedly. It is widely
expected that a quantum theory of gravity would overcome the
singularity problem of classical GR. A very lesson that one can
learn from GR is that the spacetime geometry itself becomes dy-
namical. To carry out this crucial idea raised by Einstein 100 years
ago, loop quantum gravity (LQG) is notable for its nonpertuibative
and background-independent construction [1-4]. The kinematical
Hilbert space of LQG consists of cylindrical functions over finite
graphs embedded in the spatial manifold. The quantum geomet-
ric operators corresponding to area [5,6], volume [5,7,8], length
[9-11], ADM energy [12] and quasi-local energy [13], etc. have
discrete spectrums. The LQG quantization framework can also be
generalized to high-dimensional GR [14] and scalar-tensor theories
of gravity [15,16]. A crucial topic now in LQG is its quantum dy-
namics, which is being attacked from both the canonical LQG and
the path integral approach of spin foam models. In the canoni-
cal approach a suitable regularization procedure was first proposed
by Thiemann to obtain well-defined Hamiltonian constraint oper-
ators [17]. The Hamiltonian constraint operators obtained in this
way will attach new arcs (edges) and hence create new trivalent
co-planar vertices to the graph of the cylindrical function upon
which they act [17,18]. The quantum dynamics determined by the
Hamiltonian constraint operator is well tested in the symmetric
models of loop quantum cosmology (LQC) [19]. The classical big
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bang singularities are resolved by quantum bounces in the models
[20-22]. However, there are ambiguities in the graph-dependent
triangulation construction of this operator. There is no unique way
to average over different choices of the triangulation. Moreover, in
order to obtain the on shell anomaly-free quantum algebra of the
Hamiltonian constraint operator [23], one has to employ degen-
erate triangulation at the co-planar vertices of spin networks in
the regularization procedure of the Hamiltonian.! This treatment
implies that the regularization procedure has essentially neglected
the Hamiltonian at the co-planar vertices before acting the regu-
lated operator on them. Otherwise, this kind of Hamiltonian con-
straint operator would generate an anomalous algebra in the full
theory, unless one inputs certain unnatural requirement to the in-
teraction manner of the edges of the graph and the arcs added by
the Hamiltonian operator [24]. The Hamiltonian constraint opera-
tors proposed recently in [25-27] do not generate new vertices on
the graph of the cylindrical function and hence are anomaly-free
on shell. However this kind of action cannot match the quantum
dynamics of spin foam models where new vertices are unavoid-
able in their construction [28]. A regularization of the Hamiltonian
constraint compatible with the spinfoam dynamics was consid-
ered in [29]. However, the resulted Hamiltonian operator acts non-
trivially on the vertices that it created and thus has still an anoma-
lous quantum algebra. It is therefore natural to ask the question
whether one can construct some Hamiltonian constraint operator
with the following properties: (i) it is well defined in a suitable
Hilbert space, symmetric and anomaly-free; (ii) it generates new

! Thanks to the remark from Thomas Thiemann.
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vertices; (iii) its action on co-planar vertices is not neglected by
some special regularization procedure, and there is no special re-
striction on the interaction manner of the edges of the graph and
the arcs added by its action. We will show that the answer is af-
firmative. An alternative quantization of the Hamiltonian constraint
in LQG possessing the above three properties will be proposed. The
regularization procedure of the Hamiltonian operator can also be
applied to LQC models.

The Hamiltonian formalism of GR is formulated on a 4-dimen-
sional manifold M =R x X, with X being a 3-dimensional spatial
manifold. In connection dynamics, the canonical variables on ¥
are the SU(2)-connection Al and the densitized triad E‘l} , with the

only nontrivial Poisson bracket {Al (x), E"]J.(y)} =Kk B83(x, y), where
Kk =8mG and B is the Barbero-Immirzi parameter. The Hamilto-
nian constraint reads

H(N) = =201+ BAKoK) )

/ \/7 (Euk ab
= HE(N) —T(N), (1)

where Fj, =20qA} + € jAgA} is the curvature of A}, Kj is the
extrinsic curvature of ¥, and det(q) is the determinate of 3-metric
qap = ele; 8;j with el being the co-triad. HE (N) and T(N) are called
the Euclidean and Lorentzian terms of the Hamiltonian constraints
respectively. Both HE(N) and T(N) depend on the canonical vari-
ables in non-polynomial ways. Besides the indication of spin foam
models, it is argued in [30] that the momentum variables in HE(N)
also imply the creation of new vertices by its action. Thus we
adopt the so-called semi-quantized regularization approach de-
veloped in [31] to derive a new Hamiltonian constraint operator,
which creates new vertices as well. The Hamiltonian is not ne-
glected at the co-planar vertices of spin networks by the regular-
ization. But the result of its action on the co-planar vertices is zero.
Hence it has an anomaly-free algebra on shell.

Let us first consider HE(N). By introducing a characteristic
function xe(x,y) such that lin}) e, y)/€3 =83(x, y) and using

€—>

the point-splitting scheme, it can be regularized as

1 . _ . -
HE(N) = > lim / Ex NV, eipFl, 0 Ex)
/ &y xe(x NELDIVL, (2)

where Vixe) := €3, /det(q)(x). Since the volume operator has a
large kernel, the naive inverse volume operator is not well defined.
However, one can use the idea in [32] to circumvent this problem
by defining a permissible inverse square root of volume operator

as
Y —19172
V(y 6 = llm(V(y ) + 03 ) y ) (3)

where V(y,g) is the standard volume operator in LQG (see [7]) cor-
responding to the volume of the cube with center y and radial €.

It is easy to see that qualitatively V—1/2 has the same properties
as V. Thus we can promote the classical volume in (2) into its
quantum version (3) and replace both densitized triads in (2) by
corresponding operators EP ) = 1/%28/8A"(y) where 62 = hk.
Acting on a cylindrical functlon fy, the result formally reads

1 1
(_lﬂgz) /
Telgr})/dt /dt Z Xe e'(t, e(t)) Ne'(’ ))V(e’(t’) €)
0 0

e'£e

x [€uFly(€ ENE e O | XL XEOV )

+ Z Xe (), €®) NNV o, [t Fly e e o]

[G(t xSty 1o, oxe, t)] (‘egt/)?e)}.fy, (4)

where 6(t,t') = 1 for " > t and zero otherwise,
Xk = trl(heo,n Tkhe,1))T3/3heo,1)], Xg’f(f’,f) =
tr(he(o,i) Tihe(r o) Tkhe(e.1)) T /0he(o,1)], here 7 := — 50} with oy
being the Pauli matrices, and T denotes transpose. Partitioning
of the domain [0,1] as N segments by inputing N — 1 points,
0 =to,t1,--,tn—1,ty = 1, and setting At, =t, — t,—1 =9, the
integral in (4) can be replaced by the Riemann’s sum in a limit.
Then (4) reduces to

—ipe2)?
ﬂ lim lim &2
2K §—0e—0

N
YN Ke (€ ) elta)

e’;ée n,m=1

()

x € Py (@ () ()¢ ) |

x NE' )V,

J 4 k *T/Z\
X Xe/ (tm_])xe (tn_1)v(€([n,]),6)

N
+20 D Xe(eltmon). D) NCe(tm-1)V (o * |

e nm=1
x [ €1 Fly e(tn-1)¢" tn-1)é" (tn-1) |

.
x [0(n-1tn-1)XE (tn1, tm-1)

el e ®

Since the volume operator and hence V 6) 2 vanish at divalent ver-
tices, for sufficiently small €, the only non vanishing terms of the
summation in (5) correspond to those of m =n = 1. Moreover,
the terms corresponding to m =n =1 in the second summation
of (5), which involves only summation over e(= e’), vanish due to
e,»ij;b(e(to))é“(tg)éb(to) =0. For e # ¢/, we have

jk
+0(tm-1, b X (o ) |

: . . 2

82Fl, (€/(0))¢'*(0)e" (0) ~ A—/ngn(e’, e)tre (he,, i), (6)
where Ny = —Wﬂ with ¢ a half-integer representing a spin
representation of SU(2), o is a loop formed by adding an arc be-
tween e'(8) and e(8), and sgn(e’, e) := sgn[eqe’(0)éP (0)] is the
orientation factor which can be promoted into its quantum op-
erator. From the property of V, we know that Vlv/ze) = V‘}/Z is
independent of €. Thus we can take the trivial limit € — 0 and
obtain

A n
HENY- fy = ( Z NV, Y
veV(y)
yo12
X[ Z sgn(e’, e)e;jktry (hae,en)]’ Je} / fy
ene’'=v

= Z NV Z Hvee (7)

veV(y) ene’=v
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where N, = N(v) and ]i_, = —iXi, is the self-adjoint right-invariant
operator. The assignment of o, is diffeormorphism covariant in
the sense that, for any ¢ € Diff(X) there exists ¢’ € Diff(¥) such
that ¢'(9(¥)) = ¢(¥) and ¢’ (Apepe)) = ¢(Aee) [17]. Applying

I:If e ON the n-valent non-planar vertex v of Ty P the inter-

twiner i, associated to v will be changed to i), while, as a mul-
tiplication operator, hy,, will change the spins associated to the

segments of e’ and e. Hence the action of a 5 e 1S given by

P

where '€ {|j/ = €],---,j'+ ¢}, je{lj—¢€l,--, j+¢}, and H(J', ',
j,j,--+) are coefficients with “...” denoting spins associated to
other edges incident at v.

The above regularization approach can be similarly used to
quantize the Lorentzian term in the Hamiltonian (1). The Lorentzian
term can be regularized as

(x.€)

2 .
TNy = 228D i [ @B Neov 2 kKR 0B
2k €e—0 b j
x /d3y X MERVL 9)

z

Following the regularization procedure of the Euclidean term,
Eq. (6) is now replaced by

52K (€' (0) K (€' (0))¢'?(0)éb (0) ~ sgn(e’, e) K2 KX, (10)

where I(g, = —W(Tjhse, {hs,,l(}). with s, as the start-
ing segment of 'e’ with parameter length §, and we have used
the idegtjty K = K]—ﬂ{Aé,K} = K;Wtrg(rj{Aa,K}). with K :=
[z d*xKIE¢ = é{HE(l), V} [17]. Replacing the Poisson brackets
by commutators times 1/(ifi), we obtain the quantized Lorentzian
term

. 201+ 8%) (BL}) -
Ta(N)~fy——( Y Ny,
veV(y)
><|: 3" sgn(e’ e)kRES] ]i| v, 2 f,, (1)
ene’'=v
where
pi_ 1 ) -1 j L5
K== (wihs, [ K])  with K = e s [AE, 7]
(12)

Hence the total regulated Hamiltonian constraint operator is given
by
sy fyi= 30 Nu(RE=T0)-fy = D Nofiu-fy.

veV(y) veV(y)
(13)

Notice that for a given y, there are indeed finite terms contribu-
tion to the summation no matter how fine the partition is. Hence
the operator (13) is well defined in Hyi,. Since the volume oper-

ator and hence V_ /7 vanish at internal gauge invariant trivalent

1/2
(y.€)

vertices as well, H5(N) acts nontrivially only on non-planar ver-
tices with valence higher than three. Note that we can also employ
a fourfold point-splitting scheme as in [31] to regulate the Hamil-
tonian constraint. In this case 1/,/det(q) in (1) can be absorbed
into Poisson brackets, and tlﬁ\ﬁnal operator takes the same form

as (7) and (11), except that V;”z is replaced by

“ip | 4x8
Vav = |31 2

siNsjNsg=v

LEVENS SV SN
e'“‘tr(<7>e,<z)e,(2’e,<), (14)

where (%)él = —thl [hsll, V]/Z] It can be shown that qualita-
tively Valt Y ? has the same key properties as V, c12 [33].

Let & := Cyl>®(4/G) be the set of smooth cylindrical function
and ®p. be the space of diffeomorphism-invariant distributions
on ®. Then the number 1//(1:15(N) - f) for any f € ® and ¢ € Pp ¢
depends only on the diffeomorphism class of the loop assignments.
Hence the limit § — 0 can be taken in the Rovelli-Smolin topology
as [24,34]

(ENY ) Gy 2= lim (HsN) - 9) ()
= lim y (s (N) - fy). (15)

However, (H(N))’ is not well defined in Op Since it does not
keep d>lef invariant. Taking account of the fact that the assign-
ment of loops by Hs(N) is diffeomorphism covariant and it acts
nontrivially only on non-planar vertices with valence higher than
three, we consider almost diffeomorphism invariant states which
are obtained from the spin network states by averaging over their
images under diffeomorphisms but leaving fixed sets of non-planar
vertices with valence higher than 3 in the spatial manifold invari-
ant, parallel to the proposal in [25]. Given a graph y, we denote
its non-planar vertices with valence higher than 3 by Vypa(y), the
group of all diffeomorphisms preserving Vnpa(y) by Diff(Z)v,.¢),
and the diffeomorphism acting trivially on y by TDiff(X), . For any
fy € ®, we define a map n: ® — @’ by

77(fy)::NL Z

Y QEDIff(2)v, () /TDIfF(E)y

Uy - fy, (16)

where U, is the unitary representation of ¢, and N, is a nor-
malization factor. We can equip the space ®ppg := n(®P) with a
natural inner product as (n(f)|n(g)) := n(f)(g),Vf,g € ®. The
new Hilbert space Hpp4 is defined as the completion of ®yp4. Note
that ®pp4 is also in the dual space of the space of diffeomorphism
invariant states up to all vertices of spin networks which was fully
discussed in [25]. Whether (I:I(N))’ can be well defined in Hpp4
is a delicate issue. In particular, if the action of As(N) on a non-
planar vertex with higher valence could deduce the valence so that
it becomes less than 4 or the vertex becomes co-planar, (I:I (N))
would be ill-defined on the resulted almost diffeomorphism in-
variant states.” Fortunately, we can use the freedom of choosing
the spin representations ¢ attached to each new added loop in (6)
to ensure that the valence of any vertex would not be changed by
the action of Hs(N). Then it is straightforward to see that (H(NYY
is well defined in 7{np4. By the dual action, (A(N)) will annihi-
late the arcs like the one connecting v, and v3 in (8). Since As(N)
vanishes at co-planar vertices, it is obvious that

2 Thanks to the comment from Jerzy Lewandowski.
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(LY, HNYT-9) ()

= (s N (M) = By D)) - £, )
=0, Vfy € ®, ¢ e Pppa. (17)

Eence for any ¢ € @, which is also a distribution on ®pp4, we
ave

(([(FMM))’, HN) w) @ = (LAY, AWM ¢)

=0, Ve Dypa. (18)

Therefore the quantum algebra of the Hamiltonian constraint op-
erators (I:I (N))’ is anomaly-free on shell. A symmetric Hamiltonian
constraint operator corresponding to (I:I(N))’ can be defined in
Hnps as
GRAES % (B + @), (19)
where ((H(N)))T denotes the adjoint of (H(N))'. The action of
((I:I(N))/)Jr on an almost diffeomorphism invariant state will cre-
ate co-planar vertices and arcs like in (8). Thus it is easy to see
that the quantum algebra of (HY™(N))’ is also anomaly-free.

Now we test the above regularization technique of the anomaly-
free Hamiltonian constraint operators in the symmetry-reduced
model of LQC. For simplification, we consider only the spatially
flat and isotropic model. The construction can be generalized to
the other cosmological models directly. Introducing an elemen-
tary cell V adapted to the fiducial triad, the connections Ai and

the densitized triads E{ can be expressed as A’ =cV, ;130 ’

Ef =pV, -3 % %{, where (%, ° ef) is a set of orthonormal co-
trlads and triads compatible with the fiducial metric °q,, [19]. The
basic (nonvanishing) Poisson bracket is given by {c, p} = % To
pass to the quantum theory, one constructs a kinematical Hilbert
space Hi' = L?(Rponr, d/dponr), Where Rpop, is the Bohr com-
pactification of the real line and dupon, is the Haar measure

on it [19]. The holonomy of A} along an edge, parallel to the
triad vector %, of length ﬂv;/ 3 with respect to °q,, is given by

and

hiﬂ = Cos %H + 2sin %‘L’i, where 1 is the identity 2 x 2 matrix. Be-
cause of homogeneity, the Hamiltonian constraint can be written
as [19,20]

1 €ijkFi, E9ED
H:——HE(I)—— d3x J 20)
7 T SN (

Since /det(q) =V (V;R/det("q)) where V := |p|?/2 is the physi-

cal volume of V, we can write H as

2’(/32 [ ,/det("
Note that E‘]'. can be directly quantized as
~a
E; = vy /det(g) %¢
d
/3\/det(°q) "e‘} X <—lﬁ—ﬂ) i (22)

Ve FL, ESERV 12, (21)

After the action of Ej and Ei, we can integrate F!, over the plane
spanned by "e‘} and "eﬁ to yield a holonomy along a loop. Promot-
ing functions into corresponding operators, the regulated operator
corresponding to (20) reads

1 — 1 A Aa T
Vfl/zﬁéijktr[ (hot‘ifi) ppv-1/2| (23)
j

A —
22N

where aﬁ{ is a loop along a square in the j-k plane spanned by

a face of V, each of whose sides has length ﬂvg/ 3 with respect

o and g = 1) (1)

in LQG has a minimum nonzero eigenvalue A = 2\/_7'[,31312) which

1
. Since the area operator

introduces a nature cut off to the size of the loop o/ ik we obtain

N 3 —— 1 _9

HZ—WV*W sin2(A0ppV 172, ji%|p|=A. (24)
K

This Hamiltonian constraint operator is obviously simpler than
those appeared in LQC models (e.g. the APS Hamiltonian opera-
tor [20]). Note that the volume operator V acts on its eigenstates
as

. 8 g\
V|v>=(%ﬂ) M,

272
with K = V2 , (25)

3v3V3

where v := sgn(p)|p|>/?/ <27‘[ﬂ€%«/§>, and the states |v) consist

of an orthonormal basis of Hﬁirsv. The symmetric Hamiltonian con-
straint operator can be defined by

fsym.— (H + HT). (26)

Then we can write down the action of %™ on |v) as

fsvm|yy — { fraW)v+4) =2 fo(V)|v) + f-alv —4),v #0,

0,v=0,
(27)
where
27 /8
fM(V): 32K ,33/2 KEP
x (|v|5/6|v+1v1|1/6+|v|1/6|v+1v1|5/6). (28)

It is straightforward to check that the Hamiltonian operator (26)
has correct classical limit and the classical big bang singularity can
also be avoided by a quantum bounce of this dynamics.

To summarize, the Hamiltonian constraint of GR is successfully
quantized in LQG by adopting the semi-quantized regularization
approach. The resulted operator is symmetric and well defined in
the Hilbert space Hpps of diffeomorphism invariant states up to
non-planar vertices with valences higher than 3. The action of this
Hamiltonian constraint operator creates new trivalent co-planar
vertices to the spin networks but does not change the valence
of the acted vertices, and hence it can be symmetric and match
the quantum dynamics of spin foam models. Meanwhile, since
our regularization procedure does not involve any triangulation of
the spatial manifold, the ambiguities of choosing certain triangula-
tion are avoided in the new construction. The Hamiltonian is not
neglected at the co-planar vertices of spin networks by the reg-
ularization. But the result of its action on the co-planar vertices
is zero. Hence the quantum algebra of the new Hamiltonian con-
straint operator is anomaly-free on shell. It is thus possible to find
solutions of the quantum Hamiltonian constraint in Hnp4. The reg-
ularization procedure for the Hamiltonian operator in full theory
is also applied to the isotropic model of LQC. The resulted Hamil-
tonian constraint operator is simpler than those appeared in LQC
models. Meanwhile, it inherits the qualitative properties of the pre-
vious Hamiltonian operators in LQC, so that it has correct classical
limit and the classical big bang singularity can also be avoided by
a quantum bounce.
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