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1. INTRODUCTION

This paper deals with some classes of elliptic equations which are pertur-
bation of the problems with the critical Sobolev exponent — Ay = y» +2/N=2)
on RY, N> 3. Precisely, we will study the existence of positive solutions of
problems like

—Adu=u? +¢e¥(x, u), 1
{u>0, ue 2-3RY), (D

where, throughout the paper, we take

_N+2

DL N
P=N3
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In the first part of the paper we deal with the case that ¥ = K(x) u” when
(1) becomes
—Au=[1+¢eK(x)] u?, 2)
u>0, ue 2-3RY).

This is motivated by the scalar curvature problem in differential geometry,
first posed by Nirenberg [ 26]. Let (M, g,) be an N-dimensional Riemannian
manifold and let S, be its scalar curvature. The problem is to find a metric
g conformal to g, such that the corresponding scalar curvature is S. Letting

g=u*"=2g . N>2 one is led to solve the elliptic equation
4N—1)
—mzﬂgou-i-Sou:Su". (3)

Here 4, denotes the Laplace—Beltrami operator. If M = RY, go=> dx? is
the standard metric and S=1+¢K, then (S,=0 and) the problem
becomes just (2), up to an uninfluent constant.

In general, there are several difficulties in facing this problem by means
of variational methods. In addition to the lack of compactness, there are
more intrinsic obstructions involving also the local behaviour of S and the
nature of its critical points. For example, as a consequence of a Pohozaev-
type identity, if u is any positive solution of (3) (with M =R" and g, the
standard metric), then |gv <{S’(x), x> u?*'=0 provided u — 0, |Vu| - 0 as
|x| = oo. In particular, there are no positive solutions of (3) with such an
asymptotic behaviour if {S’(x), x> does not change sign.

The prescribing scalar curvature problem has been widely investigated,
see [4, 5, 10-13, 15, 18-21, 24, 28, 29, 31] and [6, 7, 14, 257 for the case
of M =R",

One group of existence results have been obtained under hypotheses
involving the Laplacian A4S at the critical points & of S, see [12] for
M=S?[5] for M=S3, and [20, 21] for M =S¥, N> 3. For example, in
[5] it is assumed that S is a Morse function and

A8(&)#0, V& S'()=0.

Then, if m(&) denotes the Morse index of the critical point &, problem (3)
on the standard sphere S* has a solution provided

Yo (=)@ % 1,

48(¢) <0
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The result has been extended to any S%, N >3 in [20, 21]. Roughly, it is
assumed that there exists , N—2 < f <N, such that

N
S(y)=S0)+ Y a;|y,|” +hot, (4)
j=1
where a; #0, 3 a; #0. Let Z={&:8'(£)=0, X, a,<0} and (&) =%{a;:
S'(¢)=0, a;<0}. Then (3) has a solution provided

Y (=D #E(=DN, (5)
teZ
See Theorem 0.1 of [20]. The case that f =N —2 is handled in [21] under
some further condition on the curvature S.

In the present paper we restrict our attention to curvatures close to a
constant, S =1+ ¢K, and improve the preceding results because we require
a condition like (4) allowing any fe ]J1, N[ and assume merely (5).
Actually, this is a particular case of more general results, see Theorems 3.7
and 3.11 in Section 3. Since it has been pointed out in [20, 21] that, in
general, (3) could have no solution if f < N — 2, the fact that we are dealing
with curvatures close to constant is essential. We finally mention that per-
turbed problems like (2) are also discussed in Section 6 of [20] (see also
[13] for a previous results) under some further algebraic condition on the
top order terms in the Taylor expansion of S.

Our approach is completely different from the ones used in the above-
mentioned papers and relies on a suitable use of an abstract perturbation
method in critical point theory discussed in [ 1, 2] Solutions of (1) are the
critical points on 2% ?(R¥) of

_1 2 1 p+1
fwy=5 | Vel =g | eR)unt

For ¢ =0 the unperturbed functional f,, has a manifold of critical points Z
of points of the form

W NMzo(x=E)/w),  wu>0, EeRY,

where
20(x) = Cy (14 [ V2, Cy=[N(N—2)] V-2

denote the “fundamental” solution of (2) with ¢ =0. Consider the functional

1
M = | K+ 2 ) dv
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After an appropriate finite dimensional reduction, variational in nature,
one shows that “stable” critical points on R+ x RY of I' correspond to
points on Z from which “bifurcate” solutions of (1) whit ¢ #0.

Unlike other applications, cfr. [1, 2], here the above abstract setting
cannot be used in a straightforward manner. First of all, it is convenient to
extend I” to 4 <0 by continuity and symmetry. This extended I" has, for
1 =0, the same critical points of K. But these critical points of the type
(0, ¢) do not give rise, in general, to solutions of (2). For example, let
K'(0)=0 and <K'(x), x» <0, Vx #0. Then

1
_p+1

x—£&

I'(q), 4> |, K.x> 2 (ﬂ) de<0,  g=(u¢).

Thus, the extended 7" has its unique critical point at 4 =0, £ =0, while (2)
has no positive solutions. It is just to prove that /" has a critical point with
1 >0 that a condition on the critical points of K comes out in a natural
way. To give an idea of the arguments, let us consider the specific case that
K is a Morse function and

AK()#0, V& K'(E)=0.
One shows that D2 .I'(0, &) =0 while
D2 I(0,&)=c-AK(),  ¢>0.

It follows that the Morse index m([I, &) critical points (0, &) of I is the
same as the Morse index m(K, &) of the critical point & of K if 4K(&) >0,
while m(I, &) =m(K, &)+ 1 if 4K(E)<0. Then a degree theoretical argu-
ment readily implies that I must possess at least a critical point (u, &) with
u >0, giving rise to a solution of (2).

An advantage of our approach is that it gives rise to proofs that are
rather simpler than the ones of, e.g., [20, 21]. It also highlights that, in
general, the critical points we find are not mountain pass nor constrained
minima of f, but they have a large Morse index. This can be useful to
provide the correct insight in facing the nonperturbative case.

In Section 4 we consider the case that K is radial. In such a case our
perturbational approach becomes very simple and yields a quite general
and neat existence and multiplicity results that require only conditions on
the qualitative behaviour of K at r=0 and r = co. For example, we show
that a positive solution of (2) exists provided K is radial, K(0)=0, and
rK(r)e L\([ 1, o0), ¥¥N =1 dr), for some a <N. See Theorem 4.2. See also
Theorems 4.4. and 4.5 for other existence statements. In addition we can
also handle periodic K, see Theorem 4.9. The radial case has been studied
in [6, 7]. A comparison with those results is made in Remark 4.6.(iii).
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In the second part of the paper, see Sections 5 and 6 below, we take
¥ = hu? + Ku?

and either ¢=1 and N>4, or K=0 and 1<g¢g<p. The same abstract
setting applies to these cases, too, yielding several existence theorems for
the problem

—Au=ceh(x)u?+[1+eK(x)] u?, xeR". (6)

Roughly, the presence of hu?, with 1 <¢g<p, permits us to find rather
general results. For example, we show that if ¢g=1 and K=0, then a
positive solution of (6) exists for |&| small provided N >4, h has compact sup-
port and is not identically zero. It is worth pointing out that here we do not
need to require 4> 0. The results of Sections 5 and 6 are new, to the best
of our knowledge. Indeed, usual variational techniques would, in general,
require more restrictive assumptions on 4 to overcome the lack of compact-
ness.

Finally, let us remark that, according to the local L* estimate by
Trudinger [30] and a standard bootstrap argument, the solutions we find
are classical C? solutions. See also [8].

Notation

If x, yeRY, {x, y> and |x|? denote, respectively, the euclidean scalar
product and the euclidean norm.

If Q< RY and he C(Q, RY) the topological degree of 4 with respect to
Q and 0 (when it is well defined) is denotes by deg (4, 2, 0). The local
degree (i.e., the index of) an isolated solution p to 2#=0 is denoted by

degloc(ha P)
We will work mainly in

@1’2(|RN) — {u e L2N/(N—2)( RN)

J |Vu|? dx < oo}
RN

that coincides with the completion of C°(R¥) with respect to the L>-norm
of the gradient.

If E is a Hilbert space and fe C*(E, R) is a functional, we denote by f”
its gradient.

A critical point of f'is a u € E such that f'(u) = 0. We set Crit(f) = {ueE:
f'(u)=0} and Crit(f, a) = {ueCrit(f): f(u)=a}.

If ueCrit(f) we denote by m( f, u) the Morse index of u, namely the
dimension of the subspace where D?f(u) is negatively defined.
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2. THE ABSTRACT PERTURBATION METHOD

In this section we state the abstract results we will use in the rest of the
paper. They are closely related, but not equal to those discussed in [1, 2]
(for other perturbation results see also [ 3]) and are reported below for the
reader’s convenience.

Let E be a Hilbert space and let f,, Ge C*(E, R) be given. Consider the
perturbed functional

felu) = folu) —eG(u).
Suppose that f, satisfies

(1) fo has a finite dimensional manifold of critical points Z; let
b= fy(z), for all ze Z;
(2) for all ze Z, D?*fy(z) is a Fredholm operator with index zero;

(3) for all ze Z there results T,Z = Ker D?fy(z).

Hereafter we denote by I the functional G .

THEOREM 2.1. Let f, satisfy 1-3 above and suppose that there exists a
critical point Ze Z of I such that one of the following conditions hold:
(1) Z is nondegenerated,
(i) Zz is a proper local minimum or maximum;
(1) Zz is isolated and the local topological degree of I at Z,
deg,,(I"', 0) is different from zero.

Then for |&| small enough, the functional f, has a critical point u, such that
u, >z as e¢—0.

The proof lies, roughly, in three steps.

Step 1. Using assumptions 1 and 2 and the implicit function theorem,
one finds for |¢| small a manifold Z,, locally diffecomorphic to Z, whose
points have the form z + w(e¢, z), where w L T,Z and verifies ||w| = O(¢) as
¢ — 0. Furthermore, the critical points of f, constrained on Z, give rise to
critical point of f,, namely to solutions of f,=0. This fact will be expressed
by saying that Z, is a natural constraint for f,.

Step 2. One shows that, for ue Z,, there results
fu)y=b—el(z)+o(e), (e—0).

Step 3. Step 1 and the preceding formula allow us to show that after
perturbation Z gives rise to critical points of f, which are close to z. Let us
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point out that case (iii) is not explicitly considered in [1, 2] but can be
readily handled with the arguments therein.

Remark 22. If Zy:={zeZ: I'(z)=min, I'} is compact then one can
still prove that f, has a critical point near Z,. The set Z, could also consist
of local minima and the same for maxima. Likewise in statement (iii)
we could allow that I” has an isolated set of critical points % such that
deg(I"', 2,0)#0, where 2 is an open bounded neighbourhood of ¥.

Remark 2.3. According to the results of Section 3 of [2] we can
evaluate the Morse index of u,. Precisely, if I” is nondegenerated, then for
&> 0 small one has m(f,, u,)=m(f,, z) + m(—1T, z). Let us recall that the
functional I" in [2] corresponds to — I here. Actually, f, had in [2] the
form f,=b+ el + o(¢).

Let us explicitly point out that in the above arguments we do not need
to assume that Z is complete.

3. THE SCALAR CURVATURE PROBLEM

In this section we deal with problem (2), namely
—Adu=[1+eK(x)] u?, u>0.

3.1. The Unperturbed Problem

Let K be bounded, let E=2“2%RY), and consider the functional
f.: E—> R by setting

flwy=5 | 1vul*~ Hj S K o)

where u, =max{u, 0}. Plainly, f, € C*(E, R) and any critical point u € E,
u#0, of f, is a solution of (2). Moreover, according to [8, 30], u is
smooth. It is also easy to check that u > 0. Actually, using as a test function
u_ =min{u, 0} from (f(u),u_)=0 it follows that u>0. Thus the strong
maximum principle yields u > 0.

As pointed out in the Introduction, if ¢ =0 the positive solutions of (2)
are given by

2, ) =~ V=D <x_5> (8)
u

where 1 >0, e R”, and

2o(X) = Cx - (1 +[x|>)~M2 Cy=[N(N—-2)]"V=2"
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Letting
Z={z,¢lu>0,E,cRY}, (9)

Z is a N+ 1 dimensional manifold of the critical points of f,. It is worth
pointing out that Z < W%2(R") when N > 4.

In order to apply the abstract setting we will check the assumptions on
fo introduced in the preceding section. The following lemma is essentially
known. In particular, for the nondegeneracy condition (statement 3 below)
we refer to [27]. However, we report a sketch of the proof for the reader’s
convenience and to make the paper as self-contained as possible.

Lemma 3.1. f, satisfies the following properties:

. dmZ=N+1
2. D?*y(z)=1I— C where C is compact.
3. T, :Z=ker {D*y(z, )} =« Z"*R").

Proof (Sketch of Proof of 3). It is always true that 7, .Zc
ker{ f5(z, ¢)}. We will show the converse, ie., that if ue 2" R") is a
solution of

—Auzpz/’l’,_élu (10)
then ue T, :Z, namely
u=oD,z, :+<{V. .z, ¢ b), aeR, b=(fy,.., Bxy)eR".

Let us denote by D,, D, the derivatives with respect to the parameters u
and &, respectively. In particular, in our case D, =V . Up to a translation,
we can assume that £ =0 and, for simplicity of notation, we consider u = 1.
We look for solutions ue Z%2(RY) of (10) of the form

u=Y Yur) Y(0),  where Y, (r)= | utr0) vi(0) a0,

SN-

and Y, denotes the kth spherical harmonic satisfying (4 ¢~v-1 stands for the
Laplace—Beltrami operator)

kK(N+k—2) Y (0)+ (dgn-1Y,(0))=0. (11)

For k>0 one finds

" N_l !/ -
<‘ k—,t/fk> Yi—Ydsn—1 Y= pzli =", Yy,
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hence by (11),

CON—1 ., k(N+k-2) )
Ve, Vit 2 Y= pzl =y (12)

and by standard regularity theory, ¥,(0)=0 if k> 1. Notice that if k=0
one has

. N—-1 | _
- 6_ l//():p2£ IWOa
r

and then w=D,,z, is a solution of (12) which belongs to Z"*(R"). If we

look for a second linearly independent solution of the form u(r) = c¢(r) w(r),

we will check that « is not in 2%(R"). A direct computation gives

(N=1)
r

1

—("w+2c'wW +ew”) — (c'w+ew')=pzP~cew

and, because w is a solution,

N—1
—c"w—c <2w’ —()w> =0.

r

Setting v = ¢’ we obtain

namely

1 (r2+ 1))
v(r):r(N_”w2(r)~ pN=D

where C is a constant. This implies ¢'(r) ~ ¥ =2 as well as

VN_2

u(r)~ C (1 +r5)&=-22

as r — co. Hence u¢ L?*+1 and a fortiori, u¢ 2% *(R¥). Next, by derivation
into the equation, we get that z(r) (ie., the radial derivative) is a solution
to (12) for k =1. Moreover, the same argument as in the case k =0 shows
that a second linearly independent solution has the form

r

s ~T as r— 0.
(1+V2)N/2

u(r)~ Cr™

Thus, u¢ L? 1.
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For k=1 we set

N-—1 kK(N+k—2
e N

r

Since A, has a solution z, with constant sign in re (0, c0), then it is a
ground state corresponding to the principal eigenvalue 2 =0. Then 4, is a
nonnegative operator.

Finally, if £ >2, we can write

0
A=Ay + 5y,

where 0, =k(N+k—2)—(N—1)>0 if k>2 and therefore 4, is a positive
operator for k = 2. In particular, it follows that the problem corresponding
to k=2 has no solution. |

Remark 3.2. For future reference, let us point out that if we look for
radial solutions we will work on E, = {ue 2"*R"): u=u(|x|)} and hence
the critical manifold becomes Z,= {u =N ~=2"2zy(x/u): u>0}. In such a
case dim(Z) =1 and Lemma 3.1 still holds. Indeed, the kernel of the second
derivative is the space of solutions of the case k=0.

Applying the abstract method we find the perturbed manifold
Z,={z e twleu, &), lw(e)]=0(e)

which is a natural constraint for f,. Moreover, according to the discussion
carried out in Section 2, there results

Sz etwle 2, ) =b—el(u, &) +ole),  (6—0),

where
(P+ D) ()= | Ko 2Lt (x) d

zy_NJ K(x)zp+! <x_é>dx
RN U

=£RN K(py +&) 25+ (p) dy.

Hereafter we will write I"(u, £) instead of I'(z, ). Similarly, we will speak
about critical points ¢ = (u, {) of I" instead of z,, ..
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3.2. Study of I

We begin by proving some general properties of I". First of all, it is
convenient to extend I” by continuity to x = 0 for all fixed & e R" by setting,

0, HJ K(&) zo( )7+ dy=coK(€),

where ¢o=(1+p)~" [gnvz§*'(y) dy. Moreover, one has

1
DI )= [ Ky +0 0 24 (0 b

Since [pv y,z8+(y) dy=0 for all i=1, .., N, then for the extended I" one
has

D,I(0,¢&)=0. (13)
As a consequence we can further extend I” by symmetry to R¥*! as a C!
function. We will use the same symbol /" for such a function.
Let us also explicitly remark that from (13) it follows

£ e Crit(K) < (0, &) e Crit(I). (14)
In Theorem 3.7 we will need the following lemma:
Lemma 3.3. Suppose that K e L*(RY) n CYRY) satisfies
(a) Ip>0:<{K'(x),x><0 Vx| =p, (15)
(b)  (K'(x), x> e LYRY), jRN (K'(x), x) dx <0.
Then there exists R>0 such that

(s 8, (s €)p <0 forall |u| +|E[ =R

Proof. Letting ¢ = (u, &), one has
(P+ 1T @) g) = | Ky + €.y 4 247 () dy

=;er CK'(x), x) z2+1 2O gy
RN H

::u_N[Jl,R+J2,R]>
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where
Jir=| <K'(x>,x>zg“<x_‘5>dx
Bp u

J2,R=J (K'(x), x> Z{)’“ <x;f> dx

RN — By

and By denotes the ball of radius R in R". From (15b), there exists R,
such that if R > R, then

I(R):= L (K'(x), x) dx <0.

Set g(x)=<K'(x), x>, g.(x)=max{g(x),0}, g_(x)=max{— g(x),0}
and

Max(u, &) :=max z§*! <x;é>

xe€Bp

Min(y, ¢) := min z§ ™! <X_’f )
u

xe€ By

One has

< Max(y, &) - fB 2., (x) dx — Min(y, &)- L g_(x) dx.

For |u| + |&| large there results

Cyp®y
M ~
ax(u, ¢) (1> + (R—[E))AHN
and
| CN,UZN
y N .
s &) = Ry 1A
Hence
tim MU

1+ 18— o0 Min(u, &)
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and I(R) <0 implies that J, z <0 provided u + || is large enough. Moreover,
by (15a) |x] = p = <{K'(x), x) <0.In conclusion, if |¢| > R =max{R,, p}, one
has that <I"(¢), ¢> <0 and the proof is completed. ||

We conclude this subsection by showing some lemmas concerning the
behaviour of I near the critical points of the type (0, &). Let

1 2
[ p+1 d ) 16
“ N(p+1)JRN|y| 2T () dy (16)
Lemma 3.4. Suppose that Ke L*(RY) n CARY). There results
Di,fif((), ¢)=0, Vi=1,.. N, (17)
D, 1(0, &) =c  AK(E). (18)

Proof. Formula (17) follows immediately from (13). For the latter, one
has by a straight computation

D2, I, &) =—— [ ¥ D3K(uy+&) y,3,25 () dy.

p+ 1 gn
Since
oy ) dy=0siz)

the lemma follows. |

More in general, one has

LEMMA 3.5. Given &eRY, suppose there exists f=p: 1<f<N, and
Q:: RN > R such that

{(a) 0:/x)=17Q¢, V=0, (19)
(b) K(x)=K(&)+Q0:x—&)+o(lx—¢lF),  as x—-¢&
and let
1
A= [ Q= )
Then
fi LU O=TO:0 _ 20,



130 AMBROSETTI, AZORERO, AND PERAL

Proof. Remark that Q.zZ*'eL'(R") provided f<N. By (19) we
immediately find that the above limit equals

! Q:uy) 1 .
mJRNéTZ‘) l(y)dyzlmJRNQz(Y)Zo () dy

and the result follows. ||

From Lemma 3.5 we infer:

LemmA 3.6. Let & e Crit(K) be isolated and suppose
(*) there exist f=p, € 11, N[ and Q,: RN > R, depending continuously
on y locally near &, such that A. #0 and there results
0,(4x)=21Q,(x), Vi=0,
K(x)=K(y)+ Qx—p)+o(lx—ylf), as x-p.

Then q= (0, &) is an isolated critical point of I" and there results

Aé > 0 = deglac(F,’ q) = degloc(Kla é)
Aé <0= degloc(r,9 q) = _degloc(K,9 é)

Proof. That g e Crit(I") has been pointed out in (14). From the assump-
tions it follows that 36 >0 such that 4, #0 for all y € B(¢, 6). From (20)
one infers that I'(u, y)~I'(0, y)+ A,u” for ye B(&, 6). This and the fact
that & is isolated implies that ¢ does. Let Ts=[ —d, 6] x B(&, J). For 6 >0
small the degree deg (I, T5,0) is well defined and the multiplicative
property yields

deg(F,9 T&’ 0) = degloc(K’s é) : deglﬂﬂ(DﬂF’ 0),

where D, I" denotes the map u+> D, I'(u, ). Using again (20) we infer
that deg,(D,I,0)=1, resp. —1, if A,>0, resp. 4.<0, and the lemma
follows. |
3.3. Main Existence Results
Let K satisfy the following conditions:
Assumption (K1). (Kl.a) KeL*(RY)n CYRY) satisfies (15);
(K1.b) K has finitely many critical points;
(Kl.c) for all ¢eCrit(K), (*) holds;
(KLd) ¥4 o degi (K, &) #(— 1)V
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THEOREM 3.7. Let (K1) hold. Then for ¢ small (2) has a (positive)
solution u, € 24 *RY).

Proof. Let R=p, where p is defined in (15). We set By ={xeR":
|x| <R}. Since (K'(x), x) <0 for all |x| =R(R > p), then one immediately
has

deg(K', BY,0)=(—1)",

This and the properties of the topological degree yield

Z degloc(K’: é) :(_1)N
& e Crit(K)
Since A, #0 for all £ e Crit(K), we can also write
(_1 z degloc K é + Z degloc K 5) (21)

A:>0 A:<0

Let €* denote the set of (u, &) e Crit(I") such that u>0. According to
Lemmas 3.3 and 3.5, ¥* is a (possibly empty) compact set. Since the
extended I"is even in g, then also €~ ={(—u, &): (u, )€€ ™} consists of
critical points of I. We claim:

LeMMA 3.8. There is a bounded open set Q < 10, c0) x RN with ¢+ < Q
such that

deg (I'", 22,0) #£0.
Proof. Using Lemma 3.3 we infer
deg (]_”9 B%Jrl’ 0):(_1)N+1

By contradiction, take an open bounded set Q with ¥+ c Q< ]0, o0) x RY
and such that deg (I, 2,0)=0. Let Q7 ={(—u, &): (1, £) e R} and set
Q'=Qu Q™. Of course one has that deg ("', 2, 0) =0 and hence

(—1)N+1=deg (I'"", BY+1\@', 0). (22)

According to (14) any ¢ € Crit(I")\% has the form g = (0, &), with ¢ e Crit(K).
Using Lemma 3.6 we infer that

deg (1—”’ Bg+1\§, 0) :Z degloc(rra q)

z degloc K é Z degloc K, f)

A:>0 A5<0
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Then (22) becomes
( 1)N+1 Z degloc K f Z deglac K, é) (23)
A:>0 A:<0
Putting together (21) and (23) we find
Z degloc(K,a é) = ( -1 )Na
A5<O
a contradiction with (K1.d). |

Proof of Theorem 3.7 completed. Lemma 3.8 allows us to apply
Theorem 2.1(iii) jointly with Remark 2.2 and this completes the proof. |

The following Corollary shows that Theorem 3.7 covers the cases
discussed in [5, 20, 211].

COROLLARY 3.9. Problem (2) has a (positive) solution u, € 2% *(R") for
le| small provided K satisfies (K1.a), (K1.b), and one of the following conditions:

(K2) A4K(&)#0 for each & e Crit(K) and

Z degloc( ) # ( - 1)

AK(E) <0

(K2") VEeCrit(K) 3pe 11, N[ and a; e C(RY), with Aé =>a;(&)#0
and such that K(x)=K(n)+ a;|x— 77|ﬁ+0(|x n|%) as x—n, for all y
locally near &. Moreover there results

z degloc(K,a é) #* ( —1 )N

A:<0

Proof. (K2) This is essentially the case handled in [5] (where it is
taken N=3 and it is also assumed that K is Morse). It suffices to take
p=2and Q.= D} K(&)(x—&)% As in Lemma 3.4 one finds A, = c; 4K(¢).
Hence 4, #0 and Theorem 3.7 applies.

(K2') This is the case discussed in [20, 21]. However, it is worth
mentioning that in those papers it is also assumed that a; #0 for all j. Here
one finds

A=Y a0 V=g () dy

and Theorem 3.7 applies. |
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Another example in which Theorem 3.7 applies is when
K(x)=K(&)+Y ap |x—nl’+o(lx—n|P) as x-—u,

where b = (by, ..., by) is a multi-index and f=1|b| e ]1, N[. In such a case
one finds, as in Lemma 3.4, that

oF B!

——5 10, f)zm

5 al&)-| ')y

Hence, setting

b— yZp+l( )dya

p+1JRN

and letting # denote the set of b whose components are all even integers,
there results

of

o ﬂF(O ¢)= Z a,(¢) Cy.

be#

Then, assuming that A%:=3, 4 a,(&) C, #0, condition (K1.d) becomes

Z degloc(K,a é) # ( -1 )N

Ar<0

Remarks 3.10. (i) Obviously there exists a natural counterpart of the
first statement of Corollary 3.9, when we take the reverse inequalities in
(15) and the corresponding condition Y 4z -0 (—1)" %< 1.

(i1)) A condition like (15) is somewhat needed. Actually, if K= K(r)
is radial, [ sVK'(s) ds >0 for all r>0 and IR >0 such that |} s"K'(s) ds >
[ sVK'(s) ds>0 for all r> R, then (2) does not have any positive radial
solution on R¥, see Theorem 5.13 of [14].

(iii) Suppose that I' has a nondegenerated critical point z=(z, &)
with >0 and let u, be the critical point of f, obtained by using
Theorem 2.1. Then we can use Remark 2.3 to evaluate the Morse index of
u,. Actually, one has that m(f,, zo) =1 (z, can be found by means of the
m-p procedure); if, for example, z is also a mountain pass critical point
then one finds:

e<0=m(f,,u)=14+m(l,z)=2

e>0=>m(f,u,)=1+m(—1I,2)=1+N.
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(iv) The solutions u, satisfy u,(x)=0O(|x|>~") as |x| - co. This
implies that the corresponding solutions of (3), through the stereographic
projection, are smooth.

We conclude this section by showing how condition (K1.b) can be
dropped. The arguments are quite similar to those discussed so far and
thus we will be sketchy.

Suppose that for all & e Crit(K) condition (*) holds and set

At ={CeCrit(K): 4,>0}, A~ ={leCrit(K): 4-<0}

Recall that, by (15) and (*), Crit(K)= 4" n ~ is compact and let U*
be neighbourhoods of .#"* such that deg(K’, U*, 0) is well defined.

THEOREM 3.11. Let K satisfy (Kl.a) and suppose that for all ¢ € Crit(K)
condition (*) holds and that

deg(K', U™, 0) #(—1)N.
Then for |e| small problem (25) has a positive solution u,e 2% *(RY).

Proof. Let €5 =1{(0,&)eRY: e *}. As in Lemma 3.6 one shows
that there exist neighbourhoods U* of €5 such that

deg(F’, V+, 0) =deg(Kla U+, 0): deg([”a V+a 0) = _deg(K,9 U_a 0)

Repeating the arguments used to prove Theorem 3.7 the result follows. [

4. THE SCALAR CURVATURE PROBLEM: THE RADIAL CASE

In this section we deal with the scalar curvature problem in the case in
which K is radial. We will see that in such a case assumption (K1) can be
greatly relaxed. Precisely, we will assume

(K3) KeL®(RM)nCYRY), K(x)=K(r), r=|x|, and r*K(r)e
LY[1, o), ¥N~1dr), for some x < N.

In this section, we shall work in the space %2 of radial functions of
2%2(RY) and hence we shall consider the critical manifold associated to
the unperturbed problem

Z, = {Zﬂ =pu~ W22z, <r> ‘,u > 0} ~RT.
u

It is easy to check that the arguments discussed in the previous section can
be repeated here to show that the abstract setting applies; see Remark 3.2.
In particular, one has

f‘s(z‘u_'_ W(E’ :u)) :b _ngrr(lLt) + 0(8)9
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where b= f(z,), wy is the measure of the unit (N —1)-sphere and
(p+ 1) Ty = [ KUY =700 5 = [ K 24440
0 0

Next we show:

Lemma 4.1. If (K3) holds then I'(u) — 0 as u — + o0.

Proof. We have (below a,, a,, a; denote positive constants depending
on N and « only)
’uN

— N1y
(’u2+r2)N

(p+ 1) I =ay [ KO

1 © K(r
Saz,u’Nfo K(r)yr¥—1 dr+a3,u°"1"f1 %VN’I dr.

Since r ~*K(r)e LY([ 1, o), ¥ ~dr) and a < N, the result follows. ||
Furthermore, as before we have:

(1) I, can be extended by continuity to 4 =0 by setting (p+ 1) I",(0)
=K(0)- g z5+ (r) XV dr;
(i1)) 7I'(0)=0 and hence I, can be further extended to R by symmetry.

We first deal with the case that K(0)=0, when the following general
result holds true.

THEOREM 4.2. Let (K3) hold and suppose that K(0)=0 and that K #0.
Then for |¢| small (2) has a positive radial solution u, € 2% 2.

Proof. We claim that I'(x) is not identically equal to 0. To prove this
fact we will use Fourier analysis. Let us introduce some notation. If

ge LY[0, o), dr/r), we define
dr
e

ALNs)=[ " roelr)

A is nothing but the Mellin transform, see [ 16]. The associated convolu-
tion is defined by

(xmis) =] e,

r;) r

There results .#[ gxh]=.4[g]-.#[h]. With this notation we can write

our I in the form
o N
r =[xz (D)2
0 wj\u) r
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We set m=N —a and

g(r)=K(r) r™, h(ry=z8*! <1><1>N—m.

r r

Remark that g, e LY([0, o), dr/r). There results I'(u)=pu""(gxh)(u)
and hence if, by contradiction, I'=0 then g x #=0 and one has

M[g]-M[h]=M[gxh]=0.

On the other hand, .#Z[ 1] is real analytic and so has a discrete number of
zeros. By continuity it follows that .#[ g]=0. Then g and hence K are
identically equal to 0, a contradiction proving the claim. Since I'(0)=0,
lim I'(u)=0 and I'#0, it follows that /" has a maximum or a mini-

U — 0O
mum at some /& #0. By a straight application of Theorem 2.1 jointly with
Remark 2.2 the result follows. |

We now consider the case that K(0) # 0. First, letting Ke C? we find as
in the previous section,

1 °9)
I7(0) = K"(0) . p+1 N+1 dr.
(i) TH(0) =~ K'(0)- | 27100 dr
In addition, using arguments similar to those carried out in the proof of
Lemmas 4.1 and 3.3 one can show:

Lemma 4.3.  Suppose that
K'(r)re LY (0, o), YN~ dr) (24)
and let

K :=foo K'(r) rN dr.
0

Then, if k <0, resp. >0, one has that I''(u) —>0~, resp. 0", as u — + 0.

THEOREM 4.4. Let (K3) hold. Then for |¢| small (2) has a positive radial

solution u, € 22 provided one of the following conditions is satisfied:
(a) Ke C?*RY)and K(0)-K"(0)>0;
(b) (24) holds and K(0) -x > 0.

Proof. (a) Let us suppose that, for example, K(0) > 0. Then (i) yields
r(0)>0. If K"(0)>0 then (iii) implies that 777(0)>0. Using also
Lemma 4.1 it follows that 7', has a (global) maximum at some g >0 and
(a) follows.
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(b) On the other hand, if (24) holds and, say K(0)<0 as well as
x <0, we use Lemma 4.3 to infer that I",(u) - 0~ as ¢ — + oo. Then I has
still a maximum at some g >0 and (b) follows. ||

In the following result we make an assumption on

y = ch K(x)(1+[x]2)~¥dx  and/or
RN

V= Cy [ K1+
0

THEOREM 4.5. Let (K3) hold. Then for |¢| small (2) has a positive radial
solution u, € 22 provided one of the following conditions is satisfied:
(a) y+#0 and y-K(0)<0;
(b) y=0and y #0.
Furthermore, in case (b) there exists a second positive radial solution
v, € 2% 2 provided y' - K(0) > 0.
Proof. (a) It suffices to observe that there results I'(1)=y/(p+1)
and hence by (i), I, has a maximum or a minimum at some z > 0.
(b) Since I'(1)=9" then [, has a maximum or a minimum in

(1, o0). If, in addition, y" - K(0) >0 then I, has another maximum or mini-
mum in (0, 1) yielding a second solution. |

Remarks 4.6. (1) Likewise in the preceding section we can substitute
the assumption that K”(0)>0 with weaker ones.

(i1) Tt is clear that one could state other possible existence results,
in the same spirit of the preceding theorems. For example, if K is bounded,
y=0, 9" #0, and 9'-K(0)>0 then (2) has a positive radial solution
(namely, r ~*K e L' is unnecessary in such a case). Similarly, if in Theorem 4.5
one has that KeC? ' =0 and I'}(1)=[g K"(r)(1+r*)""r¥*'dr+#0
then u=1 is a local minimum or maximum for I”, which gives rise to a
solution of (2).

(i1) Let us make a comparison with [6, 7]. The former deals with
the radial case only, but possibly not perturbative. In the perturbative case
our Theorem 4.2 improves Theorem 0.1 of [ 6], because we do not need to
assume here that K(oo):=lim,_, ., K(r) exists. Likewise Theorem 0.2 of
[6] is essentially covered by our Theorem 4.5(a). The remaining results of
[6] require various kind of conditions involving integrals such as y. Unlike
Theorem 4.5, these conditions are made in [ 6] jointly with further assump-
tions on the behaviour and decay of K(r) at r=0 and r = o0.

As anticipated in the Introduction, the solutions are found in [6] as
constrained critical points, either minima or m-p. The former ones corre-
spond to the case that our 7", has a minimum, the latter to a maximum
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(¢ >0). In particular, these critical points have Morse index < 2. According
to Remark 3.10(iii), this highlights that such a procedure cannot be
extended to handle the non radial case with ¢ >0 where the critical points
that give rise to solutions of (2) have a larger Morse index.

As for [7], it deals with the perturbative, radial case. Roughly, the
results proved therein have the following form: if xy,>0 is such that
I(1o)=0 and I'’(u,) #0 then (2) has a solution (of course, we are using
our notation). The condition I')(uy)=0 is deduced from the Pohozaev
identity, thanks to the homogeneity of the problem. However, this kind of
result is nothing but a particular case of the abstract Theorem 2.1. Indeed,
as we have shown before, the condition I')(u,)#0 is, in general, not
necessary. Let us also mention Theorem 3.2 of [7] dealing with pertur-
bative problems with nonradial K. This result is also a particular case of
Theorem 2.1. However, as we have stressed before, critical points of I” with
1 =0 do not give rise, in general, to solutions of (2), and this crucial point
is not discussed in [7].

In the next result we consider the case in which, instead of (K3), we
suppose that K(r) is periodic, namely

(K3') KeCXR"M), K(x)=K(r), K(r) is T-periodic and [ K(r) dr=0

Hypothesis (K3') allows us to use the following Riemann-Lebesgue
convergence result.

LemMa 4.7. Let Q=[0,T]" be a cube in R, and feL¥Q) be a
T-periodic function. Consider f,(x)= f(ux), then

-1
S Afz@fgfdx, weakly in LY (RY), as u— + o0

Lemma 4.8. If (K3') holds, then
I'()-0 pu—>+ow

Proof. Given ¢ >0, there exists R >0 large enough such that

1 ©
‘p—i—l K(r)z2* (r) Nt dr ép? HK(r)Hoof 22 () VT dr <.
R

On the other hand, the remainder integral over the interval 0 <r < R tends
to 0 as u— oo because of hypothesis (K3’) and the Riemann-Lebesgue
lemma. ||
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THEOREM 4.9. Let K satisfy (K3') and condition (a) of Theorem 4.4.
Then the same conclusion holds true.

Proof. 1t suffices to repeat the arguments used to prove (a) of Theorem
4.4 using Lemma 4.8 instead of Lemma 4.3. ||

Remark 4.10. Functions K(x) which are periodic in one variable have
been considered in [20, 21]. However, those results require an additional
nondegeneracy condition that is not needed here.

5. EXISTENCE RESULTS FOR PROBLEM (4), 1

In these last two sections we will study problem (6). First we deal with
the case that ¢ =1 that requires a restriction on the dimension. Precisely,
let us consider the equation

—Au=ch(x)u+[1+eK(x)] u?, xeRY, N>4. (25)
We will suppose that (Kla and b) holds and that / satisfies:

(hl.a) heC*RY)and X :=supp{h} is compact;
(h1b) <(H'(x), x> e LY (RY) and {I'(x), x> <O0.

We can repeat the general argument with
fdw) = fo(u) —eG(u),  ue 71, 2ARY),
where the perturbation is given by

A 1 1
— p+1_ Y/ 2
G(u) P RNK(x) u?’ +2 L h(x) u

Let us point out that 7, is of class C2 By the same kind of arguments as
above we find

Jelz,=b—el(u, &)+ o(e), (26)
where
-N
A M +1 x—¢ l 2-N L (X—¢
F_pi—f-l RNK(x)z{)’ < P >dx+2,u Lh(x)zo< u dx,

or, changing variables,

1
Fp, &)= Kluy +) 25 () dy+507 [ by +8) 23(7) .

1
p—l—l! 2



140 AMBROSETTI, AZORERO, AND PERAL
Let
= 2(1)) d
23 zo(y) dy.
RN
Notice that ¢, < co if and only if N> 4.

Lemma 5.1. Let (Kl.a and b) hold and suppose he L*(RY) n L*(R™).
Then there results

- 1
Jim P & =100 = [ K& 20 dy

If, in addition, he CHRY) one has:
hm Duf(ﬂa é) = Oa ﬂl—ig)l‘*' D/24, éif(,ua f) :O,

u—0t

lim Dj  [(u, &)= 4K(E) + cah(&). (27)

u—0t

Moreover, if (hl.b) holds then there exists R >0 such that for all g = (u, &),
|g| = R there results

(F'(g), 4> <0, (28)
Proof. Let
P &) =3p* | by +8) 230 dy

so that I'(u, &) =I'(u, &) + D(u, &). One has

proving the first statement. One also has
DB &) =p | by +Q) ) dy+iu [ CHluy+8). p> z0) dy
and, as before, we find

lim D, ®(u, &) =0.

u—0t

Similarly one shows that lim,_,,+ Di éi(P(y, £)=0, proving the second
statement. As for (27) one has

D}, @) =] My +) 2300 dy+2u [ Chluy+8). > zi(y) dy

+3u° JRN Ch"(uy +&) v, vy z3(p) dy.
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The last two integrals tend to 0 as u — 0% and since z, € L! one finds

ﬂlir& D ®(u, &)= c,h(&),

and (27) follows.
Finally, as for (28), there results

I'(q), q> =<T"(q), 4> + 31 fRN ' (py + &), uy + &> z53(y) dy.

Using (hl.b) one has that

I'(q), q) <<T'(q). 4,

and the result follows from Lemma 3.3. ||

The previous lemma allows us to extend, as in the previous section, by
continuity and symmetry, I to u <O0.

In the following, we deal, for simplicity, with K satisfying conditions
which are the counterpart of assumption (K2) in Corollary 3.9. It is easy
to check that the more general case related to assumption (Kl.c and d)
could also be handled. In view of (27) we set

X+ ={&eCrit(K): ¢, AK(&) + c,h(E) >0},
X~ ={¢eCrit(K): ¢, 4K(&) + ¢, h(&) <0, }
where ¢, is defined in (16).

THEOREM 5.2. Let (Kl.a and b) and (h1) hold and suppose that ¢, AK(&)
+c (&) #O0 for all & e Crit(K). Furthermore, assume

Y, degu K, &) # (=M. (29)
eX ™
Then for |e| small problem (25) has a positive solution u, € 2"?*(RM).

Proof. As in Lemma 3.6 one shows that ¢ =(0, &) is an isolated critical
point of 7" and there results

é € X+ = deglac(f,a 9) = degloc(K’= f)

é eX™ :degloc(fra q) = _degloE(K,D é)
Taking also into account the preceding discussion one can repeat the argu-
ment used in Section 3 to show that I has a critical point with x>0,

corresponding to a solution u, of (25). It remains to prove that u, > 0.
We know that u,=z,_, +w(0,, pt,, &) for suitable (,, 0,) near a critical

point of I" on 10, o0) x R¥. In particular the proof of Theorem 3.7 shows
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that (u,,0,) remain bounded for ¢<¢,. Then, up to a subsequence,
(0, 1) = (0, 1) and

W0, the, )l g1 2mmy — 0, as ¢—0.

By using the L* estimate in [30] on a ball B(0, R,) containing 2 and the
previous decay of the energy, we obtain

sup [, (x)| < C(Ro) [[w, || Lowiv-2 < C(Ro) [w, [ 1.2
xeBR0

Hence u, converges in L™ on Bg and in particular in X, the support of /.
Let # =infx€BR029’ﬂ(x) and let ¢, >0 be such that

n .
‘|W8HL°O(BRO)<§, it |ef <é.

For such ¢ the support of (u,) _ is disjoint with B and a fortiori with the
support of /. Consider the corresponding Euler equation

—du,=¢eh(x)u,+ (1 +eK(x))(u,)% ,

and integrating by parts we obtain (u,) _ =0. Then

multiplying by (u,)_
y,=0 and by the strong maximum principle we get u,>0 for |¢| small
enough. ||

As anticipated in he Introduction, in some cases we can take advantage
of the presence of /i to greatly weaken assumption (K1). First, we need a
lemma.

LeEMMmA 5.3. Suppose that Ke L'(RY)n L*(RY), K(x)— 0 as |x| = o
and let he LY(RY) n L*(RY). Then

lim  F(u, &)=0.

n+ 1&g - o
Proof. Let us proof separately that
(1) lim,u+|f|~>oo F(:ua f):o’
Proof of (i). If u—0 (and |{| - oo0) then the result follows by the
dominated convergence theorem, because
[K(py +&) 28 (I <Kl o 28+ € LY(RY)
and

lim  K(uy+¢&)z2 Y (y)=0 ae.
(1, &) > (0, 00)
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So we can assume that 4 — g€ (0, o0], and |u| + |&| = oo. Then
(P T &)= | K257 (8 ) dv= Dyt Do
u

where
I r=u Nj K(x)z"+1<x g>dx,
x| <R 2

L g=p=" K(x)zb*! <x—f> dx.
|x| >R H
Since u is bounded away from 0 then there exists C >0 such that
puNzg i (y)<C
and hence, given ¢ >0, by the integrability of K, we can choose R large
enough such that

I, g < lel . K(x)dx<e.

On the other hand, changing variables,
11,R=f K(uy+&) 28+ () dy
|y —&/ul <R/u

<IKl | 51 (y) dy.

|y —&/ul <R/ju

It is easy to see that the last integral tends to zero. Actually, z8*+! e L'(R")
and either y — oo or 4 — g >0. In the former case R/u, the radlus of the
domain of integration, tends to zero, in the latter the center &/u tends to
infinity and the radius is bounded.

Proof of (i1). 1If u — 0 the result follows as in Lemma 5.1. If ¢ — + o0 we
have that

D, O <3127V |11+ llzo 1% — 0.

Finally, when ¢ —» e (0, co) and |u| + |£] = oo the result follows from the
preceding formula and the fact that sup s z3((x — &)/u) = 0 as u — g e (0, ),
and |u| + [&] — 0. 1
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THEOREM 5.4. Suppose that Ke LY(RY) n CHRY), K(x)— 0 as |x| — oo,
K(x)=0, resp. K(x) <0 and that there exists &, € RN such that K(&)=0. In
addition, let h satisfy (hl.a) and be such that

h(éo) < —LAK(Zy),  rtesp. h(Eo)> — L AK(E,).
Cy ()

Then for |g| small problem (25) has a positive solution u, € 2% *(RY).

Proof. Let K>0 (the other case is similar). One has that 17(0, &,) =0
and

waf(o, Co) =1 4K(&o) + ¢, h(Eo) <O.

Using Lemma 5.3, we deduce that I" has a global negative minimum at
some (1, ¢). Since I'(0, &) = ¢, K(£) >0, we infer that >0 and the conclu-
sion follows. ||

It is worth completing the preceding result with the case when K=0.
Actually, in such a case one has that (0, &) =0 and

D2 10, &)= e, h(©).

Then, if / is somewhere positive (negative) then I has a positive global
maximum (negative global minimum), with x> 0. This implies:

THEOREM 5.5. Let h satisfy (hl.a) and be not identically zero. Then for
le| small

— Au=c¢h(x) u+ u?, xeRY, N>4 (30)

has a positive solution u, € 2" *(R"). Furthermore, if there exist &;, &, e RN
such that

h(&y)>0,h(¢,) <0
then for |e| small (30) has at least two distinct positive solutions in 2 *(RY).

In the next result we do not need N > 4.

THEOREM 5.6. Let he LY(RY) have compact support and suppose that
[ry h(x) dx #0. Then for |e| small

— Au=eh(x)u + u?, xeRY, N=3 (31)

has a positive solution u,e 2 *RY).
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Proof. By the Dominated Convergence Theorem, we find

j hx)z2 (= dx—>C§VJ h(x)dx#0, as u— .
RN y2

RN

Since 77(0,&)=0 and I1(0,&)—0 as |u|+|¢ — + oo (remark that the
proof of Lemma 5.3 does not make use of N>4) I has a global maximum
or minimum and the result follows. ||

Remark 5.7. The assumption that & has compact support has been
used only to prove the positivity of the solutions. Let us also emphasize
that we obtain positive solutions independent of the sign of / (and ¢).

6. EXISTENCE RESULTS FOR PROBLEM (4), 11

In this final section we deal with
— Au=c¢h(x) u? + u?, xeRY, (31)

where 1 <g<p=(N+2)/(N—2). In contrast with the preceding section,
here we neither assume N >4 nor that 4 has compact support, but merely
that he LY(RY) n L=(R™).

Let

Je= Jolu) —eG(u),

where

~ 1 1
G(H) —m IRN h(x) Hz_ .

Let us point out that G is of class C? because g > 1. As before, one finds

ﬂlsz—sf(ﬂ, <) +o(e), (32)
where

d
+1 huy + &) 28+ (y) dy

and §=(N—2)(g+ 1)/2. Since N> 6 we can repeat the arguments carried
out in Lemmas 5.1 and 5.3 to show that 7" can be extended to all of R x RY
and there results
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LemMMma 6.1. Let he L(RY) n L®(RY). Then there results:

(i) TI(0,&)=0;
(i) T, &)= 0 if |l +[&] - 0.

Proof. Let s and 5" be conjugate exponents and let s > N/(N —2). Then
zo € L* and, by the Holder inequality,

- X—é N X—é q+1/s
oz (5 ([, 5 (50 )

=N ezl g (1> 0).

Hence
[ D, O <MD=l o iz 195, (u>0).

Taking s such that N/(N —2)<s<2N/(N—2), one has that N(g+1)/s> 6
and thus I'(u, &) >0 as u— 0.

The proof of (ii) when y — >0 (otherwise we use (i)) follows as in the
proof of (ii) of Lemma 5.3. Actually the condition N >4 has not been used
there. |

We also need:

LemMA 6.2. T'(u, &) is not identically zero provided h does.
Proof. The result is immediate if z§*' € L' or if [ gn A(x) dx #0. Actually,

in the former case one has

T, &) h(&)
1 Y
#_lf{)ﬂ AR JRNZO

In the latter, as in Theorem 5.6, we find

j h(x)zg+1<x>dx—>C?\,“f h(x)dx#0,  as u— .
RN U RN

If z§*' ¢ L', namely, in dimensions N =3, 4, we argue as follows.

It is well known know that z{*"' is the Fourier transform of a positive L'
function, say ¢. By assumption we know that 2e L” for all 1 <p< oo and
then

J, &) 287 ) dy e LARY)
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as a function of £. Now choose a sequence of tempered functions /,, such
that 4, — h in L2 Then

L., <>=fRNhn(y+f>zz+1(y> dy

- [ Myt dy in L(RY).

Taking the Fourier transform we have

h(n) () = h(n) $(n) pointwise.

Then (1, £)=0 implies A(7) ¢(17) =0. Since ¢ >0 we get 1=0 which is a
contradiction with the fact that 7#£0. |

From the preceding statements we immediately deduce:

THEOREM 6.3. Assume that 1 <g<p and let he L\(RY) n L*(R") be
not identically equal to 0. Then for |e| small enough problem (31) has a
positive solution in 2%3(RY).

Proof. Tt is clear that I" has either a positive global maximum or a
negative global minimum and hence Theorem 2.1(ii) applies. The positivity
of the corresponding solution of (31) follows as in Subsection 3.1. |

Remark 6.4. (i) The case 0 <g <1 can also be handled, although the
perturbation 7" is no more regular. In such a case one has to modify the
abstract setting, following the arguments of [ 17]. The details will be given
in a forthcoming paper.

(i1) Some of the results concerning (31) can be obtained by means of
the mountain pass theorem following the ideas of [9] and the concentra-
tion compactness principle, see [22, 23]. To be short, we will only give an
idea of the results one can find and sketch an outline of the arguments one
should use. Using the concentration compactness principle, one shows that
the (PS) condition holds at level ¢ provided ¢ < S™?/N, where S denotes
the best Sobolev constant. In such a case, if ¢ >1 and ¢ > 0 is small it turns
out that ¢ is a m-p critical level for 7,. In general, to show that ¢ < S¥?/N
one needs some additional condition on % such as, e.g. A(x)=>hy>0 in a
ball of R". Let us point out that, on the contrary, the result in Theorem 6.3
does not depend on such kind of assumptions.
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Note added in proof. After the paper was completed a new volume by Th. Aubin, “Some

Non-linear Problems in Riemannian Geometry,” Springer-Verlag, Berlin, has appeared.
Among other things, it contains a broad bibliography on the prescribed curvature problems.

In

particular, we became aware of some results of E. Hebey, see Theorem 6.92 in the foremen-

tioned book. These results deal with rotationally symmetric curvatures on S¥ corresponding

to

radially symmetric K on RY. Our Theorems 4.2 and 4.4(a) improve, in the perturbative

case, the Hebey results.
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