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Abstract

This paper analyzes conditions under which dynamical systems in the plane have indecomposable
continua or even infinite nested families of indecomposable continua. Our hypotheses are patterned
after a numerical study of a fluid flow example, but should hold in a wide variety of physical
processes. The basic fluid flow model is a differential equation inR2 which is periodic in time,
and so its solutions can be represented by a time-1 mapF :R2→R2. We represent a version of this
system “with noise” by considering any sequence of mapsFn :R2→R2, each of which isε-close to
F in theC1 norm, so that ifp is a point in the fluid flow at timen, thenFn(p) is its position at time
n+ 1. We show that indecomposable continua still exist for smallε.  1999 Elsevier Science B.V.
All rights reserved.
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dynamics; Area-preserving

AMS classification: Primary 58F12; 54F20, Secondary 54F50; 58F13; 58F15; 58F20

The motivation and origins of this paper lie in a computer investigation of a model of
fluid flow, and that makes it quite different from most topology papers. The hypotheses
for our rigorous results are based on the numerical observations in that investigation. Our
purpose is to study the topology present in the model (and ideally in the actual fluid), the
topology that is forced to occur given that our observations hold. Although our observations
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were made by studying this particular model of a nondiffusive, incompressible fluid, we
feel that they often hold for actual fluid flows, and thus our results have applications to a
variety of problems.

We prove that when our hypotheses hold, indecomposable continua must be associated
with our flow and its Poincaré return map. An important aspect of our work is that
the topological structure we find (which involves indecomposable continua), persists in
the presence of small random fluctuations in the flow. When random fluctuations are
introduced, it is no longer possible to talk about invariant points, periodic orbits, and
invariant sets (except for the cylinders themselves), but the indecomposability remains,
forever tangled around downstream cylinders and downstream continua and floating in the
stream.

This is the second paper we have written concerning this fluid flow model. The first,
“Indecomposable continua in dynamical systems with noise: fluid flow past an array of
cylinders” [9], was written for physicists, and contains extensive information about the
model and the observations which are only summarized here. This paper, on the other
hand, contains a careful discussion of the rigorous results coming out of that fluid flow
investigation. In particular, proofs left out of the physics paper are included here. Two
related papers, also written for physicists, are [10,7].

1. Brief discussion of the model and the observations

Rather than study fluid flow via the usual Navier–Stokes equations, we used a model
based on Lagrangian dynamics. The rationale here is much the same as a cancer researcher
who studies cancer in rats in order to understand the more complicated problems of cancer
in humans. It is currently impossible to obtain sufficiently accurate numerical solutions to
Navier–Stokes equations for the topological investigation presented here, since we require
an accurate time-1 Poincaré return map. The flow associated with Navier–Stokes has a
very thin boundary layer with a large derivative too close to the fixed cylinders in our flow
for meaningful observations and study. Thus, as in [7] which had one cylinder, our team
physicists created a plausible 2-dimensional stream function that is an area-preserving flow
(formally identical to Hamilton’s equations), with terms to give the background stream
flow, vortices, and the cylinder obstacles. The model yields a flow whose velocity goes
to 0 near the cylinders with the expected vortices being spun off downstream from each
cylinder in a periodic fashion, flowing downstream, and then dying.

A schematic diagram of the experiment is provided in Fig. 1. (The “cylinders” are
actually invariant simple closed curves that are nearly circular. We call the curves
cylinders because we are thinking of the fluid model representing a layer of a 3-
dimensional fluid flow. Thus, our “cylinders” stick out of the page.) The initial investigation
involved extensive numerical studies of the model by Miguel Sanjuan using the software
Dynamics[6]. Because of the periodicity in time involved in the models, it was natural to
simplify our problem by investigating the Poincaré return map associated with the flow.
Thus, our differentiable flowψ is associated with a plane diffeomorphismF defined
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Fig. 1. The figure shows an array of cylinders, with the fluid flowing downstream. Vortices are shed
periodically behind each cylinder, they move along the channelS and they die out. In most of our
pictures the vertical scale is changed so that the cylinders appear highly elliptical. The horizontal
lines show the range ofy (−26 y 6 2) used in all the figures.

Fig. 2. Several continuous time trajectories are shown, illustrating the chaos between cylinders.

by F(x,y) = ψ(x,y,1), since we have periodicity 1 in time built into the flow. The
flow is thus viewed stroboscopically. While the second figure shows actual trajectories
in the flow, the remaining figures are associated with the Poincaré return map of the
flow.

The flow trajectories plotted in Fig. 2 illustrate the chaos between the cylinder obstacles
causing the complications in the flow. (Recall that the “cylinders” are actually simple



210 J. Kennedy et al. / Topology and its Applications 94 (1999) 207–242

Fig. 3. The figure shows the exit times, the time required to pass to the next cylinder, in different
shades of black-to-gray in the region 1.25< x < 1.7 and−0.6< y < 0.5. This region is to the
immediate right of a cylinder, and the two invariant bubbles (white) are clearly visible in this region.
Solid color regions have small exit times, while the speckled region has long exit times.

closed curves that are nearly circular. They appear elliptical here because of the choice
of the y-scale.) In particular, note that a number of the trajectories actually cross from
above the cylinders to below, and vice versa. In Fig. 3 we show a study of exit times
(relative to the Poincaré map) for points. The different bands represent different numbers
of iterations for the shaded points to exit the screen. The speckled region reveals the
existence of a chaotic region, because those points requiring long exit times (where the
“pile up” of layers occurs) are those near the bounded trajectories, since in those regions
some points never leave the screen (the region viewed). Fluid flows downstream, from
left to right in the figures, but points inside and on the boundaries of the cylinders are
fixed. Far away from the cylinders, above and below, the flow is almost perfectly horizontal
(due to the background flow component functionbflow). We studied the setsS+(x0) and
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S−(x0). The setS+(x0) is defined to be the set of points(x, y) at time t0 = 0 with
the property that the trajectory(x(t), y(t)) satisfiesx(t) > x0 for all time (positive and
negative). The points inS−(x0) have the trajectories satisfyingx(t) 6 x0 for all time.
Notice thatS+(x0) includes all cylinders to the right ofx0. We add the point at∞ in the
plane to the setsS+(x0) andS−(x0) purely for convenience: it means we can discuss our
work in the setting of compact sets. Most trajectories flow fromx = −∞ to x = +∞.
An important aspect of our work is that the topology of the setsS+(x0) and S−(x0) of
semi-bounded trajectories persists in the presence of small random fluctuations in the
flow.

Suppose thatR2 = R2 ∪ {∞} denotes our compactified plane, and thatF :R2→ R2

(F(∞)=∞) denotes the Poincaré time-1 return map of our flow. Note that since the vector
field is periodic inx with period 2π , if (x, y)= F(x,y), thenF(x+2π,y)= (x+2π,y).
(The distance between the centers of consecutive cylinders is 2π .) There is a non-empty,
connected, invariant setS, i.e.,F(S)= S, such that there is a uniform bound̃δ on |y| for all
(x, y) in S. Also, (x, y) ∈ S implies(x + 2πi, y) ∈ S for all integersi. There is a uniform
ϑ > 0 such that if(x, y) /∈ S, then thex-coordinate ofF(x,y) is greater thanx + ϑ , that
is, everywhere outside the bandS, the fluid moves uniformly to the right. (The setS is the
nearly horizontal band in the plane outside of which the flow is laminar. This is built into
the model via thebflowterm.) We made the following observations based on the numerical
studies.

Observation 1. Let L(x0) be the vertical line withx-coordinatex0. There is a valuex0

such thatF maps each point onL(x0) strictly to the right ofL(x0). (This indicates the
flow is generally from left to right even inside the bandS. Actually we found several such
lines between each pair of cylinders. The first we found was to the right of a cylinder, but to
the left of the associated quadrilateralQ0 (discussed below), and was difficult to find. Later
we discovered that many easy-to-find such lines occur betweenQ0 and the next cylinder.)
See Fig. 4.

Observation 2. There is a quadrilateralQ0 that satisfies thelockout property. That is, if
q ∈Q0 and for somek > 0,Fk(q) /∈Q0, then further iterates ofq remain outsideQ0; i.e.,
Fn(q) /∈Q0 if n> k. We observe thatQ0 lies betweenL(x0) andL(x0+ 2π).

Observation 3. The mapF is a hyperbolic horseshoe map onQ0 in the sense of
Smale [11]. WriteA, B, C, D for the vertices ofQ0 as in Fig. 5. In particular, if
G :R2→ R2 is a horseshoe map onQ0, then the topDC and bottomAB have images
G(AB) andG(DC) that lie outsideQ0 and the imageG(Q0) ofQ0 stretches at least twice
acrossQ0 as shown in Fig. 6, without intersecting sidesAD or BC. Also, for almost every
q ∈Q0 there is ann > 0 depending onq for whichGn(q) /∈ Q0. Now every horseshoe
map (associated with a diffeomorphism) must contain at least two saddle fixed points. We
let p0 denote any one of these. Our mapF is of the formG2—again this is inherent in
the model. Thus, our observations indicate thatG=√F is itself a horseshoe map, so that
F(Q0) stretches four times acrossQ0. (See Fig. 7.)
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Fig. 4. The valuex0 was chosen carefully in the figure so that all points on it are mapped to the right
by the time-1 mapF . The curve shown is the image of this segment shown atx = x0. While it is
hard to see, there is a gap between this line segment and its image, so that the segment maps strictly
to the right.

Now defineQi to be the horizontal translate byx = 2πi ofQ0. Note that because of the
periodicity assumption we can assume thatQi has properties analogous to those ofQ0.
Also, letCyl0 denote the cylinder just to the left ofQ0, and letCyli denote theith cylinder,
i.e., the one which a horizontal translate ofCyl0 by 2πi.

Suppose that̃F :R2→ R2 is aC1-diffeomorphism of the plane, andp is a hyperbolic
fixed point ofF̃ (i.e., none of the eigenvalues associated withDF̃(p) has norm 1). Thenp
is either an attracting fixed point, a repelling fixed point, or a saddle. Ifp is a saddle point,
then there are sets of points attracted to and repelled fromp. The set of points attracted to
p is called thestable manifoldof p, is denotedWs(p), and is a continuous, differentiable,
one-to-one image of the real lineR. The set of points repelled fromp is called theunstable
manifold of p, is denotedWu(p), and is also a continuous, differentiable, one-to-one
image of the real lineR. Now our fluid flow mapF :R2→ R2 is an area-preserving
C1-diffeomorphism of the plane, and it cannot have attracting or repelling points. All
hyperbolic fixed points forF must be saddle points. The fact that our observations indicate
that F is a hyperbolic horseshoe onQ0 (and thus on eachQi ) means that there is an
invariant Cantor setC0 (Ci , respectively) inQ0 (Qi)which contains a dense set of periodic
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Fig. 5. The points shown inside the quadrilateralQ0 constitute the Cantor set, whose trajectories of
points remain insideQ0 for all timest = 0,±1,±2, . . . .

points, and at least two hyperbolic fixed points. Thus, both must be saddle points, and we
were able to locate these (approximately) numerically, and also to compute numerically
the approximate eigenvalues associated with these. (Dynamics[6] has this capability.)

We observed that:

Observation 4. If pi denotes one of the saddle fixed points contained inQi , the unstable
manifold of pi intersects transversally both the stable manifold ofpi and the stable
manifold ofpi+1. See Figs. 8 and 9.

Observation 5. There is a connected segmentUi of the unstable manifold ofpi and a
connected segmentSi+1 of the stable manifold ofpi+1 which have the same end points
and together bound a regionJ that contains the cylinderCyli+1 in its interior but excludes
the cylinderCyli+2. See Fig. 10.

Observation 6. For eachi, there is anxi ∈ (xi, xi + 2π) such thatF(L(xi)) is to the
right of L(xi), L(xi) lies to the right ofQi , and there is an integerN with the property
that if q ∈Qi andF(q) is not inQi , thenFN(q) is to the right ofL(xi). (The integerN
is independent of the choice ofq . In our example we found such a line withN = 2. See
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Fig. 6. The figure shows a horseshoe. The crosses are the images of the vertices of the quadrilateral
Q0 under the action ofG. This mapG is a special map that is the “square root” ofF , that is,
G(G(x,y))= F(x,y) for all (x, y) ∈Q0. See the discussion of the model for more details.

Fig. 11. Observation 6 is not assumed as a hypothesis until we introduce noise into the flow
in Section 4.)

Observation 7. Finally, we observed the presence of several invariant open sets (“bub-
bles”) between theC0 andC1 cylinders. These open sets do not intersect the quadrilaterals
Qi , are typical features of Hamiltonian systems, and represent points that neither flow
downstream nor come from upstream. They would thus be contained in our setsS+(x0)

andS−(x0) of semi-bounded trajectories. The interior of all bubbles between cylinders
Cyl0 andCyl1 must be mapped to itself underF—they are trapped for all time between
theCyl0 andCyl1 cylinders. By the periodicity inherent in the model, such trapped bubbles
occur between each consecutive pair of cylinders. (See Fig. 3.)

Remark. How “good” are our observations? In particular, are they based on questionable
numerics?No, they are not. Our observations (except possibly for Observation 7)
entailed making only short computations, using well understood algorithms. Finding the
quadrilateralQ0 and vertical linesL(x0) was difficult, but once located, the computations
were not. While the computation of a large part of the unstable manifold (such as that
seen in Fig. 9) involves more computation and is perhaps somewhat less certain, it was not
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Fig. 7. The picture shows the first iterateF(Q0) of the quadrilateral, which is alsoG2(x, y).

used to make our basic observations about the crossings of the various stable and unstable
manifolds, nor the images of the vertical linesL(x0) and quadrilateralQ0. The pictures
involving more extensive computations are included because theyshowthe objects that
must be there, given our basic observations and the mathematics they imply. These figures
behave as expected and predicted, and they offer additional numerical evidence that our
conclusions are correct.

2. Background and notation for the rigorous results

A continuumis a compact, connected metric space. A subset of a continuum which
is itself a continuum is asubcontinuum. A continuum isindecomposableif it is not the
union of two (necessarily overlapping) proper subcontinua. Equivalently, a continuum
is indecomposable if every proper subcontinuum has empty interior (relative to the
continuum). Ifx is a point in the continuumX, then thecomposant Com(x) inX containing
x is the set of all pointsy in X such that there is a proper subcontinuum inX that contains
both x andy. The collectionC(X) of all composants of an indecomposable continuum
X partitionsX into c (the cardinality of the real numbers) many mutually disjoint,
first category,Fσ -set connected sets. (For more information and references concerning
indecomposable continua, see [4].)
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Fig. 8. The horseshoeF onQ0 in Figs. 5–7 has some fixed points. One of these,p0, is shown here.
The stable and unstable manifolds ofp0 intersect at a pointq 6= p0. The closure of such a set of
intersection points is the Cantor set shown in Fig. 5, and it was created by plotting the intersections
of the stable and unstable manifolds.

If X is a space andA is a subset ofX, then we use the notationA◦,A, and∂A to denote
the interior, closure, and boundary ofA in X, respectively. IfY is a subspace ofX (with
the inherited topology),A⊆ Y , and we wish to discuss the interior, closure, or boundary
of A in the subspaceY , we use the notationIntY (A), ClY (A), andBdyY (A), respectively,
to avoid confusion. The symbolsZ, N, andÑ are used to denote the integers, the positive
integers, and the nonnegative integers, respectively. We use the usual metric in the plane,
i.e., forx = (x1, x2), y = (y1, y2) ∈R2,

|x − y| = d(x, y)=
√
(x1− y1)2+ (x2− y2)2.

If ε > 0, A,B ⊂ R2, let Dε(A) = {y ∈ R2 | |y − x| < ε for somex ∈ A}, and let
d(A,B)= inf{|x − y| | x ∈ A, y ∈ B}. Forx = (x1, x2) ∈ R2, we denote the projections
of x, to thex- andy-axes asπ1(x)= x1, andπ2(x)= x2, respectively.

Suppose that(X,d) is a metric space, andf :X→ X is a homeomorphism. Ifδ >
0, {xj }j2j=j1 is a sequence of points inX, then{xj }j2j=j1 is aδ-chain(of lengthn= j2− j1
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Fig. 9. The figure shows that Observation 5 is satisfied by our example. The cylinder is encapsulated
by the segments of the stable and unstable manifolds of the fixed pointsp0 andp1, respectively. The
fixed pointz0 in Theorem 3.15 (and then Corollary 3.16) can be any point of the cylinder andz1
is any point of any other cylinder. Of course, all cylinder points are automatically fixed points. The
fixed pointsp0 andp1 arenot in the segments used for encapsulation.

from xj1 to xj2), if d(f (xj ), xj+1) < δ for eachj ∈ {j1, . . . , j2}. We also allowj1=−∞
and j2 = ∞, in which case it may not be possible to speak of the length of the chain,
nor the points at which it begins and ends. A pointy in X ε-shadows{xj }j2j=j1 provided

d(f j (y), xj ) < ε for j16 j 6 j2. The homeomorphismf is expansiveonX if there exists
some positive constantc such that for each pairx,y of distinct points ofX, there is some
integernx,y such thatd(f nx,y (x), f nx,y (y)) > c. If Λ is a closed subset ofX such that
f (Λ)=Λ, thenΛ is invariantunderf. If there is some neighborhoodU of X containing
the closed invariant setΛ in its interior and

⋂
n∈Z f n(U) = Λ, thenΛ is an isolated set

for f , andU is anisolating neighborhoodfor Λ underf.
Suppose that̃F :X→X is a homeomorphism on a compact metric spaceX, andp is a

point inX. Then theforward limit set ofp, denotedω(p), is the set of all accumulation
points of the sequencẽF(p), F̃ 2(p), . . . , and thebackward limit set ofp, denotedα(p),
is the set of all accumulation points of the sequenceF̃−1(p), F̃−2(p), . . . . The orbit of
p, denotedO(p) or OF̃ (p), is the set{F̃ n(p) | n ∈ Z}. The forward orbit of p, denoted
O+(p) orO+

F̃
(p), is the set{F̃ n(p) | n ∈ Ñ}, and thebackward orbit ofp, denotedO−(p)

orO−
F̃
(p), is the set{F̃−n(p) | n ∈ N}. The pointp is wanderingif there is an open seto
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Fig. 10. The setS+(x0) shown is the set of points whose trajectories remain for all time
(t = 0,±1,±2, . . .) to the right of the dashed line atx = x0.

in X such that the collection{F̃ n(o) | n ∈Z} is mutually disjoint; and we say that the open
seto is awandering open set.

Suppose thatf :Rn→Rn is aC1-diffeomorphism ofRn. Fix a pointp inRn. A tangent
vector atp is a pair(p,v) wherev ∈ Rn, and is writtenvp. The collection of all vectors
at the pointp is thetangent space atp, and is denoted byTpRn. The tangent spaceTpRn
is a vector space with(p,v) + (p,w) = (p,v + w). The disjoint union of the tangent
vectors at different points is called thetangent bundleor thetangent spaceofRn, is denoted
TRn, and is isomorphic toRn × Rn. An invariant setΛ has ahyperbolic structurefor a
diffeomorphismf on the differentiable manifoldX if

(1) at each pointp in Λ, the tangent spaceTp = TpRn toRn splits as the direct sum of
Eup andEsp, i.e.,Tp =Eup ⊕ Esp ,

(2) the splitting is invariant under the action of the derivative mapDF in the sense that
Df (p)(Eup)=Euf (p) andDf (p)(Esp)=Esf (p), and

(3) there exist 0< λ< 1 andC > 1 such that for alln ∈ Ñ,
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Fig. 11. In our example, the vertical lineL(x0) (shown above withx-coordinatex0) is mapped to
the right of itself (as is the lineL(x0)); in addition, Observation 6 is satisfied because for each point
q ∈Q0 for whichF(q) is not inQ0,F2(q) is to the right ofL(x0), and the same is true for allFn(q)
for n6 2, since once a point is to the right ofL(x0), it must stay to the right. The curve shown is the
image of this segment shown atx = x0.∣∣Df n(p)(vs )∣∣6Cλn|vs | for vs ∈Esp, and∣∣Df −n(p)(vu)∣∣6Cλn|vu| for vu ∈Eup.
If an invariant setΛ has hyperbolic structure forf , we also say thatΛ is a hyperbolic
invariant set.If Q is a closed subset ofRn, thenf is hyperboliconQ if f is hyperbolic
on
⋂
n∈Z f n(Q) (which is an invariant set forf ).

We need the following facts pertaining to invariant hyperbolic sets. (See [8] for proofs
and more details.)

Corollary to the Stable Manifold Theorem for Hyperbolic Sets. Suppose thatX is a
differentiable manifold,d denotes a(compatible) metric onX, f :X→ X is a diffeo-
morphism, andΛ is a closed, invariant, hyperbolic subset ofX underf. If Λ is an isolated
set forf , andU is an isolating neighborhood forΛ, thenΛ is totally disconnected.

Shadowing Theorem.Suppose thatX is a differentiable manifold,d denotes a(compati-
ble) metric onX, f :X→X is a diffeomorphism, andΛ is a closed, invariant, hyperbolic
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subset ofX underf. If ε > 0, then there exist positive numbersδ andη such that if{xj }j2j=j1
is a δ-chain forf with d({xj },Λ) < η for j16 j 6 j2, then there is somey in X whichε-

shadows{xj }j2j=j1. If j1=−∞ andj2=∞ for theδ-chain, theny is unique. Ifj1=−∞,
j2=∞, andΛ is an isolated invariant set, then the unique pointy is inΛ.

Expansiveness Theorem.Suppose thatX is a differentiable manifold,d denotes a
(compatible) metric onX, f :X→ X is a diffeomorphism, andΛ is a closed, invariant,
hyperbolic subset ofX under f. Thenf is expansive onΛ, i.e., the homeomorphism
f |Λ :Λ→Λ is expansive.

Suppose that̃F :X→ X is aC1-diffeomorphism of the differentiablen-manifoldX,
andp is a hyperbolic saddle fixed point inX under the action of̃F . Suppose further that
Ws(p), andWu(p) denote the stable and unstable manifolds, respectively, of the point
p, and suppose thatWu(p) is one-dimensional. Denote the two branches ofWu(p) by
Wu+(p) andWu−(p). If o is an open set that containsp, thenWs

loc(p) is the component
of Ws(p) that containsp in o and is called the local stable manifold ofp. Similarly, we
can defineWu

loc(p), the local unstable manifold ofp, and its two local branchesWu+
loc (p)

andWu−
loc (p). (If X is the plane, then bothWs(p) andWu(p) are continuous, one-to-one

images of the real lineR, and each is differentiable.) (See [8] or [1] for more information.)
We need the following theorem (see [1]).

Horseshoe Theorem.Let f :R2→ R2 be a diffeomorphism and letp be a hyperbolic
saddle fixed point forf. If the stable and unstable manifolds ofp cross transversally, then
there is a hyperbolic horseshoe for some iteratef n of f.

Marcy Barge [2] proved the following theorem. We state a modified version (the version
we need) of his theorem for a 2-manifold. The original theorem is more general.

Barge’s Theorem. Suppose thatX is a differentiable2-manifold, F̃ :X→ X is a C1-
diffeomorphism with hyperbolic saddle fixed pointp, and F̃ satisfies the following
properties:

(B1) Wu+(p) is compact and nowhere dense inX, and
(B2) (Wu+(p)∩Ws(p))\{p} is not empty, butWu+(p) is not a subset ofWs(p).

ThenWu+(p) is an indecomposable continuum.

Suppose thatG is a plane homeomorphism (not necessarily a diffeomorphism). Then we
say that the mapG is a (topological) horseshoe map on the quadrilateralQ with vertices
A, B, C, andD and sidesAB, BC, CD, andDA if

(1) the sidesCD andAB have imagesG(AB) andG(CD) that lie outsideQ;
(2) if K is an arc inQ that intersects both sidesCD andAB, thenQ∩G(K) consists at

least two components each component of which intersects bothCD andAB; and
(3) G(Q) does not intersectDA or BC.

If the mapG is, in addition, a diffeomorphism, thenG is ahyperbolic horseshoe map on
a quadrilateralQ with verticesA, B, C, andD and sidesAB, BC, CD, andDA if it is a
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horseshoe map onQ (i.e., it satisfies the conditions above), and ifΓ denotes the invariant
set
⋂
n∈ZGn(Q), thenG is hyperbolic onΓ .

We say that the closed neighborhoodB satisfies thelockout propertyif whenq ∈ B and
for somek > 0,Gk(q) /∈ B, then further iterates ofq remain outsideB; i.e.,Gn(q) /∈ B if
n> k.

In the material that follows, we giveR2, S, L(x0), S
+(x0), andS−(x0) the meanings

they had in the previous sections. Likewise,when we speak of a fluid flow diffeomorphism
F , then for each integeri, Cyli denotes theith cylinder,Qi denotes theith quadrilateral
(betweenCyli and Cyli+1), and pi denotes a saddle fixed point inQi , with pi+1 =
(pi1+ 2π,pi2) wherepi = (pi1,pi2).

Now sinceR2 is homeomorphic to the 2-sphere, there is a metricd̃ on R2 which is
compatible with its topology. SinceR2 is a compact metric space, so is the spaceF(R2)

consisting of all closed subsets ofR2 with the topology induced by the Hausdorff metric
ν (relative to the metric̃d). Thus, ifH andK are inF(R2), thenν(H,K) = inf{ε > 0 |
each point ofH is within ε (under the metric̃d) of some point ofK and each point ofK
is within ε (under the metric̃d) of some point ofH }.

Another topology on collections of closed subsets of a compact subsetD of R2 that we
need is the quotient topology. Suppose thatD is a compact subset ofR2, andD denotes a
decomposition ofD into disjoint closed sets which is upper semicontinuous. The collection
D, when endowed with the quotient topology, is a compact metric space (with the points of
D (considered as space) being the sets in the collectionD (considered as collection inR2)).
Let P :D→D denote the projection map associated with the decomposition. The mapP

is continuous and onto. We say that the setD is aquotient Cantor setif there is an upper
semicontinuous decompositionD of D such thatD endowed with the quotient topology
is a Cantor set. Note thatD ⊂ F(R2). Every set that is open in the quotient topology on
D is also open in the topology induced by the Hausdorff metric onD. If D ∈ D, thenD
is a point of continuityof D if every sequenceD1,D2, . . . in D which converges toD
in the quotient topology also converges toD in the topology induced by the Hausdorff
metric onD. The points of continuity of an upper semicontinuous decomposition on a
compact metric space contain a denseGδ-subset of the decomposition space. Whenever
X is a compact metric space andD is an upper semicontinuous decomposition ofX, then
the quotient spaceD is itself (i.e., endowed with the quotient topology) a compact metric
space. WheneverX is a compact metric space, thenD= {C: C is a component ofX} is an
upper semicontinuous decomposition ofX, and the quotient space is a totally disconnected
compact metric space. (See [5] for more information.) We say that the setD is aquotient
Cantor set of continuaif there is an upper semicontinuous decompositionD ofD such that
D endowed with the quotient topology is a Cantor set and each point of this Cantor set is a
continuum in the spaceX.

Another tool from dynamics that we need is the Lambda Lemma:

The Lambda Lemma. Suppose that̃F is a plane diffeomorphism, andp is a hyperbolic
saddle fixed point of̃F . Suppose that a differentiable curvẽL crosses the stable manifold
Ws(p) of p transversally(that is, there is a pointq in Ws(p) ∩ L̃ such that the angle
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between the tangent lines toWs(p) andWu(p) at the pointq is neither0 nor π ). Then
each point in the unstable manifold ofp is a limit point of

⋃
n>0 F̃ (L).

3. Observations become hypotheses: the fluid flow theorems with and without noise

Now we turn our observations into the hypotheses of the theorems. In the statements
that follow,F can be taken to be the Poincaré return map associated with our model, and,
unless explicitly stated otherwise, it can also be taken to be any plane diffeomorphism
satisfying the hypotheses given. WheneverF is a homeomorphism onR2, it is always
possible to extendF to a homeomorphism onR2 =R2 ∪∞ by definingF(∞)= ∞. In
the results and statements that follow, when a homeomorphism or a diffeomorphismF on
R2 is discussed, we assume thatF is defined onR2 in this way. We call the Poincaré return
map associated with our model the fluid flow diffeomorphismF . To make this precise, we
call F thefluid flow diffeomorphismif it has the following properties:

(F1) F is area preserving onR2, and for eachi ∈Z,
(F2) there is a numberxi ∈ [2πi,2π(i + 1)] such thatF(L(xi)) is completely to the

right ofL(xi),
(F3) F(S)= S, andQi is the quadrilateral inR2 located in the almost horizontal band

S between theith cylinderCyli and(i+1)st cylinderCyli+1 withQi ⊆ Vi , where
Vi = [xi − 2πi, xi + 2πi] × [−δ̃, δ̃] ⊂ S,

(F4) F is a hyperbolic horseshoe on each quadrilateralQi , andpi is a saddle fixed
point inQi ,

(F5) F satisfies the lockout property onQi , andQi ⊆ S+(xi),
(F6) F(x)= x for each pointx in

⋃
i∈ZCyli ,

(F7) (Ws(pi)∩Wu(pi))\{pi} 6= ∅,
(F8) there is a pointq in (Wu(pi) ∩ Ws(pi+1))\{pi} such that the angle between

Wu(pi) andWs(pi+1) at q is not equal to 0 orπ , butWu(pi+1)∩Ws(pi)= ∅,
(F9) there are connected segmentsUi of the unstable manifold ofpi andSi+1 of the

stable manifold ofpi+1 that have the same end points and bound a regionJi in
S that contains the cylinderCyli+1, while other cylindersCylj (j 6= i) do not
intersectJi ,

(F10) if F(x,y)= (x, y), thenF(x + 2π,y)= (x + 2π,y), and
(F11) there are positive numbersϑ andλ such that if(x, y) is not inS, thenπ1F(x,y)−

x > ϑ , and|π2F(x,y)− y|< λ< 1.

Now consider a new assumption.

Adding noise. Let ε > 0. Instead of applying the fluid flow diffeomorphismF at each
time i, we instead assume that for eachi, a diffeomorphismFi which is close toF in the
sense that|F(q) − Fi(q)| < ε and |DF(q) − DFi(q)| < ε for eachi andq , is applied.
Further, assume that each pointx which is in one of the cylinders is fixed. We refer toε as
the “noise level”.
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With this assumption we can still talk about the trajectory of a point if we replace
F(q0) with F0(q0), F 2(q0) with F1 ◦ F0(q0), and so forth. In general, the trajectory of
q0 is the bisequence. . . q−2, q−1, q0, q1, . . . , whereqi = Fi−1 ◦ Fi−2 ◦ · · · ◦ F0(q0) and
q−i = (F−1 ◦ F−2 ◦ · · · ◦ F−i )−1(q0) = F−1

−i ◦ · · · ◦ F−1
−2 ◦ F−1

−1 (q0) for i > 0. It no longer
makes sense to talk aboutinvariant Cantor sets,invariant points, orinvariant continua.
However, wecantalk about those points thex-coordinate of whose forward trajectory does
not go to+∞, and those points thex-coordinate of whose backward trajectory does not go
to−∞. Define then theentrainment set̃S+(x0) to bethe set of points(x, y) whose entire
trajectory(under a sequence of noisy maps) is to the right ofx0, defineS̃−(x0) to bethe
set of points(x, y)whose entire trajectory(under a sequence of noisy maps) is to the left of
x0, and defineZ0 to be theset of all points(x, y)whose entire trajectory(under a sequence
of noisy maps) is inside the quadrilateralQ0. Similarly, and as before, we can define the
sets̃S+(xi), S̃−(xi), andZi for each integeri. We also need an additional assumption for
the fluid flow diffeomorphismF , which corresponds to Observation 6 (not necessary if for
eachi, Fi = F ). Thus we assume thatF , in addition to satisfying properties (F1)–(F11),
also satisfies (F12):

(F12) Strong lockout property.For eachi, there is anxi ∈ (xi, xi + 2π) such that
F(L(xi)) is to the right ofL(xi), L(xi) lies to the right ofQi , and there is an
integerNF with the property that ifq ∈Qi andF(q) is not inQi , thenFNF (q)
is to the right ofL(xi). (The integerNF is independent of the choice ofq or of i.
It is also the case, because of the background flow (property (F11)) that there is
someΥ > 0 such thatd(L(xi),F (L(xi)) > Υ .)

To avoid cumbersome notation, define for integersm 6 n, F̃n,m = Fn ◦ Fn−1 ◦
· · · ◦ Fm. Thus, the trajectory of the pointq0 is the bisequence. . . q−2, q−1, q0, q1, . . . ,
where qi = Fi−1 ◦ Fi−2 ◦ · · · ◦ F0(q0) = F̃i−1,0(q0) and q−i = (F−1 ◦ F−2 ◦ · · · ◦
F−i )−1(q0)= (F̃−1,−i )−1(q0) = F−1

−i ◦ · · · ◦ F−1
−2 ◦ F−1

−1 (q0) for i > 0. Suppose then that
the diffeomorphismFi is applied at integer timei. Note that for a sufficiently small choice
of ε, eachFi has the following properties:

(Fi1) for eachi ′ ∈ Z, there is a numberxi′ ∈ [2πi ′,2π(i ′ + 1)] such thatFi(L(xi′)) is
completely to the right ofL(xi′),

(Fi2) Fi is a hyperbolic horseshoe on each quadrilateralQi′ ,
(Fi3) Fi(x)= x for each pointx in

⋃
i′∈ZCyli′ , and

(Fi4) for eachi ′, there is anxi′ ∈ (xi′ , xi′ + 2π) such thatFi(L(xi′)) is to the right of
L(xi′), L(xi′) lies to the right ofQi′ , and ifq ∈Qi′ andF̃i (q) is not inQ◦

i′ , then

F
NF
i (q) is to the right ofL(xi′),

(Fi5) if (x, y) is not inS, thenπ1Fi(x, y)− x > ϑ/2, and|π2F(x,y)− π2Fi(x, y) |<
ε < 2λ.

Proposition 3.1. Suppose thatF is an area preserving plane homeomorphism,Q is a
quadrilateral in the plane, for almost every pointq in Q there is some positive integernq
such thatFnq (q) /∈Q, andF satisfies the lockout property onQ. Then for almost every
q ∈Q, lim supn→∞ Fn(q)=∞.
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Proof. Let B denote the setF(Q) − Q. SinceF has the lockout property onQ, so
does eachFn(Q), and each finite union

⋃l
j=k F j (Q) (06 k 6 l). Also, F(B) does not

intersectB, so thatFk(B) does not intersectFk−1(B). By the lockout property,F(B)
does not intersectQ, and soF(B) does not intersectQ ∪ F(Q). ThenFk(B) does not
intersect

⋃k
j=0F

j (Q), from which it follows that the members of the finite sequence

B,F(B), . . . ,F k−1(B) are mutually disjoint. But each of these disjoint sets has the same
nonzero area asB, becauseF is area-preserving. LetV be a bounded open set inR2.
Let BV ⊆ B be the set such thatb ∈ BV implies thatFn(b) ∈ V for all n > 0. We claim
BV has area 0. The setsBV ,F(BV ),F 2(BV ), . . . , are disjoint becauseFk(BV )⊆ Fk(B).
Furthermore allFk(BV ) have area equal to the area ofBV . Since allFk(BV ) lie in V ,

area(V )>
∞∑
k=1

area
(
Fk(BV )

)=∞× area(BV ).

Hence, the area ofBV is 0, since otherwise the union of allFk(BV ) would have infinite
area, proving the claim. It follows that for almost everyq ∈Q there is somen > 0 such
thatFn(q) is not inV . Thus, for almost everyq ∈Q, limsupn→∞Fn(q)=∞. 2

The situation for the noisy case is more complicated, and we need to know more about
F , namely that points that leaveQ are eventually mapped outside a set containingQ in
its interior which has the property points mapped into that set cannot leave it. For us, that
means assuming that the homeomorphismF satisfies property (F12), which is really a
stronger version of the lockout property. Forx ∈R, let

L(x)= {z= (z1, z2) ∈R2: z1= x
}

and let

L+(x)= {z= (z1, z2) ∈R2: z1> x
}
,

L−(x)= {z= (z1, z2) ∈R2: z1< x
}
.

Proposition 3.2. Suppose thatF is an area preserving plane homeomorphism; Q is a
quadrilateral in the plane such thatF has the lockout property onQ; for almost every point
q inQ there is some positive integernq such thatFnq (q) /∈Q; and there are some positive
integerNF and somex ∈ R such thatF(L(x)) is to the right ofL(x), L+(x) ∩Q = ∅,
and if q ∈Q andF(q) is not inQ, thenFm(q) is in L+(x), for m> NF . There isε > 0
such that if for each nonnegative integerj , Fj is an area-preserving homeomorphism

on R2 such that for eachq ∈ R2, |F(q) − Fj (q)| < ε, then for almost everyq ∈ Q,
limsupn→∞ F̃n,0(q)=∞.

Proof. LetN =NF , and let

τ = inf
{|x − y|: x ∈Q, y ∈L+(x)}> 0, and

0< τ ′ < inf
{|F(x)− F(y)|: x ∈Q, y ∈L+(x)}, τ ′ < τ/2.
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LetB = F(Q)\Q. Chooseε′ > 0 so that ifF̂1, . . . , F̂N is a collection ofN area preserving
homeomorphisms onR2 such that

(i) F̂i (L(x)) is inL+(x) for each 16 i 6N ;
(ii) for eachq ∈R2, |F(q)− F̂i (q)|< ε′ and if i1, . . . , iN is a permutation of the finite

sequence 1, . . . ,N , then the composition̂Fi1 ◦ · · · ◦ F̂iN has the property that if
q ∈ Dε′(F (Q)−Q), thenF̂i1 ◦ · · · ◦ F̂iN (q) is inL+(x) (in other words, eacĥFi is
chosen so close toF that the resulting composition ofN homeomorphisms satisfies
an appropriately modified version of (Fi4)); and

(iii) ε′ < τ ′.
There isε′ > ε > 0 such that if̂F is a plane homeomorphism and|F(q)− F̂ (q)|< ε for

eachq ∈Q, then

F̂
(
F−1(Dε(Q)))⊂Dε′(Q) and F̂−1(Q)⊂Dε

(
F−1(Q)

)
.

Then suppose that for each nonnegative integerj , Fj is an area-preserving homeomor-

phism onR2, and for eachq ∈R2, |F(q)− Fj (q)|< ε.
For eachn ∈ N, letBn denote the setFn(Q)−Q, and letB+ =⋃n∈ÑBn. ThenB+ ⊆

Dε(F(Q) −Q), F̃N,1(B+) lies completely to the right ofL(x), andarea(F̃N,1(B+)) =
area(B+). Let V be a bounded open set inR2 that containsB+. LetBV ⊆ B+ be the set
such thatb0 ∈ BV implies thatbn = F̃n,0(b0) ∈ V for all n > 0. We claimBV has area
0. SinceF̃N,1(B+) ⊂ L+(x), F̃N,1(B+) ∩ Q = ∅, and moreover,d(F̃N,1(B+),Q) > τ ,
so thatd(F̃N+1,1(B

+),B+) > τ ′/2, andF̃N+1,1(B
+) ∩ B+ = ∅. Since noFi moves a

point back across the lineL(x), F̃2N+1,1(B
+) ⊆ L(x), so thatd(F̃2N+1,1(B

+),Q) >
τ , d(F̃2N+2,1(B

+),B+) > τ ′/2, and F̃2N+2,1(B
+) does not intersectB+. Because

F̃2N+2,N+2 is a homeomorphism,̃F2N+2,1(B
+) does not intersect̃F2N+2,N+1(B

+). Con-
tinuing, it follows that if k is a positive integer, the members of the finite sequence
B+, F̃kN+k,1(B+), F̃kN+k,N+1(B

+), . . . , F̃kN+k,(k−1)N+(k−1)(B
+) are mutually disjoint.

But each of these disjoint sets has the same nonzero area asB+, because eachFi is area pre-
serving. Thus, the setsBV , F̃kN+k,1(BV ), F̃kN+k,N+1(BV ), . . . , F̃kN+k,(k−1)N+(k−1)(BV )

are all disjoint, since each̃FkN+k,iN+i (BV )⊆ F̃kN+k,iN+i (B+). It follows that

area(V )> lim
k→∞

k−1∑
i=1

area
(
F̃kN+k,iN+i (BV )

)=∞× area(BV ).

Hence, the area ofBV is 0, proving the claim. It follows that for almost everyq ∈Q the
trajectory ofq eventually leavesV . Thus, any point that leavesV has a trajectory that is
eventually to the right of the lineL(x), and for almost everyq ∈Q, limsupn→∞F̃n,0(q)=
∞. 2
Proposition 3.3. Suppose thatF is the fluid flow diffeomorphism andi ′ ∈Z. There isε > 0
such that if for each nonnegative integerj , Fj is an area preserving homeomorphism

on R2 such that for eachq ∈ R2, |F(q) − Fj (q)| < ε, then for almost everyq ∈ Qi′ ,
limn→∞ F̃n,0(q) = ∞ and, in particular, thex-coordinate ofF̃n,0(q) tends to+∞ as
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n→∞. Furthermore, almost everyq ∈Qi′ is a wandering point forF , and for almost
everyq ∈Qi′ ,

lim
n→∞F

n(q)=∞, and lim
n→∞π1(F

n(q))=∞.

Proof. We use the notation and results of the previous proposition. Thus, we define

L+(xi′)=
{
(z1, z2) ∈R2 | z1> xi′

}
, N =NF ,

τ = inf
{|x − y| | x ∈Qi′ , y ∈L+(xi′)}> 0, and

0< τ ′ < inf
{|F(x)− F(y)| | x ∈Qi′ , y ∈L+(xi′)}, τ ′ < τ/2.

(Note thatτ is independent of the choice ofi ′.) Chooseε′ > 0 so that ifF̂1, . . . , F̂N is a
collection ofN area preserving homeomorphisms onR2 such that

(i) F̂i (L(xi′)) is inL+(xi′) for each 16 i 6N;
(ii) for eachq ∈R2, |F(q)− F̂i (q)|< ε′ and if i1, . . . , iN is a permutation of the finite

sequence 1, . . . ,N , then the composition̂Fi1 ◦ · · · ◦ F̂iN has the property that if
q ∈ Dε′(F (Q)−Q), thenF̂i1 ◦ · · · ◦ F̂iN (q) is inL+(x) (in other words, eacĥFi is
chosen so close toF that the resulting composition ofN homeomorphisms satisfies
an appropriately modified version of (Fi4));

(iii) if (x, y) is not inS, thenπ1F̂i(x, y)− x > ϑ/2, and|π2F(x,y)− π2F̂i (x, y) |<
ε′ < 2λ for each 06 i 6N; and

(iv) ε′ < τ ′.
There isε′ > ε > 0 such that if̂F is a plane homeomorphism and|F(q)− F̂ (q)|< ε for

eachq ∈Qi′ , then

F̂
(
F−1(Dε(Q0)

))⊂Dε′(Q0) and F̂−1(Q0)⊂Dε
(
F−1(Q0)

)
.

Then suppose that for each nonnegative integerj , Fj is an area-preserving homeomor-

phism onR2, and for eachq ∈R2, |F(q)− Fj (q)|< ε.
Without loss of generality, leti ′ = 0. For eachn ∈N, letBn denote the setFn(Q0)−Q0,

and letB+ =⋃n∈ÑBn. ThenB+ ⊆Dε(F(Q0)−Q0), and ifV is a bounded open set in
R2 that containsB+, andBV ⊆ B+ is the set such thatb0 ∈ BV implies thatF̃n,0(b0) ∈ V
for all n > 0, then, applying the previous proposition,BV has area 0. It follows that for
almost everyq0 ∈Q0 the trajectory ofq eventually leavesV . There is someM > 0 such
thatMϑ/2> 2π . Now if V = [x0−2mπ,x0+2mπ]×[−δ̃−4mM(λ), δ̃+4mM(λ)] for
somem> 0, then a trajectory of a point which is leavingV must leave it through either the
(right) lineL(x0+ 2mπ), or the top or bottom linesy =±(̃δ + 2mM(λ)). If a trajectory
leavesV through the top or the bottom line, then after 2mM applications of the appropriate
mapsFi , the point cannot have re-entered the stripS, and thex-coordinate will have moved
to the right of the lineL(x0+ 2mπ). Thus, any point that leavesV has a trajectory that is
eventually to the right of the lineL(x0+ 2mπ), and for almost everyq ∈Q0,

lim
n→∞ F̃n,0(q0)= lim

n→∞ qn = ∞, and lim
n→∞π1

(
F̃n,0(q0)

)= lim
n→∞ π1(qn)=∞.
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That almost everyq ∈Qi′ is a wandering point forF follows from the observation that
if for eachi, we chooseFi = F , then for almost everyq ∈Q0,

lim
n→∞F

n(q0)=∞, and lim
n→∞π1

(
Fn(q0)

)=∞. 2
Theorem 3.4. Suppose thatF is a plane homeomorphism,Q is a quadrilateral in the
plane such thatF is a horseshoe onQ, for almost every pointq inQ there is some positive
integernq such thatFnq (q) /∈Q, ands ands′ denote the opposite sides ofQ thatF(Q)
intersects. Then

(1) Z = {x: Fn(x) ∈ Q for all n ∈ Z} is a nowhere dense, invariant, closed set
contained in the interior ofQ, andZ = {C: C is a component ofZ} endowed
with the quotient topology is a totally disconnected, compact metric space;

(2) Z′ =⋃{C: C ∈Z andC is not an isolated point ofZ} ⊆ Z is an invariant closed
set, andZ ′ = {C: C ∈ Z andC ⊂ Z′} endowed with the quotient topology is a
Cantor set, andZ′ is a quotient Cantor set of continua;

(3) Z′′ = ⋃{C: C ∈ Z ′ such that, for some sequence{F−i (Ei)}∞i=0, each member
of which is a component of

⋂
i>0F

i(Q) that intersects boths and s′, C =
limi→∞F−i (Ei) (in the quotient topology)} ⊆ Z′ is an invariant closed set,Z ′′ =
{C: C is a component ofZ′′} endowed with the quotient topology is a Cantor set,
andZ′′ is a quotient Cantor set of continua; and

(4) Z′′′ = ⋃{C: C is a point of continuity ofZ ′′} ⊆ Z′′ is an invariant closed set,
Z ′′′ = {C: C is a component ofZ′′′} endowed with the quotient topology is a Cantor
set,Z′′′ is a quotient Cantor set of continua, and ifC ∈Z ′′′, x ∈ C, thenx ∈Z′′′\C.

Proof. Suppose thatM(> 2) is the fold number ofF . ConsiderZ = {q ∈Q | Fn(q) ∈Q
for all n ∈ Z}. If K is an arc inQ that intersects both opposite sidess ands′ of Q, then
Q∩F(K) contains at leastM components each of which intersects boths ands′. For each
n,
⋂n
j=0F

j (Q) contains at leastMn components each of which intersects boths ands′,
and no component of

⋂n
j=0F

j (Q) intersects either of the other two sides. Further,

n+1⋂
j=0

Fj (Q)⊂ IntQ

(
n⋂
j=0

Fj (Q)

)
,

and applying the properties of a horseshoe map,
⋂∞
j=0F

j (Q)= B̃0 consists of a collection
of continua each of which intersects eithers or s′. Since for almost every pointq in Q,
there is some positive integernq such thatFnq (q) /∈Q, we know that each component of
B̃0 is nowhere dense inQ. Now for eachn ∈N,

Fn

( ∞⋂
j=0

Fj (Q)

)
=
∞⋂
j=n

F j (Q)⊃
∞⋂

j=n−1

Fj (Q)⊃ · · · ⊃
∞⋂
j=0

Fj (Q),

so that

F−n
( ∞⋂
j=0

Fj (Q)

)
⊂ · · · ⊂

∞⋂
j=0

Fj (Q).
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Thus,Z =⋂∞j=−∞Fj (Q) is a nowhere dense, invariant set of continua, none of which
intersects∂Q, and, applying the properties of the quotient map,Z = {C: C is a component
of Z} endowed with the quotient topology is a totally disconnected, compact metric space.
Furthermore,Z′ =⋃{C: C ∈ Z andC is not an isolated point ofZ} ⊆ Z is an invariant
closed set, andZ ′ = {C: C ∈ Z andC ⊂ Z′} endowed with the quotient topology is a
Cantor set so thatZ′ is a quotient Cantor set of continua.

Consider thenZ′′ =⋃{C: C ∈ Z ′ such that, for some sequences{ni}∞i=0 of positive
integers and{Ei}∞i=0 of continua each member of which is a component of

⋂
i>0F

i(Q)

that intersects boths and s′, C = limi→∞ Fni (Ei) (in the quotient topology)}. By
construction,Z′′ is closed. Note that if for eachn, Gn = {Gn,1, . . . ,Gn,βn} = {G: G is
a component ofFn(Q)∩ F−n(Q) with nonempty interior}, thenGn is a mutually disjoint
cover ofF−n(B̃0) by closed neighborhoods. (If a componentC of Fn(Q) ∩ F−n(Q) has
empty interior, thenFn+1(C) ∩Q = ∅. Thus, we can assume without loss of generality
that each component ofFn(Q) ∩ F−n(Q) has nonempty interior.) Suppose further that
G′n = {Gn,1, . . . ,Gn,αn} ⊆ Gn = {Gn,1, . . . ,Gn,βn}, whereG′n contains all those members
of Gn which contain someF−n(C), whereC is a component of̃B0 that intersects both
s ands′ (and the listing of members ofGn reflects this property). ThenG′ =⋃n>0G′n is
a countable base for the setZ′′, where eachGn,i in G′n contains at leastMn members of
G′n+1, butG′n+1 may contain neighborhoods not contained in

⋃
G′n. For eachC ∈Z ′′, there

are a positive integerNC and a unique nested sequence{Gn,in}n>NC of members ofG′
such thatC =⋂n>NC Gn,in ∈ G′n. From this, it follows that the setZ′′ ⊆ Z′, thatZ ′′ is an
upper semicontinuous decomposition ofZ′′, and thatZ′′ is a quotient Cantor set.

Finally, considerZ′′′ =⋃{C: C is a point of continuity ofZ ′′} ⊆Z′′, andZ ′′′ = {C: C
is a component ofZ′′′} endowed with the quotient topology. Then, applying the properties
of upper semicontinuous decompositions of compact metric spaces,Z′′′ is a quotient
Cantor set of continua,Z′′′ is invariant, and ifC ∈Z ′′′, x ∈C, thenx ∈ Z′′′\C. 2
Theorem 3.5. Suppose thatF is a plane homeomorphism; Q is a quadrilateral in the
plane such thatF is a horseshoe onQ; for almost every pointq inQ there is some positive
integernq such thatFnq (q) /∈Q; F satisfies the strong lockout property onQ (i.e., there
are a positive integer integerNF , τ > 0, and a pointx in R such thatF(L(x)) ⊂ L+(x),
Q ⊂ L−(x), d(F(L(x)),L(x)) > τ ); if q ∈Q andF(q) is not inQ, thenFNF (q) is in
L+(x); ands ands′ denote the sides ofQ that intersectF(Q). There isε > 0 such that if
for each integerj , Fj is a homeomorphism onR2 such that|F(x)− Fj (x)|< ε for each
x in R2, then

(1) Z0= {q0 ∈Q | the trajectory{qj }∞j=−∞ ⊂Q}, is a nowhere dense, invariant, closed
set contained in the interior ofQ, andZ0= {C: C is a component ofZ} endowed
with the quotient topology is a totally disconnected compact metric space;

(2) Z′0=
⋃{C: C ∈Z0 andC is not an isolated point ofZ0} ⊆Z is an invariant closed

set,Z ′0= {C: C ∈Z0 andC ⊂Z′0} endowed with the quotient topology is a Cantor
set, andZ′0 is a quotient Cantor set of continua;

(3) Z′′0 =
⋃{C: C ∈ Z′0 such that, for some sequence{Ei}∞i=0, each member of

which is a component of
⋂
i>1 F̃−1,−i (Q) that intersects boths and s′, and for
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some sequence{ni}∞i=1 of positive integers,C = limi→∞ F̃−1
ni ,0
(Ei) (in the quotient

topology)} ⊆ Z′0 is an invariant closed set,Z ′′0 = {C: C is a component of
Z′′0} endowed with the quotient topology is a Cantor set, andZ′′0 is a quotient Cantor
set of continua; and

(4) Z′′′0 =
⋃{C: C is a point of continuity ofZ′′0} ⊆ Z′′0 is an invariant closed set, and

Z ′′′0 = {C: C is a component ofZ′′0} endowed with the quotient topology is a Cantor

set,Z′′′0 is a quotient Cantor set of continua, and ifx ∈C ∈Z ′′′0 , thenx ∈ Z′′′0 \C.

Proof. Suppose thatM(> 2) is the fold number ofF . LetN =NF , and let

τ = inf
{|x − y|: x ∈Q, y ∈L+(x)}> 0, and

0< τ ′ < inf
{|F(x)− F(y)|: x ∈Q, y ∈ L+(x)}, τ ′ < τ/2.

Let B = F(Q)\Q. Chooseε′ > 0 so that ifF̂1, . . . , F̂N is a collection ofN homeomor-
phisms onR2 such that

(i) F̂i (L(x)) is inL+(x) for each 16 i 6N ;
(ii) for eachq ∈R2, |F(q)− F̂i (q)|< ε′ and if i1, . . . , iN is a permutation of the finite

sequence 1, . . . ,N , then the composition̂Fi1 ◦ · · · ◦ F̂iN has the property that if
q ∈ Dε′(F (Q)−Q), thenF̂i1 ◦ · · · ◦ F̂iN (q) is inL+(x) (in other words, eacĥFi is
chosen so close toF that the resulting composition ofN homeomorphisms satisfies
an appropriately modified version of (Fi4));

(iii) for each i, Fi is a horseshoe map onQ having the same fold number asF
(i.e., if K is an arc inQ that intersects both opposite sidess and s′ of Q, then
Q ∩ Fi(K) contains at leastM components each of which intersects boths and
s′, Fi(s ∪ s′) ∩Q= ∅, andFi(Q) does not intersect either of the other two sides
ofQ); and

(iv) ε′ < τ ′.
There isε′ > ε > 0 such that ifF̂ is a plane homeomorphism and|F(q)− F̂ (q)|< ε

for eachq ∈ Q, then F̂ (F−1(Dε(Q))) ⊂ Dε′(Q) and F̂−1(Q) ⊂ Dε(F−1(Q)). Then
suppose that for each integerj , Fj is a homeomorphism onR2, and for eachq ∈ R2,
|F(q)− Fj (q)|< ε. Consider

Z = {q0 ∈Q | the trajectory{qj }∞j=−∞ ⊂Q
}
.

Note thatZ = · · · ∩ F̃−1,−2(Q) ∩ F̃−1,−1(Q) ∩Q∩ F̃−1
0,0(Q)∩ F̃−1

1,0(Q)∩ · · · .
Then, as in the unperturbed case,Q ∩ Fn(Q) = Q ∩ F̃n,n(Q) contains at leastM

components each of which intersects boths and s′ as doesQ ∩ F(Q); Q ∩ Fn(Q ∩
Fn−1(Q)) = Q ∩ Fn(Q) ∩ F̃n,n−1(Q) contains at leastM2 components each of which
intersects boths and s′ as doesQ ∩ F(Q) ∩ F 2(Q), etc. Thus, for eachm 6 n, Q ∩
(
⋂n
j=m F̃n,j (Q)) contains at leastMn−m+1 components each of which intersects boths

ands′ as does
⋂n−m+1
j=0 Fj (Q). Also, if for eachn > m, En,m = {C: C is a component

of Q ∩ (⋂n
j=m F̃n,j (Q)) that intersects boths ands′}, thenEn,m has at leastMn distinct

members.
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Further,

Q∩
(

n⋂
j=m−1

F̃n,j (Q)

)
⊂ IntQ

(
Q∩

(
n⋂

j=m
F̃n,j (Q)

))
.

As before,Q ∩ (⋂∞j=1 F̃−1,−j (Q)) = B̃0 is a nowhere dense, closed set each component
of which intersects eithers or s′, and it follows that

Z0=Q∩
( ∞⋂
j=1

F̃−1,−j (Q)
)
∩
( ∞⋂
j=0

F̃−1
j,0 (Q)

)
is a nowhere dense, closed set contained in the interior ofQ. Applying the properties of the
quotient map,Z0= {C: C is a component ofZ0} endowed with the quotient topology is a
totally disconnected, compact metric space. Furthermore,Z′0=

⋃{C: C ∈Z0 andC is not
an isolated point ofZ0} ⊆Z0 is a closed set, andZ ′0= {C: C ∈Z0 andC ⊂Z′0} endowed
with the quotient topology is a Cantor set so thatZ′0 is a quotient Cantor set of continua.

Consider thenZ′′0 =
⋃{C: C ∈Z ′0 such that, for some sequence{Ei}∞i=0, each member

of which is a component of̃B0 that intersects boths ands′, and for some sequence{ni}∞i=1
of positive integers,C = limi→∞ F̃−1

ni ,0
(Ei) (in the quotient topology)}. By construction,

Z′′ is closed. Note that if for eachn, Gn = {Gn,1, . . . ,Gn,βn} = {G: G is a component
of F̃−1,−n(Q) ∩ F̃−1

n,0(Q) with nonempty interior}, thenGn is a mutually disjoint cover

of F̃−1
n,0(B̃0) by closed neighborhoods. (If a componentC of F̃−1,−n(Q) ∩ F̃−1

n,0(Q) has

empty interior, theñFn+1,0(C) ∩Q= ∅. Thus, we can assume without loss of generality

that each component of̃F−1,−n(Q)∩ F̃−1
n,0(Q) has nonempty interior.) Suppose further that

G′n = {Gn,1, . . . ,Gn,αn} ⊆ Gn = {Gn,1, . . . ,Gn,βn}, whereG′n contains all those members
of Gn which contain somẽF−1

n,0(C), whereC is a component of̃B0 that intersects both
s and s′ (and the listing of members ofGn reflects this property). ThenG′ =⋃n>0G′n
is a countable base for the setZ′′0, where eachGn,i in G′n contains at leastMn members
of G′n+1, butG′n+1 may contain neighborhoods not contained in

⋃
G′n. For eachC ∈ Z ′′0 ,

there are a positive integerNC and a unique nested sequence{Gn,in}n>NC of members of
G′ such thatC =⋂n>NC Gn,in ∈ G′n. From this, it follows that the setZ′′0 ⊆ Z′0, thatZ ′′0
is an upper semicontinuous decomposition ofZ′′0, and thatZ′′0 is a quotient Cantor set of
continua. The last part then follows as before.2

The next two results tell us that for the fluid flow diffeomorphism itself, the situation is
simpler than in the two previous theorems, i.e., for each quadrilateralQi on whichF is a
hyperbolic horseshoe, the corresponding invariant setZi inQi is a Cantor set, and thus the
various decompositions considered in the two previous results are trivial and all the same,
namelyZi itself. The hyperbolicity makes the difference.

Corollary 3.6. Suppose thatF is the fluid flow diffeomorphism, andi ∈ Z. ThenZi =
{q ∈Qi | for all n ∈ Z, Fn(q) ∈Qi} is a Cantor set contained in the interior ofQi.

Proof. ThatZi is a nowhere dense, invariant, closed set with the upper semicontinuous
decompositionZi = {C: C is a component ofZi} which is a totally disconnected, compact
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metric space in the quotient topology, which contains a Cantor set, and which is contained
in the interior ofQi , follows from a previous theorem. (That for almost every pointq

in Qi there is some positive integernq such thatFnq (q) /∈ Qi follows automatically
from the assumption thatF is a hyperbolic horseshoe onQi .) However, becauseF is
diffeomorphism andF is a hyperbolic horseshoe onQ with Q an isolating neighborhood
for Zi , Zi is a Cantor set. 2
Theorem 3.7. Suppose thatF is the fluid flow diffeomorphism. There isε > 0 such
that if for each integerj , Fj is a diffeomorphism onR2 such that for eachq ∈ R2,
|F(q)−Fj (q)|< ε and|DF(q)−DFj (q)|< ε, thenZi = {q ∈Qi | F̃n,0(q) ∈Qi for all
n ∈ Ñ and(F̃−1,−n)−1(q) ∈Qi for all n ∈N} is a Cantor set in the interior ofQi .

Proof. Suppose thatM is the fold number ofF , ands ands′ denote the opposite sides of
Qi thatF(Qi) intersects. Chooseε > 0 so that ifF ′ is a diffeomorphism onR2, and for
eachq ∈R2, |F(q)−F ′(q)|< ε, and|DF(q)−DF ′(q)|< ε, thenF ′ satisfies properties
(Fi1)–(Fi4). (This choice ofε needs to be modified later in the proof, but these are the
constraints we need now.) Then suppose that for each integerj , Fj is a diffeomorphism on
R2 such that for eachq ∈R2, |F(q)−Fj (q)|< ε, and|DF(q)−DFj (q)|< ε.

We also assume thatε “works” for Proposition 3.3, i.e., for each pair of integersi, j , if
for eachq ∈ R2, |F(q)− Fj (q)|< ε and|DF(q)−DFj (q)|< ε, then for almost every
q ∈Qi , limn→∞ F̃n,0(q)=∞ and, in particular, thex-coordinate of̃Fn,0(q) tends to+∞
asn→∞.

Note that for each integern, Qi ∩ Fn(Qi) contains at leastM components intersecting
both s ands′. Then, as in the unperturbed case, for eachm6 n, Qi ∩ (⋂n

j=m F̃n,j (Qi))
contains at leastMn−m+1 components intersecting boths ands′ as does

⋂n−m+1
j=0 Fj (Qi),

each extending from sides to opposite sides′. Further,

Qi ∩
(

n⋂
j=m−1

F̃n,j (Qi)

)
⊂ IntQi

(
Qi ∩

(
n⋂

j=m
F̃n,j (Qi)

))
.

As before,Qi ∩ (⋂∞j=1 F̃−1,−j (Qi))= B̃0 consists of a closed set with uncountably many
components and each component intersects either the sides or the sides′, and does not
intersect either of the other two sides. Now for eachn ∈N,

B̃0 ∩
(

0⋂
j=0

(F̃j,0)
−1(Qi)

)
⊃ B̃0 ∩

(
1⋂
j=0

(F̃j,0)
−1(Qi)

)
⊃ · · ·

⊃ B̃0 ∩
( ∞⋂
j=0

(F̃j,0)
−1(Qi)

)
=Zi.

In fact, each component of̃B0=Qi ∩ (⋂∞j=1 F̃−1,−j (Qi)) contains at leastM components

of B̃0 ∩ (⋂0
j=0(F̃j,0)

−1(Qi)), each of which contains at leastM components of̃B0 ∩
(
⋂1
j=0(F̃j,0)

−1(Qi)), etc., so that each component ofB̃0 contains at leastMn components

of B̃0 ∩ (⋂n−1
j=0(F̃j,0)

−1(Qi)), with nesting of these components occurring at each step.
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Thus,Zi = B̃0∩ (⋂∞j=0(F̃j,0)
−1(Qi)) is a closed set with uncountably many components,

none of which has interior inQi (because the trajectory of almost every point inQi
converges to∞), and none of which intersects∂Qi . Note thatZi is also the set{q ∈
Qi | F̃n,0(q) ∈Qi for all n ∈ Ñ and(F̃−1,−n)−1(q) for all n ∈N}.

Recall that, applying the previous corollary,CQi = {q ∈ Qi | Fn(q) ∈ Qi for all
n ∈ Z} is a Cantor set contained in the interior ofQi , andF is hyperbolic onCQi . Then
F is expansive onCQi , and there is a constantc > 0 such that ifp 6= q ∈ CQi , there is
some integernp,q = n such that|Fn(p)− Fn(q)|> c. Also, we can extend the splitting
Esx × Eux from onCQi to a neighborhoodV of CQi in Qi . There is somec′ such that if
x ∈ CQi , thenDc′(x) ⊂ V , and if we letBx(c′) = Esx(c′) × Eux(c′) ⊂ Tx(R2) denote all
vectors inEsx ×Eux of norm less thanc′, andwx(c′)= {x+v ∈R2 | v ∈Bx(c′)} ⊂R2, then
wx(c

′)⊂ V , andwx(c′)=Dc′ (x).
Next, coverCQi with a finite collection{u1, u2, . . . , um} of mutually disjoint open sets

in R2 with the following properties:
(i) for 16 k 6m, uk ∩CQi = uk ∩CQi ;
(ii) sup{diam(uk)}< α <max{c/64,c′/64}; and
(iii) inf {|x − y| | x ∈ uk, y ∈ uk′, k 6= k′}> α′ > 0.

There is a Lebesgue numberα′′ such that ifq ∈CQi , thenDα′′ (q) ⊂ uk for somek.
Chooseε′ > 0 such thatε′ <min{c/64, α/16, α′/16, α′′/16}. SinceQi is an isolating

neighborhood forCQi , we apply the shadowing theorem and findδ > 0 andη > 0 such
that if {xj }∞j=−∞ is aδ-chain forF with inf{|xj − y| | y ∈ CQi , j ∈ Z}< η, then there is
a unique pointy in CQi such thaty ε′-shadows{xj }∞j=−∞. Finally, modify the choice ofε
once again:

(i) Chooseε <min{δ, η, ε′}.
(ii) There are a positive integerK and 0<µ< 1 such that forx in CQi ,

|DFK(x)(vs ) |6CµK |vs | for vs ∈Esx, and

|DF−K(x)(vu) |6CµK |vu| for vu ∈ Eux.
There isε > 0 such that if for eachz in CQi and for each integern, |F(z)−Fn(z)|<
ε and|DF(z)−DFn(z)|< ε, then if{i1, . . . , iK} denotes a collection ofK integers
andG= Fi1 ◦ · · · ◦FiK , then there is somea > 1 such that ifx is inCQi , and
(a) vsx ∈ Esx andvux ∈ Eux with |vux |> |vsx |, then|vu

FK(x)
|> a |vs

FK(x)
| and|vuG(x)|>

a |vsG(x)|
(b) vsx ∈ Esx andvux ∈ Eux with |vux | 6 |vsx |, then |vu

F−K(x)| 6 (1/a)|vsF−K(x)|, and
|vu
G−1(x)

|6 (1/a)|vs
G−1(x)

|.
(Of course, thisε still satisfies the first part of the proof. Thus, we are merely adjusting

the size ofε downward again, if necessary.) As before, suppose that for each integer
j , Fj is a diffeomorphism onR2 such that for eachq ∈ R2, |F(q) − Fi(q)| < ε, and
|DF(q)−DFi(q)|< ε.

Then the resulting set

Zi =Qi ∩
( ∞⋂
j=1

F̃−1,−j (Qi)
)
∩
( ∞⋂
j=0

(F̃j,0)
−1(Qi)

)
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is a closed set with uncountably many components contained in the interior ofQi . Note
that if {qj }∞j=−∞ is the trajectory of a pointq0 in Zi , then{qj }∞j=−∞ ⊂Zi , and{qj }∞j=−∞
is aδ-chain forF (since|F(qj )− Fj (qj )| = |F(qj )− qj+1|< ε < δ).

Suppose thatZi contains a nondegenerate continuumE. If q = q0 ∈ E, then the
trajectory{qj }∞j=−∞ is contained inQi. LetE0=E, and for each positive integern,

En = F̃n,0(E)⊂ F̃n,0(Zi)

=
( ∞⋂
j=−n

F̃n,−j (Qi)
)
∩Qi ∩

( ∞⋂
j=n+1

(F̃j,n+1)
−1(Qi)

)
⊆Qi, and

E−n = (F̃−1,−n)−1(E0)⊂ (F̃−1,−n)−1(Zi)

=
( ∞⋂
j=−n+1

F̃−n−1,−j (Qi)
)
∩Qi ∩

( ∞⋂
j=n

(F̃j,−n)−1(Qi)

)
⊆Qi.

Choosep0 6= q0 inE. Then there are unique pointsyp andyq in CQi such thatyp andyq ε′-
shadow the trajectories{pj }∞j=−∞ and{qj }∞j=−∞, respectively. Ifyp 6= yq , then becauseF

is expansive onCQi , there is some integerl such that|F l(yp)−F l(yq)|> c. Then consider
El : since|F l(yp)− pl |< ε′ < c/64, |F l(yq)− ql|< ε′ < c/64, andpl andql are inEl ,
diam(El) > 31c/32. Note that for eachxl in El , the corresponding trajectory{xj }∞j=−∞
(“centered” atxl rather thanx0), is contained inZi . But this means we have a problem: for
eachxl in El , there is a unique pointyx in CQi whichε′-shadows the trajectory{xj }∞j=−∞,
andε′ < α′′, so thatxl ∈Dα′′(yx)⊂⋃m

j=1uj . Sincediam(uj ) < c/64, it follows that for
somewl andzl in El , the correspondingyw andyz are indifferentmembersuj anduj ′ of
the cover ofCQi , respectively, and for each memberxl of El , the associatedyx is in some
uk. But this is a contradiction toEl being a nondegenerate continuum. Thenyp = yq = y,
andy ε′-shadows each trajectory{pj }∞j=−∞, wherep0 ∈E0. Thendiam(En) < ε′ for each
integern.

Hence, for eachx ∈ CQi ,
Bx(ε′) = Esx(ε′)×Eux(ε′)⊂ Tx(R2), and

wx(ε
′)= {x + v ∈R2 | v ∈ Bx(ε′)

}⊂Qi.
In particular, for each integern, En ⊂wy(ε′)=Dε′(y).

Suppose that for eachn > 1, Gn = {Gn,1, . . . ,Gn,βn} = {G: G is a component of
F̃−1,−n(Q) ∩ F̃−1

n,0(Q) with nonempty interior}, and G′n = {Gn,1, . . . ,Gn,αn} ⊆ Gn =
{Gn,1, . . . ,Gn,βn}, where G′n contains all those members ofGn which contain some
F̃−1
n,0(C), whereC is a component of̃B0 =⋂n>1 F̃

−1
−1,−n(Qi) that intersects boths and

s′ (and the listing of members ofGn reflects this property). As before, without loss of
generality, we can assume that eachG′n is a mutually disjoint cover of̃F−1,−n(Q) ∩
F̃−1
n,0(Q), and if G′′n = {G ∩ Zi : G ∈ G′n}, then

⋃
n>1G′′n is a clopen base forZi . Note

that if for somen, a continuumK is contained in someG ∈ G′n andK intersects both
F̃−1
n,0(s) andF̃−1

n,0(s
′), thenF̃n,0(K) intersects boths ands′. Likewise, if t and t ′ denote

the other two sides ofQi (i.e., the sides that are neithers nor s′) andK intersects both
F̃−1,−n(t) andF̃−1,−n(t ′), thenF̃−1

−1,−n(K) intersects botht andt ′.
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But then we again reach a contradiction: The splitting is preserved under the application
of F , and eachDFn has been chosen so close toDF that the stretching and contracting
directions are quite close to those ofF . Thus,E0 is either not contained inWs(y) or
it is not contained inWu(y), and in at least one of the positive or negative directions,
the continuumE0 is eventually “stretched across” someuk , which means that, after a
sufficient number of applications of the appropriateFn’s (either in the forward direction
or the negative), the image of the continuumE0 must intersectZi andR2\Qi . Thus,
E0 cannot be nondegenerate. Using a similar argument, it follows that no point ofZi is
isolated, and it follows thatZi is a Cantor set. 2
Theorem 3.8. Suppose thatF is a homeomorphism ofR2, Q is a quadrilateral inR2, F
is a horseshoe map onQ, for almost every pointq in Q there is some positive integer
nq such thatFnq (q) /∈Q, andF has the lockout property onQ. In the Hausdorff metric,

the sequenceQ,F(Q),F 2(Q), . . . of continua inR2 has a unique limit point̃B , B̃ is an
invariant, nowhere dense continuum, and̃B is the closure of the set{x ∈ R2 | F−n(x) ∈
Q for all sufficiently largen}. Furthermore,B̃ contains an invariant, indecomposable
continuumΛ,Λ is the largest indecomposable continuum contained inB̃, andΛ contains
the quotient Cantor setZ′′′ defined in Theorem3.4.

Proof. SupposeQ has sidess1, s2, s3, s4, with s2 ands4 denoting the opposite sides which
do not intersectF(Q), ands1 ands3 denoting the opposite sides that do intersectF(Q).
By Theorem 3.4,

⋂
i>0F

i(Q) is a closed, nowhere dense set inQ, each component

of
⋂
i>0F

i(Q) intersects eithers1 or s3, and
⋂
i>0F

i(Q) has uncountably many

components. Let̃B0 =⋂i>0F
i(Q). For eachn > 0, B̃n =⋂i>n F

i(Q) = Fn(B̃0) is a
closed, nowhere dense set inFn(Q), and each component of̃Bn intersects either the side

Fn(s1) of Fn(B) or the sideFn(s3). For eachn, B̃n ⊂ B̃n+1. Consider
⋃
n>0 B̃n = B̃.

SinceB̃n ⊂ B̃n+1 for eachn, B̃ is the Hausdorff limit of the sequencẽB0, B̃1, B̃2, . . . .
SinceF(B̃n)= B̃n+1, F (B̃)= B̃.

Let Q̃ denote an accumulation point (relative to the Hausdorff metric) of the sequence
Q,F(Q),F 2(Q), . . . of continua inR2. Then there is an increasing sequencen1, n2, . . . of
positive integers such thatFn1(Q),Fn2(Q), . . . converges tõQ. Now B̃ ⊆ Q̃, but we need
to show thatQ̃ ⊆ B̃. For 06 m 6 n, let Em,n =⋂n

j=m Fj (Q). There is a subsequence

nσ1, nσ2, . . . of n1, n2, . . . such thatEnσ1,nσ2
,Enσ1,nσ2

, . . . converges tõB (relative to the
Hausdorff metric). Ifε1, ε2, . . . is a sequence of positive numbers that converges to 0, then
Dε1(Enσ1,nσ2

),Dε2(Enσ1,nσ2
), . . . converges tõB (relative to the Hausdorff metric).

Suppose thatn is a positive integer,n > 2. Then if x ∈ Fn(Q) ∩ Q, but x is not in⋂n−1
j=0F

j (Q), then there is some leastj > 0 such thatx is not inFj (Q). Thus,x is in

(
⋂j−1
k=0F

k(Q))\Fj (Q), andF−j (x) is not inQ. But this means thatFj (F−j (x)) = x
is not in Q, because of the lockout property. This is a contradiction. It follows that
Fn(Q) ∩Q⊂⋂n−1

j=0F
j (Q), andFn(Q) ∩Q=⋂n

j=0F
j (Q).
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Now the sequenceFnσ1 (Q),Fnσ2 (Q), . . . converges tõQ, and if εi denotes the least
upper bound of the Hausdorff distances fromFnσi (Q) to Fnσj (Q) for j > i, then the
sequenceε1, ε2, . . . converges to 0. Further, for eachi,

F
nσi+1(Q)= (Fnσi+1 (Q)∩ Fnσi (Q))∪ (Fnσi+1(Q)\Fnσi (Q))

=Enσi ,nσi+1
∪ (Fnσi+1(Q)\Fnσi (Q)).

Then

Enσi ,nσi+1
⊂Enσi ,nσi+1

∪ (Fnσi+1 (Q)\Fnσi (Q))= F
nσi+1(Q) ⊂Dεi (Enσi ,nσi+1

).

Thus,Q̃= B̃.
Let B̃′0 = {C: C is a component of̃B0 that intersects boths ands′}, andB̃ ′0 =

⋃
B̃′0.

Then B̃′0, when endowed with the quotient topology, is a totally disconnected, compact
metric space. For eachn > 0, let Hn = {Hn,1,Hn,2, . . . ,Hn,γn} be a listing of the
components of

⋂n
i=0F

i(Q) that intersect boths1 and s3. Thus,C ∈ B̃′0 if and only if
there is some unique sequencei1, i2, . . . of positive integers such thatC =⋂n>1Hn,in .
SinceF(Hn,in )∩Q contains at leastM components that intersect boths1 ands3, and each
Hn,j contains at least one of theseM components,̃B′0 is a Cantor set, and̃B ′0 is a quotient
Cantor set.

Let L̃0 denote the closure of
⋃{C: C is a point of continuity ofB̃′0}. Then L̃0 is a

quotient Cantor set of continua with respect to the upper semicontinuous decomposition
L̃0 = {C: C is a component of̃L0}. It is easy to check that the quotient Cantor set
Z′′′ of Theorem 3.4 is contained iñL0. For eachn > 0, let L̃n = Fn(L̃0), and let
L̃n = {Fn(C): Fn(C) is a component of̃Ln}. Thus, each̃Ln is a quotient Cantor set.

Consider
⋃
n>0 L̃n = Λ. Since L̃n ⊂ L̃n+1 for eachn, Λ is the Hausdorff limit of

the sequencẽL0, L̃1, L̃2, . . . . SinceF(L̃n) = L̃n+1, F (L̃) = L̃. Let 1/2> ε1 > 0 be a
positive number such thatDε1(L̃0)∪Q⊂⋃H1. LetM1= {H1,j ∩Dε1(L̃0): 16 j 6 γ1}.
Inductively, having chosenεi−1, chooseεi to be a positive number less thanεi−1/2 and less
than 1/2i such thatDεi (L̃0)∪Q⊂⋃Hi . LetMi = {H1,j ∩Dεi (L̃0): 16 j 6 γ1}. Thus,
eachM̃i = {L ∩ L̃0: L ∈Mi} is a clopen cover of̃L0 relative to the topology inherited
by the subspacẽL0, andM̃=⋃i>1M̃i is a basis for̃L0. For eachi, letL0,i = M̃i , and

for eachn> 0, letLn,i = {Fn(L): L ∈ M̃i}.
For eachn, L̃n is a collection of components. For each pointx in L̃n, x is contained

in some componentRx,n of L̃n. ThenRx,n ⊆ Rx,n+1 for eachx, eachn, andF(Rx,n) =
RF(x),n+1. Note thatRx,n ⊂ L̃n ⊂ Fn(Q), andRx,n “runs through”Fn(Q), in the sense
that it intersects the opposite sidesFn(s1) andFn(s3) of thenth image of the quadrilateral
Q. Clearly,Rx is first category inΛ and connected. For eachn > m > 1, eachRx,m
is someEx,m,n ∈ Lm,n, andEx,m,n is a component of

⋂
m6l6n F

l(Q). Also, for each
m,n, Fn(Rx,m) “runs through”

⋂
m+n>i>m F i(Q) in the sense that ifL ∈ Lm,n, then

L ∩ Fn(Rx,m) contains at least one component that intersects both the opposite sides
Fm(s1) andFm(s3). SinceLm is a basis for̃Lm, Rx is dense inΛ. Further, ifRx ∩Ry 6= ∅
for somex,y in

⋃
m>0 L̃m, thenRx =Ry . Thus,R = {Rx : x ∈⋃m>0 L̃m} partitions the

set
⋃
m>0 L̃m. It follows that

⋃
m>0 L̃m is connected, thatΛ is a continuum, and thatR is

uncountable.
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Suppose thatΛ is decomposable. Then there exists some proper subcontinuumH of Λ
such thatH has interior relative to the subspaceΛ. Choosex from L̃0. ThenRx intersects
bothIntΛ(H) andIntΛ(Λ\H), and there is somen such that

(i) Rx,n ∩ (Fn(s1)∪Fn(s3)) does not intersect some componentC of Rx,n ∩H , and
(ii) C ∩ IntΛ(H) 6= ∅.

Choosem> n so that
(i) Ex,n,m ∩ (Fn(s1) ∪Fn(s3)) does not intersect some componentC′ of Ex,n,m ∩H ,

and
(ii) C′ ∩ IntΛ(H) 6= ∅.

But H is a proper subcontinuum ofΛ, and by the choice ofEx,n,m, the component
C′ of Ex,n,m ∩ H , which intersectsIntΛ(H), but does not containH , is clopen inH
(sinceEx,n,m ∩ (Fn(s1) ∪ Fn(s3)) ∩ C′ = ∅). ThenH is not connected. Thus, we have a
contradiction, and it must be the case thatΛ is indecomposable.2
Remark. Note that the continua in the set̃B0 need not be arcs, sinceF may not be a
diffeomorphism. The components of̃B0 could even be hereditarily indecomposable.

Theorem 3.9. Suppose thatF is a plane homeomorphism,Q is a quadrilateral in the
plane such thatF is a horseshoe onQ, for almost every pointq in Q there is some
positive integernq such thatFnq (q) /∈Q, and thatF satisfies the strong lockout property
onQ, i.e., there are a positive integer integerNF , τ > 0, and a pointx in R such that
F(L(x)) ⊂ L+(x), Q ⊂ L−(x), d(F(L(x)),L(x)) > τ , and if q ∈ Q and F(q) is not
in Q, thenFNF (q) is in L+(x). There isε > 0 such that if for each negative integer
j , Fj is a homeomorphism onR2 such that|F(x)− Fj (x)| < ε for eachx in R2, then

the sequenceQ, F̃−1,−1(Q), F̃−1,−2(Q), . . . of continua inR2 converges in the Hausdorff

metric to a unique limit point̃B. Considered as a subset ofR2, B̃ is a nowhere dense
continuum, and it is the closure of the set{x0 ∈ R2 | F̃−1

−1,−n(x0) ∈ Q for all sufficiently

large n}. Furthermore,B̃ contains an indecomposable continuumΛ, Λ is the largest
indecomposable continuum contained iñB, and Λ contains the quotient Cantor set
Z′′′ discussed in Theorem3.5.

Proof. This proof is just an appropriately modified version of the last proof. Thus we omit
the proof. 2
Theorem 3.10.Suppose thatF is the fluid flow diffeomorphism, andi ∈ Z. There isε > 0
such that if for each integerj < 0, Fj is an area preserving diffeomorphism onR2 such
that for eachq ∈R2,∣∣F(q)− Fj (q)∣∣< ε and

∣∣DF(q)−DFj (q)∣∣< ε,
then the Hausdorff limit of the sequenceQi,F−1(Qi), F̃−1,−2(Qi), . . . of continua in
R2 is an indecomposable continuum̃Λi . Furthermore,Λ̃i\{∞} is the set{x ∈ R2 |
(F̃−1,−n)−1(x) ∈ Qi for all sufficiently largen}, and Λ̃i is contained in the boundary
∂S̃+(x0) of S̃+(x0).
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Proof. SupposeQi has sidess1, s2, s3, s4, with s2 ands4 denoting the opposite sides which

do not intersectF(Qi), ands1 ands3 denoting the opposite sides that do intersectF(Qi).

As in the last proof, chooseε′ > 0 so that ifF ′ is a diffeomorphism onR2, and for eachq ∈
R2, |F(q)− F ′(q)|< ε′ and|DF(q)−DFj (q)|< ε′, thenF ′satisfies properties (Fi1)–

(Fi4); for almost everyq ∈Qi , limn→∞ F̃n,0(q)=∞; and, in particular, thex-coordinate

of F̃n,0(q) tends to+∞ asn→∞ (Proposition 3.3). There isε > 0 such that Theorem 3.7

applies, andε < ε′. Then suppose that for each negative integerj , Fj is a diffeomorphism

on R2, and for eachq ∈ R2, |F(q) − Fj (q)| < ε and |DF(q) − DFj (q)| < ε. Then

CQi = {q ∈Qi | F̃n,0(q) ∈Qi for all n ∈ Ñ and(F̃−1,−n)−1(q) for all n ∈ N} is a Cantor

set in the interior ofQi .

As in the last proof,Qi ∩ (⋂j<0 F̃−1,j (Qi)) is a a closed set with uncountably many

nowhere dense components. Because of Theorem 3.7, and arguments similar (only simpler,

since we only have to consider the forward direction) to those used in the proof of

Theorem 3.7, it follows that̃B0 = Qi ∩ (⋂j<0 F̃−1,j (Qi)) is a Cantor set of continua

in Qi , i.e., B̃0 = {C: C is a component of̃B0} is a decomposition of̃B0, which is

a Cantor set with respect to the topology induced by the Hausdorff metric. For each

n > 0, B̃n =⋂j6−n F̃−1,j (Qi) is a Cantor set of continua iñF−1,−n(Qi). For eachn,

B̃n ⊂ B̃n+1. Consider
⋃
n>0 B̃n = B̃. SinceB̃n ⊂ B̃n+1 for eachn, Λ̃i is the Hausdorff

limit of the sequencẽB0, B̃1, B̃2, . . . , andΛ̃i is also the Hausdorff limit of the sequence

Qi, F̃−1,−1(Qi), F̃−1,−2(Qi) . . . .

We can partition each̃Bn into its components: denote this collection of components

asBn. For each pointx in B̃n, x is contained in some componentRx,n of B̃n. Then

Rx,n ⊆ Rx,n+1 for eachx, eachn, and F̃−1,−n−1 ◦ (F̃−1,n)
−1(Rx,n) = Rz,n+1, where

z = F̃−1,−n−1 ◦ (F̃−1,n)
−1(x). Note thatRx,n ⊂ B̃n ⊂ F̃−1,−n(Qi). Clearly,Rx is first

category inB̃ and connected. For eachn > 1, eachRx,0 is in the interior (relative to

the subspaceQi ) of some component ofQi ∩ (⋂16l6n F̃−1,−l (Qi)), and moreover, the
collection {Qi ∩ (⋂16l6n F̃−1,−l (Qi))}∞n=1 forms a neighborhood base inQi for the

componentRx,0. Thus, for eachm> 0 and eachn >m, eachRx,m is in the interior (relative

to the subspacẽF−1,−m(Qi)) of some componentEx,m,n of Qi ∩ (⋂16l6n F̃−1,−l (Qi))
and, moreover, the collection{Qi ∩ (⋂m6l6n F̃−1,−l (Qi))}∞n=1 forms a neighborhood
base for the componentRx,m of B̃m. In fact, if ξ > 0, there is someN0 such that if

n > N0, x ∈ B̃0, thenDξ(Rx,0) ⊇ Qi ∩ (⋂16l6n F̃−1,−l (Qi)). Thus, for eachm, there

is someξ ′m > 0 such that for eachx in B̃m, (F̃−1,−m)(Dξ ′(Rz,0))⊆Dξ (Rx,m), wherez=
F̃−1,−m−1 ◦ (F̃−1,m)

−1(x). It follows that if x is in someB̃m, limn→∞ ν(Rx,m,Ex,m,n)=
0. Thus,Rx is dense iñB.

Further, if Rx ∩ Ry 6= ∅ for somex,y in B̃, thenRx = Ry . Thus,R = {Rx : x ∈⋃
n>0 B̃n} partitions the set

⋃
n>0 B̃n. It follows that

⋃
n>0 B̃n is connected, that̃B is a

continuum, and thatR is uncountable. Then, finishing with essentially the same argument

as in the proof of Theorem 3.8, it follows that̃Λi is an indecomposable continuum.2
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The last proof is just an appropriately modified version of the corresponding proof in
the last section. That is also the case with the remaining results in this section, and thus we
omit the proofs.

Theorem 3.11 (Intermingling Theorem).Suppose thatF is a diffeomorphism ofR2, p̃1

andp̃2 are hyperbolic saddle fixed points forF , andF satisfies the following conditions:
(1) for i = 1,2,Wu(p̃i ) intersects transversallyWs(p̃i) in a point other thañpi ,
(2) for i = 1,2,Wu(p̃i ) is nowhere dense inR2,
(3) p̃1 /∈Wu(p̃2), butWu(p̃1) intersectsWs(p̃2) transversally at some point, and
(4) for i = 1,2, and for some quadrilateralQi containingpi in its interior,F satisfies

the strong lockout property onQi .
Then
(a) each ofΛ1 = Wu(p̃1) andΛ2 = Wu(p̃2) is an indecomposable continuum and

Λ1⊃Λ2, butΛ1 6=Λ2;
(b) there isε > 0 such that if for each integerj < 0, Fj is a diffeomorphism onR2

such that for eachq ∈ R2, |F(q)− Fj (q)|< ε, and |DF(q)−DFj (q)|< ε, then
for some open setoi containing p̃i , the sequenceoi,F−1,−1(oi),F−1,−2(oi), . . .

converges in the Hausdorff metric onR2 to a unique limit pointΛ̃i , which is an
indecomposable continuum; and

(c) for i = 1,2, Λ̃i = {q: (F̃−1,−n)−1(q) ∈ oi for all sufficiently largen}, and Λ̃2 ⊂
Λ̃1, butΛ̃2 6= Λ̃1.

Proof. ThatΛ1=Wu(p̃1) andΛ2=Wu(p̃2) are indecomposable continua follows from
Barge’s Theorem, if we note that each branch of eachWu(p̃i) is dense inΛi because
of the Lambda Lemma. It also follows from the Lambda Lemma thatΛ2 ⊂ Λ1. Since
p̃1 /∈Wu(p̃2), Λ2 6=Λ1.

Applying the Horseshoe Theorem, fori = 1,2, we can find an open setoi contained in
Qi and containing̃pi such thatoi is homeomorphic to[0,1] × [0,1], and such that for
some positive integerN , FN is a hyperbolic horseshoe onoi . Without loss of generality,
we can think ofoi as being a quadrilateral in the plane. SinceFN is a hyperbolic horseshoe
on oi , for almost every pointx in oi , there is some positive integerNx such thatFNx (x)
is not inoi . Thus, Theorem 3.9 applies toFN on oi , and we can chooseε′ so small that
Theorem 3.9 is satisfied forFN on oi relative toε′. Then chooseε < ε′ so that for anyN
diffeomorphismŝF1, F̂2, . . . , F̂N satisfying|F(q)− F̂j (q)|< ε, and|DF(q)−DF̂j (q)|<
ε for eachq inR2, then|FN(q)− ˜̂F 1,N(q)|< ε′, and|DFN(q)−D˜̂F 1,N(q)|< ε′ for each
q in R2. The result follows. 2
Corollary 3.12 (Intermingling theorem for the fluid flow map).Suppose thatF is the fluid
flow diffeomorphism. Then

(a) Λi = Wu+(pi) = Wu−(pi) andΛi+1 = Wu+(pi+1) = Wu−(pi+1) are indecom-
posable continua which both contain the point∞, but neither intersect any Cyl◦j ;

(b) Λi is contained in the boundary∂S+(xi) of S+(xi) andΛi\{∞} = {q: F−n(q) is
in Qi for all sufficiently largen};
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(c) there is ε > 0 such that if for each integerj < 0, Fj is an area preserving

diffeomorphism onR2 such that for eachq ∈R2, |F(q)−Fj (q)|< ε and|DF(q)−
DFj (q)|< ε, then in the Hausdorff metric, the sequenceQi,F−1(Qi), F̃−1,−2(Qi),

. . . of continua inR2 has a unique limit point̃Λi which contains∞ and is an
indecomposable continuum, but does not intersect any Cyl◦

j ;

(d) Λ̃i is contained in the boundary∂S̃+(xi) of S̃+(xi) and

Λ̃i\{∞} =
{
q: (F̃−1,−n)−1(q) is inQi for all sufficiently largen

}
,

and
(e) for j > i,Λi ⊃Λj , butΛi 6=Λj .

Proposition 3.13. Suppose thatF is a diffeomorphism ofR2, p̃1 and p̃2 are hyperbolic
saddle fixed points forF , there is a connected segmentU1 of the unstable manifoldWu(p̃1)

of p̃1 and a connected segmentS2 of the stable manifold of̃p2 which have the same end
points, one componentJ ofR2\(U1∪S2) contains a fixed pointz0, and another component
J ′ (6= J ) of R2\(U1∪S2) contains another fixed pointz1. Then each arc fromz0 to z1 must
intersectWu(p̃1).

Proof. Suppose there is an arcγ from z0 to z1 which does not intersectWu(p̃1). Then
γ must intersectS2. Then for eachn > 0, F n(U1) is a connected segment of the unstable
manifoldWu(p̃1) of p̃1 andFn(S2) is a connected segment of the stable manifoldWs(p̃2)

of p̃2 which have the same end points, andFn(J ) is the component ofR2\(U1 ∪ S2)

that contains the fixed pointz0, andFn(J ′) is the component ofR2\(Fn(U1) ∪ Fn(S2))

contains the fixed pointz1. Thenγ must intersectFn(S2) for eachn, so there is a point
xn ∈ Fn(S2) ∩ γ . Since asn increases, the length ofFn(S2) converges to 0 and the
segmentsFn(S2) converge to the point̃p2, the sequencex1, x2, . . . converges tõp2. But
this means that̃p2 is inWu(p̃1)∩ γ . Thus, we have a contradiction.2

Finally, putting all the fluid flow results together, we have our main fluid flow result.

Theorem 3.14 (Main fluid flow theorem, with and without noise).Suppose thatF is the
fluid flow diffeomorphism. There isε > 0 such that if for each integerj < 0, Fj is an
area preserving diffeomorphism onR2 such that for eachq ∈R2, |F(q)−Fj (q)|< ε and
|DF(q)−DFj (q)|< ε, then for eachi ∈Z,

(1) CQi = {x: Fn(x) ∈Qi for all n ∈Z} is an invariant Cantor set inQi ;
(2) Zi = {x0: the trajectory{xj }∞j=−∞ is contained inQi} is a Cantor set inQi ;

(3) Λi =Wu(pi) is an invariant indecomposable continuum, in the Hausdorff metric
the sequenceQi,F (Qi),F 2(Qi), . . . of continua inR2 has the unique limit point
Λi , andΛi contains∞, but does not intersect any Cyl◦j ;

(4) in the Hausdorff metric, the sequenceQi,F−1(Qi), F̃−1,−2(Qi), . . . of continua in
R2 has a unique limit point̃Λi which is an indecomposable continuum and which
contains∞, but does not intersect any Cyl◦j ; and

(5) each arc from Cyli to Cyli+1 must intersectΛi andΛ̃i .
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Remark 3.1. Thus, in the noisy case, each continuum̃Λi gets “caught around” all
subsequent cylinders, as does each continuumΛi . It follows that the complement of each
Λ̃i consists of infinitely many connected components.

It is frequently the case that whenp is a hyperbolic saddle fixed point for an area
preserving diffeomorphism on a 2-manifold that each branch of the unstable manifold
Wu(p) is dense in some open seto containingp. For example, this is the case for the
hyperbolic toral automorphisms. In this situation, Barge’s Theorem does not hold because
condition (B1) is not satisfied. However, in such a case, an indecomposable continuum
is still involved, as the next theorem demonstrates. This result has been independently
obtained by Marcy Barge [3], who used other techniques to prove it. It may describe the
situation when we consider our fluid flow diffeomorphismF , when we restrictF toR2, to
be the lift of a diffeomorphism̃F onS1×R, with projection mapϕ :R2→ S1×R defined
so thatϕF = F̃ ϕ. ThenΛ̃= ϕ(Λ0) is a continuum inS1×R, ϕ(p0)= p̃0 is a saddle fixed
point for F̃ , andWu(p̃0) just keeps “wrapping around” itself. Thus, it may well be dense
in an open set that contains̃p0.

Theorem 3.15.Suppose thatX is a compact2-manifold (with or without boundary),
F :X → X is a diffeomorphism, andp is a hyperbolic saddle point forF which is
not in the boundary∂X of X (if X has a boundary). Further, suppose that one branch
Wu+(p) of the unstable manifold ofp intersects the stable manifoldWs(p) in a point
other thanp, but thatWu+(p) andWs(p) do not contain an arc in their intersection.
(Homoclinic tangencies are allowed.) Then there is a homeomorphismh :X → X, a
continuous surjectionf :X→X, and an indecomposable continuumΛ in X such that

(1) fh= Ff (that is,h factors overF ),
(2) h(Λ)=Λ,
(3) f (Λ)=Wu+(p), and
(4) for x ∈X, the preimagef−1(x) is either a single point or an arc.

Proof. SinceF is a diffeomorphism,Wu(p) is a smooth curve, and it is a one-to-one
image of the reals. Thus, at each pointx of Wu(p) there is a unique tangent lineLx
and a unique lineNx perpendicular toLx . There is a one-to-one, continuous function
α :R→Wu(p) such thatα([0,∞)) =Wu+(p). Without loss of generality, assume that
F(Wu+(p)) = Wu+(p) (otherwise replaceF by F 2). There is a continuous function
β :R→ (0,1] such that (1)β(0) = 1, (2) β(x) = β(−x), (3) limx→±∞ β(x) = 0. (We
might take the functionβ(x)= 1/(1+ x2), for example.) Next “slice” the spaceX along
Wu(p) and at each pointx = α(tx) of Wu(p), insert a closed line segment̃Nx into the
spaceX of lengthβ̃(tx) 6 β(tx) which is centered atx and lies along the lineNx , with the
resulting functionβ̃ : [0,∞)→ (0,1] continuous and decreasing. (We assume that these
inserted intervals̃Nx are all disjoint.) LetN = {Ñx : x ∈Wu(p)} and letN+ = {Ñx : x ∈
Wu+(p)}. There is a continuous one-to-one surjectionφ :R× [−1,1] →⋃

N such that
for each(t, ε), φ(t, ε) = α(t), andφ({t} × [−1,1])= Ñt . The result of all this is a new
spaceX̃, which is homeomorphic toX in a natural way, but which has the property that
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X is a quotient ofX̃. Precisely, letM = N ∪ {{x}: x /∈⋃N }. ThenX is the quotient
spacẽX/M and the map̃f : X̃→X defined byf̃ (z)= x for eachx in

⋃
N , z ∈ Ñx , and

f̃ (x)= for x /∈ (⋃N ) is continuous and monotone. Thus, the mapf̃ is the quotient map
of X̃ toX. By construction, there is a homeomorphismg : X̃→ X (and, of course,g 6= f̃ ).
Note thatφ(R× {1})∩ f̃−1(Ws(p)\{p}) 6= ∅.

There is a homeomorphismh : X̃→ X̃ induced byF : Defineh(x) = f̃−1F f̃ (x) for
x /∈ ⋃N , and for z = φ(t, ε), z ∈ Ñx ∈ N , define h(z) to be the unique point in

ÑF (x) ∩ (φ(R× {ε}) (i.e., h(Ñx) = ÑF (x) for Ñx ∈ N , andh(φ(R× {ε}) = φ(R × {ε})
for ε ∈ [−1,1]). Thus,h is one-to-one and onto. A little checking reveals thath is also
continuous, so thath is a homeomorphism. Further,̃f h= F f̃ .

Finally, we need to prove thatφ([0,∞)× {1})= Λ is an indecomposable continuum.
Sinceφ([0,∞)×{1}) is connected, andX is compact,Λ is a continuum. NowWu+(p) is
dense inWu+(p), and, because of the hyperbolicity atp, for eachty in [0,∞), α([ty ,∞))
is dense inWu+(p). Further, for 06 s 6 t, α([s, t]) is nowhere dense inWu+(p). Then
φ([ty,∞) × {1}) ⊆ f̃−1(Wu+(p)) and is dense inφ([ty,∞)× {1}) = Λ, and forε ∈
[−1,1], ty ∈ [0,∞), φ([ty ,∞)× {ε})⊇ φ([0,∞)× {1})=Λ. LetC = φ([0,∞)×{1}),
and forε ∈ [−1,1], let Cε = φ([0,∞)× {ε}). Note thatf̃ |Cε :Cε→Wu+(p) is one-to-
one and onto.

Suppose thatΛ is decomposable. Then there exists some proper subcontinuumH of Λ
such thatH has interior relative to the subspaceΛ. There exist 4 numberst1< t2< t3< t4
such thatα(ti )= yi, C ∩ f̃−1(yi)= zi, andz1, z3 are not inH , while z2, z4 are inH .

Suppose thatO is an open set inX that containsp, is homeomorphic to an open disk,
and is sufficiently small thatWu+(p) separatesO , as well as any open subset ofO that
containsp. Thenf̃−1(O) is an open set that contains̃Np . There is a positive integerN such
thath−N(zi) is in f̃−1(O) for each 16 i 6 4. Fori = 1, andi = 3, there are arcsM1 and

M3 such thatMi andÑh−N(zi ) intersect in an arc,Mi containsh−N(zi) in its interior, both
endpoints ofMi are in

⋃
|ε|<1Cε , and(M1 ∪M3)∩ h−N(H)= ∅. There is some segment

[tz, tz′ ] in R such thatφ([tz, tz′ ] × {1/2}) intersects eachMi and is contained iñf−1(O),
and there is somet0 such thatφ([0, t0] × {1/2}) intersects eachMi and is contained in
f̃−1(O). ThenS =M1∪M3∪ φ([tz, tz′ ]× {1/2})∪ φ([0, t0]× {1/2}) separates̃f−1(O),
and one component of̃f−1(O)\S contains the pointh−N(z2) of h−N(H) but not the point
h−N(z4) of h−N(H). But S does not intersecth−N(H), while it does separateh−N(H)
(sinceh−N(z2) is “inside” S andh−N(z4) is “outside” S). ThenS separatesh−N(H),
which is a contradiction toh−N(H) being a subcontinuum ofΛ. 2
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