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Let G be an arbitrary locally compact Hausdorff group, and let L,(G) be the 
set of essentially bounded measurable functions on G with respect to left 
invariant Haar measure. Let S be a linear subspace of L,(G) which is (i) left and 
right translation invariant; (ii) weak*-closed; (iii) self-adjoint, i.e., / E S implies 
f~ S; and (iv) an algebra containing the constant functions. Then there exists 
a unique closed normal subgroup H of G such that 5’ = {f eLm(G): .f = f. = f, 
Va E H}. This extends to arbitrary locally compact groups, a result known only 
for Abelian groups. 

1. INTRODUCTION 

In their study of the structure of sets invariant under a probability measure p, 
Pathak and Shapiro [3] were lead in a natural way to characterize subalgebras 
of L,(R) which are in a sense periodic. They extended their result to locally 
compact Abelian (LCA) groups. Their proof, however, is completely based 
on the Fourier analysis of an LCA group, and as such cannot be used in the 
non-Abelian case. Iln this paper we prove their result for general locally compact 
Hausdorff groups. Lemmas 1 and 2 leading to this result are also of interest in 
their own right. 

Let G be an arbitrary locally compact Hausdorff group, andL, = L,(G) and 
L., z L,(G) the usual corresponding spaces with respect to left Haar measure 
dx or CL. A subset S of L, is called self-adjoint if fE S implies JE S, where f 

is the complex conjugate of J Left and right translation of a function f are 
defined by (J)(X) = f(a lx), fa(x) = f(xapl), and we put J’(X) = f(x-‘) . clw* 
denotes the closure in the w*-topology. For two functions f and g on G, the 
convolution f *g is defined by 

(f * g) (x) = J,f (v) h-l) dy = S,f (y) g(Px) dye 

* “Aangesteld navorser” of the Belgian Nationaal Fonds voor Wetenschapprlijk 
Onderzoek. 
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Given a normal subgroup H of G, and putting S = (f EL,: af = fa = f, 

Va E H}, we can verify that S is a linear subspace of L, which is (i) left and right 
translation invariant, (ii) w*-closed, (iii) self-adjoint, and (iv) an algebra con- 
taining the constant functions. 

We prove the following converse theorem: 

THEOREM. Let S be a linear subspace of L, with the properties (i), (ii), (iii), 
and (iv). Then there exists a unique closed normal subgroup H in G such that 
s={f~L,:.f=f,=f,Va~H}. 

2. PROOF OF THE THEOREM 

We will obtain the proof of the theorem as a result of the following lemmas, 
of which Lemmas 1 and 2 are of a more general nature. 

LEMMA 1. For g EL, we have g E cl&L, * g). 

Proof. Given n functions ki (i = I,..., n) in L, and 6 > 0, we have to find 
a function fi in L, such that 

/ s, W (fi * g) (x) dx - .c, k&x) g(x) dx 1 < E. 

Since each ki * g” is continuous there exists a neighborhood U of the identity e 
of G such that [(ki * g’)(x) - (k, * i)(e)] < E for each x in U, and we may 
assume that 0 < p(U) < co. Put fi = (I/p(U)) xii , where xcr is the charac- 
teristic function of 27. Using the identity 

s, 44 (f * g) (x) dx = /of(x) (k * g ) (x) dx (2) 

for any f, k in L, and g in L, , it is easily verified that the constructed function fi 
indeed fulfills condition (1). 1 

COROLLARY 1. If S is a w*-closed L,-submodule of L, (so L, c S C S), then 
s = cl,*(L, * S). 

Indeed, from the foregoing lemma each g in S belongs to cl,,(L, * S), and so 
S C cl&L, * S). The reversed inclusion is trivial by the w*-closedness of S. 1 

LEMMA 2. Let S be a left translation invariant linear subspace of L, . Then 
f*g~cl,S,forallfinL,andginS. 
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Proof. Suppose first that f has the form f = xK, where K is a compact 
subset of G. Given k, ,..., k, in L, we have, using (2), 

jG k,(y) (XK *g) (Y) 4~ = jG x&9 Pi * .A!) (4 dx = jK (ki * 2) (4 dx. (3) 

Since each function k, * g” is continuous on the compact set K there exists, 
given E > 0, a partition K = uzr Kj of K such that l(k, * g”)(x) - (ki 4 i)(y)1 < 
E/~(K) for x and y belonging to the same set Kj in the partition. For each j 
(1 < j < n) we choose a point aj in Kj and we put olij = (k, * g”)(aj) (1 < i < n). 
If fi = x2, olijxKj, then ifi - (ki * j)(x)1 < E/~(K) (x in K), and so we 
obtain, in view of (3) 

But 

1 jG kdy) (XK *A (Y) dq’ - j/i(Y) dr / G E. 

Since Cyl, p(Kj),?g belongs to S, the lemma is proved for such particular 
functions f in L, . 

Now let f be an arbitrary function in L, . Using the inner regularity of Haar 
measure there exists, given E > 0, a simple function h = xi=, PkxLI& , where 
the Lrk are compact, such that [/ f - h II1 < E/II g &, , and so /If * g - h c g lloc < c. 
Since by the first part h * g belongs to cl&S), the same is true off * g. g 

COROLLARY 2. Let S be a w*-closed linear subspace of L, . Then S is left 
translation invariant iflLl * S C S. 

Proof. That S is an L,-submodule if S is left invariant is the contents of 
lemma 2. Conversely, if L, * S C S it follows from corollary 1 that S = 
cl,,(L, v S). Hence each w*-neighborhood of g E S contains a function of the 
form f * h, where f and h belong to L, and S, respectively. It is then easily 
verified that, given any point a in G, ag can be w*-approximated by functions 
of type Jf * h) = .f * h. So S is left invariant. a 

From now on we suppose that S is a linear subspace of L, having the proper- 
ties (i), (ii), (iii), and (iv) as in the statement of the theorem. From Corollary 2 
together with Corollary 1 it follows that such an S also has property (v): 
s = cl,*(L, * S). 

Putting H = {a E G: ag = g, = g, Vg E S}, it is easily verified that H is a 
normal subgroup of G. We first give another description of H. 

LEMMA 3. H = {a E G: .g = g, = g, Vg EL, * S}. 

This is more or less clear from (v); we omit the easy verification. 1 
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In view of Lemma 3, any function g in L, * S is constant on each coset aH 
(=Ha) corresponding to each point a in G. If a and b are points in G belonging 
to different cosets, then there exists a functiong in L, * S such that g(a) f g(b); 
for since L, * S is left and right translation invariant, the assumption g(a) = g(b) 
for all g EL, * S leads to ab-zg = g = g,+ and so, by Lemma 3, ab-l E H or 
Ha = Hb. From these remarks we conclude that H = ngeLltS {a E G: g(a) = 
g(e)). Since each g in L, * S is continuous, H is closed. 

As in [l, 19.23(b)] we define C,, = C,,(G) to be the linear space of all right 
uniformly continuous, bounded, complex-valued functions on G; i.e., for 
g E C,., and E > 0, there exists a neighborhood U of e such that 

I&> -g(Y)1 < E if xy-r E U. (4) 

LEMMA 4. L, 4 S = C,., A S. 

Proof. Since L, * S CL, * L, = Cr, [2, 32.45(b)], L, * SC C,, n S and 
the set on the right-hand side is norm closed inL, , since this is so for Cr, and S. 
On the other hand, since L, * S C S, we deduce from the factorization theorem 
[2, 32.221 that L, * S is also norm closed. Hence to prove the lemma it suffices 
to show that L, * S is norm dense in Cr, n S. 

Given g in C,., n S and E > 0, put fl = (l/p(U)) xrr , where U is a neighbor- 
hood as in (4) with 0 < p(U) < co. Then, for x in G, 

Nfi *d (4 - &)I = &y 1 I,-, My-l) - g(4) 4 1 3 

and so 11 fi c g - g I/co < e. Hence the result. 1 

From Lemma 4 we conclude that L, c S is a closed self-adjoint algebra 
containing the constant functions. 

LEMMA 5. Let g be a function in C,, which is constant on each coset of H. 
Then g belongs to S. 

Proof. Given k, ,..., k, in L, and E > 0, there exists a compact set K in G 
such that JclK 1 ki(x)l dx < c/2 I/g /Im (1 d i < n). 

From the remark following Lemma 4 and an application of the Stone- 
Weierstrass theorem we conclude that there exists a function h in L, * S such 
that g and h are equal on K. Since all functions in L, * S are bounded, another 
application of the Stone-Weierstrass theorem on suitable compact subsets of @ 
tells us that L, * S is closed under all continuous operations. So if F is that 
complex function defined on the complex numbers such that p)(z) = z for 
I z I < II g IL and ~(4 = (x/II z II) Ilg IL for I x I > II g IL , then the composition 
v 0 h belongs to L, * S, j/ v 0 h Ilm < //g llm , and (p’ 0 h)(z) = h(z) = g(z) for z 



434 CROMBEZ AND GOVAERTS 

in K. Since Jo = Jo,x + SK , we obtain / Jo K,(-r)((p, 0 h)(x) -g(x)) dx 1 < E, 
from which the lemma follows. a 

LEMMA 6. Let g be a function in L, such that Og = gO = g, fey each a in H. 
Then g belongs to S. 

Proof. For each f in L, and a in H we have (f * g)u = f * g, = f * g, Then 

let b and c be two points in G belonging to a same coset of H. Then c--lb E H 
and so (f * g)c-lb = f * g, or (f * g)c-, = (f * g)b-l . Since f *g is everywhere 
defined, we have (f *g)(c) = (f *g)(b). By Lemma 5, f *g belongs to S, i.e., 
L, * g C S. Using Lemma I we conclude that g is in S. 4 

The proof of the theorem, except the uniqueness condition, now follows 
quickly. Indeed, we have constructed a closed normal subgroup H of G, and 
by Lemma 6 we have (g EL,: ag = g, = g, Va E H} C S. By definition of H 
the reversed inclusion is clear. Hence S = (g EL,: ag = g, = g, Va E H}. 

Finally we have to settle the uniqueness question. Suppose HI is also a closed 
normal subgroup of G such that S = (g EL,: ag = g, = g, Va E HI}. Clearly, 
then, HI is a subset of H. Suppose there exists an element a in H\H, . Let 
G/H, be the quotient group, 7~ the natural homomorphism of G onto G/H,; 
then G/H, is locally compact and Hausdorff, and n(a) # n(e). So there exists 
a continuous bounded function q on G/H, , such that (v 0 r)(a) # (p’ 0 r)(e). For 
each c in HI we have c(p, 0 rr) = (p’ 0 rr)c = v 0 r, and so v 0 r would belong 
to S. This is impossible, however, since .-l(p, 0 r) f g, 0 n, although a-l 

belongs to H. 

REFERENCES 

1. E. HEWITT AND K. A. Ross, “Abstract Harmonic Analysis,” Vol. I, Springer-Verlag, 
Berlin, 1963. 

2. E. HEWITT AND K. A. Ross, “Abstract Harmonic Analysis,” Vol. II, Spinger-Verlag, 
Berlin, 1970. 

3. P. K. PATHAK AND H. S. SHAPIRO, A characterization of certain weak*-closed sub- 
algebras of L,, J. Math. Anal. Appl. 58 (1977), 174-177. 


